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Bady 25 Covtwry = Night Can o \TKE pakicle ( photons) .
£ = b h= 6.b% %1077 enemy cec
Pheto ~ebectric effect:
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de %ﬁJ‘TQ |
Pacticles com gt LAUE (Jowe: A= V\/p )

Doawisson & Creemer UPU'CMM :
Ob Sesved Tn’fu?uw 0* dertion ddh‘mﬂm.

Rules & QM- CImP\CY Function
1 Pocticle dencrbed by $(Rt), o Lmwe funchion or state o e packcle .
1) Probobility & frading pactile = dPx abokt X B propertiond 4o
40 (3%) = CIY G C coneunt
whece
L= §aP = ¢ fipordis
3) Measuiement ok guastity A only yieks sef o o-td vobues faS caned ﬂijz»w‘“e*,
associated with enth 0 & o stut2 Yo, callel igursholl .
Tnstete Y, menswee B, ger R=0 with coftainty.
B 1§ Y= 2, GYa . Moawe K, then 9ct A=n ith probability
Pa=Cal /2, leul™ .
If Yo MeRAL VAL & ok Eime %o, St ivedinbely abler B <,

4y Sie J(Ft) st Scheodigec B4 h= hler.
™M= NaS%afpaP"l‘de,—
C‘h)ﬁ=_£1 V(% V= Laglagion,

would  hawe
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D ) B Lined : If $ % e seldions, so 5 Gty el
D (K) B AN erder W kml. So on\~1 need speu“ﬁ Y%, t).

ExaM\alez {ree posticle ' 1D (Vo)

& ot 7™
Ty
G = X T .
Substhde owd diide by . S emh side to comdt HW i (ref
¥ (x,a)= &P = %%: .

1 X}
E" ’ﬁw‘—' (_.hl:'%\-: -;LM .
Bt Y net Sguect 'W\’CU)Wb\e.
(ronesoll Solion
L (® e
L”(X,t) = 72—1-7[ S(He'[kx (] . ‘9({;) wdo,'m,,l comP'QY flsnct.

et ¥=0. Y(x,0) s SGuae r«\’tegmble Tj’ 9k . JIwt stadod Guuner tromsl

fror omy poteisl \[(£58) ok t=0:
wete U = (o) ¢4 £ .

Poswue £ & Shasply pesked:
A K

f

md L%Sume ollY) doedn't Vody ropidly over [Ko‘ E\—-E, Kot l’%]
Then

(k) % ALY + o (o) (k)
Se o= —d (ko).



Then k= (K-Ko) t ko Gves

Wlroy= o Larraenl 5‘ NAICIRERS

NES
B XX ostilledss hen Lok, unkes oy BK,  itegrl & small . Nead  foughly

dK.

DXDE ~ V. Q\-\U;%%\)Uj uncu-\o«iv\ivb .

S\TM-\-Mj w?\‘\'\
i \<sl

$(%0)= ﬁr § 9k e
Since F:'ﬁ\ﬁ_ @ro\onbi(l;’n] of me,&n“nj P:‘h\i Shodd b ‘J(‘o?nf‘ﬁo'u) to ls(k)‘ld“'

@Q‘)\Nﬂ. Y wdh P’.
§ (k00 [ oy e ™ .
Dc%fn&
Tranz el
N2 JE_ -
“Thew

YP<a

Y= | e %:?

Pacsaval's relodion:

J (Yo dx = jl 4| dk

(a4
:J\q:(p\?’df’.

I 70%) nocmalitd, Go s ¢ -

Prob 6\— _Q.dmﬁ particll befotn X owed XHdx (s H(x,o)l qlx
Wit momedam hekten p o F-r-dP 3 dPp= \\P(P5\ dp.

“Teme evoldion of o freg prcticle. (V=0 1\1(2550“7),

g["CXJt') = L S 8(\/‘\ [_KX w(K)de (‘L\—Jﬁ—k\'
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Vo= 2m T M.
Nete \/? é?ﬁers feom cossica| answel b1 \/-,,. s \)? T3 ‘)L\agz Vf_loc(‘fy.

Consider wowe packet 900z fye'™
{ Yoo

k |

Xo= ~klEe) *




lec2.

Orenera! Selvtion o fc2e pacrcle -

- L 1 - 3 tk"
g\,L\‘,t‘ = G{SS(K\C'['(X (2 )t] c“ﬁ L) = _Z_&' '

‘)\\o\ne velocity e% 1 wmode:

e Ciy- _ o TR(X-VpD - ik _
C\[tx wldt) = ¢ ~p =

Bt ol Shoeld ook ot 9p velocity <f (v {

I‘f’ 9(k)=‘ﬂk)f;°‘(m wl -e- ‘)QML pwomad o

i [ S
Ex?ahd
(=W = k)~ wikdt + (ollke) ~ W'(k)E ) (ko)
—
i _Xo(f\
iTBk +ol(E) - L(Ko) £ .
\HX;&): c J f“ﬁ) el(K'kp)(X"Xo(f)) d/‘
NPl
Max of ot X,(t)- Y
Moves with uelocif7 A _;mssw
V":d&i':: Jﬁz%—,%‘:vcbﬁm | .
Xo
For ?ehuﬂz +ime («\MQQ)»AM ‘)o\'(ln"f:ﬁQ VXY
A A .
Ch%_ %v«'ax‘ +\/\".
Tt\\ ‘\'()(.k\'-'- T \QL‘L\) - Eouh slde =
Turs ¢ B
E v | |
zm d)(" + Vl-e E(T a\jzv-uu.‘ue %g}ud‘m

fFos ?:ugwm Comsyount ?o’(m"'\:‘“ﬂ‘s;
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G lxt) = e——\S'L/‘h e?kx
wheee Tf V=V,

1,1
17_% =E-W. (RHS Can bt + o =)

Bow)w\‘ul ContiiRons
) when V Fwps, 4 ond )—g-( must be Continous,

1) Wt X=to0, ¥ anlt 9w QxPonevrtu‘al&a_, ¥ car oscillade.
3) T} Vo= 00, 4w }=0.

RQS&H’ S-

Vo
®© Square el . For ECVO, ov\\\1 certnin B ollowa.
For E-Ve, o' £ ove alloed.

Vo

@ E<V., partides can twmnel throngh tal  barrier.

........... EVld ‘{ RQ.\IE@\,J R
T. MM"\CM&‘HC&\ Foundedions s{— oM -

States-  Vechors in o veclr spue V', denoted by &> (1ets)
[ TIBS = 14> e V
¢l e V. VYee .
Basis: 0 Cowntoble set of L,:“emb% independent FONERR ony
| = 2 Cilad et
Dimension:  #F o}  pasis vectofs .
Tonee Qreduct: <LX1P> e sx.
DERCITA R IR DR NI MY
RIRCIEESIC vy
%) dolldd Yo. dtlo>z0 & |odY 7o,



Nom of (o T (| = LatledT
Orthogennl s (I BY=0.
Note from (2): Tf |5=cyD, Hhem B> =<P1ar* = Plead® = (ceprt)
= B
&= ¥yl Inner pradect Ts i ~Binear in 1%% Soctor,

The dual 05’ V s e QQN.Q D-Y Ianear Maps V-=>C.

(hiven e e \)rodmc’r, every vector s OSsocioted with o dual veckor

(o) ¢ cldd> &> cfeul
whefe (hea )
(<21) (\B) = LIPS,
1f dimV= o0

Of": A Seqwunt of weckors  |dS d)D,... 5 a Caucbu1 Sequence (—Y Y €70, 3N>0

sk loki~dylce ¥ LysN,

DA™ R veckor Space w| Taner product 8 o Rilbert spac if every Cﬁ“d"l Seguence

Converges: fe, 31y sk Weyle-uf <o

E)(o\w\e\l A\

W Ve Seguences of € %5 (Ahy,...) with &= fof oV bud -F:‘v\H’d/ oray efs.
nner 'rodv.c\'

() ey = 2 % Yo

n=)

Net s Wilbeck space!
et l&>=(1,%,3%,..5, 0,0,...). Chuchy.
Rt Conv. 1 &;("{-.él-"l’\-n-")ﬁ.\/'



i':xv\w\e\e I
v = ‘[C’ts C - volued funetions on R sk S\$|"<oo } '

<.€|6'7 - J\-F*(x)g(x\ dgx i
Nod HRilbeed S‘mce, BQCAVSQ con e\‘)()roo.cln didcontinous  Qunckions it cks Funckions

G.'\'\-lﬂbsf; \\t .

Examge 3+
'\I—:i'x’ S'e‘,iS (Xh) sk Xn€eCL Z |Xv\\LC°° ‘g:= ll(c)

Cx) 10 = 2 XKy,
s e Hilbeod Spact.

Brangle 4. V= Sgone kagnble € - fuctions on R ’5/~ = LR

€19y = f{:cxv 9ix) d>x .
f“? A (f-9140

% o Hilbert Sface,. for & meosare o set .



ey,
LAneas OQUvdmr
amap A: V=V 85 Alcdodt e [ad) = ¢ AleS + G AT,
(A4BD 1y = AW + B\ .
(M0 = ¢- A,
[A®) =AL-BA
IA8) - AR+BA

Exmnples:
ORI CVAGI TS
®  oO<Bl T an operakor ¥y =PI (o).

