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Preface

So I was at lunch with two of my classmates, who were also taking the graduate topol-
ogy course here at UCSB. One told me that he recently saw a book called Topology
Without Tears (by the way, good book). Then the other classmate suggested me to write
a book, called Topology with Uncountably Many Tears, which is a perfect description
for what we were going through on that class. This is how this notes originated.

The graduate topology class (221) is a three-quarter sequence, covering point-set
topology, alittle bit of algebraic topology (Hatcher chapter 1), and differential topology,
respectively. I will try my best to finish this project (which will probably take at least a
year).

For point-set topology, here are the references we use:

e Janich [?]: A concise but beautifully written book on point-set topology. But it
has no exercise! This is our textbook, and will be our main reference for the first
part of this notes. In fact, the structure of the first part is almost identical to that
of Janich’s book.

e Munkres [?]: An encyclopedia of point-set topology. Most concepts can be found
in here. Many weird examples. There is also a portion on algebraic topology,
which we may use later.

More to come...

I owe a huge debt to the two professors who taught this course, Fedya Manin and
Daryl Cooper at UCSB. I wouldn’t have been able to appreciate the beauty of this sub-
ject without their patient and riveting instruction. Also, Prof. Manin came up with all
those interesting exercises in part I of this notes. This notes is dedicated to them.

TIANYI
UC Santa Barbara
0:31 AM, Nov.17, 2021
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Chapter 1

A Review of Basic Concepts

Since this is a notes for a graduate topology class, we assume the reader is already
prettey familiar with the basic definition of topological spaces, open sets, closed sets,
continuous maps, homeomorphisms, compact, connected. .. So in this chapter we quickly
review some basic concepts and move to the next stage as soon as possible, since the
real fun begin in the next chapter.

1.1 Topological Spaces

A set 9 becomes a topological space if we declear certain subsets of 9 to be open:

Definition 1.1. A topological space (9,0) is a set 9 and a collection of subsets & of
9, which we call open sets, such that the following holds:

* 3,9 €0.
* Arbitrary unions of elements in @ is still in &.
¢ Finite intersections of elements in @ is still in @.

Usually, if U € @, we say that U is open (in 9, which can be omitted when the context
is clear). Now we add more structure on a topological space:

Definition 1.2. Let X be a topological space.
e Ac Xiscalled closed if X\ A= A€ is open.

e U c X is called a neighborhood of x € X if there exists an open set V such that
xeVcl.

e Let B c X be any subset. A point x € X is called in interior, exterior, or boundary
point of B, respectively, according to whether B, X \ B or neither is a neighbor-
hood of B.

e The set of interior points of B is called the interior of B, usually denoted by B°.
The set of points of X which are not exterior points of B is called the closure of B,
usually denoted by B. The set B\ B is called the boundary of B, usually denoted
by 0B.
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The most familiar topological spaces that we know is R”. We have an intuitive no-
tion of what open and closed sets look like in the Euclidean space. But this is only an
example of a particular type of topological spaces, called metric spaces.

Definition 1.3. A metric space (X, d) is a set X, and a function d : X x X — R, such that
() d(x,y)=0forallx,ye X,and d(x,y) =0iff x = y.
(i) d(x,y)=d(y,x)forall x,ye X.
(iii) d(x,z)<d(x,y)+d(y,z) forall x,y,z € X (called the triangle inequality).

The metric d induces the topology on space X. We can define an r-ball centered at
apoint x € X to be B, (x) = {y € X:d(x,y) < r}. We declare a set U < X to be open, if for
every x € U, there exists € > 0, such that B;(x) c U. We call this topology the topology
induced by metric d, and we denote it by & (d). Different metrics can induce the same
metric topology. That is, given metric d,d’, we may have €(d) = ©(d'). Usually we
show this by showing for every open ball in d metric, it contains an open ball in d’
metric, so every d-ball is d’-open, and vice versa. An example is in R2, we have two
metrics

d(x,y) = \/(x1 = Y12+ (2 = y2)%,
d'(x,y) = max(|x1 = y1l,1x2 = y2D).

It is easy to see that d-balls are open disks and d’-balls are open squares.
One of the big questions in point-set topology is whether a topological space is
metrizable:

Definition 1.4. A topological space (9 ,0) is metrizable if there is a metric d on 9 such
that 0(d) = 0.

We leave this questions for readers to think about, and we will discuss later in the
following chapters.

1.2 New Spaces from Old, Continuous Maps

Suppose now you have a topological space, or multiple topological spaces, can you
construct new ones from them? The answer is yes, and we introduce three construc-
tions: subspace, disjoint union, and product.

Definition 1.5. Given a topological space X, and asubset Y c X, we declareasetV c Y
to be open (in Y) if there is some open set U in X such that V = UnY. This topology is
called the subspace topology.

Definition 1.6. Let X, Y be topological spaces. The disjoint union X1 Y (or sometimes
X+Y)tobe:
XuY=(Xx{0hu((Y x{1}).

We view X, Y as subsets of X 1Y/, in the obvious way. We declare the open setsin XY
to be those given by U LI V, where U X open and V < Y open.



1.2. NEW SPACES FROM OLD, CONTINUOUS MAPS 8

We can follow the construction of X L' Y from the definition above, and think of
XUY asthe set of elements of the form (x,0) and (y,1), but this is just a notation. What
we really want to say is that X L/ Y contains two disjoint copies of X and Y, where the
label 0,1 in (x, 0), (y,1) is just to make sure we know where an element in X0I'Y is coming
from. This may sound silly, but an example demonstrates the point: Consider X LI X.
If we were just doing union X U X, this is still X. But for X 1/ X, we have two disjoint
copies of X, the first copy is the collection (x,0) and the second is the collection (x, 1),
where x € X. We should think of the second coordinate as some sort of labels. So a
picture would be:

EDUE) =D

Xuy

Figure 1.1: Disjoint union gives two disjoint copies of spaces. An open setin X LI Y is a
disjoint union of opensets Uc Xand Vc Y.

Now, we will introduce products. Finite products are easy, infinite products will be
trickier. We first do the simple case:

Definition 1.7. Let X, Y be topological spaces. The product space X x Y cosists of
points of the form (x,y),x € X,y € Y, and we say a subset W c X x Y is open, if for
every (x, y) € W there exists U c X,V c Y open, such that (x,y) e UxV c W.

First we need to introduce the concepts of basis and subbasis.

Definition 1.8. Let (X,0) be a topological space. A set % of open sets in X is called
a basis for the topology, if every open set U is a union of elements in 8. A collection
of open sets G is called a subbasis if every open set is a union of finite intersections of
elements in G:

U= J O1n---n0Oy.
0,e6

You should check that the subspace topology, disjoint union topology, and topology
generated by basis and subbasis are indeed topologies. This is partially done in [?].

Definition 1.9. Let f: X — Y be a function between two topological spaces. f is called
continuous if every preimage of open sets in Y under f is open in X. If f is bijective
and f~! is continuous, then f is called a homeomorphism, and the space X, Y are said
to be homeomorphic, which we denote by X = Y.

Homeomorphism preserves topological properties (those that can be formulated
by open sets) of spaces, since U c X is open if and only if f(U) c Y is open. Therefore,
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if there exists a homeomorphism between X, Y, they have the same topological proper-

ties. So topologically speaking, they are "almost identical", in the sense of isomorphic

groups and linearlly isomorphic vector spaces are algebraically "almost identical".
Now we can talk about infinite product: The product

[T X2 =1{(x)aen: x2 € Xa}

AeA
where A is an arbitrary index set (could be uncountable). We can define a projection
map 7y : [[pep X3 — X, for each p € A, by (x2)2en — Xxu. We need to give this product
space a topology. Of course, we can say that a basis for this topology is given by the sets
of the form [[)c Uy where U, c X, is open. This topology is called the box topology.
But as we will see (and in exercises later), this is not the best topology for the product
space. We can also give the space the coarsest topology relative to which the projections
on the individual components are continuous. So nil(U 1) needs to be open for each
U, c X, open. Each set of the form nil (U,) are "open cylinders" in the product space,
as the figure below shows. And the intersection of them are "open boxes". Guided by
the intuition that any open sets in the product space can be written as unions of open
boxes (think of R™), we conclude that sets the of the form nil (Uy) is a subbasis for the
product space, and a basis for the this topology is given by

{”Ll (Uy) ﬂ---ﬂﬂirl U1 A1,.. A € AUy, € Xy, open}.

X X
Y I

=

Basisof Xx ¥ Subbasisof Xx ¥
mesm Basic opensubset of X meem Subbasic open subset of X
m=== Basic opensubset of ¥ = Subbasic open subset of Y

Figure 1.2: Consider X x Y. Basis of X x Y are given by open boxes, while subbasis are
given by open cylinders.

One final remark: When all the factors are the same: X3 = X for all 1 € A, then
[Tiea X1 = [Thepa X. In this case, the elements are of the form (x))1ca Where x) € X.
Then for every coordinate A we have a value of x; € X. So this is really the set of maps
f:A— X. And we write [, X = X”. For example, R" is the set of all real sequences
a, (starting from ayp), and R® is the set of all real functions.

1.3 Connected, Compact, and Hausdorff Spaces

Definition 1.10. Let X be a topological space.
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* X is called connected, if the only subsets which are clopen are @ and X.
e X is called compact, if every open cover % of X has a finite subcover.

* X is called Hausdorff, if for any two different points there exists disjoint neigh-
borhoods.

Proposition 1.11. Continuous images of compact spaces are compact.

Proof. Let f: X — Y where X compact and f continous. Let % = {U,} be an open
cover of f(X). Then {f~1(Uy)} is an open cover of X. Hence X = f~1(Uy,)u---u
f1(Uy,) and f(X) = Uy, u---u Uy, O

Proposition 1.12. Closed subspace of compact subspaces are compact.

Proof. Let Ac X and A closed, X compact. Let {U;} be an open cover of A. Then by
subspace topology, there exists V) open in X such that Uy = AnV). Then X\ Aand Vs
gives an open cover of X, so there exists finite subcover (X\ A)uVy uU---uV, =X, i.e.
Upu---ul, =A. O

Proposition 1.13. X and Y are both compactiff X L1 Y is, iff X x Y is.
Proof. Exercise. See [?], pg 21. O
Proposition 1.14. If X is Hausdorff and X, < X is compact, then Xj is closed in X.

