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Preface

I assume you already know how to solve simple ordinary differential equations
using seperation of variables.

This note is not going to be a detailed repeat of the book. This is merely an
abstract of some important ideas in the book. To ensure you really understand the
material, you need to do lots of problems in the book. I recommend you doing
those examples with explanations in the book, which should give you enough in-
struction and practice.

This note is for my classmate, colleague, and friend Chen Yanxiang. Thank
you for requesting my notes, which made my work meaningful. Thank you for
joining the differential equation class. Your mere existence makes the class much
more interesting. Thank you for all the encouragements and conversations, which
helped me to become a better and more “normal” person.

I know you got discouraged a lot by the level of difficulty of this class, and you
probably already begin to hesitate whether to study math at college. But please
keep in mind that it is because of people like you that our own mathematical soci-
ety can become an infinitely better place. Regardless of your future choice, I wish
you the very best future, and I thank you for being such an amazing friend.

Tianyi
October 11, 2019
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Chapter 1

First Order Differential Equations

1.1 Linear Equations
Consider the first order equation with the following form

y' +p@t)y =g(@) (1.1)

This equation is not seperable, making it difficult to solve. Note that the first
term has a y’, and the second term has a y, which naturally reminds us of chain
rule. One trick we can use is try to simplify this equation into the following form

d
2 U0y =10)g () (1.2)

Then it immediately follows that

y(r)=% / 1(0g(dr = ——( / g +¢)  (13)

1(2)

To find such a function /(¢), we first do the multiplication

1)y + 1(t)pt)y = I(t)g(t) (1.4)

Notice that in order to make 1.2 true, we must have

d
El(t) =1()p@) (1.5)
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Notice that 1.5 is a seperable equation. Therefore

In|l(t)]+c = /p(t)dt (1.6)

I(t) = £e “exp (/ p(t)dt) = Aexp (/ p(t)dt) (1.7)

But we are looking for a particular function /(z) that makes 1.2 true, not the
general solution. Therefore, for convinience, we let A = 1. Therefore, we have
find such a function /(¢) and we find solution to 1.1.

Theorem 1.1.1. To solve equations with the form y' + p(t)y = g(t), multiply by
an integrating factor 1(t) where

I(t) = exp ([ p(t)dt)

Then the solution to this equation is
y({) = —— I Hgt)dt +

Note that some equations have the form

a(t)y'+b@)y = c(t)
But this is mathematically equivalent as y’ 4+ p(t)y = g(t) where

b(z) c(1)
1)=—= g(t)=—=

The technique of multiplying an integrating factor on both sides allow us to solve

first order linear differential equations. In the next section, we will see that it

actually helps us solve even more complicated equations.

1.2 Exact Equations and Integrating Factors

There are some first order differential equations that are more difficult to solve
than those in the last section. Suppose y is a function of x described by the
differential equations of the following form
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M(x,y) + N(x,y)y" =0 (1.8)

Now, this equation involves both the independent variable x and the function
y itself. Therefore, it is harder to solve. again, using the idea from the last section,
it would be really nice if we can write 1.8 into the following form

d
d—W(x,y) =0 (1.9)
X

It is worth noticing that y is also a function of x. Therefore, we can let y =
¢ (x), so 1.9 becomes

4 ylep) =0 (1.10)
X
Then it is obvious that
Y(x,y)=c
In order for 1.10 to be true, according to chain rule, we have
oy Iy dy
. + @E =0 (1.11)

By looking at 1.8, we know that

0 0
a—‘”(x,y) = M(x.y), a_‘”(x,y) = N(x.y) (1.12)
X Yy

This means that if we can find such a function i that satisfy 1.12, then we can
solve 1.8.

Theorem 1.2.1. Let the functions M, N, M,,, and N,, be continuous in the rectan-
gularregion R : a < x < B,y <y <$6. Then M(x,y) + N(x,y)y' = 0isan
exact differential equation in R, and there exists a function ¥ satisfying 1.8 and
1.12 if and only if

My(x,y) = Nx(x,y) (1.13)

Proof. We already proved that if there exists a function ¥ such that 1.12 is true,
then 1.8 is satisfied.

Computing M, and N, from 1.12, we obtain M, (x,y) = ¥y, (x,y), Nyi(x,y) =
Yyx(x,y) Since M,,, N, are continuous, it follows that v/, and ¥/, are also con-
tinuous. Therefore, ¥, = V¥, , thus concluding the proof. ]
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Sometimes, 1.13 can not be satified. For example, consider the equation
Gxy +y)+ (> +xy)y =0

where M, # N,. In this case if we multiply on both sides of the equation an
integrating factor p such that (uM), = (uN )y, we can solve the equation. Then
we have

p(x, y)M(x,y) + pu(x, y)N(x,y)y" =0
which gives

In order to simplify the task of solving 1.14, we turn this partial differential equa-
tion into an ordinary differential equation by considering the special case. Specif-
ically, we consider the case where u is only a function of x or y. Suppose that
p(x) is only a function of x, then u, = 0, and we have

du My — N,

1.15
dx N ( )

In the example given above, we have

d,u_ﬁ
dx x

which suggests the integrating factor is ;£ (x) = x. Then the equation becomes
(Bxy +xy*) + (x* + x2y)y" =0
which gives
1
$(x.y) = xy + 2x7y?