Adjeint: A also mags dunl space to iedf
KA 1B = AR
Bt dual of Al & not (oA . Define adipint of A densted AY ok At
s the dual of Aled.
<xIAYIBY = <pIALD*

Eromple: A=iT . <aRFIP= (PR = —idalpy > pAf=-iT

Propu—\—i&s of odyoint -
@ CAYt= AT
@ M- N
@ (AR)f: AT
pf: If 14> = Bl , +hen  L|(ABIIBS = <Pl ARV = Lp [A|>*
= LYIATIBS
D T (I BTATIRS o

A opasober T Hermitian f pe At



P operador 15 wnitinry 4 ARt =T = ntA
M{w«c quafpr Pcesawe Norm :
IAKlS CAX | A = e\ A‘LA\@ = |y =\

T fams Of oc-l—hor\ormhl bonss \!L;_) ) e, <“:‘\)‘j> ;5‘-).'
leXs - column uvectors bros - (o vectors u])mors - pmatrices
<d(\ = z,; be <'*-'-l
<oly> = E G b: Cy SEJ = 2 N
Yoc opentor A, vatsix elovent of K 3
Ry = duclAVwd.
We con reconstiwct OPQ,(MW"
A= 205 Ay [wodw)
ALY = Z.:-y_ A Cy \KCB("\',\“*Y~> = Zc- A C-_') lws>.
) ) j o)
] 5
:Edew*rl’fv = 2_2\\*\7(\&;\ )
P\So{'\ts'.
Rf = Cwa ATy = Lw) MY = A
[XCTINVACY
Def™ - An eigenvector s 0 nonzefo vedor st Al = M4
I{' > is evedol, So s C\‘-l’> 1%‘ Yhefe s OM‘\/ | eveder 'En’ )\/ e Sa7>\ s
“°"¢¢5'f“"'“‘t"'- Tf 19, |95 both eveddorS with €. wlues A , So 13 ([ > +cz|<(»>_

et of . vechors w same Cvalue {ormy a vector space.

\:l'n&'mg . veckatS

1) Solwe o diﬂecev\m\ Capolion s
D T an opernter A lowes N-dim selospace ivaliant, dnmen oo financ algebro

DR VE S USRI WS\ he an ON besss 0[ gubsPo.cQ,



AR D LAY = AW
o incert I Zl wS<w|  Tuto iq, obove ¢
2 s CwlAlod>2wlgy = Alw
z) P\{j C') = AC¢
2, (Ng-Nig) ¢y =0 canettes dek (A -adi) =0,
(m\utz\[s hewe N c,omp\w Soludions Lor XB*

Eigenvalues of Homitian Opaiotors :

@ € values ore renl .
of: I AW TAYYL then (YA = ACH(¢>. Thes CHIAYS = ARSI
S (\-X)<N 0 » N o 4“\‘\‘1\\% (At=N)-
@ ©.vedors nssotioddd with dt’}[mv:\ ewolues oe odhogonal.
of: R¥=AWS, M@Y=y, ZQINYY = NCel9 |, (YA = adglyd
Bt CEVREO* =C gAY for R=RAY Thos (Apddqiyr=o. A%
60 <Q\YH:=o. n

'If ASS daﬁeneﬁxﬂ, Can pick ON  lasts for SubSPOIﬂ, o]‘ Qiaewed’ors with gval A,

So € .veckors a\ Hetmitian op- form ON. 2t

Iﬁ dim =00 Some Hermition opacoctor hove no €.veckors. 59. pogih‘an oPQ(’M‘or

W O .

B dim<oo, E.oedas O‘f Permiion OPUW form am ON.  bass.

v Suppose not. r W be e subspace of vectors which art perpandicales to ol
eweckrs. Then ¥ W, RwdeW becase A o Hamitian:
CYIANWS = <W\P<\U{‘>*= AW YH* =
P)vl %), always exits |- ¢vedhor in W.  Contudickon. 0



Commuking Opefodors :

et AR beth Pemition aad CAI®) o,
If AP =aly % oset 10=BIYY.  Then st (AB] =0,
A = ABIYY= BAY = a B> = o\ 0.

So |A> T om e.vector of A o game g value,
. :tf n (s nondegcwuadfe gigenvalnl , thenw \’Yb’—b\*\b. Then %\L\b'/b\q/?. W
4> & estke 6of B as well.
st o B degenerate, AW alg> (M3 Thew BIED 3 a bivere gnb
e 14> for AB=BA. Find o stazs of B on Awis 9-dim subSpace.  Gref

ON Set of 2. vedors 0% B n Q(jzmﬂeuﬂa% [ \pl gualue o . Thus Mﬁe’r
0w ON. set o§ Lveckols d} both © € N

Condusion: T N B Wermtban, [A®)=0, ow oN. sof of simultaneous
Qx&mms. CIV\ ‘Ei'v(*t, dim, —\-\/\2\1 Can bl o bo\sfs>.

For Squart well | o.stotes of H form a bosis .

( Y,
%0 oy

X\

1{ ?P‘»‘\MCX Heewmirion | cgmmute X Sin~ulteneses e values all f\ondag,

TS T called Complett Set of commuting ymcinbles.  stes \abeled b\1 fhese 2.ualues

Peaition X Momewtum Oparadres :

Xu‘,(x):xq’(ﬁ. <Q\X\Y>: J?*{xrx*}‘(x') dx
I ¢ i squme wiggiolde , Ly moy not be  sguart I/\teyalole! £9. fO= ¢



Lec &

Position & Momentum O()emi'»r

L4 Prob. of finding pacticle atf x .
l\veuge pesition :
LURIPY =[x 900 de.
This s Hamidion -
CHRHEY = LI KI4 = ([ pronx good)” = oo poade = {¢Xe>
X*:X.
Define £(X) by
MO ORTESER PRI
Recall Profy. of -(—‘\'r\diag momentum © is \‘-‘—'(p)\—" Ghete
g = [ s toe” ALy

Average momewtum [ p13eVde = LWIPI47 where p muttiphies $ed by p.
Lt . k2 ClP*/ﬁ

L')X

f0x)= S'—L C'P*M/P tpcp))
. Bx.(_?_ e|p></ﬁ "“P)

= -0’5_ Y0x) -
TThus in 4he positien space,
b= ~ <k %_x
Note fnet © is ot defined on the entice [2(R). AL lemst @ inpnt needs +» be
diffesentionie. And the deriwstive must be in LR

P s Hermitian:
- *
CY1PFIgy = {qlplydt = (Sax g0 & > 2 40)”
= (§ 1‘2’ dx o \If(x)\) integmte by part
= de ‘I’*m " CTEN o by
erm ‘beCa.-uS@ we only consider
B . e functions T the domain of P ;
- L\YI P \‘{)> . axtwg‘xn,:.x 3 Continous {imd-‘on whose decwative
xe ot s Syuore lategreble. So
p-ot. L o

M.shﬂtw “’:fc te¥ory Wl | oo = 0.
.

N" wotive



Ta 3p: X mu\\'(‘)ﬁ,;u ‘oul %5, ‘33 - _-!E__g;

3 -

Cor &n\1 stote Q[/,
[XJlP‘€]+ X) ‘h:, %(x L b)(\‘(f \"> t‘k (Y
SO
[X',, P\g’x = h 83\;
[X, %) =0
L?-, ,Pe) "0,
E\’go.ﬂs\’%'—

Want X%’ = K\%S  ohere %' s o (sl nomber.
So  XWu(x) =X Pulx) So g, (X)=0 when X3RN Thes G0 = Jx-x").
wow §- funcrion normalized stodes:
(Vo = B(x=x").
Now view Y hos coefficiants of expusion of (¢ in |oi):
= [ax ¥ 15,
[X> ote complete :
jdy Wy = T
[dr Lo \yy = Lgly7.

Mose Fprously - define 42 gpechtum § an opm‘. N o be all Ye€ st
(A-2T) ot invertible

Momentun Opesotor:
PleH=p'le™
W d - 4
—C a; k}“’l (7\)" P LPPIL‘L)
q}p'(j\\ ol elP'X/t.
NormaLize Lpllpy = S(F'Pq'
P/t

|
Y0 = Tz © = Lnlp'.




So

Lol = ¢y Jax el |§) = [dx Lo\ gy

-LP x/;
fdx ()
NEx

I\

]

;Cpﬁ .
Momentum Qfﬁens‘)w-e e Carw()letei

Jdoypodel =T
|4 abstract stote,

PoS«‘[‘,\on 4 Morv gntumn reqfesevﬂ‘pﬂoﬂs o2 6.,4)‘\' LXWSTOVIS of (LP>
'(I\ \Xb or |e§l

“Toang [ation Operator

T l’X'> < l'X.'+°‘:> on hasis {\1'575, NS dafin&d or awtire Hlbeck SPm
claim : Toy unttory,
pf. Tled [ = |40 S Cava] = (VT

I TR T 0 = aval X487 = §(x-x") = L& \XD
% THeTwy= 1T,

|5}
Also: T Th) = Tlaeb),  T(o)=T,

So or&moxy tronslations form & Grep Siace D o praduct & idetioy 4 Taverse
TIn M, t,hey are re‘)feser\'ted b\a uni,{:urb oPe_wtors

What is Tl |p> 2

T = Jdx T 10xp> = [dx Tx+0> @ ¥/ / (ppyhe x/=xra
= [ax x> PP /i

_ Q—:'Po‘/ﬁfd%' ,x:><>‘1\95
e PR lp>.
= 1p> & oan eigensipde af Tia) with eijenvalul e—épa/-x

Thus
Tw=e¢" Polk




‘_['f A= € (smnll) , expand :
Tle)s T-%Pe+ - ()

Momerstun s the generator 05' transladions .