Proof. Every point p € X \ X, has a neighborhood that does not intersect Xj: for each
x € Xp choose Uy containing p and V, containing x that are disjoint, which can be done
by the Hausdorff property of X. Then V, n Xj is an open cover for Xy, hence choose
(Vi, nXo)U-+-U(Vy, N Xo) = Xo, and let U := Uy, N-+-N Uy,. Then U is a neighborhood
of p disjoint from X \ Xy, which shows that X \ X is open. O

Corollary 1.15. In a compact Hausdorff space, closed and compact are equivalent.
Proof. This is immediate from Prop 1.12 and Prop 1.14. O

Theorem 1.16. A continous bijection f : X — Y from a compact space X into a Haus-
dorffspace Y is always a homeomorphism.

Proof. To show that f~! is continuous, we need to show that (f~1)71(A) = f(A) is
closed for any A closed in X. Let A be closed in X, then A is compact since X is com-
pact. Then f(A) is compact, hence f(A) is closed in Y by Prop 1.14. O
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1.4 Exercises

1. Let X and Y be topological spaces.

(a) Show that for any topological space T, a function f: T — X x Y is continuous if
and only if the compositions px f : T — X, py f : T — Y are continuous. Here px
and py are the obvious projection maps.

(b) Let Z be a topological space with continuous maps gx: Z — Xand gy: Z — Y.
Suppose that

for every space T and pair of continuous functions fx : T — X and
fy: T — Y, there is a unique continuous function f : T — Z such that

fx=gxfand fy =gyf.

Show that Z must be homeomorphic to X x Y with the product topology and gx
and gy are px and py.

This shows that X x Y with the product topology is the (categorical) product of X and
Y in the category of topological spaces.

2. Similarly to the previous problem, suppose that Z is a space equipped with contin-
uousmaps gx : X — Zand gy : Y — Z, and that

for every space T and pair of functions fx : X — T and fy : Y — T, there is
a unique continuous function f: Z — T such that fx = fgx and fy = fqy.

Show that Z is homeomorphic to XY and gx and gy are the obvious inclusions. This
shows that X 'Y is the coproduct of X and Y in the category of topological spaces.

3. Let X be a topological space and let f: X — R and g: X — R be continuous. Show
that min(f, g) is a continuous function.

4. Let X and Y be metric spaces. Show that the metrics

doo((x, ), (x, ) = max(d(x, x'),d(y, )
dy((x,y), X,y =d(x,x)+d(y,))

both induce the product topologyon X x Y.

5. A space X is locally (path-) connected at x if for every neighborhood N of x, there
is a (path-) connected neighborhood N’ € N of x. It is locally (path-) connected if it is
locally (path-) connected at every point.

(@) Show that every countable metric space is totally disconnected.
(b) Show that if A< R? is countable, then R? \ A is path-connected.

6. Give an example of a subset A < R such that the following sets are all different:

A, A, intA, int(A), intA, int(A), int(intA).
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7. Let X be a metric space and A a subset. For a point x € X, we define

d(x,A) =infd(x,a).
acA

(a) Show that d(x, A) =0 if and only if x € A.
(b) Show that if A is compact, d(x, A) = d(x, a) for some a € A.
(c) Define the e-neighborhood of Ain X to be the set
U(Ae)={x:d(x,A) <e}.
Show that U(A,€) is the union of the open balls B;(a,¢) for a € A.

(d) If Aiscompactand U is an open set containing A, show that some e-neighborhood
of Ais contained in U.

(e) Show that the result of (d) need not hold if A is closed but not compact.

8. Given a nice enough path-connected subset X < R”, we can define the intrinsic
distance between two points of X by

1
d(x,y) =inf { f [y(8)ldt:y is an almost everywhere differentiable path from x to y}.
0

Give an example of an X c R? which is compact and path-connected, yet the intrinsic
distance takes every positive real value (and hence is infinite for some pairs of points).

The moral is that a path being “infinitely long” is not a topological property and
does not prevent you from being path-connected!

9. Prove or disprove:

(@) The arbitrary product of path-connected spaces is path-connected.

(b) The arbitrary product oflocally path-connected spaces is locally path-connected.
10. A metric space is proper if every closed ball in it is compact.

(a) Show that every proper metric space is complete.

(b) Show that every open set in a proper metric space is a union of a countable se-
quence K; € K, < --- of compact subsets.

11. A continuous map is called proper if the preimage of every compact set is compact.
Show that there is no surjective proper map f : R? — R.



Chapter 2

Topological Vector Spaces

In this chapter we study a particular kind of topological spaces, topological vector
spaces. In this chapter we will see some real applications of topology in other fields
of mathematics, functional analysis in particular.

Definition 2.1. A topological vector space over a field K is a vector space V, with a
topology in which addition + : V x V' — V and scalar multiplication ¢ : K x V. — V of
vectors are continuous.

Usually we will be dealing with the case where K = R. But we can use other fields,
like C, @, or even p-adic fields.

2.1 Finite Dimensional Topological Vector Space

What are some examples of topological vector spaces? Well, the easiet example is R”
with the usual topology. This is a finite dimensional topological vector space. Are there
any more finite dimensional topological spaces? Sadly, no. To see this we first need a
lemma:

Lemma 2.2. Let E, F be two topological vector spaces. If T : E — F is a linear map, and
E is finite dimensional, then T is continuous.

Proof. Let (ey,...,e,) be a basis of E. Then by rank-nullity theorem, dim T'(E) = k <
n. Then let (vy,...,, Vi) be a basis for T(E). Then for any x € E, we can write T(x) =
fozl a;(x)v;. Since scalar multiplication and addition are continous in topological vec-
tor space, it suffices to show that the map x — a;(x) is continuous, foreach 1 <i < k.

We use the fact that a finite dimensional vector space can be equipped with a norm
(in fact a unique one), by letting

N(]Z:ajxj) ::jémj;.
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Then we can let x = Z;?ZI xjejand y = Z;lzl yjej, and we have

((xj=vj)e))]

lai(x)—a;(y)| <)
j=1
i=1

a;
=D |xi—yjl-lai(ej)| < Nx=) ) laie)l.
j im

This proves the continuity of the function a; : E — K. Therefore T is continuous. O

Corollary 2.3. Any topological vector space of dimension n over K is homeomorphic to
K™.

Proof. By the previous lemma, and by the fact that there exists a linear isomorphism
T :V — K" for every vector space of dimension n over K. O

Now we give the following theorem without proof:

Theorem 2.4. The usual topology is the only topology that makes R" into a finite di-
mensional and Hausdorff topological vector space.

Sometimes the proof is not as important as the lesson behind the statement. The
point is, finite dimensional topological vector spaces are boring. So if we want to find
anything interesting, we should look for infinite dimensional topological vector spaces.

2.2 Function Spaces
Let X be a topological space, we can define
Cp(X) ={f: X — R: f is continuous and bounded}.

We can also define a norm on this space, given by || f|| = sup . x | f (x)|. This is called the
sup norm. Sometimes we also write || f||o for the same thing. The sup norm has some
nice properties: | f1 > 0iff f #0, and ||af]l = |all f |, where a € R. Finally it satisfies the
triangle inequality: || f+ gll < I fIl + Igll. We can define a metric d(f,g) = | f — gll on
Cp(X). This makes Cg(X) into a complete metric space (i.e. every Cauchy sequence
converges).

Definition 2.5. A complete normed vector space is called a Banach space.

Of course we can consider more generally
C(X)={f:X —R: f is continuous}.

We can make C(X) into a topological space. Recall that for every compact set K c X,
flx is bounded. So we can define a seminorm (which is like a norm, but it can be zero
even when f is not identically zero)

Il fllx =suplf(x)| for each compact K.
xeK
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Then we can define the compact-open topology on C(X) to be the topology generated
by |l - I x-balls for every compact K, that is, these balls are subbasis.

So, given this topology, what does a neighborhood of f look like? Let us denote
Be(f,K)={g€ C(X): I f - glix < &}. Then an open neighborhood of f is given by

B, (f, K1) N B, (f, K2) N -+-N Be,, (f, Kp).

This basically says thatif g € C(X) is in this neighborhood of f, then outside of K}, K5, ..., K,
g can do whatever it wants, but inside each K;, it needs to stay within ¢; distance from

f. So on these compact domains Kj, ..., K, the function g is close to f. And we are
taking the unions over some compact domains, so the neighborhood consists of func-
tions that are locally close to f on compact domains. The following demonstrates what
functions in the subbasis B, (f, K1) N B, (f, K2) N Be, (f, K3) looks like.

o4

€1
- &3
— |
—€1 £:5)
€3
K K> K;

There is also another subbasis for the compact open topology. Define A(K,U) =
{feC(X): f(K) cU,K compact and U open}. Then a subbasis is a finite intersection
of such elements, and an open set is given by

UA(KI) Ul) n---N A(Kn; Un)
The picture is more or less the same. If f is contained in this open set, then another
element g in this neighborhood is "close" to f in the sense that g(K;) c U;, so both the
value of f and g on K; lie in the open set U;.

Proposition 2.6. C(X) with compact open topology is Hausdorff.

Proof. 1If f # g, then we can pick a point x such that f(x) # f(y). Since a single point is
always compact (why?), take K = {x}, and take

Up={h:h(x) € (f(x)—¢ fx)+&)} = Adx}, B (f (1)),
Ug=1{h:h(x) € (g(x)—¢&,g(x)+&)} = A({x}, B:(8(x))

where € < %I f(x) — g(x)|. Then Uy, Ug are disjoint open sets containing f, g. O
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2.3 Completeness of Topological Vector Spaces

We first start with completeness of metric space. Most result here should be familiar to
our audiences, so we just do a quick recap.

Definition 2.7. Let X be a metric space. A cauchy sequence (x,) in X is a sequence
with the property that for every € > 0, there exists N > 0, such that for all m,n > N, we
have d(x,, x,;) < €.

A metric space X is called complete if every Cauchy sequence in X converges.

Lemma 2.8. If (x,) is Cauchy and has a convergent subsequence, then it converges.

Proof. Let (x,,;) be the subsequence converges to some x € X. For every € > 0, we can
find N such that for all m, n = N we have d(x,, x,) < ¢€/2,and n; = N implies d(x,,, x) <
€/2, then for all n = N we have d(x,, x) < € by triangle inequality. O

Corollary 2.9. R is complete.