Therefore the solution to this equation is

1
3y 4 Exzyz —c



Chapter 2

Linear Algebra Needed in
Differential Equation

The definitions, theorems, and corollaries listed below are some basic concepts
in linear algebra. Here we omit the proof. If you have trouble understanding
them, I suggest you read Gilbert Strang’s Introduction to Linear Algebra. Al-
ternatively, you can watch MIT OpencourseWare. The course is called Linear
Algebra (18.06).

2.1 Initial Value Problem

In differential equation, we will sometimes encounter initial value problem. Sup-
pose that we found a general solution to one differential equation. Let the solution
be c¢1y1(t)+c2y2(t). We want to find values for ¢, c;. We know initial conditions
Yo, yg- All we need to do is to solve ¢y, ¢, from the following system of equation:

c1y1 (to) + c2y2 (o) = yo

(2.1)

2y (to) + 25 (to) = yq

However, when we have multiple linearly independent solutions yq, y,, ...... Vns

we need to solve n number of constants through two linear equations, which is dif-

ficult for sufficiently large n. Therefore, we need to use linear algebra to solve this
systems.

11
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we can write the system in matrix form

y1 (fo) 2 (to) ci | [ o
[ Vi (to) 3 (t0) } [ &2 } = [ Vv ] (2.2)
———
w P P

or symbolically we can write
wWC =U

where W is called the Wronskian. We want to find the vector C. To do so, we
need to multiply on the both side of the equation the inverse of matrix W, which
is denoted by W1, Then

w-wyc=Cc =w"U
But not every matrix W has an inverse. We now introduce determinant and

inverse criteria.

Definition 2.1.1. For a 2*2 matrix W = |: ? Z :|, the determinant of W, de-

noted by det W, is defined as det W = ad — bc.

Theorem 2.1.1. For matrix W to be invertible, that is for W™ to exist, the fol-
lowing must be true

det W # 0

Otherwise, the matrix W is not invertible or singular.
Corollary 2.1.1. For ¢y, c; in 2.1 to be unique, we must have det W # 0.
Now, we introduce two more definition and theorem in linear algebra.

Definition 2.1.2. For convenience, we introduce notations

_ | Yo y2(%) y1(to) Yo
W= |: Yo Y3 (%) ] Wa = [ y1 (to) Yo ]

As a helpful memorization tip, you can think of Wy as the matrix W with its first
row being replaced by vector U, and W, as the matrix W with its second row
being replaced by vector U.

Theorem 2.1.2. Cramer’s Law: For the systems defined by 2.1, we can solve the
value of ¢y, ¢, by using the following rule:

det W1 det W2
= Cr =

detW 27 detW

C1
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Therefore, for the systems above, we can calculate the value of the constants:

‘ Yo y2(to)
o= 1Yo Yalt) | yoys (o) = yoya (to)
‘ y1 (to) 2 (fo) y1 (to) y3 (to) — y1 (t0) y2 (to)
Vi (t0) ¥} (to)
‘ y1(to) Yo
o = Y1) Yo | _  —yoyi(to) + ypy1 (to)
yi(to) 5 1 (%0) y3 (f0) — y1 (t0) y2 (o)

yi (to)  y; (t0)

These tedious calculation and effort may seem like redundant when we can
just solve 2.1 by directly solving it. However, consider the case where you have
the solutions of a differential equation being y;, ya, .....y,. Then we have to solve

c1y1 (to) + c2y2 (o) + ... + ca—1Yn—1 (o) + cuyn (t0) = Yo
c1y1 (to) + 25 (to) + ... + ca—1y,,_; (t0) + cny;, (to) = g

With the knowledge of matrix operation, we can easily handle large datasets
like this. Therefore, it would be nicer if we can write it in matrix form

[ y1(to) y2(t0) ... Yu—1(to) yn (to) ] |: C1 ] _ |: Yo ]
i) ya(to) .o yu_q (o) y, (o) || c2 Yo

and then we can simply do operations similar to
wWC =U

However, calculating determinants of large matrix can be painful. But at least it
gives us a systematic way of solving this time of problems. For more information
about determinants and calculating higher-order determinant, check the sources
provided at the beginning of the chapter.
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Chapter 3

Second Order Homogeneous
Differential Equations

3.1 Homogeneous Equations
the most general form of a second order ODE is the following
a(x)y" +b(x)y" + c(x)y = d(x)
Let us simplify the situation and try to solve the following equation
ay"+ by +cy =0 3.1

where a, b, c € R. Equation 3.1 is called a homogeneous equation. Now, the
solutions of such equations are clearly dependent on the value of a, b, c. Let us
now derive the solutions of such equations first in a general form.

3.2 Distinct Roots

We define the descriminant using parameters in 3.1. Let the descriminant A =
b? — 4ac. We first consider the case where A > 0. Before we start, we first claim
some rules:

15
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1. If y, is a solution to 3.1, then the multiple of this solution c; y; is also a
solution to this equation, where c¢; € R.
Substitute c¢; y; back to the equation, and the constant ¢; cancels out. []

2.If y,, y, are two distinct solutions of 3.1, then ¢, y; + ¢, , is also a solu-
tion to the equation, where ¢, ¢, € R.
Substitute c; y1 + ¢,y into the equation, we have

c1(ayy + byy + cy1) + calayy + byy + cy2) = ¢1(0) + ¢2(0) =0

which satisfies the equation. Therefore, ¢y, + c2 ), is the most general solution
for 3.1. Similarly, if yq, ya, ...... y, are solutions to the equation, then

cayr+ ey + ... +chyn = Zciy,- (3.2)

is the general solution of the equation. We call 3.2 the linear combination of
V1, V2, --Yn. U

Remark 3.2.1. From rule 2, we know that for a differential equation, if we have
all distinct solutions yi, ya,...yn, we can find a general solution by taking the
linear combination of these solutions. If the solutions are distinct, we call those
solutions linearly independent.

