lec | o L 2.
Recoll: Lusin's dner: f:n—nr™, A s, Suppote :
[ Koo Rorel fﬁbvx‘(‘»( meosure on RD
2. A s pm-mMeasuwiolle and P\(A)<Do.
3.0 A RY B h- MessuolR.
Then IE>0, IKSA compack sk §\¢ s ks and m(h-K)<g,

Thmi. (ot N be Bore,\—(‘e_amlo«' on R -(:\Q“—B\Qm be
P_meASmm\:\e,. Nesure A< R® & tk—-me_asum\ole, 5. /A(A\< 00,
“Then YE>0, 3 i —?.»Md'\'oﬂ -?-' DR ——?\()\m st

% f XeA -Y(x7=\=¥(><)-3 < €

77_£ By Lusin's thm, FkeA cpt ot Iu(l\—\:)<£ omd L), et
AlSo b\/ Evans Thm 113 | (3¢ Con extend Hae Lontkion P c+sL7
1o 1. (&} +his fmchion be £, —Then
piXeA: -Y(x?ﬂe?(x)g éP\(A—K)<£, 0

Def. leF X,y be +opologionl sposes. Then f:X oy is Bore] measuoble
if for ony Borel mensure (ron K.
RmE. Cis Luntions ose Rore)| messwtoble, for Usy oo, 1 ohs, then
)C‘I(UL) is o pen , has Row@) .

Thm 2 (Egoroffls Thm) (o} K be & measwe on R" . ¢ Je(0:R"— 1R™
be p~mea5ura\:\e. Wt AS R be /A—meawmb\e e k()<
et fe > f Mooae Tn A Then Veso, IBEA, p-measuable, sk
[ P(H—%) <€
2. fie 9 F wniforly in 6,

Cij* gs 1% \J?ch)—i?(x)bzg
So xé& Cpj meons 3K=zy oF |\ B -f0 > % . TThew clearly
Cijn €Ciyy. Then [L([A)KDO 8o fAf\C.-,)*&SD:\ 3 on Sefuence
UQ r\eered gels. Then



P lpociy= p(an(fles)) =o

Lost step: xe O\ I, Ciy = 3 Tﬂﬁ“:+€l7 many indices jeN st. )%(x)’f(“I?j
So ‘F}_(X)—Faf(x)_ But +h is & null set \07 A%-*""f'h‘a"‘- Thus H €20, AN

S /A(A(\ C[,Né> c —ET |

Now dencte B= A- UL: C;,M;_ —Then
9 > ¢
}LU"‘%\) 4 21‘*0* DCeon;) € _é__—zf=£_

I8 Xe® D X& Coni D wheneved nzn; , | 0-fo)< 5. Thas
Lalx) — Pex> unTFOfmly on . o

Cove(ing Theofe/Ms .
Nototon. [, (x)=74eR": [x-vﬂsr} B (x)=§yel: [x-yl<sei.

Del. ) A collecrion 7= aJr doed ball 10 " is o Cover ol o set AeR”, of
A = Uéel-‘:g'
() % 75 & fine cover of A,  Tn 0ddiKon +o (D, we have
'(\"‘Fi diom B ’Xéé,@e,ﬁ‘l:b Ixeh .
e every gF is Covered \oy smalleyr ond gmaller bpalls .

Thr | (Veedi's Coverind ¥om I). (gt B be any collechon o pondegenerte
(ie. dPeredt £rom o pt) closed balls o R ikt effdiom® B ER] <00,
Then 2 Countalle family & of disjeit balls in A ot

U’ xg = Uéeeﬁ‘

BGe

el 7 may be wacowteble < balls i & o/ 0vetlo|o.

'ﬁ- D@mrfa D: 6"?7}&;:(&'0!\4@), DC'F"Q
—_ . = O
Ki=imer : %‘““"“55‘23—-.75
Yheu ﬁ,:f@e?‘:: 'géclf&""&ivi mecludes e Iarjes-l— bolls f. e

—Paw.}fy, N ows de_{,;,\e Swlo‘FAM"["CS G) g7:,'). es follows :



) G, s aﬂ)’ Max imal (\]is‘jo:""l— collechons 4 Jodlls /a ;lt(,
Ts Mo G Ts a Collection of dEjoiat balls T E st i
we add sne more ball to G, Lo T iue balls we 0o

\ v

lQ“SQ( dis 00t

(B) Asusy we howe Cheden Hee mosimal 433&*’" colectbes @ 5., Gpy
$(AL$¢-\’S 5&/ fkn) fvu_-n. CL\OOSC Gk kk + be amy mamw‘a[
\5 )o\ At Colleckion
i&e@k : (5(\&'=4>,\/B’6U;=\ C’);E.

Nﬂw/ de-{."ne G: Coj C’l.‘
k=1 '

) AU sf Gp countable - —l—Ley ot fomilies o d-?}'o-'»"“ balls 7 1" owvd ench
ball contnins a rxbional number =5 ot most countobly ey balls &» G
—Thues G s ot most  Countthle vanl7 {_ d§J01n+ balls in
(23 For oy Bexr, %'eé\ <t. BC‘B"‘P wﬂJ BC{?;’
o ok Ber. Aiem sk TeR: : OFi<dimB e D24,
By maximaldy of Gi, 3%e Ui Gk st Bn R*¢. Rlso,

B/G Ulc—\ Gy —Um~ ""\c = d\OM@>‘_, —QCJ\aMB
So diem B’ = g,cl\o\mg ownd Bl\% '-'¥=(b RBut —\ﬂd’b@( _\4\@,/
)fnp\/ @c{é’

“Ths eres +Hre clair. O

Eemaow o0, T all coventnd e, pells B will be closed, se. R—R nov.
Thea2 (Vili's oveind The T . (o} +he famly R of closed balls be
a fine coves o-\: e get P\Q\Q\V\ st swfiol\‘ow\i?;: E;e'F'S<OO.
Then 3 a family G = F 4 dsjont bells st Lor each fonle subsetr

(B8, Bl EF ome s [ AT Bic () B

BEG—{ Ry, Bm}



Choose +he fonily G o} dzjotnt balls in F 65 in Thmi.
PAssume ff%---;l}mjc—?i- Now F-f A’U;:? Bi=¢, done.