N A

T 39,an9.,, o AF=A ) eth s Wby Sin (€:A>‘—= e =e¢
(€™ (P =eeh-T.

: ,__-('_ = _a—
Note 'ﬁ? ¥ -
\)3"\‘1 Minus 3530 wn G °? X'i= x+a

"
T § ax Yo 1 =[x oo e = [dw’ Pixd x>

Se



lec5.

Mean Valug &  Root Mean Souore Approximakion .

(riven & Heemition Operactor A with Alwd=anlwaz.  lgt 1997 2 Caluny be a normalized
stode. Pobbdity of mersucing o is (Cal”. Puerage.

LRY= 2 0nltal®
$or Svn

"

LPMG>= 2, ta Al <umlua? = 2 anleal’

Sirwilacky AWV for continons ¢, awd
199 = [de ey o>
Then
NG = ([ dr o QDAL ds o v
: (jdr ferd Ve ( jds $.C) [Ve>)
= Edrds cHre(s)-s §le=s)
= [ae ¢ leeni™ = .

Flucknations * For any Hermitiz A, Considec A-{AYT. Cleacly

(h-¢RYTI) =0,

Bt
C(A-CAYTY Do,

Define Hhe ook mean sguase (AMY) devintion o ve

Ap= C(A-CARTY S

Ex pavding -

(DAY = (A -,

e ¥t

. < |
EXNM P‘a Fof &MSSKM \(.‘)L\L)\.L = (ZTI')‘h'o' / we ‘\p..\le,

=0, Ly=0 D Ar=0.



P('OO‘Q o-} \A.V\W\'Djv\bﬁ P t'\c_ig\e,:

Leb- A,® bt 2 Homwikinn opentors. Y A= A-(OT a~d BB (BT, then
(B RY (a®Y = LR LT,
TIn state \Y)l

(pNY (a®Y = LR¥S LY.

= CHR YT

= [ AN 1B FE BeR

P \(‘-"‘F.B_\"\’>\1’ S b\, SdA:ax; Inequai-'(-y

= |¢¢l %(§§+@_|Ss)\*qb + 44\ Jﬂﬁgf@ﬁ)\‘\bﬁ 1 e, cHiarpyzCriey

ant hecmition D LYICIY) pusely Tmagioacy.

= K9S REBR) D"+ |41 L (RS -BRIIN |
Dropping v A7 40 qmd write , for 2 demn  we hot oy def of KRB
[A,8)=(AR],
“Thus
(DAY (A8 2 4 |<H A B
WA Z 3 [KTASI>L.

Wczrhin‘h, Pr‘(ne-’pm

Brample : A=X,B:P, axaps> I

Ta 30: oX:pP= T‘;&J

Com you sodusodtn iothunlity (8o Hust s euakiy’) 9
For Cﬁukﬁh Yo Wald:

o) T\\‘\D—- )@\x\b for Some NeQ (30 Schwnz 1n@fn Q""r‘*““@-
1)) <‘\’\ RE'\'@F&\W):O (% ’\“ et we ¥ntow dossn't Cm{'ﬁbﬂ),

D (0AT = AN = | B | = AT (B \" = (i (08"
So DA=I\-(0®) [l %l%u" whith li’ﬂ:o"?‘ﬁ“ ﬂ«‘swzf:?-'a\'\';tahuattd .
D LHABIDFITRIY?=0 S (We) rIB¥>=0 = X+h=o
2K 5 _ T = o~ s
_/\b\:j)\% \‘Y’) = )\C.Y\ oY ) >\ \)v(!.\,\, \Mna,\v\mt.
’W\Qfessote/ 0) Wt imag A D b).



ey A=P, B=X. OX&P:T =K by above.

o Xn? oloove ; For Setwroted stote )
A= S0y
Assmt«\% BH={XH=0, +hen by a):
THY=axy
Se
Y= N MKTR oy g XTucex

Thes i o Stafe 5 Soturged ;| i 5 o Guassicn.  Not2 ot -

ool =

S standerd dev. 1§ Wdeed AX.

Lo X2 ¢axy>

Claim = Guassians do not o.\wmtg minimize lmum{.v,
—_ M dP
Wx) = qu(p) e\P*/t. TR
VP alio o Guassian.  Under Aime Qioltion, picte wp o ghase @ F

C\r\anﬁe AP, bl increases aX .

T Qurentum ‘D\;v\wios ,

Clessical Ham:lonian

P

=2 V.

™
Tn@M: P=19. So guavbum Homiltonion:
H= “;'%:V-L+V(X)
Schradin ges's ng:
h T\ = HI9OD.
H © Hermitiog since P* ¢ X wre,
5 J CpeWE) =~ LwInlveY + 5 eI qs) = o,

So nerma 1y preserved.
Wrixe Yime gvolufion operoror

Yy = MI'\-\ | Wy,

, dees net

x>



Since form presesved, W) B unitery. Easy to See

\AH') - e-i'Ht/ﬁ C\%V"l/ 5o|ve$ C*) -

—iPa/h
c.t. VYn= € ,

Harmiltenian generates time tronslotion.

Tn tems of enegy genstades - RO = Eglod | <plev=dpa .
CHHIo= e g,
Wi = Zo( e Bt ol
For ony 4137, Expand
\bepd>= 2, Caled
(Y0 = 2y Cu &= 1y,
Tn position basiy:
KoOLts %) = VWIS, K colled propageter .
Now

R\YE) = LANWONYad) = {x LU [go! 1% 5! | $ (o)

Yix,t) = de’ KCx ot 5% Y p(y0)
k Saﬁs{!{es ) n (xX) -Qo( fred X'

Kot srx) = (XU

= X\ W) Z %D R} evey eenbasis
= X dxlo> e B gy
= Z‘ Y (%) e._iE“ﬂh Y+ G, () =Zxlo) .

For Lree pou—\»ic\!. .

- ™M Vo Tex-x'1 2%t
KCS(rt"X') - (21\'i‘kt e‘Mx .

Obfwin by using SAP\OP costner fhan 2 \or<].



lee ©.
W = e H
Time do.pesndw'\‘l‘!‘ oxpectoion yalnes: Tn Lnergy “3"“5“’“”’
\Yar>= a5 P\a7=E,\dd.
Fos any obserable A
LYW ALY = <ol €
= (o) RV

= YA .

Eat/h Ao iEatw \ aS

Buf 3QV\Qw~\
19e3) = 2,4 Ll
CHMAIKY = 2 gp (XCp NP> €

Wi ll evolve in Yime .

WE-Ept/R

Notg = “TmQ gurlwtion nf MY elemant
SHAVgY = KUY A (ug>) = <y |utAklgD.

\'\U%‘n .
%m’ Hone 14
A W) Au®.

Opuu.tﬂs Now s«i&\{»ﬁ e,q\mtior\
.‘
dhﬂ.-. S‘_\A AW+ u‘\'A‘i__‘:

dt  dt
Bt
W ut Lyt
dt - [._h l‘]\lL d‘d?: ‘-_“lk H.
L + Fauuk
> - - wludruedrue— WAL Hul
I I
- = H_ f Note +HU/:H
th [HA A H:\ &\f we g Wl

1

;lt, D\H)\‘U



dit _
4t & [A",0) Hoiso-oorp EQ["‘F Mekion

Comments -
D In classiol medanics, 1§ A T a fanclion of X, P, thon

dA _
dt ~ CAR) Poisson Broduets

) AW _
).d_t.—o.

3) EXPed—wl-ron olugs ta Sc\nvbt{a\dex ood \—\isembuz f2p- oﬁme_

Brample s H= Do VOO
ot - [XE@)= wFes [P 600) = RGO

So = WA W
A b ut ¢ P P
it FLWRUGR) = LRIl = W m W= T

-

E_ A+ - W !
o = whdew,rd = Semw = —ufvbow = v,

o s 15 the classical Eczteﬁ meen

‘ . (Pithongh 3n \'\Iw»\aety pickure sty do not
Debine \ee)> = btsws\-odﬂ. o‘j e 4R &e_?wi@,d— ,W, NP o bime + AV

IF AN = Alplo)) owd PR WO A W, Then lgeH = wen) [pen
pf. Al leud = (urAW) WHiYged = u*A\T(o» = Mg’ aQ

T goneral | if (4> e gstmtes of A at time =0
o= 2 cclyd. Ci= <ilg>
Tn Schegdinger Pic © ei(0)= y; \(\xm\dﬁ).
In Hisenbeg Pic = i) = (4Lf;luc+3)l~})>



Now Lok 1x4> be o Wisede Lswie of poiton. W Ctpbplyg, 65 @ domnsition
owgbiwde fo 4o From xi b b=ti o Xp oF b2ty We cam ewle ony stre by
W (X ep) = Ot 19 =0 pl([ bt 1k 6Dk, )\
= [l <o, x> v bW
= Jdw Qv gl %t (vt
Fe_\‘nw\m‘s Poth Tn‘bﬁaer,

Considec all paths Xit) from %Ki to %g for
each p&'\% ) cOmPud'L

t CR%
Shxen]= f dt [Zmx =V)
te

Vied e 7PN s contribrion 4o 4ol amaplitude.

TS R

et \%4> = [pIxe) e
T

|
< wit over oMl paths
X&) st Xk =X« XHp)=X¢ .