Now we begin to find solutions to 3.1 where A > 0. Intuitively, we guess that
e** is a solution to this equation. We want to find A. Substitute our guess solution
back in, we have

al> +br+c=0 (3.3)

This is called the characteristic equation of equation 3.1. In order for our guess to
be the solution, A must satisfy 3.3. Since we have two distinct solutions to 3.3, we

have
_—b+vb2—4ac )L —b — /b?% —4ac

2:

Ay
2a 2a

Therefore, two solutions to the differential equation are eM* e*2% Therefore, the
general solution is

y(x) = c1eM* 4 cet?*
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3.2.1 A Linear Algebra Point of View (Optional)
We have the linear systems of equations
__b
R

This system can be written in matrix form

EN Ry F R

The 2*2 matrix on the right hand side is the multiplicative matrix A. Taking
the derivative of (y’, y)7 is equivalent as multiplying A with (3, y)T.

The solution is

T
(V. y)" = c1e* vy + c2e™ v,

where A1, A, are two eigenvalues of the matrix A. And vy, v, are two eigen-
vectors. It is easy to calculate that

b+ Vb2 _4
iz 2b € v=0. 7 (3.5)
a

Therefore, the solution (when the eigenvalues are distinct) to 3.1 is

y(x) = c1e** + e (3.6)

3.3 Repeated Roots

When we have repeated eigenvalues, the solution to 3.1 will be slightly different
than 3.6. Here we give a intuitive but non-rigorous proof by perturbation. We will
change the parameters of 3.1 by a slight amount. Let’s say we change the initial
values by € amount. We hope that we can still express the solution of 3.1 by 3.6.
More explicitly, consider the following equation

@+e)y’"+(b+ey +(+ey=0 (3.7

We hope the solution of 3.7 can be expressed as

y(x) = ceMOF et (¥ (3.8)
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We can rewrite 3.8 as
y(x) = (ekl(e)x + ekz(e)x) + yz(ekl(e)x . ekz(e)x) (39)

which can be further simplified into

y(x) =7 (exl(e)x + e)tz(e)x) 7 eh1(©x _ pha(e)x (.10
A1(€) — Az (€)

where

Y2 = y2 (A1(€) — A2(€)) (3.11)

Now all we need to do is considering the limit case where ¢ — 0. We can
do this by letting Ay = A 4+ AA, and A, = A. Then we let AL — 0. Now we
consider what will happen to 3.10. The first part will just become some constant
times e**. What we are interested is the second part. It is not hard to see that

) er@x _ pAa(e)x ‘ e(AtAMx _ ,Ax d
lim = lim = —eM =xe

e—0 kl(e) — 12(6) AL—0 Ak d)t

Therefore, for the second part, we will get some constant times xe**. So
the solution to equation 3.1 when b? — 4ac = 0, or the equation has repeated
eigenvalue A, is

y(x) = c1e* + crxet* (3.12)

In thg proof above, we didn’t use a rigorous approach. One confusion that we
made is that we use y, to replace y,, which may cause some problems. If you
look at 3.11, you may think that as A; — A, y, will go to zero. Now we prove
that y, remains a constant even in the limit case.

Proof. First we need to express ), in terms of ¢, ¢c;. By looking at 3.1 and 3.9,
we know that ¢ o — ¢
1—C . 1—C2
V2 = > V2 = ) (A1 —42)

Let the initial condition at x = 0 be yo. And we need the initial condition of the
first derivative, which is y;. These initial conditions give

A2Y0 — Yo _ A1yo— Yo

T T T
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Now we have

LT A2yo—yo  A1yo— Yo
2 Al — Az A — Az

Y2 = = - ](kl—kz) = %[2)’6—(11 +12)y0]

We now consider the limit case where A; — A,, or Ay = A, = A. This will give
us

V2 = J’é — AYo

which is a constant. ]

Remark 3.3.1. The reason why y, is a constant is that although we multiply y,
by a quantity that is getting smaller and smaller in the limit case, namely A1 — A,,
but y, is getting bigger and bigger in the limit case because it can be expressed a
fraction who has Ay — A, as the denominator. This denominator is hidden in y,,
but it cancels out the decreasing effect exactly. Therefore, V, is a constant even in
the limit case.

3.4 Imaginary Roots

Now we will discuss the case where A < 0. In this case, let us denote two
solutions by A; = u 4+ in, A, = u — in. Then the solutions of the equation are

y1 = eWHm* — ol¥(cos ux + i sin ux)

_ (u—inx _ _ux Y (313)
y2=e = e"*(cos pux — i sin pux)

This equation is obtained by the famous Euler identity e’* = cos x +i sin x. Now,
we will find the general solution to 3.1 when A < 0. We first prove the following
theorem.

Theorem 3.4.1. If y(x) = f(x) + ig(x) is a solution to equation 3.1, then both
f(x) and g(x) are real-valued solutions for 3.1.