So Assame  xe th- ui:| 2. Then x & u,.f:,' B, Pecause

xXeA and K o J&'ne, Coue(:ﬁ( A) AR st xel, damB ce.
te. Xe® amd R UL R =0

A &

Ecor 4he \)(00% 5&1 Theq, ABEG st RaBFd. Tk
FMPUQS Pt BFB,02,-.Bm. Also we have A S ®»

ond by Hhe maxionelity (ool ot p A4t ) od e T
Choice 4 B we hove B &, Thus XeB el wi

xe A~ Ui B and B7e G’—{&,--~,BM?§. Dowe . a

Clozm - An\/ U‘)@/\Seﬂ' n RM Cor be ,?\‘\\QA WP b\/ dfs"\ofd closed balls
R i \,e\;es%me rMerSuTe Yoo

Thm 3, et W e e open ond 820 . There Qudks oN
& Ccounttble colleon G 4 dfsjo:‘wf' closed bolls n
U st damB s, ¥ Bel ., amd when p=m is
+he Lebesque merswre,

m (U— Uge@8>=0.

ctg Pt aeeune /u(l,L) 200, and /fﬁ <hf< .
) Clasm: 3 o~ -{’:nH-e collection B,,B2,... Bm, o%r Q)\?Sm‘n{- closed balls ™ (|
s¥. /*(u_;Um‘B:)éB‘/ﬂ(u)- O
R;g. Covsider the [ine Cover F 4/ W o fehos: Bl wp \_ 5 O
Uxell, oo % qom, ADx0 st BgldeW. e OQ
T (1-D) poet
Thea for x Cowsider he Qscol- colleckion W. O
’ﬁ,ﬁig((x)s\k D0LrL an(J;),,r)i_



TThow A( tomsse e R=UVeuRe. Mso, B 5 « -(-lne. covel, evidently,
Ard diamB ¢35, Y BER., Thae B s a Line COVJ-L‘, K woith
u.m\{wmly bow~ded (adius. Thern Py Vikls's c,yuur,\i Hm T -

3 G =T couwtoble + 4\‘33.,2«‘« st

U\? U B = U % M G"EB))BZ}"'&
(g0 &F B

Thew },\(\Q 4 é\ /A(é.) = 5" '_éj/uug,;).
Rolls ore Aoved ( mesdwmble) and d3jowr:

}A(Q%;)= 2,0%;) 2 & pW).

o B"v‘:‘\:z‘\' nede 1L

KD

p(w-08) = p (T &) ¢ pW-(1-5) < o400
On Hhe hex hord, bells afe Le\oej,sswo_ memMa)o\e/

plu- Q5i>= g:ggo (M—QB;) < o plu)
Samen st p(W-DB) <0 pfu). Aed Bisu. E

(2) The set Q B is closed (here is when we need bolls to be fuitely Ma;«y).
™y
—Thus W‘u—u(b" 3 o")w

Apply +he clodm to ofer sek U, 2 Bwgsir-, B, cloved d,gé:e,:w{-—
bolks shot axe $u3ose;\-s@![ W, ot

pw— ¥ rs.-) 20 4l

t =M+

(DD_H'l;S S‘\'Q/P iv‘%:vvu'dy OMA 3& ﬂ")@}b\ S(’)\'s M])uz).-. md M'CM‘Z<M$4.»-
Ta +the nww Step:

® ) <OpU) o=

= U 297 p(u) = (W),



Since u—Qa\B?SWV\,Vn/
) n->2
/"(IA-)_L:J)B.) é/u(v\n)éan/,(u)—_a 0 (9<|>‘
0
= /"(M“HB: =0.
%7 Coustruckions,  the bolls i(bgz ke d%g’@v\*_

! /u(\k)=°°; opply the previvid reanlt Yo 4y Bpem setfs

nw n i x| : m< l><\4m+|j M=o, 1, -
N —
en
wWhekt we ey hewe ose SP'AQX% 4 codit 20,15 . Put they

hove ™Menswe 2erd.
i
Reale . Vidali's Covel 9 Thws worlks for Lelo&Sjue memwwes | g b meapute
b e A lowing oty
‘Qé\. CDDML[fn% Pw‘m&\b) ((Ll-/a orel on 1A, ff 3Ci,C>] st
X xelR', Yr>o0, l}(%c\-v () £ Cq.-/A(Br(X)), Hen f i3 soud

+o ‘qawz ’HAE, doa]o[m% P(\J“)u’@a

—Than T Ywe ?(‘o«l( A, e second vitoli Ahen, Tnoteod 6{ Nwh?w& lodds
5 Limes biGher, one Com tale W C dimes biggel for Y300d” ¢
T deennt have el peopari, Vbl fodls. Beer e

T ( Besicovitew ‘T\\M>. T A constart NoenN d@rmd\‘w} Ml)z o He
LN 6X( e cpace 1, k. T+ F ﬁw7 cMeto~ JI( nau&q%mexvil
Aeoved Valls 5n R with SVYio\\;AMB:Ibeftg 200, omd K we densle
A =$x: Ar>0 sk Belx) €3 oo Aume ok 6&r ek exs 55( He bedls
nF, Fhem AN, Covned\ cMections G\\)élz)-")g'l/\’n Uj[ JBJ‘O«\V‘{'
balls in &, st

Nn

Ae U U 8

= BEL;

elae_ OM:’H@& SQQ/ boo[b~ D



Thm . Lek ] be & Bore\ mensmg on IR, omd F 4 colleeton r{. ne‘l'\tJ%ew_’,(c#e
Closed balls Tn IR. Let A derole Be set 8 Ak Mue convers & +re
balls ia R: A= {REW 220 6k BOEF].  Asme (A) <00
owmd \[rqpf r: Br(m)éf?f} =0 for oM acA
(slightly stronQer thonr & o Loe cover :71(— A
Thew for eneln opem ser WER", ere oxidfs & cCountuble tollechon GER
o dijont bolls Tn R sk

n \UesWw  (UBEH, pei ),

66
2) /0. ((A/\\L) - Bk€)6)6 =0 L&Skﬁn‘\‘ bolls Ta & Cover ANU Th MSU\KQ)_

T_Q_ Let B be a Constomt sk |——le; <O< | where Na js the constomd from
Hae Besicouitch Co\/e,r?rxtiS “wm .
Claim. 3 o fndve coletion TR B2, B b db disjotdr bolks w7y,
DR; U, for eah i=1,2,...,My,
2) /A(A al— 0, B:> < Q/a(A AL .
r{' ot claim: Couslder X collestion
T =iBeF: dumbBed, Bsu.g,
Stnce TnFir-’ B,(a‘)éF3=° for overy AEANOW | and U opon, ‘73,'—"'—(]5, [ N
hes He properby Hiet sep] doem®: BeR 2140 . Theehe, opply
Besicovitdy Covering T o T, which 4ves e ‘le-"ﬂ"j - 328G, 6m
g(_ d33eit balls Ta N, st

P

Na
ozt cthnw= QU s (e bew)

by det od &
Thws b 7 Sw\:&AAﬁ'\‘T";{-}' y

Nn
/,\(Am wW) < _Z/“(é,{a‘-‘b ) (An\A)>

(=1

T‘I\QWQQ&TQ, = T"AQX géihi)-"; Nr\g ) we. howe } o B LS

—
V(Anu) ¢ Na- V(éjeg\y% 3 (p,n\,{)> Hvt messure, |

Next sthep Tn tue book i

| ¢ Evavs Thea 1.
= P(AA\“\ UBeGusB> é_f‘—‘; P (Anl,{>_ ?:::?WTEAPPZ:'. "




Lev Gy= 1 %0Be, B, § . Then
o9 (
I ( Y 'NQ ngQ 2 _/T,\/'“(Am") :

femaa: ¢ [ Rown OBe) = L ponn DBy

Nof cheodqdrforoxd, Loo A mosy not™ be /A—mquo\ue.
Recalk— one Rw Pro\a\% on Co\ro.‘\'\ﬁe/oi-o(;/ criteriov -

S s Bore) en IR & (L(A\) 6) =/Q(A) +/,((B) wheneve! dist(A,B) >0.