Classicad Bmit: Ax, BP0 Sin@ meosul Fn{ﬁiwﬂ-e% dcwAot |, o NQM)ZE- >0 (mplies
0. If §S=0, nauby potn contributes (ﬁf\shuc'\'ivda_ T{ 0S=o, nanby potn
conttibutes d%‘\'rvc\%ve\y.

L €
N f
RIxw]: /.
[ Xe=xt40) te
Dinde te-ti into N 8e5(vﬂﬂt5. Pssume PaH,\ |
\
e stomight Wne on gadh Sement. patrh X (t) -
s S ms n e& P / b
%ift‘ﬁd by e = X)) . Just integrod;e Xi
over (N-V) ()CL‘S - Noralizodion fhekor

L
J‘JDEXH)U = 'll__:\oo CN(A'D del\l—l d'XN-z o dXZ

Assume  CN(at) Tndepondont of V(.



For free pastice , (Xj-lftj-o bo (%5,%) :
TJ .2
S= _( dt Tax” = %{_’O‘)’XS-‘Y
31
™ (%, X-D
{ri ity | Ry By = Ct) exp [ 2% Y 1

Demand
o LR85\ Ks-0B547= 5 (% =%50).

—This %txes
et = (Teiwae)
Check
lien (1?{%&)% 5 - eiMU5~Xj--)1/zhAt .
Vas

¢ = (X5-%1) [y

T above Limit now becomes
M \'h [
('m’i'ﬁ) r dg ¢ 5

@o\'\‘h ‘mteng Com‘)os?-‘-iov\:
x| X, 4> = juo CXE R | Koy bo> LKoo Kot £



<${’t{\ X, &> = S D [xad) e"sr""'ﬂ/t'

Cloim: TS Sotdfies Schcodingar's Egem*‘“m-

Focus on 4he last step : divide po:\ln Wnto n steps
- ( a-Xna) VDt
<7§1\;’t1\ ‘Xl,'t|> = fdx..-\ CCbk) QX(J[ L:T,\h' (XA_:) - _'ﬁ] M <Xn-n'bn-\\>(|,‘t\>

ld £= Xoa X . X=Xa , t=tet. Thew obove resds-

dXn-1 doesn' depend on Xn-

™M\ ¢ mgt Vbt
xatintlx, &> = (znam) de exp[mg; - T] <xAg, ¢ %, 5.

Expand Tn Db+ - wis e [ () (308 0.

AT

LKUS = 4k 1%t >+ ot % IS AN TR A N

M \h imgt " 11

RS = (’“"‘N‘) sz e""[szt (“ V? e ')((X,’c\xntb +0OLe) + ”T %;,(x,tl*.,t.j.
l

Hass e mudk. by 1. whnen integrated is  juak Lxt) X 5t>
for :
d Tme? wae \'‘h
ke oy of [dg e Tl o (miEEE)R gek
imet et \ 3
fd% e M‘%/ztm::\ﬁ?(%_ 2
SNCS N .u.m: :9";;1})
™M 1 ‘o \ Yh L -~
At-g-tb(,t\xw,s = (2W5’“0t>hﬁ (‘_W) %1 A% 87 = 2Vt LS
Divide by Bt mmad mubtiply by o
&\ % (X/t Vxnat? = - 2_1"\7_\-[' <Xlt‘ *1Eo + V<X;'t\ x\)"7|>

AN
1

HS Mo / <$:+IX|;t\>:<Xn,tn-\ \X\)'t(> - (Xn.tn\ X1yt 7 . So Prohb'!,‘-l-\’ QMWhAQ_
SRy He Schesdinger ee}ukﬁon.

2
Harmonic Oscillator. H= -.!;7“ ¥ %mwlxl.
(henera) Qoterttal -
\/V V(.V‘) -
A Ppproximate all potenticl
| n at o lopoest pt by Medmonic

V) = V(Xo) Ly xe) (X-%a)* oscillator potevtial



Del(cna :
a= (B (weil)  d= (G (x-il)

We have
Ll = m(ilx®d=ipxd) =1 > [ad] =1,
omd
aat= B3 (v o) vl T S
Denote
N:-= oot
So
H= %w (N+3),

et ' e eigenstodes r& e nwmber operador N|n> = ni>. ‘ﬂ\ey are Censinfes of H
65 well -

SALYEN 28T o= (W+1)¥w.
No'e- (AR ) =A[B,C+[ACIB

N L
[Ne)= (a6l = atfo,a) + (o,0]a = —a.

Tn onetl -
[AR)Y = - [ 041,
So
[(Nf)= at.
Therefore,

Nat|m>= (IN,at)+atn) [
= (n) o ey
S of‘\vb 1 e.s(-moﬁ N with 2ovalug ) S;m:lwlvz
Nald> = (TN +oN) [ay = Ca-Din.

So  alnd (s e.stute 0& N with ewalwe n-t.



Claim:  Bigenvalugs of N can't be nejative.
0= <IN = Cnlatand = | e || 0. o

So (f N oIS not On infeger, G\Pln7= (n-pd (> wonld be an et&emg-bd'e of N wiy
ne_ﬁac\TdC e.val For p>n

Se 0 sk be iatedess | and 3 \&> sk, aley=o0.

o |0 Wik, fhen ol € SHES et non- degmo.mte.
ef: Swppase In-{> not degenerie | b [d) & dejwawe:
WIS =nlqy  i=hend.
then  algid= clins | el for 1a->  non- degencrte.
> dalghy =alga>
IS f\l‘fj\): c,ia+ln—\>
So lgi> ¥ (n-%  which controdicks degeseracy .

Normo\\:qg?on'-

Q> = ¢ |a-t. cel .
Take nom: <n(afalnd = (el ¢ o\afoley = n.
s
aley= Jn i),
Similexly -
o ey = A x> 3 nlaafidy =lAt.
= Lo\ Canryratalnd = n4|
So -
oaF \nd> = JAer In+d,
Thus

+ _ q 7 a’l’ _ +3
o=at o= Ewe B me Lo O,



Thesefore -

+V\
|n>-_ m‘_—_r‘_)!—l"')_

Note tho N*ﬂa"m‘)‘* =atazN |, se Y0V aezo Cam be choser 4o be DN
<n'\alnY = mgn’m-t

n'|atn? = Jdnn 5{,',04—\.

Nof& -

\\!

X = (E)™ (arah

B = (") -0

1)

. Thag



lec 8.

Hoxcmonic  Osci(actor :
Eoz RW(ar1).
e \\T—‘g’ (x+E),
(rownd Stote  als>= 0.
(X+E) = 0.
Deline Xa'-'-@,, . In pogition vepresentodion
(x5 E) f e =o.
Notmaliaed Growd Stode:
b = TIE €
Girownd. strdl 3 Wi‘{ml. By oot Kme : jrow& S waifut = oll excited sl are

$40
Pondesonerbe . The Cxcited states owe @ [aD= %10

$ (x>=xlatlod = Tl{_ﬂ (x-x ﬂ;‘) %00

_x%Xz
o

B (rm e ek

Hléo note"
T = o, (abr ot ¢ afa + 2ot
2
<oIK1o7 = 315, L Lol Ploy = B2
only last
term contributes.

<ol B lov = BY = (o] meF)p
So LR, = <N,
Lo1X]e> = Lol P> =0.
Se for ShdL |5
(N = O = o,
(Bp) = Lpry= BB
(6XY(pe) = &

Wncertoni vd'\’ ‘)ﬁv\c}p\& Sorfucnded .



In oy exatdd stofe | ,

(aX)"(n) = (n+h)'%".

Time E\)o\uﬁor\ 1n ngsw\mg o\epmsm,\-\—,:h‘oﬂ-_

o
F: \:-V\ EP}H3

Forany V(x), We saw Xt & P\ oxe same 0 classical edns.
e .

e X_ P
1t mod X

dt = m.
P'H.uvwﬂudy , 60¢ Can ust

d 1 . :
-d_i: FE[Q,H]= '—LC»J[O\,N3= — (Wi

=) = e o).
Talc:r\J +-

> ofeey = e ! ooy |

> N= ofe)al) fimg indepedet, foc [N H]=o.
Thesefore

X = X(0) Cosltot) + % Sin(Lh),

Py = X sinfwh)+ Po) cos(wt) .
B4 {XY,<L7 don't always 05Cillaz.

Coherent Stutes : nondegenesitl for @ah A, for 8 B fuot o D\A-!{Wq,nmﬂ oferstor
¢ S Yae€ ;, A O s
Defined by ala>=aln> whee peC. a1 ZALRY -
Exgard tn antigy L. sivdes:
0
2> Z“‘-O Cale. Ca= nID>.

Dince
= W,

da\= ol 5 -



Ronce

n _ "
Coz <Y = TR &I = 45 Co.

So Ca%s dettrvingd by Co. Com determine (o b

Nofrva fi#ockion ;
oo o0 n 2 2
== L el = 1al Zm, BL - e

“Thes

L= -1tz
o~ .
P 1\ [
Cn= = e .
Se

- Dl N -V © 3" n
H=e \ llz. Nt %ﬁlv\)’e ZM TR

-k ¢
PUIPY

Recal from wr If [[AR),B)=0 #wen [AR(BI= [AB] @),

0™ (05 =[a e 10> = 2e?™ (0.