Proof. We first begin by substituting y into the equation, then we have

a(f"(x) +ig"(x)) + b(f'(x) +ig'(x)) + c(f(x) +ig(x)) =0

By slightly rearranging the equation we have that

(@f"(x) + bf'(x) + cf(x)) + i(ag"(x) + bg'(x) + cg(x)) =0
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For a complex number to be zero, its real and imaginary parts have to equal to
zero seperately. Therefore, it follows that

af”(x) +bf'(x) +cf(x) =0
ag”(x) + bg'(x) + cg(x)
which suggests that both f(x) and g(x) are solutions to the equation. O

Corollary 3.4.1. If A < 0,and Ay = u+in, Ay = u—in, the general real-valued
solution to 3.1 is
y(x) = e"*(cq1 cos ux + ¢ sin pux) (3.14)

Remark 3.4.1. In physics, when we are solving for differential equations of damped
oscillations, usually for simple case we will take ¢, = 0, taking the solution to be
y(t) = ce™ cos ut.

3.5 Forced Vibrations

We now consider the case of a oscillating spring with damping and an external
force acting on the system. Let the damping coefficient be y, let the spring mass
be m, and the spring constant be k. The external force acting on the system is
denoted by F(¢). Then the differential equation, by Newton’s second law, is

my"(t) +yy'(t) + ky(t) = F(1) (3.15)

Usually the external force is periodic. Therefore, let the force be F () = Fycos wt.
Then the equation becomes

my"(t) + yy'(t) + ky(t) = Fycoswt (3.16)

The general solution to this equation would be the general solution u(¢) for ho-
mogeneous equation my”(t) + yy’(t) + ky(t) = 0 plus a particular solution of
3.16, which is denoted by U(z). The general solution u will be similar to equa-
tion 3.14. We know that as t — oo, this solution will die out. In other words,
given sufficient time, U(¢) dominates. This means, physically, that the frequency
of the system w will eventually be the same as the frequency of U(¢). To solve
3.16, we take the entire equation to complex plane and look for the complex solu-
tion. After we found such a solution, we take the real part, and it will become the
steady state solution U. In complex plane, the equation becomes

mz"(t) + yz'(t) + kz(t) = Fpe'®' (3.17)
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Let the guess solution be z(¢) = Re'@!~9 Tt is important to understand why the
guess function has frequency w. It is because that after a sufficient long period of
time, the frequency of the system is going to be the same as the input frequency.
Substitute the guess back to the equation, we have

. Fy .
(—w* +yio + a)g)Re’(“”_‘g) — [0 it
m
which simplifies to
Fo . F
-0+ Yiw+ o = —e" " = —(c0s0 + 1 sin
2 . 5 R 0 s 0 S i sin
m m

which gives

F
(—w® + 0})R = ~9 cos$
m
F
YOR = “siné
m

Notice that cos? § + sin> § = 1. So we can immediately get

F
= ofm (3.18)
V(©F = @) + (0y)?
Also it is easy to find that
wy
tan§ = ———— 3.19
an 0 — o ( )

And we find the solution to 3.16 is
y(t) = Acos(wt —§)

From equation 3.18, we can get the relation below since wy = k/m. Define
I' = y?/mk, and we have

1/2
Rk w2\’ w?
oy -Z2) +r2
Fo /[( 0)3) 0)3}

We can also find the maximum point of Rk/F, by differentiating the expres-
sion with respect to @ and set it to zero. We may find that

2 2
14 4
=0~ 513 =93 (1 50
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F F 2
Rmax: 0 = 0 (1+ Y )

ywo/1— (y2/dmk)  ywo 8mk
RE/F,
= :
T =0~
|
|
8_
I'=0.015625 —
6_
r r=01l
reos ) =2
2| /
| | | | | | | I f |
02 04 06 08 1 12 14 16 18 2 wlo,

Figure 3.1: Forced vibration with damping: amplitude of steady state response
versus frequency of driving force

3 —
I' = 0.015625—

T'=0.1—+%
L S

| | | 1
0 1 2 3 4 olo,

Figure 3.2: Forced vibration with damping: phase of steady state response versus
frequency of driving force



Chapter 4

Series Solution of Second Order
Linear Equations

4.1 Review of Power Series

Definition 4.1.1. A power series Y e an(x — xo)" is said to converge at point x

if
m
mli_f)noo ,12:(:) an(x — xo)"
exists for that x.
Theorem 4.1.1. For a fixed value of x, if

. g1 (x —xo)" ! . Any1
lim | | = |x — Xxo| lim |
n—00 a, (x — xo)” n—oo0  d,

| = x —xo|L

exists, then the power series converges absolutely at x if |x — xo|L < 1, and
diverges if |x — xo|L > 1. If |x — xo|L = 1, the test is inconclusive.

Definition 4.1.2. A function f that has a Taylor series expansion about x = X

X rn)
Fo =S L0 gy
0

n!
with a radius of convergence p > 0 is said to be analytic at x = Xy.

23
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4.2 Series Solutions Near an Ordinary Point
Consider the equation
P(x)y" + Q(x)y" + R(x)y =0 4.1
We convert this equation to the following equation if P(x) # 0.
Y'+ p(x)y +4q(x)y =0 4.2)

where p(x) = P(x)/Q(x) and g(x) = Q(x)/R(x).
We now introduce our notation for the radius of convergence. For a power
series y, we denote its radius of convergence as R,,.

Theorem 4.2.1. If x, is an ordinary point of the differential equation 4.1, that is,
if p(x), q(x) are analytic at x, then the general solution of 4.1 is

Y= an(x —x0)" = aoy1(x) + arya(x) (4.3)
0

The solution y, y,, which are two power series, form a fundamental set of solu-
tions. Further, the radius of divergence for each of the series solutions y, and y,
is at least as large as the minimum of the radii of convergence of the series for p
and q, that is

Ry, = min (R, Ry)

Ry, > min (R, Ry)

Theorem 4.2.2. (from complex analysis)There exists a convergent power series
expansion about a point x = X for the ratio of two polynomial Q /P if P(x¢) #
O Further, if there is no common factor to P and Q, then Rg,p is precisely the
distance between xy and the nearest zero of P.