Now,

{"‘(Pm\xr\ Uu:‘ Em> =PL((AI\\)\Q \)::BK> v (AO\L(\B,V\))
= *A(An\kf\ U,,_': Be -‘-"O\(\\k(\%m)
= KZ:_.H-(.A(\\LABK).

™M

—Then  |lim }L(A(\\kf\\) %\:> ZP‘-(-A(WU\BK>

M o0 M—)OO K=
§u.b add Hvi ‘t'?’

- KZ;,-‘PL(AMLABQ - V(U p\(\\k(\Bk>

= UM n "
> i wCaaunUl &) > V( T g BJ .
Now, € Ts obvims by MSNS RMIL ). QE.O. for Lewwe W
Nov, /U(An\)\'\ \)Z.%k)=/a(mqnuee&je>
N ACID,

>(|—9)/«(An\k)~
So F index mye N <%

p(maw o O Be) 2 (-8) t,((A(\U\\).
As the <ot U,Lr:: B s memgunhle, we howe
/a(#mu) = IlL(AmL o) U:(BQ + ILL(AML - U::(BQ
= /L(A“W'UK:' g\<> < 9}1(_%\/\1/(7-
T finishes He procd d He man cloain. ]



Now rferde. Ser W\ = U-— U:\:: B whicy s a\>w Now consider he
Colleckon

7‘~‘z=iee7¥ rdam B el , BE UL\’S,
I—? 5/72 S-e’{' A N W, =¢; +Hew ‘)Q'Od"g S -C\‘n\.SL‘GJ —(ZH"'

/cCAnu.3=o-
HHherwise . 73,_:l=¢) , ﬂffly same procufu-re 2. The~ M3 9ives
B’M»,-H)“'J %mz_ € ’P\:z 0{;5').;74‘[‘ balls 44

/k(UU\A- ik e;) = /t(u.nA n U;zm%;> £ oK (,nR)

=8 k ((U—QE;)AA)
o it (unh- Je:

L Qz/a(Anu),

\l

By teating we cemstrust By, Be,...., st
! "3

P(MAA — Qe)) =0 -Po/ /,((IAOA—!;)::B; < Bn/((p(I\A') Z 97&(%1) r':ioo
A’[SO B, su y) t=2.. b7 Covstraction.

A



Diftesontiodion o Radom Mempare

Tdea: (ot perV be +o Nodon messwes on R Lunet s Fhe Jews-‘f7’ d’.‘- v
will tespet +o p of epdh pt xEIR" 2

% Lt MY be o Nodon mmeosures on R'. De{*""u-?of every eI,
§Pv<x>=3 Jongue ZEOD it y(a0)20 Lo ok oo

+ %0 ® p(Bel)=0 foc Some r>0.
senind  V(8:0)
D= 3 L::%o*{: ey A(B0)20 Lor oM v>0
+ %0 £ p(BxD=0 fc Some 120,

Hne cl“aw\—?-\7 6/.,3’(") ic odlled +the “$p Jdervekive (éw%‘{"i) the Merine
v with tespect o . Simileely Dyl is oled the lover Jervokive (demeity)
‘l\_ He Measure v with cespert o o

Def. We soy v 75 dferodibe il tespect to ot xe R i
DV = DV .
Then we dencte DV =Duvd) = 'ﬁpv(x)) avd coll T+ He
dert~orive Uevlsii-y) A v wet A ot xelR”.

Geol - (1) S'I-w&)' e oniRteme 4 "D,AV(X) gvon Rodon mesawces kL, V.

(@ Can ve cecver v by Tn‘\'ube‘Q?:“% Dov () b): integoting.
.+, M 7 — Pnswer : '\/_LS\

lam 1. b < e (o,+99) be bixed. Thon
i) A< ?xelpf‘; Dnv(x) éo(} = V(R —40(/4('4)-
© A xer: Durtd )= vl 2 wpm
ok, In both cages, we do not fefuite A s K v mendwrodle,

({ZD Cone 1.() Pesume /4(/p\"),9(lp\") 200, Fix £€>0 o9 oy a'rw set
WU contoaning A, Nxeh, cmsider tue -('amt‘ly Fx= fBr(X)i st.
m BX®We .

(2 v (B 2 (o4 E)/L(%r(x)>

(2) rél.



Y )
TFor oy xel, Lo ‘va(x): ’Q'\'-V-\a\ﬁ %)% S, we have

YreEA , one cov Gnd o Sequente SX, bells ot edii oo Soffsfyl‘ng»
2). But when rdit B emell, () & (95 ore sotlfied an well. Thus

Uxeh, ifir B0 R =0 If we Consider

THEOREM 1.28 (More on filling open
1 be a Borel measure on R”, and F
?j - [ ’ ?’/ closed balls. Let A deno cen
X . n(A) < 0
XeA and
inf{r | B(a,r) € F} =0
w for cach a € A
' hew \\1 Y hon ‘2& 4 'E\ID\V\Q éhﬂ S Then for each open set U C R*, there exists a countable collection
G of disjoint balls in F such that
- U
2GR, GTIR,.P ¢4, Usc
J \) ?.) - o . BeEg
and
S50 I ((.m - U u) =0
V — BegG
A N \k - U B.’ - D Remark. The set A need not be p-measurable here. Compare this
A assertion with Theorem 1.26 based on Vitali’s Covering Theorem,
- L= above u}

( (We also ImP\IdHy e V(A)év(m\")¢oo>

‘\> s V(A-Q\B( =0 => V(A}é v(%\—g%\)-}—y(ﬁ&.

V=0

= \)< Ql 3;) ba‘aliilozgc\%;;‘_ M@Maln(e:(

= :Z‘V(B:> [B;e?ﬁj
£ (2+€) 2 fi(8) .

= (o&+£) /“(.@.%> [B: [&—MWMA\O\O—J
Z (ol+€.>/A(u)_
Thus Y(R) Z(+8) w(W), Y70 (ohing £-50 : VIR) £ ()
Hrue foc oy W open sk coutandy B But s Radon, o

ARy= Tof § Rl Aet, Uspan§ .