= €

Note : |AY Gom o ovestamplete basis,  so not ﬂaf\w% \'M\ZPM-

Tme Aep@dﬂmc (Schfbdfl\au Rq,\),
e = € B, = TN
_iwtle =Y " _Twtn
= gt g T e ™" |,
TS juok o Cohiod stafe with A —> e T s

Iae™>.

[A> = e__'-‘”t”’

Tnter \,Vt’cvc\'?on :

X=X

il

& Moot 1A
% (a*)
{Z % ).

"

s
Siidy, €= Ty, (A=

% R
{Py= ﬁo(?\*’h\) 7'x.,
1f we sfark with

Thes



MO DED = (212X, col(wt-T)
@1 Ryai)= | (FE) sintut-7).
So X5, <Py juar Wke classial particle.

Claum = “These shodes Sodwmdte umw{—wlnhc principle \ft.
of: Next wells Ho ) @



lee 9.
Double (Nell . N

+wo local mins H

Amonia molecte NHy Was pottntial LKt ks

H??roximafc +he Pei:eyd-tmﬂ by

I Vo — 00, we hwe 2 Squere wells

oM

[t 18>
—The avesdy Q_{gzv\vo.\u& o kil e samg 0SS bwe %‘m&\l SGuase well enual, e\aex\m{ue:
B | L
E“ B amod "

Bach is degenende,
C\eurhj <o(n\[3m>=0 becavse -\'\r\éy howt r)\i-ﬁexm’? support.  Corusg on SNLWA Sades
Tn basic (&, (B,
E. 0
Ho: (o] E\>-

o[ 1)

Fof" -(-\in'l"(L VU) 0\&.&-

Totol
B -A
H= Ho ¥ W = (*A E.)
EV\USV' e.v.
E-= €, A

deso.u\m&y is broken. E. shates

€ Clao+1g>) = 1. for E=E,-A

& Cla> —(B>) = 5. fe E=E+A.

Stort with N bdow plare
o = B2 = & ([+10).



So
_ ,l_, '.Eltt \ -1
ey = e O [P gy v e M 00
WEHL T Aegeg of VoD, B -
[pey= ¢ B [ oo BE lao+ tsinBE B3]
Pob o} N to be oloowe e plowe T

.zb‘i
NN

(henesal Lossons.

(iven degenzmbe ofotes & padd Quiml,,j-\‘on;
(1) Pegeneraty is lroken
@) Eigoydv&‘i will be swm«ke—hic & oubisyrmettic Condbinalions.
(%) Shut with one, 05cillate betwegn them.

PNH:\A (cek. Sec 42 of text)

In 1D define
TS = 1%,
Tt s W\H—pq ;
Thr= T
By
=1
So =",

Feom +ve pev. o hinesy €. valugs of T ore £1.

Clagm: TXT=-X. (#)
of. TXTIO=TX O -xT-2>= - x1d=-X|.

Note ¥t O DT X = -XT, te., {T‘_:X3=°'



Wave fonciions: Given = Lxl¥. Pasity ivetd sttt s
AT = (-%1472 $-0.
H 1§D e.shees of T,
TW=2W S Yex) =ty
Now
He To V0.
I Vi euen fht
[T, W) =0.

4 simdtantous LSS,

Pafi\'a Seledion Rule:  TIf

T = & WD € =tl,
R odd wdes pecity: TAT=-A. Thea CHIAWED=0 wess |4, 19
howe oﬂ)os-’fe Po.n“\'a.

oF 1 LGIAD= (Wl TERATT 4 = = €6 <hiv. Cleagly 4uis vonish wnles
f,E»-" -1. n

Tf A T even, Ben QIR =0 wiltss 14, 14 have Same arity.

(e, V<o)
G\ehera.[ Ycopu‘t'ﬂs 0{ Mbesive Ya‘(-p.v\'\'ia\s :
QM,WS\ E15w9¥vtu 2

‘%Y"Jf\/(x)d( = &Y \m

\\’II= 2%: (\/(X)-E} b.

Vx>

9 X

Claien: No debean for bownk stoies T <0,

P Sugpese V€ @ Cigenstokes  wilh sowne anergy €. Define Wonsinn



W= Y- g
“Then
W= ggt- g
= %5 (V-E) (¥9-¢) =0,
Go W s owstowd . At x=00, Y1950, S W(oo)=o. Thus W=0 eueﬁ{whert.
s Yo'z ¢’ So
%= %‘ = 0,¢ PmPoc—Homl.

a
Case 1: k&s?of\ with (- >o.
\‘,ll has same Sl'sﬂ 0s \I’ o G \\! % m\vamlg CMV“'ﬂ ﬁv-'ﬂy %OM Y- A . :—/\—‘:x
(e 2t Region with J(xS -E<o.
A
1n Seoem\, \.\a v e Xoword  oues. I x
v

MD\‘\'C\I\ with \\'n‘\" conkinoens,

Y E<Vnin, dwen abogs 0 Cmot U, S0 >0, not normalizable,



Lec lo,
Rttractive Potentinl : EiSeu\shxt&s Wit E<¢o:

Vi ,
\AL/'* t'= R lveo-e)y.
Fac € close 40 Vmin, Shat with ‘{’>O at X>—00, At ‘“@Q X, Yo Solukion &
Ae™ +Re™™
Ps Yo incrence E, A decreases -for some Fo, ﬁ:o {'o( ’Ig't +ime . Thes & Sde
st For €= E,+§ , A<0. Trcwn €, uwfwﬂb&, A0, Hiis gives Hee

1 excited stuke .

S\Mv\ma_ﬂ\ . '\ Q‘H-‘ULHJC PO\'»R-V"E“J-: Cie V(O, \/(i0°)=°>

(1 Alays e ab last one bowrd shote (Hw).

(1> Bown) stoke onlrgios owe discree, ded Lie T the range Vmin<Ec O
(3) Bowmd ShRs oxe non-degenerste.

() Gwon-d State has no nodes (ie. zers) |, 1 guoited shde has 4 node Gif it
),

(5) If U-X)=V(X), Hen grow~d stoke & even, P\ Y"‘“‘b -f Wn alternates.

Peciodic Potentiols ((Ref. Sec 42

Recall the tromslation Operatoc
VG /\/\ Teo= e R
Feciodicity Means :
VOxa) VO, T VO TW V(XD
Stnce T(o0 BT = P), so TytH Tlay=0, “Thus
[Twy, W)=o,
Con find sievalfeane ous E:?enshﬂ- First, swqpese walls Tafinctely high :

+h n-l n n+ I
Denote +he ground stute in ¢ 0% well by (4>, )
Eas‘1 x0 52 <MIND= Son o o\ /g



We have Himd= B whet €, indeponded of . Shde 5 fafinitely degenerse.
Bt T | = (e

Consider

(o] .
loy= 2% e ln>  whee -Teper.

NoT Orthonofma| for <ole'> %o sz‘-\'—G'. Cl&\f,y H\9>:Eol9>. Now

T 6> = Zi_w e [nri>

el tn-8
= N=- o0 e \“5 N>n-)

= e \8y.

Co |8 simett. eijensite of Tia) a3 H.

Now Lower loacrier o Sintke ‘f\d%\w .t dnlH|In>= Eo. Tronclafion invariance = E,
skl Trdependest v% o (nd dc&ined as aoove. We wxpect
{olHInD %o only for [a-nlg)
(e, when barciee hign, Yunnel frem \a'> to \h) s Possib[e only uhen the wells
ace ap\&ucev\'\'. Tt's Qm“ﬁjkt b::\div\a aﬂ\raxifv\aﬁoﬂw> . Deline
KnttlHIWS == A iadep of 0.
Hiey = € 10> —A a4 - aln-1 |

A= 0

“Thew
Hiey= E‘: Z e ™ > - 626‘"6 Lo+ — Azerna |-
ShHE O30 in dng sk 2 terms , We get
Hiev= £ 7 e ™®ln> — 0 (e ®re®) T ™ n>

= (B -abtosd) 18>



(8D T om mergy U(Sws’co\te. B Continows, o get Continons bouds o% ey 2iounstoles.

/)’@éa\
;420 03D

Degme,cau1 B? \A‘{—hed- Com Tl the next neorest (\etﬂhbo( c,w\ol“-w}:

Hidy= 1o = a(losd#10-5) + € (jnend +102>) -
TThew Get Rijwvadme u‘ (8D %o be

B, —2DcosO +2¢ Cos(20) +-- -

What T Yo(x) ?

<X Tw) Oy = e‘w <x1e> = e.re o ().
'0\‘\“’\0. e-“n(r ‘I\D\V\Jl

) | = | %y
Caral = x|l TYo) = x| T2
“Thuws
8"-9 o= LA (TW167 = dx-a18) = Fo(x-0).
Solukion &
Yelx) = Cikx‘ﬂc(“) < ?L(T?d:zx“*):(fdm
where K=8[a. —Thi & Rloch's Theorem .

Peciokic Cotemtial V on s', NOOY =Nxta) - Tdewtify \(xt Na)= Vx>, “That menss
we still hove stetes {53, bt fow lgng N,

S‘
e‘tK; eik(‘x.(- Ne) > k: 2N \/

NI &

> 9=




Lee 1Y,
AM T 30 : Angalas Momendnt (Bl ol praf 3

=B Gy vOOY = EY.

Tn fow cosey, By Yonz)= X001y 2.
AV\S‘\W Momertum Jenesaxe? votebions : e 1 b/n 5 Rhton doodtr kb oxd by amowt &.

Te s a Hernifion o\)erm"; C—Ij“”h th1

-
Note , nofe stariing with 37 =¢ x?.