4.3 Euler Equations and Regular Singular Points

A relatively simple equation that has singular points is the Euler equation, which
has the following forms

Lyl =x*y"+axy + By =0 (4.4)
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where o, 8 are constants. We guess that the solution has the following form
y(x) =x’
substitute our guess into equation 4.4 and we get
Lix"|=x"F(r)=x"[rr —1)+ar+p]=0 4.5)

Therefore,

—(@—1) £ /(@—1)2—4p
2

which holds for distinct roots. Just like what we did in the second order homo-
geneous equation section, we need to consider different cases where rq,r, are
distinct, repeated, and complex.

F1,72 =

For real and distinct roots ry, 15, it is obvious that the solution to equation 4.4
has the following form
y(x) = c1x™ 4 cx™? (4.6)

For real and repeated roots, we use the same technique that we used in 2nd or-
der linear equations: We change the solution by € amount, and we let that change
goes to zero. We make slight perturbations and we get

y(x) = ;x4 ¢,xm2© 4.7
Rearranging the forms, we have
Y(x) = i (O 4 x"29) - yp (x1D - x720) (4.8)

Since Eq.(4.7) and Eq.(4.8) have the same span, it is okay for us to make this
change. For fixed €, we can go further and make

ri(e) __ ra(e)
YX) = (MO 4 x@) gt T 4.9)
ri(e) —ra(e)

Now letr;y = r + Ar and r, = r. We let Ar — 0. Then we have the form
xr—i—Ar —x'

y(x) = Vl(xr+Ar +x") + VzT (4.10)
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In the limit case, the second part will be

d

r r
—x"=x"Inx
dr

Therefore we have the form

y(x) = (c1 + c2Inx)x" (4.11)

Finally, for complex conjugate ry,7,. Letr; = A +ipandr, = A —ipu. Keep
in mind that x” = ¢"!"*. We have

xMEH = x*cos wlnx + i sin pln x]

Therefore, the general solution is

A A

y(x) =c1x*cosplnx + cpx”sinpulnx



Chapter 5

Laplace Transform

The inspiration of Laplace transform came from power series. Say we have a
power series A(x) defined as

o0

A(x) = Z a(n)x"

n=0

we can see a(n) as the nth coefficient of the power series, but we can also view
a(n) as a function which maps every nonnegative integers to a real value. For
example, let a(n) = 1, which means it maps every nonnegative integers to 1.
Then this power series becomes A(x) = 1 + x + x2 + ..., which converges to
ﬁ for all |x| < 1. Here we made a weird connection between function a(n) and
function A(x). We can write it as

a(n) — A(x)

or if you like to be specific,
1

1—x

1 —

Another example, if a(n) = %, then A(x) = e* for all values of x. Again,

1

n!
Two things worth noticing. First, we changed the domain of function a(n) to
A(x) as we made the transformation. But that doesn’t matter as long as we can
build a one-to-one connection. Second, we start as a function of » and end with a

27
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function of x. Now, we notice that the function a(n) is discrete, since it only takes
integers as inputs. What, then, is the continuous analogue of this power series?
Namely, if we replace a(n) by a continuous variable ¢ into a function a(¢). Then

the analogue would be
o0
/ a(t)x'dt
0

There are several modifications we want to make. First, let’s change a(¢) to f(¢).
Also, we want to make it easier to integrate this function, so notice that x’ =
e"** Then we have

/00 f(t)elnxtdt
0

For this transformation to exist, the integral must converge. Previously we saw
a power series converge when |x| < 1. So we make the same restriction here
by letting 0 < x < 1. Then we let —s = Inx so that s can be all real positive
numbers. Therefore, we define the laplace transform of a function f(¢) as

L(f) = /0 ft)e ™ dt (5.1)

And notice that £( f) transforms f(¢) into a function of s. Therefore it is also
conventional to write L( f(¢)) = F(s).

5.1 Definition of Laplace Transform

Definition 5.1.1. An integral transform is a relation of the form

B
F(s) = / K(s,t) f(1)dt

where K(s,t) is a given function, called the kernel of the transformation. The re-
lation transforms f (t) into another function F (s), which is called the trans form

of f(1).

Definition 5.1.2. Let f(t) be given fort > 0, and the Laplace transform of f, if
exists, is give by

L[f]:= /0 f(t)e™'dt

It is also common to denote L[ f] as F(s).
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Definition 5.1.3. A function f is said to be of exponential order if there exist
constants M and c such that

| f()] < Me*!
for sufficiently large t.
Remark 5.1.1. Any polynomial is of exponential order. The proofis the following
|

o0
at t"a" t"a" . nlo
e = E > < —¢
n! = n! - a®

n=0
. _ n! _
This suggests that M = 75 and ¢ = a.

Theorem 5.1.1. Let [ be a piece-wise continuous function in [0, 00) and is of
exponential order. The Laplace transform F(s) of f exists for s > ¢, where c is a
real number that depends on f .