—Tl'\uS "“O"(At-v\j Fe Rr\'@: 'V[A)_é_o(/li[ﬂ)
(iv) SFM;\U\('\V-
Cooe 2.
We Pcoue,é e cene Vhon /u(nz“), vy(OR') ¢, T, oée,hexaﬂ,, We. ConSder
He annuls
Ry = i xeR : k-l¢|x|< k)g.
These owre Beorel sets ound 4hus oxe (u,v menswroble
Clam: (A= 22 plRORY) | V(A= 2,77 (A0Ry).

k=t
& ol A= AR Re= D AR Soby suladddtiVity pime 2 acante)
On +he Abex hand, as R, is H—MQ&SWC&HQI fA(V’c\’:}A(V\ (\Q.\>+’k(A—ﬂﬂ-—-’g(hnﬁ.)-r-’;(angzgk)



k‘ﬁnws Tnduc-}ivel7 fL(A)=‘Z“.MA°Qk)+fL(A“gme) 2 Z_:f*(’*“‘lk) fof amy ™. [ m00,
We howe zrk(mau)é»uo. Tl ;MPI.'e; fle e?chPE)«. B

Now as ¥ ore Raden meanwres, }L(gg), V(Ry) <00, The~ by (mel,
V(A o Re) £ V(AAQ\Q D ZV(A0R) ¢ S H(ANRL) D (A £ Lp(h) Hor
(), and s‘,m“.la(\y -Por (). a

Rmk. IR™ is ¢ -find¥e wict. modon meosSwie,

Thon (Differaitotion b Radon mesonees)
el PV be toden measwes on IR" Thwen
(1) The derivative DV (x) exists amd i -(MH—& Mace. on "
12) The derivahive “D/“\) () 1s H—Meﬁswa\o\e.

rF_E WLoG, we cam dssume thet V(\Q"), vOR") ¢ o0 b\/ fes-(—ﬂ"c-\-?w% b He
annull Ry oS before.
(" S+e¥1. DY) is foike p-ae. Lo
A= ixe - '5/.0’00 = +'>°\§ UB\/ def 5#v(x)zo>,
Ao = ixe\k“-. 'B#V(X) 2 « 7&
Then Aw S Ax, Yet20. By the Lemma, v(A,,[)zx/l(A,o by Lem (i,
~Tlus

XD 400
0¢ fL(AW) < /*LU\;\) < -};CVCA’A) < -}z\)UQ") — 0.
Thus u(A=)d=0.
Step 2. Demete for 12aLbeon,
A (o,0) = f XeWm": o évaé*D%sﬁv(x)i.
Clam: p(AEW)=0.
wh By fe Lom, v(ALaL) £ apl(b) od v (AlL) 2 ba(AGase)) .
But acb , so ,‘LC ALmb)>=°. Also , s \“M‘:]fe,s YEIOHES
The Set vhete He dervative fD,wb‘) does mot et o % t\'*‘f-‘ﬂ:"'e 1S

A< An U Amtwb) = P‘@‘) =D.

o¢a<b <

T\ proves .



(2). We prove DuY(x) & u—mensweble. Fix o0, Set
30N= (Bel¥)) , Vxe IR
Claim: For o~y Pved o, £he _ﬂ,,,cl—.‘.,“ 300;1{&“——% R = ﬁ—m&swable
T ek G(9) 55 upper Sericontinous evpber in R,
A-d ay [ower Sem, —coutrroes
H&"";K forc¥ion in IR s Rotel messwtrble. TThus amy wppar sems—ets (Flover ﬁ'z"’“"@

from (5 Borel measurable . Thus g s —menswrale for 97 ewnyuher upper

20lA.
Cemi—C¥s .

“Thus, e candt 4o She 40) =/u(@,(x)) s wpper - semi et foee. i R
f Assume Xp 2%, e, xeR", and denote
Fez Kopo O F9= Loy
(I) Fiesk, we show Xy % => Liveed £ p 2 4(y), Ve R
el T e Relxy=% W \w-><l<r3. Thew L) =\, and o‘% Cowrse
felp crl svger” = Wesw £ ) e i) Ve Brly) . Assume
Y& B (x). Thus \y-x|=v+d with 550 Now /X-Xdé%}
Foen  14-%e| 219-x) =Ix=%e) = r+8=)1%-%| Z v+ L . Therefore
Y& Bx) D flyd=0. Bros Xy X% , for & bly @nough,
x-Xe |z Sz = V¥ sudh ¥, -Pw@:o—_e,s 9’:“\2?&?'[2\45‘3’)*:‘“‘6)-
Thus we P(oueA Xe '\-"QTMQ@H

Lroso® £ ¢ 4y), VyeR™ (%

k> .
. nonneﬁod'we
() Apply Foow's Lemma 4o e seq IE D %4’%(‘}9& :;, , 4B .
So ) e 0 dp ¢ B | G- du

k>o00

B9 Ber (9
For ke biy enegh, KeeBeo) = ‘Fk‘-"})-“'%&(x) ty) & %Gmx)(‘ﬂ.
Of\ ownwe \'\O-'J\A)
o 95\2';";;% (\--9\«): (- ng_gxxk 2 1-%, V?é\ﬂn_
ws
(B -uE)=( (-Ddu ¢ | i -84
s s ge,,u) r S Bastxd P
- ¢ QJL@:}S (-Fl) du .
Bzr(’()

= Qamin§ p(@,,[x)}' W (Be(xe))

r->00



= ,L(Bzr(ﬂ) - Jlk\vg‘_g;';? /A(B&X.&),
As M(Bu(x)3<m since I Rodon, we Wiawe

5 M [("(Br()(h)) Z ,u((e,cx))

= g a0 2 00
So % B Upper—semi ad G RN Thes 300=R(B0) &
Borel- measurable. Similarly  h(9)=V(B(g)) is Bore| measwable.
So ﬂ»e\/ e fr- mepdweol\e,

fFor Guy ¥ >0 dehne
P(Br))
£rcx)=i JACTD) f /A(Brw)>o
400 o lu(BrlX)):o '
Clazm : For oy Pired T, LD 05 /A——Measw)o\@-
pf Lek Re= T XEeR™: p(Be(x>) =0 3
=f{xer”: gx=0]
oand GLxD s vppar Semicls ond 420, “Then W (S
Rovel by wpoer sumi-cts o’YY 3. Thon

P(BeR)) n_
{m:i (B o xe R =Xy

) \\Q— X e Ky
Alse, We sce 0<ric = Kg =Xy, We proved D.v(x) exts

omd s {-?n#e P-a.g. Thus F

DG e 2(Bc) inife
A= % XeWR - '/gﬂ-ao /U(@rCX)) Cudte o 7& 3
—Tlhen VUR"—A) 20, Nefe if X€A,

g 2(Be0) ge, 2(Bs0)
—D/"v(X)"gA—)o* //(@,(x)) T kow /UC@-th))

= fen £o 0.