Proof. Every sequence in R has a convergent subsequence. O

On the other hand, (0, 1) is not complete, since the Cauchy sequence (%) does not
converge in (0,1). But (0,1) is homeomorphic to R. So we conclude that completeness
is not a topological property.

Proposition 2.10. A subspace of R” is complete iff it is closed.

Proof. If A is not closed, then we can find a sequence (x,) c R"” converging to a point
outside A. Then (x,) is Cauchy but does not converge in A. Conversely, if A is closed
and (x,) is a Cauchy sequence in A, then it is contained in a n-box [-B, B]" for some B
(why?). Then (x;) is contained in a compact set An[—B, B]". We claim that (x,) has a
convergent subsequence. Otherwise, there is no limit point of (x;) in An[-B, B]". So
for every pointin An[-B, B]", take an open set containing this point, this open set will
only contain finitely many x,s. Then all open sets containing points in An [-B, B]"
form a open cover and has a finite subcover, which implies (x,,) is finite, a contradic-
tion. Since (x,) is Cauchy and has a convergent subsequence, then it converges by the
previous lemma. O

Corollary 2.11. Any compact metric space is complete.

Proof. Exactly the same argument as above when we prove the Cauchy sequence (x;,)
has a convergent subsequence, but this time change [-B, B]" to a open ball. O

Proposition 2.12. A closed subspace of a complete metric space is complete.

Proof. Duh... O

But now we move into general topological space, and the notion of "distance" or
"open balls" may not be defined. So how do we define a Cauchy sequence in a general
topological space? We notice that

(x,) in a normed space is Cauchy
& Ve>0,ANs.t. Vn,m=N,|x,—xnll <€

< Vneighborhoods U of 0 there exists N s.t. Vin,m = N, x;, — x;, € U.

Motivated by this observation, we give the following definition:
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Definition 2.13. Let X be a topological vector space, a sequence (x,) < X is Cauchy
if for every neighborhood U of 0, there exists N such that for all m,n = N we have
Xn—Xm€eU.

A topological vector space is complete if every Cauchy sequence (in this sense) con-
verges.

2.4 More on Cg(X) and Kuratowski Embedding

In this section, we show the completeness of Cg(X) with the sup norm and we show
that every metric space embeds isometrically in Cg(X).

Proposition 2.14. For any space X, the space Cg(X) of continous bounded function
on X with the sup norm is complete.

Proof. Let (f) be a Cauchy sequence. Then f;,, converges pointwise to a function f. We
want to show that f is continous: thatis, for all x € X and € > 0, there is a neighborhood
U containing x such that f(U) c B.(f (x)).

So let N be such that for all m,n = N we have || f;;, — fulloo < €/4, and | f(x) — fn(x)| <
€/4. Let U be a neighborhood of x such that fy(U) € Bg/4(fn(x)). Then for all m = N
we have f,(U) c Bg/2(fn(x)) € Be(f(x)). This proves the claim. O

Proposition 2.15. If X is a metric space, it always embeds isometrically in Cg(X) with
sup norm.

Proof. Fix a base point xy € X. Define the Kuratowski embedding
ey, : X = Cp(X)  (ex,(x)(y) =d(x,y)—d(xo, ).
This is a continous function, and for each x, ey, (x) is bounded by the triangle inequal-

ity:
lex, (X) (V| = ld(x,y) — d(xo, y)| < d(x, xo).

So this map ey, is well-defined, and it is clearly injective. We next show ey, preserves
distances, thus an isometric embedding. First notice that ey, (x)(x) = —d(xo, x) and
ex, (X)) (x) = d(x', x) — d(x, x) implies that

lex, () = ex, (X)) oo = d (X', X).
Conversely, for any y, we have
lex, (X) (1) — ex, XYW = 1d(x,y) —d(x', y)| < d(x,x").
This proves the inequality in other direction, hence
lexy () — ex, (X)) oo = d (X', X).

This proves the proposition. O
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2.5 Exercises

1. If (X, d) is a metric space, amap f: X — X is a contraction if there is a number a < 1
such that

d(f(x), f(y) <ad(x,y).

Show that if f is a contraction of a complete metric space, then there is a unique point
x € X such that f(x) = x.

2. In this question, we use the following definition of completion: the metric space Y
is a completion of X if it contains an isometrically embedded copy of X whose closure
isY.

(@) Amap f: X — Z between metric spaces is Lipschitz if there’s a constant L such
that

d(f(x), f(y) =Ld(x,y).

Show that if Z is a complete metric space, then any Lipschitz map f: X — Z
extends uniquely to the completion.

(b) Show that the completion of a metric space is unique. That is, if Y and Z are
two completions of X, show that the identity map X — X extends to an isometry
Y- Z.

3. Show that the closed unit ball in Cg([0, 1]) with the norm topology is not compact.

4. Recall that we say that a sequence (v,) in a topological vector space X is Cauchy if
for every neigborhood U of 0 there is an N such that for m,n = N, v,, — v, € U. The
topological vector space X is complete if every Cauchy sequence converges.

(a) Show that if X is a locally compact space (every point has a compact neigbor-
hood) then C(X) with the compact-open topology is complete.

(b) Show that Cp(R) is not complete when given the compact-open topology.

(c) (Optional, only if you're familiar with Lebesgue integration) Show that Cp(]0, 1])
is not complete when given the weak-* topology, which is generated by inverse
images of open sets under maps f v - Cp([0,1]) — R which send f to its integral
over a measurable set M. (The completion is called L*([0,1]).)

5. This problem will guide you to show that for locally compact Hausdorff spaces X, Z,
we have the homeomorphism

CZ,CX,Y)=C(ZxX,Y).

Convince yourself that if X is locally compact and Hausdorff, and Y, Z be any spaces,
a bijection between two spaces (where C(X, Y) is given the compact open topology) is
given by

g:CZ,CX,Y)—-C(ZxX,Y)
f—ev(fxidy):=F
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where

ev(f xidx)(z,x) = ev(f(z), x) = f(2)(x).

Or in better notation, we send f — F such that
f(2)(x) = F(z, x).
We will show that g is a homeomorphism in two steps:

(a) Let X and Z be locally compact Hausdorff spaces. Suppose K € X x Z is a com-
pact set contained in an open set U. Show that K is covered by a finite number
of compact boxes A; x B; < U.

(b) We showed that if X is a locally compact Hausdorff space, then for any spaces
Zand Y, C(Z,C(X,Y))and C(Z x X, Y) are in bijection as sets, where C(X, Y) is
given the compact-open topology. Show that if Z is also locally compact Haus-
dorff, then this bijection is a homeomorphism if both sets are considered as
spaces with the compact-open topology.

Hint: As always, a good strategy to show two spaces are homeomorphic is to
show that a subbasis for the topology of one is open in the other and vice versa.

6. Are the following subspaces closed? Prove it or give a counterexample.

(@) The set of compactly supported functions (ones which are zero outside a com-
pact set) in €5 (R) with the sup norm.

(b) The set of functions in € (R) with the compact-open topology which are zero on
the set [0,1].
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Quotient Topology

3.1 Quotient Spaces

We denote ~ as an equivalence relation on a set X, and write X/ ~ for the set of equiv-
alence classes. The map 7 : x — X/ ~ is called the projection map that sends x to its
equivalence class in X/ ~. Sometimes we write the equivalence class of x in X/ ~ as
[x].

Definition 3.1. Let X be an topological space and ~ and equivalence relation. We give
the space X/ ~ a topology by declaring that a set U is open on the quotient topology on
X/ ~iff 77Y(U) c X is open.

So the quotient topology is the finest topology such that 7 is continuous.

Here is an example: Suppose X, Y are two topological spaces and we consider X LI
Y. Then pick two points x € X and y € Y. We can define our equivalence relation ~ by:
x ~ y, and no other points are identified. Then X0 Y/ ~ is the space obtained by guling
X, Y on at one point, namely, the identification pointisx€ X,y €Y.

Now we study maps from quotient spaces. We have the following:

Proposition 3.2. Let X, Y be a topological space and X/ ~ be the quotient space. Then
f: X/ ~—Y iscontinuousiff for: X — Y is continuous.

X
NG
X/ ~——Y

f

Proof. Since 7 is continous, if f is continous, then clearly f o x is continous. If fo is
continous, then take an open set V c Y, we need to show that f 1v)is open in X/ ~.
Since f~1(V) is openiff 771 (f~1(V)) = (f o) "1 (V) is open, we are done. O

What about maps into the quotient spaces? Consider the following diagram. Ob-
serve that, if there is a continuous map ¢ : Y — X such that ¢ = 7o ¢, then ¢ is contin-

uous:
X
27k

YT)(/~
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Of course, even if this diagram is only true locally, ¢ is still continuous. IL.e, if for every
y € Y there is a neighborhood y € U such that

o

Y — X/~
olu

then ¢ is continuous. This is because if we take an open set W c X/ ~, then

o'W = o'W nU,.
yeyYy

But by definition each <p‘1 W)nU, = (¢l Uy)_1 (W) is open, and the claim follows.
Some nice properties of topological spaces are inherited to quotients:

Proposition 3.3. If X is a connected/path-connected/compact topological space, then
X/ ~ is also connected/path-connected/compact.

Proof. m: X — X/ ~ is continous and the properties listed above are preserved by con-
tinuous maps. O

But notice that if X is Hausdorff, X/ ~ need not be Hausdorffl To conclude this
section, we present one last easy lemma that should really be proven when we were
talking about Hausdorff spaces (but since we were on the subject, so...)

Lemma 3.4. In a Hausdorff space, points are closed.

Proof. Given x € X Hausdorff, for every y # x, we can find U, 3 y such that x ¢ U,.
Then

X\ix3= U U,
X\ {x}

is open. This proves the claim. O

So for X/ ~ be Hausdorff, each equivalence classes must be closed! But this is not
a sufficient condition! [?] gives a nice example in his book pg 34.

3.2 Collapsing and Gluing

In this section we give a few examples of quotient spaces. The first example is a col-
lapsing space. So if X is a topological space and A c X is a subspace, then define

X/IA=X/~

where the relation ~ is defined by x ~ y if x € A or x = y, for x,y € X. That is, we
"collapse" the subspace A into a single point. Here are some examples:
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D?/8;

~ S2

X x[0,1]/X x {1}

P :

CX

1

The space X = X x [-1,1]/ X x {—1}, X x {1} is called the suspension of X. For X/A
to be Hausdorff, A has to be closed. This is because X/A is Hausdorff implies each
equivalence class is closed, in particular, the equivalence class of a € A, say [a] € X/ A,
is closed. Then 7~ !([a]) = A is closed by the definition of quotient topology. We now
present a converse to the claim above, i.e. the condition when X/ A is Hausdorff.