Proof. Since f is of exponential order, there exists A, M, ¢ such that
| f(t)] < Me®*  fort > A
Now we write .
I = / f(t)e_”dt = 11 + 12
0
where
A o)
I = / f(t)e™'dt and I, = / f(t)e™
0 A
Since f is piece-wise continuous, /; exists. For /5, we note that fort > A,
}e—stf([” < Me—(s—c)t

Thus

o0 00 ) M
/ | f()e™"|dt < M/ e gy < M/ ey = T gs ¢
A A 0

§—cC

Since I, converges absolutely for s > ¢, I, converges for s > ¢. Hence I =
I, + I, converges for s > c. This completes the proof. ]

Theorem 5.1.2. The Laplace operator is linear

Llci fi + ¢z fo] = a1 L] f1i] + 2L f2]
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Theorem 5.1.3. We now establish the Laplace transform of function f(t) = e?.
This is the most important formula in Laplace transform, so it deserves to be
called as a theorem.

1
s—a

L[e“] = 5> ¢ (5.2)

5.2 Solution of Initial Value Problems
Now, without loss of generality, we assume function f is continous and of expo-
nential order in the following discussion.

Theorem 5.2.1.
LIf'] = sLIf]— f(0) = sF — f(0)

Proof. By definition

"o * —st df o 1: —st _ > —st — _
LIf 1= | %,_,Ejlj—grgoe f(@) f(0)+S/0 e f()dt = sF—f(0)

dv
[l

Corollary 5.2.1. By Thm.5.2.1, we can see that the Laplace transform of deriva-
tives is recurrent. Replacing f' by f”, we can just as easily get

LIf"] = s*F = sf(0) — f'(0)
Further generalizing, we have
LIFM O] = s"F =5""' f(0) —... = sf"72(0) — £V (0)

or in more compact notation
n—1
LIFPD) =5"F =) "7 D)
k=0

where £©(0) = £(0).

Now we can see why Laplace transform is useful for solving differential equa-
tions. It turns every differential equation into an algebraic equation (as long as the
transform exists) if we take Laplace transform on both sides of the equation.
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5.3 Step Functions

Definition 5.3.1. The unit step function denoted by u.(t) is defined as

0, t<c
uc(t): 1. t>¢

Theorem 5.3.1. If F(s) = L[f] exists for s > a > 0 and if ¢ is a positive
constant, then

LAuc)f(t—c)y=eCL{f()y=e"CF(s), s>a
Conversely, if f(t) = L™YHF(s)}, then
uc(t) f(t —c) = L7H{e ™ F(s)}
Proof. -
L0 f=e = [ e s —er

= /coo e f(t —c)dt

Introducing a new integration variable § =t — ¢, we have

L{uelt) £t — )} = /0 EHOS f(E)dE = ¢ /O e f(E)dE
=e “F(s)
]

Theorem 5.3.2. If F(s) = L[f] exists for s > a > 0 and if ¢ is a positive
constant, then

Ly f(t)y=F(s—c), s>a+c
Conversely, if f(t) = L™HF(s)}, then

e f(t) = LTHF(s — )}
Proof.
L f(1)} = /O e el f(1)dt = /O e~ £(1)dt
= F(s—rc¢)
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5.4 Convolution Integral

Suppose we are given the Laplace transform F(s), G(s) of two functions f(¢), g(¢).
Now it is natural for us to wonder whether there exist a relation between the prod-
uct of Laplace Transform F(s)G(s) and function f(¢), g(¢). The convolution
integral derived from this question.

We mentioned before that Laplace transform is the continuous analogue of
power series. Therefore, it seems reasonable to first look at the products of two
power series. Suppose we have

o0

A(x) =Y amx"  B(x) =) bn)x"
n=0

n=0
We are interested in its products, whose coefficient is denoted by c(n).

o0

C(x) = A(x)B(x) = ) _c(n)x"

n=0
Now, we need to find an expression for ¢ (n). We can do this by brute computation.
Writing out first few terms we have
A(X)B(x) =(ag + a1x + a>x> + ..)(bg + b1x + byx? + ..)
= Cl()b() —|— (a0b1 + Cllbo)x —|— (a0b2 + a1b1 —|— azbo)xz +
(5.3)

Then it is obvious that

n

c(n) = a(k)b(n —k)

k=0

Therefore, we suspect that the continous analogue of this power series to be

F(s)G(s) = / eI f * g)dt
0
where . )
frg= [ Fglt —1dt = / £t - Dg()dr (5.4)
0 0

This operation of f * g is called convolution. Now we will prove that Eq.(5.4) is
indeed true.
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Proof. We start from the definition

F(s) = /0 EfEAE Gls) = /0 e Tg(n)dr

Multiplying them together we have

F(5)G(s) = / ¢ f(E)dE / T g(n)dr

0

Since the first integral is independent of the variable t, we can write it in iterative

form
o0

F(s)G(s) = /

0
_ / e [ / e eyt | dr

Now we introduce a new variable. Let § = ¢ — 7 for fixed . Then d§ = d~.

g (x) [ | e—sff@)ds] it

0

F(s)G(s) = /000 g2(1) /-oo e f(t — ‘L')dl_ dt

Reversing the order of the integral we have

F(s)G(s) = /000 e ! -/Ot f(t— r)g(t)dr- dt

]

Remark 5.4.1. The final change of upper and lower limits in the integral inside
the square bracket is done by changing the variable of a double integral, which
we will not prove here.

There are several laws regarding the convolution worth noticing.

Theorem 5.4.1.
frg=gxf
fr@i+g)=f*rxg1+ [ *xg
(f xg)xh=fx(gx*h)
f*0=0xf =0
The first law suggest that convolution is commutative, which is not intuitive.