Now , 10-|z(x7 s /A—Measmble when xeh, owmd Sce }A(/Q"'—A)=O,

hs does not offect due messurability - Thus Dv(x) s
mMeasu rble [p-o-e. in R™ O

Com extend
Pt toa m
-alde Lanckion
oy patieg o)

o A



‘_D_i(; et PL)V be Borel meacutes on 1R Thew
() The mensure v s a\oso\u:\'e.\7 continous wrt Y% ,*7[ /LL(A)=0 /‘mPlies
v(M=0, Y AsR". Wcte: v&p.
(2) The menswe |,V 042 rotadly ata qular i 3 a Rerel set
BsIR" ok }x(lR"‘-ED=9(ED=D. Wete: »L .
[k concentroked T4 @, » in IR"B. They complement each
ohher in IR

Thm CRAAW“NIko&\aM fon ). Lot jrov be cadon measwes on R7 st
VM- Then We hoe

o= [ Dy du
A

for all Iu—measm\ole sets k= R".

(PS_ Let A be /a—measmrab\e.
Cladnn: TF v << p, then if ASR" is p-measorable, Hhen A must be
v measugable .

‘PE o£ Claxan. I cadon | So i¢ Rorel re,céwlwf. Tlﬂorc/afe, Hege, et

B Borel set sk As® , and WM =p@).  Gince AeMy,
&)= [k (r o) Fple-m) = pr(&-A) =0.

Since V<<, we have D(B-A)=0. Thus (B-A)e My .
Thws A= B —(B-A) 8 V Mmeosumble, N

fo 0\\/\)/ 't?‘} ConS;d-&\’ e Se“'s
Am={xeh: 72 D) ™ ] meZ
Note K5 t7=e, L0 t™=0.  For (#750). “Thew

~mo

A= O Am v 5>(éA= ‘D,pﬂx):o% J ixer\: Qu""""‘bg,
e ~ —_—
"fz :=I

Then Am oxe cl\\ﬁ‘belvj‘ \07 d—\'-g—, md X Z, Amn Mu\Ml\‘/ J""sj'ofv\')'-
>
pz U AR VZV T,

N= -0

A\SO, by deJ:, P\'m, z) T osce /A_ mep\e\hfolokﬂ/ becaw\se FD/AV()() 3



/& Messwoble @ Po= (717/,4\7)" [—{;‘M,'bm“), Ao, 2, T oxe /(_—MCaSWQb(e_
Thue they ae aleo Y measwable . Since +hey are d«‘sj‘o,‘n-f-, So
(>3]

YR= 2 V(A + D +(2).

M=-_-o2
Stepl. Examine VD AZ) 5 [[Baveodp, [Ho .
Qgca”'. -iv\'\’e,'ﬁra\s .rA‘F(")d/k is Comn‘l'&bl\-/ aJJ:'fl'Ve m 1he _jta’(ow\-ﬁ-‘j CaSes:
Dwhen §x020, ¥ xe B (nromctone conv )
) When SA\S—‘ d,b( <=9 C dominated conv Thv"‘)
Now becanse {k Countedole oLA&H-C\.;;,y omnd ?"‘v (%) =20, VYGA/

&0

j‘A']% v (%) J}L = Z SAMD/‘Y(X>°\PL + JI'D/qV(x) d/k + ‘EZ Dﬂ"’(") CI/‘/(

M9
Now, l:\/ Prev?mo reswl+s F(I)-’—‘O, So jID,.W*)J}Fo. A];o/ on Z,
:D,«D’CX) =0, We have S‘;DF'VL%)JM:o. Now, for \744#@ pld=o Fmplics 9(T) =0. o

V(D)= J Dy 0 Af,t D)
1

By the lomma 1 belore, Duvl=o = DV €0 = v(2) ¢ o(f;.(.z)
V0(7D /aml wloG r,&(%)‘w (n“ﬁﬁu""'?ﬁ resteicl & ULY\V\WII'>. Thus
7(%)=0. _ﬂ\vxs

V(&)= _( ARG drA (2D
2

Stepd. Compare ¥ (Am) o+d { pen DO
WC ka,ve Am—’-—fXéA +MS'D/AV(X)£+M+\3 R W\:—DO)"':+00.

= wn(‘.hA’\l +1\
K :JMN = .rm-D/‘V()()JF ¢ fA}MHd/M =+4" /M(Am)

)2 [ +7dy =7 (Awr) |
“Thus 00 o >
2 k) € 2 || Daodp ¢ b 2 A plAn.

Mz —cP A m

€3]
B/ e lgmma 1 z{jwfm, -bmlulﬁw) £y (Am) é-[m*,/ulkm). Thws
N 0 Y "
T A7 plhe) € T 3bw) & 5 0 A" plA).

m=-00 Mmz=_o0



Sﬁ D{Mv ATA = Z S MD"‘v dtk £ 1. Z;t""/,((ﬁm> ¢t Zm‘??(AM): i‘i’(/\vw)

M=-060

On Hne A’\n@( hmv\d)
N ) ‘
KA%”‘JM: Z"(AEUVJ/A > Zﬁ /u(Am\) = LthrV(AM) = V(R

Thus Ly j DIOOdH & £ (A vt =l

© N

I_j! —v(ﬁ) —;OQ) +L\e"\ IAD'“V(X)J/,L =09, _rl,,em e?M&['l‘,’y ho{ds. I‘ﬁ YZA)éooJ
hﬂ—-{;eﬁ', We. 36‘\' Ahod-

A» —
NI jA RIE> J/L. -

Thmw (Clnomge, di( TMenSuKe —?om«u\o\>' wt fk;\) be Radon mensures on
IR", st. v<<p. Then set p <1 P\_Mca.sw('ojolel oud f: AR

Tn("csra\)\-ﬁ, , one has
conctble
( messmenble by def) g(x) & = [ oD V00 A
P
A A
(When —g(*)——\ s g 'S Qo\&ov\-— N:‘kodaw\ ’T\r\M>

T_Q wWiod, o f:A—>T0,2] | e, §20. OMerwse write g- §+_§°.
Since 'D,My(x) 20, e %ev\efou\ case. i\l ollow feor the Case Pzo.

LQJV\' LQ—\— A be a SQ“(‘, fA bg_ o0 Measwe on '>( ; A%‘»‘*""‘e f-‘ X-—9 [01003
Then 3 txme«»sw‘do\c sets P, Ay SX sk

%U): Z.::. "F'XAK.
Nete Rs neal not be disieint.
PQ LQW\ BEuvans Thm 102, ‘

Rmk. o+ Mo v be Podon Mezeswres on IR" <t VS e Pcaved ot

Ae er% AcMv . Then 1 follows ot :{-\ _X’-. RS R s ,A_Measum\o\b
Pren i is also V- meog@ble. Thus both sides o} [ £4dv = SA-P Duvdp makes seuse.