Retodions : (ock\»o5an.,1 23X wwdsices SO(3) .
E,.S_ Rotoke obsuk, 2 -0 -

C»S‘t’ —.antf 0]

R (g)= Sin¢ s O
0] o) I
\ O o)
Rx(\() = O o5y -5y
0 5 ;n? c,os(f

Costf o) S-’ntr
R(’ U{ ) = (o] | (o)
- an‘f [9) Cpstf

Qx(@ Q\a@p* Rﬁ(?) Rx(‘f) . For emall  (otukions, L(= ?= &, leeptag terws ©(s»),

2
Re)= | © 5



Claim: Rule) Ry(£) Rx(-0) Ry (-8) = Ra(€")

Ta @M, for evesy roiwdion R, we havt a waitosy eperal®  INepY , st

R Re= Ry = @CP\Q@(_R-,_) =0 CRg)
RN PRY=D(x)= T . > DRY=DY = D).
(R\V\’DQ\B = Q\\(vasw) akwm|5 trut for oparmtorﬁ .

Under fetution R of ve sysvenn (¢ @R (¢>.
Retodion about owis n by © g1ven oy
DRY= e T H U
Small rototion ook X-Okd :
DR = 1- ‘3—;2—:% -
D R)) DR 8)) DR £)) DR, -9))

o [ E TR [ T )\ S Tt [ |, DeE
- % w = w % w %=

O§) +ewn concel, Jx & Ji cancel $ - G_;—;: doesn't cContribwie

= =% 3‘131;&1 — I E er
%? v

- ==
= \ ?’—E‘)"IS‘{S .
= DRa(D) > 1- B

% I:j‘ﬁlj‘)]: H{S'i‘. .

(34 32) = 30x Sintecy.
[_)-1 Jx) T I--;"_SV

%

J

[\l

Jx+ v 3z

Veepii fems  O(€) .

_JvE?
.h'l.

[jtl 3-\(3 = [3117’4’3%1 ) jx_‘\ = 1;‘:3:1 , jx-}-\- [j\; .’.Yx] S;( + —-)—% [j%.—SxB +£’5i,3-x]3-2 = 0.

)



i\l
[—SL\'S\A = ['511 jt’x = 0.
Look for Simultpmeoy €. Shes 4; jzﬂf Ve

Assume
THa,bd>= alaed
I (a,b> = bl by,
Define
I =Tx £17,
Note
[3:,3-3% 2k .
['Si.&ﬂ =+ R): .
[IY 3.1 =0.
Se
F Tt laby = (32,360 labd + Tada i)
= £ I+ lab) +bIc o)
= (bth) Ty )b
So Jila) . She J‘ J2 with e.v. bih
Similacly J-laly - o L
34330

{
I Telar>= & T \am .

Claim: G20, (So canot keop appyiny Tyloly auwd not get 0 Lo fixed o),

e ap) T=Trla ) = Labl TR lald> = || T laib> W+ 15y b>|* >0,
Bt <Al T=T lab> =a-1b".

Se mMust be & stete for eoeh o ¥
T V& bmard>=0. = T-J+ [2) o> =0
Bk 3% T AT - (T - WYy = 3T R



L—)—l_j{"—ﬁ 3_%\ \D‘)bmo\x> =0
0\‘ \Orv%« "'bMo« h: 0.

= bv\:o« * bt

%Tm‘\\o«\j, 3 Stode st ':j':’ce T fgans °)£ T %
3‘\“\\°MM>=O = 3__\_'5-_ \AI\QM}J\> =0.
> &= berin - bmink

Eg(mjﬂ'nj o o olve for oo ,

boax= —bmia (U&“ Solukion bMAx =bmin K ) nof ?h‘lg'cal).
Clew(‘v) Pers= batn + . Now Set
'bf ‘)Mm /ﬁ
—then
o= ‘3('\,\—\‘) o
M= bl‘\L BM;'\E\) ¢ bmwc .
So —¥éms §-

Tn these new lobls 2 (A = (jmd.
-\y’\%lwo: ‘K('B;\\’f\'l\},.nD
Je 1jimd> = o V>,
Commont -
Dy ts Tnteec ot helf atefec,

Not ol Shates  awice in vy Prodam
2)  Rolvdion ook EXN Y e-iT%(?[‘b'\

™M (w‘gQ(SQ( ks vationt umdey LT etotrions Bosoms .

\¢ ;\‘ T"‘*ﬁ@f S"""“@S C‘/\o\vﬁe g:g 1)) ‘FUM-O I3

-) -
) For vy Airtdkion W, (1Y 9% V20, 4o 4 same,
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Last time: AT A 1S A T
Je (o0 = Mk (e
—Tle Lnexyy L?&ms’w&es Ofe  defenedote hecmse Lje does not conctroun

radicd depundince.

\{\'\\,%,1\0 omd R, ‘b',M’> Or'\’\/\oﬁor\nj\, Fin e %uvd»cs a% Hermitin- q,,,wtrf
hbeldejwwﬂ '

T 3d “stodad ¥ 0.0 \MJ:TS/ pick oM. bewis for M-_-_’b .

lke, 530 ERARLATEE

Cloian- T2 \wi, §r§> ase ootwogored Lo dfteests ki

pf © Treer produek %— J- |k, §037 owd S’W‘\?.b"\\f7 ord have
<ht}}vé\'\3—+j'\k(>(}’&>

\U

<h'l-u ‘0:’5 \ [3+ J-) \h\) &/}> - <p~maré\ J——j*\'“h )-Bl -b> [—J‘hj——}= W e
2R <Ry by ) Ry 1§

= a'ﬁ} Sh\.h

‘0\1 Constuction :3\ R §0 9>

Thas de{—\'/\ﬁ

. \ s
\\lt) h'h’bt % v IY-\k:,&:t").

Tn %M&Q., +he orm o% ’S_\k,%,“’b (i <h/3:|"’\\3-+3.-\h;8."“3~
Use

J:3- = T3+l
15 evalwade dwe Tanes \)foduo{- :

<h/%;("\\3-+‘6‘_\ h,%lmﬁ = [}‘(%4_\3_‘“[‘\,\_,31“1.



So gleen ON bodly (ki) >, define

. _ | .
“1() ] M_b - ’ﬁ,[aqﬂ—"\["\ﬁ]v‘ _\Y- “’xb b!"">

s, iengllies e
T ke =R G- M g, me.
Seandy, oo
0_1'\‘*1&!""5 =f \I %( };*-\3 — m(m+) l k, K , Ml
Of cousse, e

Conm odoo be wiien as
T o> = B Gmme)) Ry}, m-1)
T ko> = WJCG-m) G TRy §, met)

X, E [ X'E] =k :Yxi—\y\) /T’b [-\T)( 7_5\1] = \-ﬁ‘S%
& (X+P) Tem Ix+ T
AR ‘ [a,at)=1 £7 Ty
R . 3-)‘S" ="2RI
o= 2= (X-iP) : T = 31T, [73] 2
N= oo\ Th= TA0g T
IN,a)=-a ON,at)=at [T2,7:)=+R7T:
Suppose NImd>=nln), tuen Suppose ‘S"lam: @) , Jalabd=b (a6, then
Q1) o ot oIy o A=) Te\ob & losbai>  Tolo,b) o &, bR,

Mast 509 0= COINIRS = [aws (P50, Mustslop:  G'=<a, o 32Tl o> = I 4T, In] 20

—bminz R
st. Qlop=0. S ne A JelGbaa) =0, T_|a/bmiay=0 S o —bruin= N
3 7 E i = 7 J-Tt [onrbmosy = T - 1M beid™®
35 bmax ==bmin
abm=%=-bwm.
i_n b 0= bmox ( bmag+#)
Sef 02, M=% 1 865 lgen, —jemey

\n) Locn DN . s o% L}C\p\) \‘k|m> (fos 6@_1} Mo ON. bass for L?—CS‘L)



GOchil @\N})M\M Momentum

_ . ) S0
Tn classicall mechanics : L= xxp.
Ta QM defing: D= XxF. 2. [l megel,
- -
Since © = .'E.;'V"
P)
We heawe @ L+~ %’(X—a—:’ "‘i%::)

Th \)-\M t.°°'4:
X= 8B 059
‘&: r Sind S\'M.f

2= CosD

We %e‘\
=R
‘/l R 3(f

Al Ly Ly.La Can be expressed in terms of 2, 'b/??- (Gince mditl momantam Pr Nevel erdess)

£ . Quackions of | T |, e gvvuioaﬂ. Harmenies ' (e, f(z)
Gonvention  : y54
L), ™= sk M
> B yieg = ey Eleg.
2 Vi e.gd = Pr () ™t
T find P

LaRay =0 L, = 0% (— ricete a«q>

D 1 ‘e = 2(ste)’
=7 ( ae uQ @*e) Pl(e)—_o % % - kc"’“-e %i',\a
> phe) x (sine)t

NOTMD\QG(L .