Proposition 3.5. If X is a metric space and A is closed, then X/ A is Hausdorff.

Proof. We want to show that for any [x] # [y] € X/ A, we have disjoint open sets con-
taining them. Consider two cases. First, if [y] is the equivalent classes of Ain X, thenin
X, since A is closed, there exists € > 0 such that B;(x) N A= @. Then Bg/2(x) N Be/2(A) =
@. Then these project to open sets in the quotient, since T ((Bg2(X))) = Bej2(x) is
open in X and n_l(n(Bg/g(A))) = B./2(A) is openin X.

Now suppose neither of [x],[y] is the equivalence class of A. Then choose U,V
containing x, y disjoint in X, we then have U\ A,V \ A are disjoint neighborhoods of
x, ¥, which projects down to open sets containing [x], [y], for the same reason as in the
last paragraph. O

Now we give a second example of quotient spaces.

Definition 3.6. If we have amap f: A — Y, where A is a subspace of X, then we can
build a quotient space
XurY=XuY/a~ f(a)

for a € A. We can view this as an gluing map that glues X, Y along A.

For example, we can consider a point x, and a map f : S' — {x} by sending every
element in S! to x. Then
S*=D*u{x}/ ~;.

Also, we can construct S? by guling to copies of disks along boundary. So suppose
1:S! — S!is the identity map on S!, then

S2=D*>uD?/ ~y.
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3.3 Simplicial Complex

Definition 3.7. The standard k-simplex is the set
k
AF =1 (xg, oy x) ERFL Y = 1,0 s x; < 1§ cRFFL
i=0

An [-face of a k-simplex is a subset (an /-simplex) where the other k — [ variables are

A A

-1 0 1 2 3

Figure 3.1: a 0-simplex is a point, 1-simplex is a line, 2-simplex is a triangle, and 3-
simplex is a tetrahedron. A 0-face is a point, a 1-face is an edge, a 2-face is a side.
Definition 3.8. A finite simplicial complex on k vertices is a union of faces of A.
Definition 3.9. A simplicial complex K is a collection of simplices such that

(1) If o € K, then for any face ¢’ of 0 we have 0’ € K.

(2) For two simplices 01,09, the intersection o, N o is either empty or a common
face of both 07 and o».

The dimension of K is the highest dimension of any of K’s simplices. The j-skeleton of
K, denoted by KU, is the set

KV ={o e K:dim(o) < j}.

Figure 3.2: The first two are simplicial complexes, but the third one is not.

When we talk about a simplicial complex, we always imagine the underlying geo-
metric realization of the simplicial complex. But we can also write a simplicial complex
K in a completely set theoretic way, namely use brackets and the elements will be each
simplices. So something like K = {0},...,0,}. There is also a abstract definition for a
simplicial complex.



3.3. SIMPLICIAL COMPLEX 24

Definition 3.10. An abstract simplicial complex consists of
e Aset V, called vertices (could be infinite)

* And a family K of finite subsets of V, called simplices, that is closed under sub-
sets. That is, if any subsets V' < V is contained in K, then any subset V" < V’
should also be contained in K.

For example, we can consider the following geometric picture of a simplicial com-
plex:

P4

P3
Ps

p2
Po

P1

Then the vertices is given by V = {po, p1, p2, P3, P4, ps}. And K should contain all
the simplices. For example, it contains the triangle shaded in the picture, so it contains
{po, p1, p2}. Since the simplices are closed under subsets (meaning any sub-simplex of
a simplex in K is also in K), then sub-simplices like the lines {po, p1},{p1, p2},{po, p2}
is also in K. So if we explicitly write out this simplicial complex, we get

{ (Po, P1,P2), (P P1),{P0, P2),(P1, P2), (P2, P3) (P2, P4),(P3, P}, (P4, P5) }
(Po),(p1),(p2),{Ps),(pa),(ps)
We used () instead of braket for the simplices in order to stress that these are not
merely sets (which can be quite useful sometimes as they can indicate orientation of
each simplex).

Now given a simplicial complex X, we can always write

o0
x=Jx®
k=0
where X© = v, thought of as a discrete space, X () is the set of vertices plus edges, X &)
is the set of vertices, edges, and 2-simplices... and so on. We want to make X into a
topological space, so we give X a topology, called the direct limit topology.

Definition 3.11. A set U is open in the direct limit topology on X if U n X® is open for
every k.

for example, we can consider the infinite dimensional Euclidean space, which we
view as
| ok
© = JR* ={(x1,%2,.., X£,0,0,...) : X1, ..., X € R},
k=1
Then we define

(0]
= Ak
k=0

Consider the point (1,0,0,...) € A*°. What does an open set around this point look like?
By direct limit topology, it has to contain an open piece of each A*,
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3.4 CW complex

Definition 3.12. A CW complex X is defined inductively as follows:

e X© is a discrete set of points (called the vertices or 0-cells);

o X1 is obtained from X" by attaching n + 1-cells: for each i € I (some index
set), take maps ¢; : " — X, and define

XD = x| DIl x ~ (x), x € D]

That is, we glue each cell to X" along its boundary. The map ¢; are called char-
acteristic maps of the corresponding cells to X, since it maps to a subset of X.

e Finally, take X = J% , X" with the direct limit topology.

We now construct two CW complexes that serves nice examples, one example is the
sphere S? and the other is the torus 7.

(I) For the sphere S?, there are two ways to do this. First, we can start with a 0-cell,
just a point, and we take X@ = XU, That is, we add no 1-cells. Or you can also
think of it as we take the index set I = ¢ in the definition above for X). Then we
add in a 2-cell. Let the attaching map be the unique map that sends 5% = S! to
the 0-cell, and we "glue" the entire boundary of S? to the 0-cell.

Or we can do it by starting with 2 points, which are our zero cells, and we glue the
boundaries of two copies of S 1 (our 1-cells), which are homeomorphic to [0, 1], to
the two points. Finally, glue two copies of S? (2-cells) to X! along the boundary.

(I) For the torus T, we start with a single 0-cell, and we attach 2 1-cells to it. The
boundary of each one cells are all mapped to the single 0-cell. Then we take a 2-
cell (which is homeomorphic to a rectangle, as the figure suggests), and glue the
opposite sizes of the square to the corresponding 1-cells, as the figure suggests.

O - NN
o h a
ﬂlltfge(us @ b

'S b@;@% ) 2%%

Figure 3.3: Construction of a CW torus.

The remaining of this section will be devoted to proving CW complexes are Haus-
dorff. To prove this statement, we need a lemma:

Lemma 3.13. Let X be a CW-complex. Then U c X is open iff F~(U) is open for every
characteristic map F : D" — X of a cell.
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Proof. We defined the direct limit topology on X by saying U < X is open iff U|ym =
Un X" is open for every n. So it suffices to check that the statement holds for each
X" We proceed by induction. For X©, which is just a set of discrete points, every set
is open. So the statement holds trivially. Now suppose the statement holds for X~D.
Then by the construction of X", we have that

Ulxo openin X" & 77 (Ul yw) is open in X"~V | | D!
iel
where 7 is the quotient map of ~ in the definition, where x ~ F;(x) if x € dD}. And

since
n_l(le(n)) A x"D = Ul xtn-1

And by the definition of disjoint union topology

Ulxm open in X" &U|yxu-n openin X" and
_1 .
F;*(U) open for every F; : D} — X.

Then the statement follows by the induction hybothesis. O

\ )
v ()

The picture above provides an example of this lemma. Suppose we have an open
set U on a CW torus T. Then we look at the characteristic map v : S! — T which sends
the 1-cell (i.e. the purple line) to T, and the characteristic map ¢ that sends the 2-cell
to T. Take the preimages w‘l(U),(p_l(U) of U under these maps. Then we see that
these preimages are open subsets of the cells.

Theorem 3.14. CW complexes are Hausdorff.

Proof. First, choose a point x € X in our CW complex. We build a neighborhood of x
inductively. Let n be such that x is in the interior of an n-cell. Then since x is away
from the boundary of the n-cell, we can choose U such that Un X (M contains an e-ball
that contains x inside U, and U n X"~1 = ¢ (Notice then U n X'®¥' = @ for any k < n).
This is our base step. Now the inductive step. For k > n, let Df be any cell, notice that
we can take Dl'? = CS"™ ! the cone defined before.

Now, Specifying the preimage of the open set U at every stage is equivalent to spec-
ifying U itself. Here is the procedure to construct an open neighborhood inductively:
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CSF1=Ax[0,1]/A x {1}

. F ) = 97 (Ul g-n) % [0,€)
: \ for some € >0
] \
A I !
l__/Q
(p;1 (Ul xw-n) already chosen

112
i

N

Let ¢; : D¥ — X® (it attaches 0D¥ to X*~P, but it maps the whole thing to X¥)).
Suppose we have already chosen an open neighborhood U] y-1 of x in X%*~1 then
take the preimage <pl.'1 (Ulxw*-1), and for some 0 < € < 1, take

FHU) = 7 (Ul gwn) x 0, 8).

This is an open set, since ¢; ' (Uly«-) is open in X% =D and [0,€) is open in [0,1] by
subspace topology, so Fl._1 (U) is open in Dl’F . By the previous lemma,

Fi_l(U) open for every F; :Di.c — X.

Thus Ul is open in X®, for k > n. and the statement also holds for k = 7, in which
case Ulyw = U, and k < n, in which case U|yw = @. This shows that U is indeed open.

Figure 3.4: We can always choose two disjoint neighborhood U, V' at stage n.

Now that we know how to construct open neighborhood of a point x, we move on
to prove that X is Hausdorff. Take two points x, y, and m, n such that x is in the interior
ofan m-cell and y is in the interior of an n-cell. WLOG assume m < n. Then at the stage
m of our construction of the CW complex X, pick the open neighborhood U of x, and
extend it inductively as discussed before. Then at stage n, we can pick a neighborhood
V of y disjoint from U, and we proceed the inductive construction. Then we will obtain
two disjoint open sets containing x, y. O
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3.5 Exercises

1. If X' is a compact Hausdorff space and X is a proper subspace of X’ whose closure
equals X', then X' is said to be a compactification of X. If X' — X equals a single point,
then X' is called the one point compactification of X.