B\/ Hie (gmma, 2 p-messwalle sets Aveh / k=12, s+
foo= 20 Un ) A€My

=\

Thus (Monotune Conv. Thm)

L‘ :)e(X) dv = éJE [XAtolV i Z"\E YA%Ade

= jA STV dp. O

Thm (Lebeggue ‘DewM‘:eD?*“‘M ). (o oV be Rodon mressures on IR". Then
i) v can be decomPast fato +Hie sum og hwo Qadon Mmeasuce s \):\7&("\"\75 S.+
Voe A, Gnd valp. Te VAT Yac(MHL(AD), VAR

(ﬁ) DMV = D" VAC Md (Dp,\)s(x)=0 }A—a.e,_ MJ- -Hnerefo(e:
V(A)= j ‘D"vtx)dp + Vo (P)
A

for auny Borel set ASR®. Tn Hut tase Vac s called Hhe absolde  Continous
Par{' 0'5. Y and Vs +he st.naula( PN‘-(',,

?5_ Assume WLOG thoct P.(IR"),“P(IQ")CM) otherwise otk o annul Next, c'e][\'ne,
g = i ASR™: A Borel and }x(m\“—A)wi_
Consider the 5[\;1»*\’\-\'\1 :25"7("\)’”"\- L (}ul!eJ
Cloien: The 3 (h) 5 reachable. "’},‘"'M:&AJ sequence
\Kf: Mcea bj 9(;[1”)<DO Thus Cchoese ¢ Se4 %BK k‘: 4 Rore/ set
Sk WBLef ) ) meD(B)<mr, Define now RB= [\ Br. Then
BT Boce) . Now W(R-B)=w(R-NZD8)¢ Z,n R(R-B)= O
Bo Re & Now, BecB, = v(B) £ 77(13;><m+J){ V. Ao BefSV(B)zm
lt ko0 gues I(BD=m. -

Neow de-gT'\e, :



Vac: v \-—B \7,5 = )’L—(]Q“_‘{b>
Becanse B s Borel , 75 Y- massumuble . o Y AR ,
V(M= Y(AOB) + v (A-B) = Y(AaR) + ¥ (A0 (17-8))
= Vac(A) + Vs (B).

Need 4 Show Vae < o \73—\-\)». Assume. exwide £l pei” st V(AFO
but Vac(A) >0, Then

LAY = [L(Rn@) +[U(A-) =0 .
On 4he. Hver howd , Lohth measwes  Voc =VLB amd V=YL (B hewe
+he Same propesties 0 v, Fhus —\'\Av{ ore. Radon. LOcte
Vae (A= Vae (ADB) = P(AOBR) S0
by dejc. Denste C=Aah. Thew Ceh. And H’(’C):O and v(C)>o0.

Clainr: Cam psowme WLOG B % Bore).
p‘f‘: Wy Vac o2 Rodon, so oxe Boce ‘“e‘?r*“*" Lt ASR". we can
Choose 4o Doce| sets By =R S5
(> Ach..
) }k(k\)ﬂk(m:D.
Thea B Rorel, }'\(A\):O od DRy = V(M)= Y (B)=0.
S Wips F A=A . -
Ther Pre Clodm Teglies C=ANB B Rorel.

Then C s 9 meosunbie .
o

Y(B)= v(BNC) + »(R-c)= V() +V(B-C)
> VUB-)=v(B)-v(C) <V(B) Kr V()>o.

Note et R €€ :

- (K- (»-O)) = B (R™ (86eH) wle)= ’L(P“)— PLU%AB)
= ("o (°ue))

=o
= }}, «\Q"(\Bc)u " (\C,> / 5‘,( P__(V-\)=O by AS‘.‘vuV\"D‘l’l‘on.
< P(“Z“'B) + plo =0

So C-REE. But Wegor V(R-D<PB) ¥ o contmrdichon, as B

(97 0‘55‘”"‘?\'(0“ rininaizes ‘7(‘>~ Bt B-c Fves & smallg volue .
Thus  Vac €& [



Next, Show Vsl By def, vs=VL(IRVB). Then Va()=0. Also
by He choive, B is & bol st €. S0 P(RBYZO. Thus TsLp.

Now prove Duvs (D=0, p-ae. in IR, Eix any >0, Congider
Ca= i"é B D >—°<3- (};UR"—B)%).
Thew \07 e Lernna |, Vs(C«)zo(-’x.(C,(). Reall Vs=vL(R"-B). s
Ve =vL (IR™R) armd CaSR = Y5 (L) =p . Ther She Tme;7l,c\2£+7 obove
gves Dzmp(c,\) Sor oAZD = P,(C,Q:o 20,  Fhow i Jolloros
‘,D'hv;(x):z) p\—a.c. RN

lA)C Unowd ",DM*) (%) Rt }L—A.c, " lf&n, j?:\?ﬁc-)—))g 6-»‘\/55
‘:D’;O) ™= Dp; Yoo (XD H.a.e. Tn 728 .
Noe) Qe(" aV\y Bo('e,l Set P(Q“Lﬂ)
\)(A) = VRC“\)"P -))S( A') '_2=N-'IA D,L'%c(x)c‘fx + VS (A')
= _fA Ouv () dp + Vs (#)

(D,y:l),,"ﬂ,;c p.a.e.) D

No'l'D*fe\A: (_Q'IL X bc C 7ﬁar>oloj‘fca( spa.ce Ct"\d }L & "easwre onn X, —Therw

summable
L'(X)z % ‘?Xa ['001903: -’{GM/,((X) , jx(;‘z(x)[d[uéwj . « :(-w.-htn.s
Locally cummadble

A Fusetions

LL.CCX)= % {: %> [’M/WSZ -‘ﬁéM{u(X) , J‘K(ﬁx)[ dla,ém Y KeX c,ompad}

For auy 1epa0, (o
L0 = § B0 beoal 2emu(), L(Jecm”d#mj

L:och)z Sl {: X [*00/’”3: :FGM/'C(X) , f(aatx)lpdla,ém , Y KeX oompacf}
K ,

% Lt FL be a measwre om [RY oand ESR” be o - menswmble
subsel. TThen Yue owered, oq, 1 over E s defmed >

l
x)d :':j7 d od OCPLE) € 60 -
e jE foodu Efi n p
-Eo( oy M— Mmetswnb\e guwd'n‘av\ ‘X,:E - EDO ,OO] J')v(wlu‘ch fE-P(K)d’L s cleﬁ‘ﬂec/_



(zc &. DA exedrotion Theorerns

(ool :
The ( LeLesguc—%e,s{wuH-ck D#exedrodisn ’T‘LM)_ Lot }L be o Rodon measwe on
R” amd ot F€ L3R, 1. Then

ﬂ; ® —ae. in IR?
e y(s,u),( §(5>d,» deo poe R

lam 1. (o Ik oe on mensuce on R™ snd b §: 27— [-00,29) Le ,u—McaswoJo(c
ok, ¥ AW pomessuncble ser

§ §eodu =0,
K
Hen £x)=0 jL-ae. on R .

o Define Aa={ xew™ S0 2q ] ad BarlxeR™ foo ¢ -3} Thea
Pn ok, re {A.-—Measwmole for § & P\Ameo«swa)o\e_ Thag
g Sl*)clta = g —Q(%)clrL’-‘—D.