. 20+ (2! .
S e, [P smododp =1 S yh(e,9)= (-1¥f ol ,,I (smo)le‘a(f,
R h yr A

Corrention <k, \/7! is Legendre ?o(\,nomrc&_




Simi (
[ﬁ\fh/ "‘lﬂ/_g>=o,
L_— e,‘. h
—'a N
\ L L tot@ _3\>

> -9
Vg & (s\'ne‘)z el

Ta fenern|:

L-m

'Q q»ll -n Sl’l e d'X

*x = (50



lec 13,

Lok vime s LS = VY (0,9).
Ty =L L Eby=e B Y tey) « (cno )R
Buf ks 5 problem:
o (518D not Tn the dommtin of |
o (onfradiction:
L-13,-5 20 D YT (8,9) ¢ (5in0)'™
Bt L3, not x to |3,-H
ph: L1 ""(——-hme ) (swe) e ko i8h

_[ CoS® _1 cose ] V¢l
=L asird) 2 (smey'

Thes ¢ e egntrandickon,

o N, [R,m whee Lez form 0. bosis of [F(S2)

* So conclude +rat Huore o no Coowdinede (epiesentations Lo [= Iz','si,---
We Tnroduce them 05 0 Naw dype of anplni Momentan calted Spin g

° Spis vey. of feeedmm ohysesved by ererfmen'i'.

O TE RSN 8:‘7_‘
Two S e s \-’r>,\—) with  ew. t—h—.

1
Recall:

Jv L0 = J(%-m)(%*c\w) R 1§ima)
J- Ve = JGre)lLg-oh) 1§,

P\\.\C\'\.d\ -61 -‘{I M= 3:'17'_.

S¢ (=0 Sel)= R4y
5_\"’):%"‘\ S_\—) =)
SxI9 = 3(S,48) 1= £, Sxl) = (4.

Syl = £(s,-8)1H= 1 Syl == 1.



Wite Sk = .5.01 ) ¥hen

-3 | o
ae(20) e © > 53:< >
t o & (o) 0o —|

These oz Qodli matrices.

Qeogesiies -
W oy =0y
() =T D G D oy wkesy
(3) §}0%* Okl =0 ik
()43 = %5}.6’\3% 20w L.
W (o000 = 21830y
(5) G togethlr with Wendity I foem basis for all 22 mitrices.
) 2.values o’i Uu e £l ovedas of Ox 4se *‘—’;,(H)H—ﬂ

0, ar € (1HLil)

tx owg\ e* Q‘Hn Peo cession .
Spin 'l packicle with magnetic moment  wip

mCc .

Extecnal W\o.ﬁ\'\z'\‘ic Lield LWS

e = -
:M—CS.B
ey
1§ B wniform
-eB
H= oSy w: "5 .

E(\e.c%\t\ Q(Sevxs*oko_s - (O, .
Stut with Zigenstode of Sx Wil Lol + 5

o= $ (1% 1) |
(D = C—KH‘tlh 4o = \}_?’(e—'u,.d-lz\_D + e,{wthl—>>,
4({’(“'\\ Sx\‘\’(ﬂ) - ji [<+\ e?wtlm+ -\ érwth_ ] SX ‘_e-imtlz\_‘_,) + e\wtlz[_.>J

= %(e"’(’*-l- e’*) = %cas(wﬂ.

Y\S, (Wi = B cia(wt).



ClNM'- No ‘5‘1(0:!;13 v% wwl.{n !
—1Ht/% _ e—w-rl- Selw

M Tme twolution i ¢ 3 \“"“ n (otudion .

-
Yot ll'\\l vectol Vv
)
Veo = \&rx-\-uyo->,4—v%03

(\_;7.-3')7’: \):\/30"-6
A ’(c‘ § 0T )

2T 616_

-

=W T,

Rottion o} Spie ) posiicle. by & Tn divgcken n:
e-—)S ndlw - e—\o‘ ndlr

_(o’ n) g) (o‘n) 4,)4

—_—

(2

— [(an)% (Q:—.)(i) .‘_..\’_\
= Teos(d) - 7(77) 3n(2)




lee 14,

pamh wad (s onl\/ Lor s??/\ ‘/z

\
Reco - -(‘:wde_ Cotodion o{ g\-,If\ \l2 (»M—h'c\!.'

(Gn) =

S ERE _ 1 (@) -1 (R sin(R).
Grenecal Cose

e 3N HE L

.6 w\chcmjed [m, wtetion - Set '&- g”
(‘zéu)x(z‘bu) motrix .

. 1 . <
Sinct ) '3\] o, vory M,m’, ae,‘\' o
Cor é-:\, Seﬁ > mateix wSing ackion Tt on (1,m>

Gnd ge\-
| o ©
=‘h o O o
31 0 O -
o | O O -¢v O
% . R
Tx':rz[\ ®) | SW_E L O -t
O . O o (¢ O
Note ('S-E)=§-ﬁ’ for (=%,y,2. lesefore
R Y TA > AN/
0 ST - 3 - ) ,(w;) _c_l:,-%+>

- N

—}‘k“> + (6o5+—l><3—ﬁn )2

Connection betwgen Fimte rotations and 77(9,47),
LA’ [ be integer fotate (» dicection n.
- ~
(1) <lr"\\ “L'"‘Hh\l,m‘>

To 9et V‘ 'forvv\ i ) Totute Lﬂ-1 b a(:cm'{'(]\ +aen rotnte ‘07 Q 0‘009#‘,2\
~ila | —(
s e Q/x L,6/% \2> . ® B

(k-\'\ v\(d b\( LHS .

Position £.seﬂs-\ates on
2(sY).



ToSesk Complete set of states :

AS= D O (Nm'>< L)m'|2>,

Contract with <Y,ml:

CllA> = 2, Do <1 8,
But

*

CRILeS = Y (08) D CLmlR> =Y (09D

So
Fa) ~ X

e\ 252 Y (oo, )
At §=0, Yg=o except when m=o: follows from
gt

™ (

4 sin"p dx i

ok 20 1\
\/ﬂ. : ( 4T > .

(l-'\(")l

X =056 .

v _ 6T\ M %
93 Mo (_> Yﬂ. (91!-[7) .

2041

Centead Porentioll Prolbiems.

Pockicle 02D with VD ?o\-z“*"‘*k- v= X‘.*; .
wae > (T,r]-0 » [Tvn]=o
27, Taq Sapond V(IR = [Tiwd=o.
wb 2 [T @30
A simax. Liggashdes of V)1 Ly

T

Wart 4o velate X to P
C-Xx9 L =%£:é,< x*p*
Recadl - Eisn €igm = 80 Tem = Oim Opg. X
P RHS com only be 21,0, ond owtigymmete Tn Jk oed L.
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:Z“ (E:jlj =6 .

>
V= Z (052 Fem- ‘Yam&al)X e
e i
IS -x>P P P’
d.k
XJP“*'CP %) P“x’+ [x*,e%)
2 - (S X e
= X Pk X P LPXXP - R XP
ik
5
== Y IXPRIPEXEIR R Y = -(R-P ) #2i R(K-P)
ne
= X - (XY 4 (R
Since
" - = P
X =re" X- P)z —-bfr_a—r-
We et
R S IV AN ]
P T Tl TE
— Ll - ﬁ Z'E @.
e or™ r or
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CQV\{"A\ ?o{;eud,?al_ Probam -
3D porticle of mass p V=V, SE:

[Evvo]y-Et.

Lagt ¥ient axfressec\ P as L. So aove 1

w(d 22 [y = .
[ A ('arz T 7‘?"'-2 ¥V )] '\\'(r,{).l() E'\Hr’a"f).

\r\/

Y(06@)= RO (0,4).
Where R(O)= wedfy .
Then SE:

_trt (R"+ 2R + “‘;‘W R+ VR = ER

> -X W+ Ve{,f w=Ew where Ve{‘;\’“) ¥ LU+
2-’» ZI.U"' .
BOMN‘Y Cond%Hons:

kt ro00, “o(‘ﬂ\&k%abn'ﬂ\«’: .

Jexit = Janlygiomr - [ dr <o 2 [wric oo,

s fefuices W—>0 {agrec Ywan -‘J\TF )
_ |
At r=0, we Chim ft  wo)=0. GHher~se say W= C#o. Then ~-g
A0, then V(F) L 8(R), so SE will blw wp ot 0,

foc ownd gt E<0,

o s
Asyonptoric Solution: 0 ~E
-h-* n
r>o (A%uming V(-0): T T Ew,
r—9 L agSuMTnj r"\/(f)"” o): _ il_ W+ l(ﬂflyﬁ« .



CD l wmb ?('ab\@]“\ .

Ve T __2_:._"“_
g p=6r Y - _9,“1’:& (1:2[2';4
Then v_-e_ g
(el Kr ( .
Diside cadial SE by \E)
K S RV @)
Wie
we) = f " e—f’ wep> (kM Correct osym. behowivr »s r—s 0,0
Expod R
W) = %akf”ﬁ

P\w) n ) -

Z O [ R(p0pt! + 208r0k o>

-2k +(f- ;uzm)fh] 0.
Shife Tadex R Rt| in e 12 e b wWe 2 CFFK‘O = (k=0 Yk giwes

G = A b+ +) - s

h () (R+20+2)
O 15 fixed \97 norma["?ALi/A'h&, ol other O defamindd .
P ok \N%Q b

=z

O‘YL‘H 2 -5 k s
_%N Y EARRIY zkakr ~ e

not Norma (iznble.

S P Sefies WP =2,¢ ﬂkfk must rerminat¢ ot come R N
Than

o= A(NE R+
- 2K _ 2z

N= R’dl’ﬂ’ q.uam‘\'um noarmbec
Y2
e - (m .