Let X be anoncompact, locally compact Hausdorff space, Y be any Hausdorff com-
pactification, and X, be the one-point compactification X U {co}. Show that the map
Y — X which is the identity on X and collapses all points of Y \ X to oo is a quotient
map.

2. Consider the quotient space X =N x [0,1]/N x {0}. We can give N x [0, 1] a metric by
embedding it in R?.

(@) Aspaceis first-countable if for every point x there is a countable set {U;} of open
sets containing x such that every neighborhood of x contains some U;. Show
that X is not first-countable.

(b) Show that every metric space is first-countable. Conclude that X is not metriz-
able.

3. Let X be a metric space and A a closed subset. As in Homework 2, for a point x € X,
we define
d(x,A) = infd(x,a).
acA

Define the quotient metric on X/ A by
dx;a(x,y) =min{dx(x,y),d(x, A) + d(y, A)}.
Show that this defines a metric.

4. Say a quotient map X — X/~ satisfies the local lifting property if for every space Z
and every map ¢ : Z — X/~ and every point y € Z, there is a neighborhood U of yin Z
such that ¢|y lifts to amap oy : Z — X.

v

Z — X/~
¢lu

Give an example of a collapse map X — X/ A that doesn’t have the local lifting property
(and an example map to show this).

5. Construct a simplicial complex and a CW complex homeomorphic to

RP? = S?/x ~ —x.
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Countability Axioms

4.1 First-Countable Spaces

Definition 4.1. Let X be a topological space, a neighborhood basis for a point x € X is
a family of neighborhoods {U;} of x such that every neighborhood of x contains one of
the U;.

A topological space X is first-countable if every point has a countable neighbor-
hood basis.

In Exercise 3.2 you have shown that every metric space is first countable, and the
space N x [0, 1]/N x {0} is not first countable.

Proposition 4.2. If {X,};c, is @ uncountable family of nontrivial topological spaces,
then [];ca X is not first-countable.
By nontrivial we mean the open sets in X} is not just @, X,, for every A.

Proof. Let (x)))en be a point such that each x, is contained in some open U, c Xj.
Then n;—tl(U 1) is a neighborhood of (x,). Suppose there is a countable neighborhood
basis. WLOG, we can assume it consists of basic open sets in the product topology
(subbasis):

TV n-nm vy,

for we can always replace an element U in a neighborhood basis for x with any basic
open set x € V < U. Now if you take countably many of them, each of which looks like
”111 (Va)n-- -ﬁﬂii (V1,,), then since all the index that appear in the countable neighbor-
hood basis is countable. So we can choose an index A € A that does not appear in any
of the neighborhood basis. Then all the neighborhood basis will contain X, in the Ath
entry thus 7! (U,) does not contain any neighborhood basis, since for each neighbor-

hood basis there exists a point (p) such that 7y (p) € X;\U,. This is a contradiction. [J
The first-countability axiom is related to sequences.
Proposition 4.3. If f: X — Y is continuous, and x,, — x in X, then f(x,) — f(x)in Y.

Proof. 1f U is a neighborhood of f(x) in Y, then all but finitely many x, lie in f~(U),
hence all but finitely many f(x,) liein U. O

What about the converse? We know the converse is true in R”. We say
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Definition 4.4. f is sequentially continuous if x, — x implies f(x,) — f(x).

Then is sequentially continuous equivalent to continuity? Answer: NO. For exam-
ple, take the set X of continuous function [0,1] — [0, 1], with subspace topology of
[0,1]10:1, Every continous function on [0, 1] is square integrable, so we have a map
X — L2[0,1], ¢ — ¢. This map is sequentially continuous, by Lebesgue convergence
theorem. But it is not continuous. Otherwise, for every € > 0, there is an open box

K=n!(i)n---nm;'(Va,)  Ai€0,1],V; <[0,1] aneighborhood of 0

such that fol ¢*dx < ¢ for all ¢ € K n X. But being in K means that ¢(1;) < V), is small,
but only for finitely many points, which does not gaurantee the integral to be small.

Proposition 4.5. If X is first countable and Y is an arbitrary topological spaces, then
f: X — Y is continous iff it is sequentially continous.

Proof. One direction is already shown in the beginning, it remains to show that se-
quentially continuity implies continuity. If f is sequentially continous, we want to
show that for all a € X, U 3 f(a) a neighborhood, there is a neighborhood of V such
tthat f(V) c U [neighborhood definition of continuity]. Suppose not. Then there is a
countable neighborhood basis {V;} such that f(V;) ¢ U. WLOG we assume V; > V, D ...
(otherwise we can use ﬂ;.l:l V; as a countable neighborhood basis instead). Choose

x; € V;\ f71(U). Then x,, — a since each V; contains all but finitely many of these
points. So f(x,) — f(a). But f(x,) ¢ f(U) for any n. A contradiction. O

Definition 4.6. A topological space X is called sequentially compact if every sequence
in X has a convergent subsequence.

Proposition 4.7. Every first-countable compact space is sequentially compact.

Proof. First, suppose (x;) is a sequence such that for all x € X, there’s a neighborhood
U, which meets (x,) only finitely many times, then there cannot be a finite cover by
such Uy, since (x,) is infinite. Thus X is not compact (This part is true for all spaces,
not just first-countable).

Now, suppose X is compact, and (x,) is a sequence. Then there is some x € X such
that (x,) meets every neighborhood of X infinitely many times. Choose a countable
neighborhood basis V; > V, o ... (if they are not nested, choose V;, = U?:l V; as our
countable basis instead). Then choose n; < nz < n3 <... such that x,, € V;. This subse-
quence converges to x. O

Proposition 4.8. If X is a sequentially compact metric space, then it is compact.

Proof. Suppose X is sequentially compact but there is an open cover (Uy) ex which
does not have a finite subcover. Then for every x € X, choose A(x) so that x is "deeply
inside" Uy (y), i.e. Uy(x) contains B, (x) where

1
r = min { 1, > sup{max radius of a ball around x in Uy : 1 € A} }
That is, we choose A(x) such that the radius r of biggest open ball around x contained

in Uy is either greater than 1 or so big that the ball or radius 2r around x is not con-
tained in any of the covering (U,).
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Since this cover does not have a finite subcover, we can choose a sequence (x;)
such that
Xp+1 € Upxp U - U Up(xy)

for each n, and let a be the limit of a subsequence (x,) of (x5).

Then choose 0 < r < 1 such that B;(a) c Uy,. For k sufficiently large, we must
have x,, € B;/5(a). But we know By, /5(xp,) U/l(xnk)’ since at least a 4r/5-ball around
Xp, fits in Uy (since by the definition of U/l(xnk)’ if Bor/5(xp,) is not contained in it,
then By, /5(xy,) will not be contained in any of the covering U,s).

Urw

But then x, ., € By/5(a) c U, Alny)- This is a contradiction since we explicitly chose (x;)
such that x,, is not contained in Uyx,,).- O

Corollary 4.9. A metric space is compact iff it is sequentially compact.

4.2 Second-Countable Spaces

Definition 4.10. A topological space is second-countable if it has a countable basis.

For example, N x [0,1]/N x {0} with the quotient metric is first-countable but not
second-countable. C([0, 1]) with sup norm is second-countable but Cg(R) with the sup
norm is not. The verification is left to readers as exercises.

Definition 4.11. A topological space is called separable if it has a countable dense set,
i.e. a countable set whose closure is the whole space.
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4.3 Exercises

1. A space is Lindelof if every open cover has a countable subcover. Show that a Lin-
del6f metric space is second-countable.

2. Show that €' ([0, 1]) with the sup norm is separable (and therefore second-countable).
Hint: This is equivalent to showing that every continuous function [0,1] — R can be
approximated arbitrarily closely by functions from some countable set.

3. Let {X3}1eca be an indexed family of connected spaces. In this problem you will show
that their product X =[],c5 X is connected.

(a) Fix a point a = (ay)jea € X. Given a finite subset K c A, let Xk denote the sub-
space of points in X whose coordinates are all a, except perhaps for A € K. Show
that Xx is connected.

(b) Show that the union Y of all the X is connected.
(c) Show that the closure of a connected subset of any space is connected.
(d) Show that the closure of Y is X. Conclude that X is connected.

4. Let X be a topological space.

(a) Show thatif X is a first-countable space, then for every A c X, every point in the
closure of A is the limit of a sequence in A.

(b) Using the previous problem, show that this is not true for spaces that aren't first-
countable.

5. Let X be a compact metric space and f : X — X an isometric embedding, i.e. for
every x,y € X, d(f(x), f(y)) = d(x,y). Show that f is surjective.
Hint: Suppose not, find a point x not in the image, and consider the sequence

x0, f (x0), f(f (x0))...



Chapter 5

Construction of Continuous Functions

In this chapter, we want to construct nice continous functions that lives in general
topological spaces. This can be quite difficult, but constructing continous functions in
topological spaces have lots of advantages, as we shall see. In analysis, we have seen a
nice example called a "bump function":

Definition 5.1. A bump function is a continuous function X — [0, 1] that is 0 on some
closed set A and 1 on some closed set B disjoint from A.

In analysis, we often want the bump functions to be smooth. In a metric space X,
if A c X is compact, and B c X is closed, An B = @, then there is a bump function
f:X —1[0,1] such that f|4 =0 and f|p = 1. To see this, we know from Exercise 1.8 that
there is some ¢ > 0, such that the e-neighborhood U (A, €) of A is contained in the open
set X \ B. So we can let our bump function be

flx)= min{l, %d(x,A)}.

One can check that this is a continuous function with the desired property. However,
as we said, this procedure of constructing a continuous bump function is quite difficult
for general metric spaces. Urysohn’s lemma, the key result in this chapter, shows that
itis possible to do this for a normal space.

5.1 Normal Spaces

Definition 5.2. A space X is normal if any two disjoint closed sets A, B can be separated
by disjoint open neighborhoods U2 A,Vo>B,UNV =¢@.

Before we go into the proof of Urysohn’s lemma, we first give two examples of what
spaces are normal.

Proposition 5.3. Compact Hausdorff spaces are normal.

Proof. Let A, B be disjoint closed (hence compact) subsets. We divide the proof intwo
several steps:

* Step 0: For every a € A, b € B, we choose disjoint open sets U, ;3 a, V, , 3 b.
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* Step 1: For every a € A, choose a finite subcover V, p,,..., V , of B. Then U, =
1 Uqp,; is an open neighborhood of a disjoint from the open neighborhood
Va=U!_, Va, of B, hence from B.