Ba

oo o= g gcx)érk j \T\ PL(A,\} >0

M(AYD_O IV\ ‘H'\e sSamg U._)my )

0=f gwér“-f (-)du = B s ey =o.
Since p(Pm) ACHEe \fﬂ Naw
A={xer™ foo*of = U(Aw%) =S piA) =0,

LQLQ. ot I~ be & Borel measwre on R, (ot ;Fé l__'mélt{“,;k> wd f020 p-ac.
Define v - 2% 5 [o,+5) as $20 So He Tntegral exik.

(1) ¥ Rer % Rore|, then »(& =f6 foodu. - L&

(2) For oy Subset ACRM, clejc\‘nﬁ V(M= T"fiﬂﬁ)" ASB, B s Bore[ subset of IR"}.
Then :

«© v: 2% [o, t+ey TS foct & Rodon mieaseee. .

(i) Tf [ &5 Radon, then V< and DreO=J00  prae i R

Tt may be +w0 .



fpi\ (i) « SR i RBore| So v(¢7=$¢50‘>d,u=:. So v(é) =0.
o Assume A, Py Az sfm,.. SR st A UM Then by def | frx €50, 38
Rore| <t ArSBy ord »(AD>V(Be) 2 Then ASUASUB. 8
by dof (M eV (UBy) for UBi B Borel contoining A cud v(A)
5 Ahe 4 sachh sets. Then notice

V(B £ vV (?_ﬂ%) = Kagf(x}d/u = ff(X)-/)CUBLé[m
4 ggm f%‘&« dp

7" k=,

- 2 J o dp (e

= ig Sodu = Zy(B‘O < ivmk) +E
k=t B (2] K=

SCAC@ E‘>O ré M\)\‘:\T&fy, V(h)éz:\v(hh>. Thus v s a measue.

Now we grove V T a botel messwe by Cowovthodory cotorom. Thew (gt
AnB eR” ah dxkh, M) =dv o, wTs  D(AvR)=V(A)+I(R). Becowse
V s 6 mepswe en RN quamdM;J.‘l—y 9 ives Q(A.UA,,) ¢ V(M) +Y(h). So
(2maing 4o prove V(A on) 2 v(h) (). By def, we o+ €50 Thew we
chosge a %ore, set B sf AOALSR amd
v (K VA) 2 7(B) - €.

Consider B,= A 08 and B,=Ar0®
Gce B; = (closed seb) O (8ore)) =Rocel | and

diz4(B,182) = dist (A, B ) = dzt(A,m) 20
for AiEBiER;: ad AsH(AL R )= d2tALR) =0, So B OB, =9, Thew

V(®vh,) = S $x) df* = J 10(><>Jlu+f foordp = v (B) +7(83).
Bvda B B

Since. B.Bb.c®, 7(e>z v(B\VY By) VT Nsmhm'cfl'y. Also,
V(B L F(AOP) * £, (i <8

Thus  V(AVAL)+E > V(B,u@z>zy(g")+y(5z> > V(Pﬂ)"‘)’(ﬁz)_

This proves et v % Rocel.

Now we pfove ¥ & Borel &3\/\}\,“. WTS 9 AcR", 3R Rose|l ¢+



AS® amd »(A)= V(B By def, YASRY, v(m:= fv\fyﬁv(e.) : AL &ordg[_
Thes choose B2 A Boce| st v(A) 2‘7(%\4)"&\2. et B=Bx 2A ard B

% Borel. Thes V(M) ZV(R). On AR dher Yuad, BC BeD V(R)L YRS M)
Yk. Now -his im‘)\{es YR)EY(A) . Se V(R)=V(B) .

Fiaally, (o k@ bve o compodt <ot Hien
7 ¢
»(k)= S §0<) dr& coo  for Je Lm(lﬂ }")
So v s {ladon. ‘T\ms proves 0.

(Il) Assume }L ¥ Padon. We show 4ok Ve p- et A ot rk(ﬂ):o.
Since 3 GareI-re?w(N‘ , 4 B R™ L AR, {A(m=/x(e). Then
ﬂ(3)=0~ Bt B % Borel, s

V(B)=j 569 d/w =0 foc Tﬂ‘hzarod’-:'\% o & MemywWe 2efd set,
®
They YR LV(B)=0 S Y(R)=0 = VM.
Cloair - I@ A ! s N-—Meo»%umb\e_, Pen

V(P’):S £x) d}k.

A

Nowy +hs s 4ree nek cm\7 {or Bordd ctt, e ooy AGM/A(K")_
'E{ﬁéc’“‘\""- Assome AeMu(IR7). Then 3 B Bore| of. ACR

amd ()= R(B) . Them
&) 3 w(Wd Hp(e-p) = p(B- -A)=0.

P\eM,,\ (A.B-HeM,)
-~ = = fixd> du + x)d
> (1) L?O‘Ddfu fA‘ © fe_ff #
=\ txd
), S d

Mso v<epD P(B-M)=0. Thew V(A€ V(B) and V(®I2¥(R)+7(8-4)
=) S (W =¥(8) = JyFoodk. -



Finally, by €N Tam, YAEML(RY),

O du=Vm= | 60 du.
§A®wvx s L t*

So _
ghE'Dty(x)—fcx)J du=0, VAEM,

Se \o\( e 1, (D[Av(x)—)c(x)“-'l? Iu—a.e, B

loc 7. L ebesyre - Besicovich Differestiokin Theorer.