60\\/(_ ?ol’ £

C - —218-”:1&
= ‘k“f’
St
4
n=N++| = .=~ _L"erm n=152,5...
2R n
‘Dese(\e.mc\/: L=0515..0-1,
n-i
Z\(Z’QH>: M+ﬂ __n-"_
=0 2
Recoll = £one efquckurs constunt;
G R T 1
. _€ - 1 5 _ _Z A wC
A e w3 2 Be= T _':T
Soc € Pc"“: Flx1e”eN D E,= —Bp N (h7drogef\ Z=1) .
dey = N
Rodiel Wove Fundion : ‘ oz NSSociated
_ WUneo P“ e‘t lr’({’) Lejne.ra (ﬁo\sjnormaﬂ.
Rep (0 = —5— "
eukn K- (BEET . 2L
® LA
Define IE'ge-. for 221, s s Doly tadivs. ~ 053 xla-gcm.
- /nv, L+
_ e r I
R,\,Q_U‘) - C ('y\_“;> w(f\ras
f.-s-
R\o(ﬂ AT, —r/ro
R (O = zr l" E.';) € ~flz%
L) = o™ &a P
Commev\'\'s’
) P nunbar "-F bowrd states: En= —Efl.,, )




(2) Cpectroswpic Netetion

R=o & S

=1 © p N3 E o —

=1 e ¢ o

=3y & ¢ Tl e

Q:‘Ll‘ > 3 n=l - :;

12) TTD&V\S;'\'\\"“s:

— B« . N R
A~ T Jﬁw- Eﬂ:—Enf: 4 F—Fg— .

PR E(\
¢ Ry&b'{, Formula (Rnova loﬂj before am)

Why does En depends OV\\AI on 0
%Q\m.r‘caﬁl Yymruekry S € dndep. o} Ly v m.
\IQ{{ C\E\BQMAS on | > \U\/\\’ doesntf E 2

Iv\'\'\'odv\te
R~ 5 Ex2-Ta0) - R
qu?uktu (\'\V‘%)"
_a.]— -
O M =M
2) EFK/H:\"O

) Ll M) ke My
w (MM -—(—“%ﬂim Ly
v _ 2H

s) M- 7;(1,7?{;‘ + (2

Rw»ﬁc - Lens Vetor,



Properties. -

D AT M

2) TM,H]=0

3) LLG,MLJ:W 2et Mg

4) Lhg, Med = (- 208 1y g Ly
_ N 7 N
S M*-= 27H (L*4%%) + (Ze*)*

-2 £ 1b
A%»Lmﬁc $<1L.47t90n 4o Coulowmb Fm‘wvs(,
R (XD -IxE) = 285 Rege = Lons vecom

Pre‘:a'r«tﬂ% down &t -w'l? eae faso,,

Focus rmwbéffwe, W Sy @%WM E<o. Rescal
=, _ _ M Vo o
M“( ?-—E) M.

= [_%), M}:] = 9% 80‘&LL

De QCM

I:= -%(T_‘-FM))) ) Z;:.;I:(L—:-—ﬂ))
P UL, L= 0 L + 4 U, MO+ DAY, L] 2 5 T4 ML)
— % Ll M)

= —‘;"9#’861‘1‘ [L4+/’\LI + MQ} -+ L‘L:‘

¥

LI'O‘, IL] = -;:.Sk?,ﬁu (_ l_z‘* Ml/)) = 31: f,o‘m I&




Lk kil = Ll L3 - 3 U, M]3 T, L] 14 U4 ML)
= ¥k Lly- My - My Ly ]
= Likepg (Lo—My)

= Lk, Kl =9 ggre Kg

[, k] = 7 L bd - 5 L, M+ 2 Tl 1] - 3 U4 ]
= —él;%‘zo‘u LL( ‘M(/) +M@/— Lol =0
[I@,Kk]zo
So we mlwwm o#m—t%ns Wﬁ;
S0(3) x 20(3) = SO&).
In 3D LEc g 3%0‘13 Fﬁm&g

’|\ >
/ | / In 4D 43 -4 = 243,




QM- T-X = quo X PExl = euo x*x0pE =0
—XU‘FL Lfferont cmprminis
L-(LxP) = g LILHPE

L

Lt 06 k1pt

=L 9% g g L7 PY (400 R Gem
=19k 25, 1™ pl
=%k T_'F:O.

C- (FxC) = g Up*LH
—_%_- LQ, ELﬁ)Pk] le

i

.
‘\ﬂ{:f,ﬁka
%P L -
@hmz;\ =] >I-—K > 1%+ K" has ev. 2k (k) &,
2
L (LK)

Recall - M* = l—/f(ﬁﬂif) + (Ze?)

So L (2amnW?) = _
sem®) = (- M) s W

= - A2 L ke b
4k
Note
2kfben + L = L (ght 4k) = < (2R
Solve qﬁ,, L

- Lot n=2k
- MZET L L e > E = < 22| e oagy e

4E 2072k | for Cowlomb F"W"L
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SR o S 2 b i
ZLTI‘—'-V\ QC‘B'W\ kz.
2k4| = n Garam s
Total &?MM%j95$du& n*,
Dowa,gu/ samaﬂ@eweo(ww\am aafl- )
L=T+K
AddtSen u;ﬂ WWWM
g(mf'&/ . 2 4/(7»97\ v, rar—b%@g
Total Dé L"SJWMM b‘j | Mz , "z 7 -
++>, 1+-2, |1=*2 , |-=7
Pe fine —mtaﬂﬁﬂn S @&Ssqﬁk.s

[gm;%] :-_,91{3& ete. 997\62, £§|)§:]:0_

Want eSppnstates o{@ g+ §F
mon m: S 147 = (Sx+ Cn) 1147 = K447 D m=| maxiit

[--> hag s=1, m=-1|,
(+-7, 1-+7 hawe m=0.
Use,
J—I@,m7= J[@+m)(q‘m+l) Klgyma) .
D I 117 = J2hl1,07 = T 144y« Jo 1417
=k (1-t7t 1t-7)

= L B
2Ly = —(1-17 +l+-7)




QEMAW Stocte,

0,07 = 1= (147 - 1-+7)

et bo L to others
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Lec 7.
Pddition o Angales Momentum , henel (nse |
) -
Given 37T . [3:3.)=0.
Set 5’:'?, +fﬁ . Ernd E.sms.:Fj", 3= .
[7%32)=0 (=12

New 2isemg+m+es [$32,5m7 of 50,51, 30 T

DrOP :S( ;31— .
h— Grosdan Tient
Weite Cleisc Goan Coglficie
liey = & Immodumtyed Imime €. Stdes of

My My

3]%: 3-2?__

N°+e : T?_ = Sl"--‘—j'li . So
0= <mim2 (3= “Jz2-J3=) | }M> o M) Tp

1—
- CM‘M|‘W\7_’)'F\'<M\M—L\%M> i <M\M7_l_fm
- r"‘|<M,M7_\

M ER | Swmilady..

1

= M= N+,

W‘)L W\ :3 %\*-\‘1 .

Clase: wmin R
0f : Cownt Stodes . —hece owe Zjx states foc each - Hawe o total of
(25+D(25:.%\) shotes . Define
fy:= 2 ;: (2§+2) = n(a-1D> +n = v’
S dorax @ .
Z @25 = $imaxt D = 5Gmi) = (Fir e+ = Joic
33 dontn

TS wst ec\,ml (2 +0) (_7,81'\'1) :

= éS'“;L": Lé\*—fﬂ_‘—‘)—b (250§D D jwia =[§17ial.

Trtwitwe ©ictuse AhQdition of Vectors :

M&x (gngth: Dby fte Bt ev. of T B Mot (TR
Msn [a,\jﬂ,‘ <—.—3“ (3eia) but 8(&*0%,

¥z



To find Clebsth~ (hodon Cpt“

J- \8M5= \/CSH"\)(S—M“\ + | 8 ,m—|>
(*\

Stack with 3= 3%fe ) m= tex
L3 ™M= = (M=, ma=ge>
Ak with Y= 3-\--‘—3-7.— )
J-13.47 = (’)"_ "—-S'L’> l-a"-b7->
R e D P N O

3 ™M M, M. ™ Mg

N R N ERIN N L E W NN
i ™ U - ¢ -

D Gorrec’cly Notmvalized.

Repestedy opplyg J_ Mow 2 times .
Pon't forget .b".b'b
0ce fixad, Ond v Wave
. R T
Nest, Sef }= vt 8. 1573, bty 1 not dowed
Athongh M.*M-,_:j\fs.b_\.
M, my My my
Pighest w stude oSk oo bivese condinetin of (305> 14 §amiS md L o (60)
So

~

\&,M> =\ 'b\_\_ab_\ N 8‘.\—8_"_ o= ’Jﬁt\ &\’\) b-»> + -%—(\-;5\- lS\) ;,_—t) .

Exargle: T=C+3 for Spin /2.
Tn Yoams ok (SYREICNY € . 2kades -
\ 9-| ™y, Mi».

F'\'%Q, £ind e.Svotes of _51-'51.

\.\-‘ L"l?'-) M= AFEY = Img=4, ™g-= 4{>
Regy 9-
Ve (3= Loy, oy = 8-52 = Ll I #2-0, Me=3S + Img=g, o= -3



L grd, ¢-%>= u+ 2L |,y S kS,

A?‘u\\’ J- V\QM;M .

T, ¥a- to ke aS¥ Yrm
loov @

-
A?F’ \,:4"/1] l—}i> = \I;I‘:,H %W [ﬂ'—zl _‘17 + \L"l)—lz> i
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