* Step 2: we choose a finite subcover Ug,,...,U,, of A. Then U = U;’ll Uy, is an
open neighborhood of A, and V = ﬂ;?i , Va; is an open neighborhood of B, and
they are disjoint.

This completes the proof. O
Proposition 5.4. Metric spaces are normal.

Proof. Let A, B be disjoint closed subsets. Given a € A, choose ¢(a) such that B4 (a)
does not intersect B. Similarly, given b € B, choose £(b) such that B, ) (b) does not
intersect A. Define

U= Bewr2(@ V= Bewyr2(b).
acA beB

Then U,V are open sets containing A and B. We claim that UnV = @. If not, let
zeUnNV,then
Z € Be(ayr2(a) N Bey)2(b)

for some a € A,b € B. The triangle inequality shows that d(a, b) < (e(a) + €(b))/2. If
€(a) < g(b), then d(a, b) < €(b). Hence a € B (b), a contradiction, since the ball is
chosen to be disjoint from A, similarly for the case where €(a) = €(b). O

5.2 Urysohn’s Lemma

Some background information: Pavel Samuilovich Urysohn was a Soviet mathemati-
cian who is best known for his contributions in dimension theory, and for developing
Urysohn’s metrization theorem and Urysohn’s lemma, both of which are fundamen-
tal results in topology. At the age of 23, Urysohn was already an assistant professor at
Moscow university. He drowned in 1924 (at the age of 26) while swimming off the coast
of Brittany, France. So all of Urysohn’s accomplishments were done before he was 26.

Lemma5.5. If X is normal, then for any two subsets M, N with M c N°, there is a third
subset L such that M c L° c Lc N°.

Proof. Take A= M and B = X\N? be our two disjoint closed sets. Separate them by
open neighborhood U > A,V 5 B and put L:= U. Then X\V is a closed set containing
U, hence Lc X\V.And X\V c X\B=N°.So Lc N°. O

Theorem 5.6 (Urysohn’s Lemma). Let X be a normal space, and let A, B be disjoint
closed subsets of X. Then there exists a continous map f : X — [0,1] such that f|4 =1
and f|g =0.

Proof. We construct f as alimit of a sequence of step functions (f},). Let A, B be disjoint
closed subsets of X. An incrasing chain 4l = (Ay, Ay, ..., A;) of subsets of X with

A=AgcAjc---c A, cX\B
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is called addmissibleif A;_; c A;.’ . The function X — [0, 1] that takes the constant value
1 on A, the value 1 — k/r on A;p\Aj_1, and 0 outside of A, will be called the uniform
step function of the chain {[. The open sets AZH\Ak_l, k=0,..1A1=0,Ar11 =X
will be called the step domains of 4. Notice that the step domains of an addmissible
chain cover the whole space, because
A_k\Ak—l c Az+l\Ak—1'

Also notice that the uniform step function does not fluctuate by more than 1/r on each
step domain. A refinement of an addmissible chain (Ay, ..., A;) is an addmissible chain
(A, A’l, Ay, ..., AL, A;). By the lemma above, every addmissible chain can be refined.

///////////?//////// k-th step domain
Y/ //}//////;}’

Figure 5.1: Step domains.

Now, let {ly = (A, X\B). Since A is contained in (X\B)? = X\B, this is an addmissible
chain. Let (,,;; be a refinement of 4, for each n. Call f;, the uniform step function of
i1,. Then several observations:

* The function sequence (f}) is pointwise monotonically increasing and bounded
by 1, so it pointwise converges to a limit function f =lim,, f;,.

e Sinceeach f,isl1on AandOon B, sois f.

It remains to prove that f is continous. Everytime we refine the chain 4{,,, the descend
in each step decreases by a factor of 1/2 (see the figure on the next page!), by construc-
tion. So we have for each x,

If(x) = fu(x)| = k:Xn:+1ﬁ = o

And f;, itself does not fluctuate by more than 1/2" on each step domain of i(,,. This
implies continuity: For every € > 0, choose n large such that 3/2" < ¢. Then the whole
step domain of L[, containing x (which is an open neighborhood of x by definition!)
will be mapped to B, (f(x)), for if y is in the step domain of [, containing x, we have

1 1 1 3
S—+—+—=—<E&.
2n  2n 2n 2n

This proves the continuity of f, and concludes the proof of the theorem. O
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A DA, DA,

Figure 5.2: Everytime we refine i1, the height of each descend decreases by a factor of
1/2.

Corollary 5.7. Let X be a normal space, and let A, B be disjoint closed subsets of X. Let
[a, b] R be a closed interval. Then there exists a continous map f : X — [a, b] such that
fla=aand flg=b.

Proof. By Urysohn’s lemma there exists a function /: X — [0, 1] such that h(A) =1 and
h(B) = 0. Then consider the continuous function g: [0,1] — [a, b] by g(x) = ax+ b(1 —
x). Then goh: X — [a, b] is the desired continuous function, for g(h(A)) = g(1) = aand
g(h(B)) =g0)=b. O

5.3 The Urysohn Metrization Theorem

This is the first theorem that allows us to determine what kind of topological spaces
is metrizable. The original statement more more general, and a bit strange, so we will
only give a modified version. But this is already general enough.

Theorem 5.8 (Urysohn Metrization Theorem). Every second-countable normal Haus-
dorff space is metrizable.

Proof. Suppose X is a second-countable normal Hausdorff space. We will embed X
into Cp(N) with the sup norm, sometimes also called the ¢*° space, which is just the
space of bounded real sequence.
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We take a countable basis 28 of X, and consider the set of pairs
{(U,V) cBxRB:Uc v}.

This is a countable set, which we can index by positive integers n. For every n (ev-
ery such pair), apply Urysohn’s lemma to the disjoint closed set U, V¢ and get a bump
function f;, : X — [0,1]. Then we define

1
f:X—Cs(N\) f(x)=(;fn(x)).

Now we need to show that f is an embedding (a homeomorphism to a subspace). That
means we need to show 3 things:

(1) fisinjective.
(2) f iscontinuous.

(3) Theinverse of f, say g: f(X) — X is continous. This means that for every U c X,
the preimage g_l(U) = f(U) c f(X) is open. Now, since f(X) is a subspace of
the metric space, we can give it the subspace topology. If we can show that for
every x € U, there exists € > 0, such that an open ball in the subspace topology
B:(f(x))n f(X) < f(U), then f(U) is open by the definition of openness in a met-
ric space.

Now we check these statements one by one:

(1) Toshow that f isinjective, let x, y € X be distinct. It suffices to show f,(x) # f(y)
for some n. Choose an open set W 3 x such that y ¢ W. This contains a basic
open set V. Since X is Hausdorff, {x} is closed, so we can choose U 3 x such
that U c V. WLOG U is also basic (every open set contains a basic open set).
Then there is a suitable n such that f,,(x) =0 and f,,(y) = 1. This proves that f is
injective.

(2) Toshow that f is continuous, given x € X and & > 0, we want to show that f~! (B (f(x)))
is open. Since for n > 2/¢, the coordinates |+ f,(x)| < + < £, 50 | =% k() —
— frek(0)] < €. Now f~1(B.(f(x))) is all the point y € X such that the sequence
f(y) is no more than € apart from x. Then this gives

B = () 7 Be(fj0) = () f7 Be(fj(0)),
. i

j=1

where the second equality is because for all y € X, ﬁ fn+x(y) will be no more
than ¢ apart from ﬁ fn+x(x), so njrlk(Bg (fn+x(x))) = X. Thus they do not con-
tribute in the intersection. Therefore f~! (B, (f(x))) is a finite intersection of open
sets, hence is open.

(3) To show that f -1 = g is continuous, as discussed above, we want to show that
given x € U c X, there exists € > 0 such that B.(f(x)) n f(X) c f(U)jo do this,
we can choose basic open sets V1, V> such that xe V; c V, c U and Vj < V5. (By
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normality, we can choose an open neighborhood V, of x, which is closed since
the space is Hausdorff, disjoint from the closed set U¢. WLOG V5 is a basic open
set. Then we can choose an open neighborhood V; of x disjoint from V, and
Vi © V».) Then there is a corresponding n such that f,(x) = 0 and f,(y) = 1 for
y ¢ Vo. Then we claim that

Bin(f) N f(X) < f(V2) < f(U).

If not, then there exists f(y) € By/,(f(x)) N f(X) such that f(y) ¢ f(V»). That s,
y ¢ Vo. Then f,(y) =1 and f,(x) = 0 implies that

1 1 1
— ) —=fnx)|=—.
n n n

But f(y) € By/n(f(x)) n f(X) implies |%fn - %fn (x)| is strictly less than 1/n,
since the open ball does not contain the boundary, this is a contradiction. There-
fore, we have proven the claim, and the theorem follows.

O

But since there are many metric spaces that are not second-countable, Urysohn
metrization theorem is not a necessary and sufficient condition. For readers interested
in exploring the necessary and sufficient condition for a space to be metrizable, look
into Nagata-Smirnov metrization theorem and Smirnov metrization theorem, which
can be found in Chapter 6 of [2].

5.4 Tietze Extension Theorem

Theorem 5.9. Let X be a normal space, C < X closed. Then every continous function
f:C — la, b] can be extended to a continous function F : X — [a, b].

Proof. We can assume (by adding a constant) that [a, b] = [—s, s] for some s. Now we
use Urysohn’s lemma (actually the general Urysohn’s lemma, i.e. the Corollary in the
end of that section) to construct a sequence of continuous functions F, : X — [-s, §]
which converges everywhere, and to f on C.

(-5

[
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First, we consider the function

—s/3 xe fH[-s,-31)
p1(x)=1s/3 xef_l([g,s])
in [— %, %] otherwise.

Such a ¢; exists, since A = f‘l([—s,—§ ) and B = f‘l([g,s]) are closed and disjoint
sets in C, and hence in X. Thus we can apply Urysohn’s lemma and get a continuous
¢1:X — [-3, 3] such that ¢4 = —3 and ¢ | = 3. Notice that
28
lp1(x) — f(x)| < 3 VxeC.

So this is a very rough approximation. We let F} (x) = ¢;(x). We apply the same trick to
get an approximation of f — F;: We get ¢, (x) : X — [—2%, 28] such that

9’9
-25/9 xe(f-F) (-5 -3])
P2(x) = { 25/9 xe(f=F)7'((5,s])
in [-%,2] otherwise.