However, by thinking of convolution as the coefficients of power series, then it
doesn’t matter which function comes first.
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5.5 Impulse Functions

Definition 5.5.1. The unit impulse function, also known as the Dirac delta func-
tion, is defined as

5(t)=0 t#0

f_: s(t)dt =1

Theorem 5.5.1. Consider the shifted Dirac delta function 5(t — ty). Suppose
to > 0. Then 6(t) = O fort # to. Then the Laplace transform of shifted Dirac
delta function L[5(t — ty)] = e™5%.

Proof. We are looking at

L[5t —19)] = /Ooo e 15t — to)dt

When t # ty, anything multiplied with the Dirac delta function is zero. Only
at t = tg, the Dirac delta function is scaled by a factor of e, Therefore,
L[5(t — tg)] = e, O

Remark 5.5.1. The proof above takes advantage of the linearity of the integral.
We already know, fooo 8(t —tog)dt = 1. Therefore, fooo c(t —ty)dt = ¢ fooo o(t —
to)dt = c.The proof above only changes c to e,



Chapter 6

Higher Order Linear Equations

In this chapter we discuss equations with the following form
Poy®™ (@) + Pry® (1) + .. + Pac1y' (1) + Pay(t) = G(1) ©6.1)

When Py, Py, ... P, are constants and G(¢) = 0, it is called an nth order homo-
geneous equation. We have discussed case when n = 2 thoroughly before. For
distinct real eigenvalues A;...A,, the solution has the form

n
y(t) = clexlt + cze'lzt + ...+ cneA”t = Zciekit (6.2)
i=1

which also holds for distinct complex eigenvalues.

For repeated eigenvalues A; = A, = ... = A, = A, the solution is also very
similar to the 2nd order solution form that we have established. The solution has
the following form

n
y(1) = ce* + Zcitie’“ (6.3)
i=1

If the eigenvalue A = n+iu is complex, and is repeated s times, then the complex
conjugate A = 1 —iu is also repeated s times. Therefore, there are 2s real-valued
solutions contributed by these repeated roots, which are

s—1

che’”t"(cos pt + sin put) (6.4)
k=0

The complete general solution is obtained by adding Eq.(6.4) with the solutions
of the distinct eigenvalues of the form of Eq.(6.2).

35
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After quickly finishing the trivial stuff, we turn to more interesting case when
Py, Py, ...P, are constants and G(¢) # 0. Then to obtain the general solution
of Eq.(6.1), we need to find a particular solution to Eq.(6.1) and add the general
solution for nonhomogeneous equation (which is discussed above).

The book introduces the method of undetermined coefficients, which is boring
and ugly. Sometimes, the guess just comes out of nowhere. Here we introduce
a different method called operator method. Using this method we can get the
answer much faster, and much more elegant as well.

6.1 Finding a Particular Solution of Nonhomogeneous
Equations

Definition 6.1.1. Consider a differential equation with the following form
Poy®(t) + Pry V() + ..+ Pucyy'(t) + Pay(t) = G(2) (6.5)

where Py, Py, ...P, are constants and G(t) # 0. We define the polynomial oper-
ator

p(D) = P,D" + P,D" '+ ...+ P,_1D + P, (6.6)

where D" = d"/d"t is the differential operator that takes the nth derivative of
a function.

Therefore Eq.(6.5) can be written as
p(D)y = G(@)
Now we establish some basic rules about how to use this operator.
Theorem 6.1.1. The polynomial operator is linear.
p(D)(crf + c28) = c1p(D) f +c2p(D)g

Theorem 6.1.2.

p(D)e*" = p(a)e”
Proof. We have, by repeated differentiation

De® = qge®, D2 =a%e, ..., D¥e? = ake?

Therefore,

(PoD" + ... + P,)e® = (Poa" + ... + P,)e* = p(a)e™
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Now we introduce one very important rule called the exponential shift rule.
Theorem 6.1.3.
p(D)e®u = e* p(D + a)u

Proof. We prove this theorem in successive stages. Firstlet p(D) = D. Then we
have
De® u(t) = e® Du(t) + ae® u(t) = e* (D + a)u(t)

Now prove that this is true for p(D) = D?
D?¢u = D (De“"u) = D (¢*'(D + a)u)
= e (D + a)((D + a)u)
=e?"(D + a)*u
Similarly for p(D) = D3
D¢ u = D (D*¢"u) = D (¢ (D + a)’u)
= e (D +a) (D +a)*u)
= e (D +a)u
Thus this is true for all polynomial operator p(D) = D*. To prove that this is true
for p(D) = PyD" + ... + P,, we immediately notice that this is self-explanatory

by the linearity of the operator D.
[

Now we are ready to find a particular solution with the form

p(D)y = e

This is very useful because not only can you solve G(s) = ¢?', but you can also
solve forms involving sine or cosine if you allow a to be complex and take the
real/imaginary part.