Thm (LCLGSﬁ“&"%C,S\'tov:“'C‘A D#exe oo ’le\)_ Lot I be o Radon measue on
IR amd (b F€ LR ). Then

ﬂim \ -g = (% —a.e. in IR?
syl [A(Br(x)) Brisﬂ)dlx £ A-a.e IR™ .

of write §=§"-8 Dene mensares VHV 1 2% [o,40] ot Sillows :
VHBY= {, §odp V(e § §odu
for amy Bece| St RER". For oy RS, [pF
PRI F V@ ¢ ARSI, B-Borel §
DAY= WE1 V@ ¢ AR, B-Borel §

Since S—E quocoﬁnl }‘-) ) foe all Cormpact ke,
[ Sooop = [ gy + [ Stodn
k K K

Both Toleq@s e e S0 5§ elpe(R) ). By lmz [ast
£rme, \)4—, y &'Q“—a Lo, *—OOJ ase adon mMessuges oA

1) '))tdé',(, R

Q)Dr_vt(x)r-j:tx), poae xER

Thus  for poae. *xewR,

Jron D7 (Beb) _ Joon L S ft(X)d/”

o= L2 =
DYEed = 5= t5, A (Br(x)) r>0  p(Belw)

e /x,.a.e. XeIR“

B,

B

.L\"’\ I j {(x)d,u— - .L‘M | S (:F+‘§_) (x> ,,\F = §.+(%)~;?_(X) = g(x) P;?:fz"

™o /‘L(Brl*)) 8,00 o0 /‘L(erl*)) 8,00

a



Thm CL&‘D?&%UJG, ?oTv\*s Lo Roden M@QM@)
LQ‘l' 7§P<¢>0 Qs rklve,o\ Raden. Memduwre on Y Then Y Q,ocplb..a P-
trfeqabie $ueron Fe Lho(? ) e hos

Doen S l:?(g)—f(x)lfol/wo for p-ae XeR" (%)
&O

—0
P Poonts e SRR (1) axe called Lebague poinks S| £ pote 43
w4 gkraf%ex Pnom Mg last v : FV B constunt s Y 3 variable
Liow §, osoMnon 5 |4, goom-so| | ot - Lrcod | »[§, fo-tiordu| =,

Brix)

[ﬂn_. Foc oub20 ard 1£pcco pne hes
(aro)P 2 2f ! (afs ).

I8 &, be R, then
| otb)f 2 2P C\a\"+n,|”>'

F_-E S‘h.a(l? J\('b)‘-'—';lP.’) (OL?*"J'P> -—(od"k)? \g’f‘ enct e mums in the ;nﬁrVQL
d€fo.0). Then we see t=a R He only pt 01- painimun, a

Cov. [g(aﬁg,%)]"s 9_""(\&5)\"-\—\‘3\\9\?). Lv pachedor +
glaé Lpﬂ,oc (IQ“/ ’L) ; them :F"’% éLPﬂocOV\"l Ik)

924 _Tom. ey P Q
Chopse 6 donse cenuouct 1Te] SR . “Thew for each k) e hove
:F(Z)"rv. GL"ro(\Kv\, ‘A) ) }SLZ)'I";)PC L’ro(lﬁ"/l}). Then |4l1 the
Fest pan, 3 RCRY sk R(AD=0 and
) _ r - _ ¢ n
91,’\-»0 jler(xg§(p o) ‘)‘[L | f00-Te| ¥xe i - Ay,
Denste A=U2 A Thew k(R) <27 WA =0, piso,
o J( e T = 1 foo-r | o
o %Axgﬁcyp GV dp = 1feo-n ¥xeR-A,
Eor €>0. Choose Ty st I:YOO’F'K\P< E[2" lerawe {_\”\i § desge IR,
> eensup g [&%)-,QX,,NLF, = Jomeg } [909 -r,_a-r‘—ﬁtx)\follu
B (o

r-»o r->o

Qinsap (@ntbe) € Limsuplow)
Belx> % al )-rQiusv((b.),



(XS

1
Frrmsrp 2""} AN 9“““‘“? af g HONALEL
B

<o
A% B¢<2 Constant

= QP"HUD/\’V_\? + Lin g— |§ed-r)F [,k

T30 Bk

= ;?"\ Ig(X)—\l\? = 2F Ig(x) *\‘K\? < €& Vxe IR™A
Ths Vxemr’-A, va\j} \§L¥¢) e d\{/n =D,
B(x)

Thm, C‘Dc’%{"e\”&d'faﬁm wdh nana,v&ele \paus)
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THEOREM 1.22 (Fubini’s Theorem). Let y1 be a measure on X
and v a measure on Y.
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continous on [abl.

Geool :
Thm 1. (g $e PCTak], Thew §1x) exdie ond & fnite a.e. 7n Tab].
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b
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v(A) € Z:} |50 -5ed)| < 2 => w(A) =0 = v=. /)
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NTS $00=900. PAoswme Xe(al), o+ h>o small So x+he(ab),
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The2, L4 $eBVIal] amd + 5 cbs. Then = Y@ B chein Tad],
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Theat, (b feBUTodd. Thon J, [Fmldx < V(D).
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s Metnic Space

The. (et X be a metric Space od ACX, A s Cavwf)o.d = ’v’inigﬁ,
AneTeN sk Yo >xcA (Seq\\aww‘m?l compact )

Cor. Am’ Com‘)mdr Set 3 bounded oA closed Th & metne Space.

Thm2. b X be a metcle Spoze. (b K 2K, 25 v2kn2 -~ be & nested
$CRV~0"C€ 4— CDMPO.C'|’ Se‘{'S_ _T"‘-Q)K Q‘kn¢¢ I{‘\ N O\M*H‘t‘o/l, &AQV‘“(kn) —0, Heen
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n Hoees
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M 4 Burce Frrst cokefosy set 3 A= Un: Ba, w) An Nowhere dexce Tn X,
Q)4 Poice seond CokeRon  chhernde.

(2c 1%

Th 1 (Balce Cotegory )
Boice C,O-k%o’\'\{ et

AV\\) CDMP[9+6 metac Space X 5 u-P second

?i fssume X s é\f %\‘s\' Bore cvéfe%e(\{ Thw  X= U:\ Pn Uhere An
s Nowhese demse Tn X, Stnce A, 1S nowhere dewse in X, Congider
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Def 1. (X, 0) & metae space. ASX. Thew A & olewe ™~ X I A =X
where A= Au § ik gic & AT,
Denote Tn+(9)=ﬁ°=%st: 3 £70 si. Belx) sAg‘

Of2. (b (%0, (v,d) be metve spaces, oud FX>Y. hen L 5 called
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2) X (S Aense n Yy
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Thma. Am1 mettic space admits oo uwx:?(uc @Mrld&m (wp b Tometry )

« Noomed Spaces omd Bouwnded Linear Opescdors

0L(\’,of\P\)
Debb. A veckor spacg X over K 1S on normed spece ) notm o)l : X IR, fs
D lIxl)20 VxeX and [IXll=0 & K20,
2) latxll= |2 Ixl, Veek, xeX.
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ofCL'IS, Bowrded (iners OPexN\'O“'S

Thea 1. g+ X, Y be notmed spaces omd T: XY Qinea’: Tuen TFAE:
M T c&s ot zoro ;

(3 T 15 cts in X))
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“Thus :
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Thew M, =An 2 Ba(®W) . Thas
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P Ssune .—geB_rz(o) . Thew ||121) £R.
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It ¢ 2, VTew

a
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Thontr (Oper Mogpiay Thwn) . Lok X,y be Bomach spoces, T: XY
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: \ Q%T
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