Then we see that
4
[(01(x) +@2(x)) = fFO)] = l2(x) = (f (x) = F1(x))] < ?S VxeC.

And we let Fo(x) = ¢1(x) + @2(x). And we keep going like this: For every n, ¢, is an
approximation of f — F,_;,and F;, = F,_1 + @, = Z}Ll ¢, with

n—-1

2 n
lpn(x)| < |Fp(x) = f(x)| < (5) s.

371
2n 1
3n

-1
and ), 2’;,, $ converges. Since each F, is continuous, the resulting limit F is continous.
And since |F,(x) - f(x)| = (2)"s, we see that F, convergesto fon C,ie. Flc=f. O

Thus F), = Z}’:l @ converges uniformly by the Weierstrass M-test, since |¢,| <

5.5 Partitions of Unity and Paracompactness

We have seen that we can construct continuous function on normal spaces by Urysohn'’s
lemma, and Tietze extension theorem. A partition of unity is another nice family of
functions on a topological space, that patches together local properties into global
properties.

Definition 5.10. A family of continuous functions {7 : X — [0, 1]} ¢, is a partition of
unity if

(1) Itislocally finite, in the sense that every point x € X has a neighborhood in which
7, vanish for all but finitely many As.
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(2) forevery x € X, we have

Z T)(x) =1.

AEA

Notice that for every x this is only a finite sum.

The partition of unity is said to be subordinate to a given open cover % if for every 1
the support of 7 is entirely contained in one of the sets U, € % of the covering. i.e.

Suppt)i={xe X:1)(x) #0} c U,.

Proposition 5.11. Let X be a compact Hausdorff space and % and open cover. Then
X has a partition of unity subordinate to % .

Proof. We show that given a finite subcover {Uj, ..., Uy} of %, one can always "shrink
down" U; to another finite cover {V4, ..., V,;} such that V; c U;. Once this is done, we can
use Urysohn’s lemma to find f; : X — [0, 1] such that f; is supported on U; and f;|y, = 1.
Then simply define

n -1
7i(x) :fi(x)(z ﬁ(x)) .
i=1

Then just let 7)(x) = f(x) for A =1,2,...,n, and 1, = 0 for the rest. This is the desired
partition of unity.

To do the shrinking, for every x € X, pick a neighborhood V, such that V, c U; for
some i, which can be done since X is normal. Then take a finite subcover Vy,,..., Vx
of X, and let

m

V= U{ij L Vy, © U,-}.

Then

Vizvxh U--UVy, =V, U---uclVy, cU;.

J1

Moreover, the set of V;s cover X. O

In the proof above, we have used the fact that for any A, B < X a topological space,
we have AU B = AU B. This is left as an exercise (Exercise 1).

How do we know whether a space have partitions of unity? We say X has the par-
tition of unity property if for every open cover {U,} of X, there is a partition of unity
subordinate to {U,}.

Definition 5.12. A topological space X is paracompact if it is Hausdorff, and every
open cover has a locally finite refinement, i.e., given an open cover % there is another
open cover 98 such that

e 2 is locally finite: every x € X has a neighborhood that intersects only finitely
many B € 2.

e ABisarefinement of %/ : every B € 98 is a subset of some U € 7% .

Lemma 5.13. If X is paracompact, it is normal.
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Proof. Let A, B c X be closed and disjoint.

Ula, y &Q U(a) V(a) U )
A B -

step 1 step 2 step 3

Figure 5.3: Each step of the proof.
e Step 1: Then forevery a € A, b € B, we can choose disjoint open sets U(a, b), V(a, b)
containing a, b respectively. Now fix a € A.

e Step 2: The collection
{V(a,b):be B}U{X\B}

is an open cover of X, hence it has a locally finite refinement 98,. Now define
V(a)=J{VeRB,:VcV(a,b)forsome b}.

This is an open set containing B, since we are discarding only the ones that is
contained in X\B. Since %, is locally finite, there exists an open neighborhood
W of a that intersects finitely many V1, ..., V,, € 9%,. Then define

U@=WnU(a,b)n---nUl(a,by).
This is a open neighborhood of a disjoint from V (a).

 Step 3: Now that
{U(a):ae€ A} U{X\A}

is an open cover of X, so it has a locally finite refinement 98’. Define

U= J{U' €% :U cU(a) for some a € A}.

Then U is an open set containing A. For every b € B, there is a neighborhood W}
which intersects finitely many U7, ..., U), € $8' where U]’. cU(a;). Then

Vi=WinVia)n--nV(an

is disjoint from U. And this Vé contains b € B, since each V(a;) is a open set
containg B disjoint from U(a;). Then we can take

v=lV
beB

is the desired open neighborhood of B disjoint from U, the open neighborhood
of A.

This proves that X is normal. O
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Theorem 5.14. A Hausdorff space has the partition of unity property iff it is paracom-
pact.

Proof. One direction is easy: Suppose X has the partition of unity property and let
% be an open cover. Then if {T},¢, is a partition of unity subordinate to %, then
take 9 = {Supp1,} 1en- BY the definition of partitions of unity, 9 is a locally finite
refinement.

Conversely, let X be paracompact and % be an open cover, WLOG 7 is locally
finite. We want to build a partition of unity subordinate to % . Again, suppose we can
"shrink" the cover (i.e. for each Uy € % find V, with V) c U and {V}} 1A 1s still an
open cover of X), then use Urysohn’s lemma to construct f} : X — [0, 1] such that

0 xeX\U,
1 er

) ={

and we set

-1
TA(x) = fﬂ(x)(z fa(x)) :
AeA
Note that the sum is finite for each x, since % is locally finite. The sum is not 0 for
every x since at least one of f)(x) = 1 at every point. This is the desired partition of
unity subordinate to %/ .
Therefore, it remains to show that we can "shrink" the cover %/. To construct the

shrinking, for each x € X, choose Wy a neighborhood of x such that W, c Uy, for some

A. Then {Wy},cx covers X, so we can pick a locally finite refinement {Wﬁ} u where
e

M is some index set. Now for each A let

V) = U{Wl’l:ue M and W UA}.
We claim that {V}}} ¢, is the desired shrinking of % .

e It is a cover, since each W,Q c U, in some Uj, and when we union over all 1 € A

we are taking a union of all {Wﬂ} o which is a cover of X.
He

e Every V) c Uj. Let x € V). Since {Wﬁ} u is locally finite, there is a neighbor-
ueE

hood Z > x which intersects only finitely many W, ,..., W, < V,. Again by the
same result before (Exercise 1), we have

! ! _ ! !
Wy U Wy =W, u---uW, cU,.

Since x € Vj and Vj is the union of all Wl;s whose closure is in U), we have that

/ !
xeW}, u---UW] cU,.

This completes the proof. O
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5.6 Exercises

1. Show that if X is an topological space, and A, B c X, then we have

AUB=AUB.

2. In this problem we are using the notion of “totally disconnected” introduced in class:
a space is totally disconnected if there is a separation between every pair of points. This
notion is called totally separated in other sources.

(a) Show that every totally disconnected space has a continuous injection into {0, 1}/
for some index set J.

(b) Show that every second-countable totally disconnected space has a continuous
injection into {0, 1N,

(c) Show that {0,1}" is homeomorphic to the middle-thirds Cantor set: the set of
numbers in [0, 1] which have a base 3 expansion consisting only of 0’s and 2’s,
with the subspace topology inherited from R.

So actually every second-countable totally disconnected space has a continuous injec-
tion into R!

3. Let X be alocally compact Hausdorff space.

(@) Show thatif K is compactin X and U is an open set containing K, then there is a
function f: X — [0, 1] which is supported on U and such that f(K) = 1.

Hint: First find a larger compact set whose interior contains K.
(b) Define the subspaces C.(X) < Cy(X) < Cp(X) as follows:

e A function is in C.(X) if it is compactly supported, i.e. it is zero outside a
compact set.

* A function f € Cy(X) if it “vanishes at infinity”, i.e. for every e > 0, {x € X :
| f(x)| =€} is compact.

Show that Cy(X) is the closure of C.(X) in the sup norm topology.

4. A set Ac X is a retract if there is a continuous map X — A which is the identity on
A.

e Convince yourself that {0, 1} is not a retract of [0, 1].

* Convince yourself that the two obvious circles are (separately) retracts of the
torus.

(a) Show thatif A is a retract of a Hausdorff space X, then A is closed in X.

(b) A space Y is an absolute retract if whenever X is a normal space which contains
a closed set Y, homeomorphic to Y, then X retracts to Y,. Show that R/ is an
absolute retract, for any index set J.
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5. Show that a metric space X is compact if and only if every continuous function
f: X — Risbounded.

6. Let X be a metric space and let r be a constant. You may assume the theorem that
metric spaces are paracompact.

(a) Show that there is a simplicial complex P and a map f : X — P such that the
preimage of each simplex has diameter at most r. (The diameter of a set in a
metric space is the sup distance between points inside that set.)

(b) Let P be as in the previous part and equip C(X) with the sup norm. Construct a
map g : P — C(X) such that go f(x) is at most distance 2r from the Kuratowski
embedding (defined in Section 2.4).

(c) Deduce that if x and y are two points of X, then

ld(x,y)—d(go f(x),go f(y)<4r.

We can think of P as a kind of locally finite approximation to X, though we would have
to make more assumptions to say anything more precise.

7. Prove the Remark on p. 124 of Jdnich [?]: a locally compact Hausdorff space which
is a countable union of compact subspaces is paracompact.

Hint.Use the fact that a compact subspace of a locally compact space is contained in
the interior of a bigger compact subspace.

8. Show that every connected normal Hausdorff space with at least two points is un-
countable.



Chapter 6

Baire Category

Measure theory gives a natural notion of a "negligible" set and a complementary no-
tion of a "generic" set that covers "almost" everything, i.e. measure zero sets and their
complements. Baire category is a corresponding topological notion. We us start di-
rectly with a definition.

Definition 6.1. Let X be a topological space.

e Ac Xisdenseif A= X. That is, every open set in X intersects nontrivially with
A. (example: Q <R is dense).

A c X is nowhere dense if it is not dense on any open subset of A. Equivalently, A
has empty interior (contains no open set of X other than @, or the complement
is dense in X).

A c X is called meager if it is a countable union of nowhere dense sets.

If every meager set has empty interior in X, then X is called a Baire space. Equiv-
alently, a space is Baire if given any countable collection {A,} of closed sets of X
each of which has empty interior in X, then U,, A, also has empty interior in X.

The reason that having empty interior is equivalent to containing no open sets
other than emptyset, is because the interior of Y is the union of all open subsets con-
tained in Y. If Y has empty interior, then every point y € Y must be a limit point of Y.
Andsince X = YU Y¢, then Y¢ = X, so Y¢ is dense.

| |
AN HEN EE HEBN EE HEN AN HEN
nu mnin
(0 1 e e e e [ I

Figure 6.1: The Cantor set.

For example, the Cantor set C is nowhere dense. Since in every step of the con-
struction of a Cantor set, we are taking a finite union of closed intervals (hence closed
at each step), and we take the countable intersection of finite union of closed inter-
vals to be C, Therefore C is closed. Hence C = C. Now C contains no interval (it has
measure zero), hence has empty interior. Therefore, the Cantor set is nowhere dense.
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But there is also the fat cantor set C,. Now instead of removing the middle thirds,
we remove the middle rth interval at every step. Then in the first step we removed 1
interval of length r, in the second step 2 intervals of length 2, the third step 4 intervals
of length r3... So the total interval removed after infinitely many steps is

io: 2n—1rn — r

Therefore, the fat Cantor set has measure

r _1—3r

C)=1- .
HEn 1—2r 1-2r

And itis easy to see that u(C;) > 0 for some proper choice of r. But by construction, the
fat Cantor set still contains no interval. And it is still closed, so still nowhere dense, but
it has a positive measure.

Figure 6.2: The fat Cantor set.

But does being topological negligible (meager) implies analytically negligible (mea-
sure zero)? Not necessarily. The set

o0
B= U Ciin

n=3

is a countable union of nowhere dense sets, hence is meager. But u(B) = 1.

6.1 Baire Catagory Theorem

So why is meager a good definition of "negligible"? Because it is preserved under
countable unions: If you take a countable union of meager sets, each a countable
union of nowhere dense sets, then you still get a countable union of nowhere dense
(meager) set. Moreover, the next theorem tells us that no set is both meager and comea-
ger (complement is meager):

Theorem 6.2 (Baire Category Theorem). If X is a compact Hausdorff space or a com-
plete metric space, then X is a Baire space.

Proof. Given any countable collection {A,} of closed sets of X each of which has empty
interior in X, we want to show that U,, A,, also has empty interior in X. So given any
nonempty open set Uy of X, we must find a point x € Uy that does not lie in any of the
sets Aj.
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Consider the first set A;. By hypothesis A; does not contain Ujy. So there is a point
u € Up\A;. Since X is regular (see [?] for regular spaces and their properties), we can
find an open neighborhood U of y such that

UnA=¢ U cU,.

Then we do so inductively, given the nonempty open set U1, choose a pointin U,_1\ A,
and choose an open neighborhood of this point U,, such that

We claim that in a compact Hausdorff space, we have
5% —
(N Un# 2.
n=1

Then this proves the theorem, since ﬂ‘,’lem c Uy and does not intersect any of the
Ays. Suppose it is empty, then U‘r’f’:lﬁnc is an open cover of X. Since X is compact,

there is a finite subcover. But 710 c Fgc c 730 So we have X = Fnc for some n. But
this implies that U,, = @ while we assumed that it is nonempty, a contradiction.
If X is a complete metric space, then choose

1
diam(U,;) < — for each n
n

and apply the next lemma below. O

Lemma 6.3. Let C, © C, D ... be a nested sequence of nonempty closed sets in a complete
metric space X. Ifdiam(C,) — 0, then N Cp, # @.

Proof. Choose x, € C, for each n. Because x,, x;;, € Cy for n,m = N and diam(Cy)
can be made less than any € > 0 for N sufficiently large, this sequence (x;) is Cauchy.
Suppose x, converges to x. Then for any k, the subsequence xj, X1, ... also converges
to x. So x € Cy. = Cy for all k, hence x € N Cy. O

6.2 Applications of Baire Category Theorem

The Baire Catagory Theorem has many interesting applications. Here we give three of
them.

Proposition 6.4. Every complete metric space with no isolated points (i.e. points that
are open) is uncountable.

Proof. If X is countable, it is a countable union of points. If every point is nowhere
dense, then X would be meager in itself, i.e. X has empty interior in itself, a contradic-
tion. O

Proposition 6.5. Every infinite-dimensional Banach space (complete normed vector
space) has uncountable dimension.



6.2. APPLICATIONS OF BAIRE CATEGORY THEOREM 48

Proof. Ttis enough to show that every-finite dimensional subspace is closed and nowhere
dense, for if this is true, then every countable-dimensional subspace is meager, thus
the whole space cannot be countable-dimensional.

To show the claim above, let F be a finite-dimensional subspace. First notice that
every finite-dimensional subspace is complete, hence contains all its limit points, there-
fore F is closed. To show that F is nowhere dense, consider B.(x) for x € F. Sinceif x ¢ F
then obviously B.(x) ¢ F. Since the topology and F are invariant under translation
y— y+x, WLOG assume x = 0. Now take a vector v ¢ F. Since the scalar multiplica-
tion a — av is continuous, then B (0) contains av for some a # 0. Thus B,(0) Z F. O

Before we enter into the last application of Baire Category theorem, we first need a
lemma:

Lemma 6.6. Any open subspace Y of a Baire space X is Baire.

Proof. Let A;, be a countable collection of closed subsets of Y that have empty interiors
in Y. We show that U A,, has empty interiorin Y.

Let A, be the closure of A, in X. Then A, NY = A,,. The set A,, has empty interior
in X: If U is anonempty open set of X contained in A, then U must intersect A,,. Then
UnNY is anonempty open set of Y contained in A,, contradiction.

If U A, contains the nonempty open set W of Y, then so does UA,,. And W is open
in Y which is open in X, so W is open in X. But each A, has empty interior, and X is
baire, but | A,, contains open set W, contradiction. O

Corollary 6.7. Every locally compact Hausdor{f space is Baire.
Proof. Itis an open subset of its 1-point compactification. O
Now the last application:

Proposition 6.8. Let X be a Baire space and Y be a metric space. f,,: X — Y be a
sequence of functions that converges pointwise to a function f : X — Y. Then the set
of points at which f is continous is dense in X.

Proof. Given a positive integer N and € > 0, let
An(&) ={x:d(fn(0), fin(x)) < eforall n,m= N}.
Then Ap(€) is closed in X, since

An@) = (] {x:d(fu0), fm(0) <€}

m,n=N

which is closed, since each {x: d (f,,(x), fn(x)) < €} is closed by the continuity of f,, fm.
More specifically, let x be a limit point then there exists a sequence (x;) in that set con-
verging to it, then we can find an M big enough such that x), is close to x, and such that
by continuity d(f;,(xpr), fn(x)) < €/3, d(fm(xp), fm(x)) < €/3. And since f,, — f point-
wise, the sequence (f(x,)) is Cauchy, so WLOG we can assume d(f;(xn), fm(xp)) <
€/3. Then by triangle inequality d(f,(x), fin(x)) < €. Therefore this set contains all its
limit points, hence is closed.
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For fixed g, consider the sets
Al (8) C AZ(E) C Ag(g) C...

Then U, A, (€) = X, since f;; — f, so (f(x)) is a Cauchy sequence, and for sufficiently
large N, we must have d(f,(x), f;(x)) < € for m,n = N. Now let U(¢) be the union of
the interiors of Ay (€):
Ue) = | IntAn(e).
N=1
We shall prove two things:

(1) U(e) is open and dense in X, for every € > 0.

(2) The function f is continuous at each point of the set

C=U00nU1/2)NnU1/3)N...

And once we have shown these two claims, the theorem follows since X is Baire: by
definition (take the negation of Def 6.1): If {B,} is a countable collection of open and
dense sets in a Baire space X, then the countable intersection [ B, is dense. Hence we
proceed:

(1) To show that U(¢) is dense in X, it suffices to show that for any nonempty open
set V of X, the set VnInt Ay(e) is nonempty for some N. We note that by sub-
space topology, the set VN Ay (¢) is closed in V. By the previous lemma, V is itself
a Baire space. Therefore, at least one of these sets, say V' N Ap;(¢) must contain
a nonempty open set W of V. Because if not, then V n Ay(€) has empty interior
forevery N, and V =U}_, An(e)nV. Since V is Baire, V itself would have empty
interior in V! This is a contradiction. QED for (1).

(2) Now let xy € C, we show that f is continuous at xy. So Given € > 0, we shall find
a neighborhood W of xy such that d(f(x), f(x9)) < € for x € W. First, choose
k such that 1/k < €/3. Since xy € C, we have xy € U(1/k). Then there is an N
such that xo € Int Ay (1/k). continuity of fx allows us to choose a neighborhood
W < An(1/k) of xg, such that

€
d(fn(x), fn(xp) < 3" xew *)
The fact that W < Ay (1/k) implies that
1
d(fn(x),fN(x))s% forn=N,xeW.

Take n — oo, we obtain

1
d(f (), fu(x) = 1 < g xew (**)
And since xy € W, we have
d(f(xo), f(x0)) < g (+%)

Now apply triangle inequality to (*),(**),(***) gives the desired result.
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6.3 Exercises

1. A real number r is badly approximable if there is some ¢ > 0 such that for every
rational p/q we have

P C

x——|>—.

al 4
A somewhat weaker condition (let’s say a-badly approximable) is when g is replaced
by g* for some a > 2. Show that there are lots of a-badly approximable numbers and

lots of not-a-badly approximable numbers (for example, both sets are uncountable).

2. Prove the Uniform boundedness principle:

Let X be a complete metric space and let & be a subset of C(X) such that
for each x € X, the set
Fy=1fx): feF}

is bounded. Then there is a nonempty open set U of X on which the func-
tions in & are uniformly bounded, i.e. there is an M such that |f(x)| <= M
forallxeUand feZ.

Hint: Choose Ay ={xe X :|f(x)| < N forall f € ZF}.

3. Suppose now that X is a Banach space and the functions in & are linear. Show that
there is an M such that for every x € X and f € &, | f(x)| = M| x|.

4. Let X be anormed vector space. Show that if X is not a Baire space, then it is meager
as a subset of itself.

Hint: Suppose that A < X is meager. Show that a A is meager for every a € (0,00), and
x+A={x+y:ye A} is meager for every x € X.
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