Theorem 6.1.4. Let p(D) be a polynomial operator and let p® be its s-th deriva-
tive. Then p(D)y = e%', where a is real or complex, has the particular solution

eat

)o@ p@#0
ii) 5@y i p(@) =0and p'(a) #0
ii) iy if @) = p'(a) = 0and p'(a) # 0

ifa is an s -fold zero
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Proof. We first check whether (i) is true. It is obvious by direct substitution that

eat 1 p(a)eat

v~ p@" P = T w T

p(D)Y, = p(D)

Since (i1) and (ii1) are special cases for (iv), we jump right to that. We begin by
noting that to say that the polynomial p(D) has a as its s-fold zero is equivalent
to

p(D) =q(D)(D —a)*, q(a) #0 (6.7)
We will first prove that Eq.(6.7) implies that
PP (@) = q(a)s! 6.8)

To prove this, let k be the degree of ¢(D) and write g(D) as powers of (D — a)

q(D) =q(a) + c1(D —a) + ...+ cx(D —a)*; then
p(D) =¢qa)(D —a)’ +ci(D—a)t' + ...+ cx(D —a)s+k
p® (D) = q(a)s! + positive powers of D —a

Substitute D = a into p) (D) proves Eq.(6.8). We also note that in Eq.(6.7), if
we substitute D — D — a, we get

p(D +a) =q(D + a)D*

Now using Eq.(6.8), we can easily prove this theorem by direct substitution.

(D) e(lt[S eat (D + )ts
= a
PE050@ = po@”
eat
eat
= D !
q(a)s!Q( +a)s
at
— ': at
q(a)s!q(a)s e

where the last line comes from
q(D + a)s! = (q(a) +cD+...+ cka) s!'=gq(a)s!

Thus the proof is completed. []
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The following example is an excellent demonstration of how to use this theo-
rem.

Example 6.1.1. Find a particular solution of the equation
y" —4y' =t 4 3cost 4+ e

We first split the equation into three parts.

y/// _ 4)7/ =1, y/// _ 4y/ — 3COSZ, y/// _ 4)7/ — e—2t
We now find the particular solutions for three equations Y7, Y,, Y3 separately, and
then add them together gives the particular solution of the original equation.

We first find Y;. This requires some inspiration. Since the right hand side is ¢,
we guess it must have some form A72. So when you take derivative three times, it
becomes zero. Taking the derivative once gives the linear term, then we are able
to make correspondence. Plug in our guess, we find

1
—BA=1—->A4A=—-
8

Therefore
1,
Y = ——t
8

Then we find Y;. The right hand side is 3 cos¢. By Euler’s identity we know that
3ei’ = 3cost + 3i sint. Therefore, we turn left hand side into 3e’’. After we find
the particular solution, which is a function of complex variable, we take the real

part and get the cosine.
p(D) = D?*—4D

Then it follows that
pi)=i>—4i = —i —4i = —5i
Therefore, the particular solution should be

3e't (cost + i sin?)
= = —1(COS 1 S1n
5 5

3.
Y, = Re(Z) = —3 sint
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Finally we find Y3. The left hand side is e=2*. We find p(—2) = 0. Therefore, we
take the derivative. p’(s) = 3(—2)? — 4 = 8. Therefore,

I _
Y3:§t€ 2t

So we find the particular solution to be
Y=Y+ Y, + 7Y Lo 3't—|—1z‘_2t
= = ——t" — —sin —te
1 2 3 3 5 3

We now look at another example.

Example 6.1.2. Find a particular solution of the following equation

y® 4 2y" +y =3sint — 5cost

Recall that
sin (t —«) = sinf cos® — cos? sin«
Therefore we set cosae = 3,sina = 5. Then 3sint — 5cost = sin(f — «).
We know €'~ = cost —a + i sint —a.Then we set the right hand side to

be ¢!~ and after we are done, we take the imaginary part of the particular
solution.
p(D) = D*+2D% +1

We note that
p(i)=i*4+2i°>+1=1-24+1=0

Take the derivative again and plug in i.
pli)y=4i"+4i=—-4i+4i =0
Taking derivative again we find
p'(i)=12i*+4=-8

Therefore the solution is
7 — _EIZei(l—a)
8

Taking the imaginary part gives the particular solution to the original equation

1 3 5
Im(z) = —gtz sint —o = —gtz sint + gtz cost
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6.2 The Method of Variation of Parameters

Suppose we already know the solution to the homogeneous equation Eq.(6.1)
where G(¢) = 0. Let the solution be

Ve(t) = c1y1(t) + c2y2(t) + -+ + cpyn(t)

Now we assume that the solution to the nonhomogeneous equation has similar
forms

Y(2) = ur(@©)y1(t) + uz () y2(0) + -+ + un (@) ya(t) (6.9)

Now that we need to determine what function uy, u,..., u, are. We try to sub-
stitute our guess into the equation. We take the first derivative of Eq.(6.9). We
get

Y' = (uryy +uays + -+ upyy) + (Uiyr +upys + oo+ uy,ya)  (6.10)
For simplicfication, we let
uyyr Fusys ey, =0 (6.11)

Then
Y' =uyy; +uzys + -+ uny, (6.12)

We continue to take derivatives and get Y”...Y ®~1_ Everytime we set

wy™ uly™ p o uly™ =0, m=1,2,....n-2 (6.13)

Finally,
YO = (uy{” 4+ uy®) + (w0 i) (614)

By plugging in Y, Y’,...Y ®=D_y® into Eq.(6.1), we eliminate most of the term.
Since
ui(Poy! + Plyl-("_l) + ...+ Pryi)=0

fori = 1,2, ...n. It follows that

Zui(Poyi” + Plyi(n_l) + ..+ Pyi)=0
i=1
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Therefore, what we are left with is

u’lyln D4 uzyén Dy 4 ul yY = G(r)

Then we add our restrictions and form a system of equations

yiuy + yauy + -+ yu, =0
yiuy + yjuy 4+ yyu, =0

",/

yiuy 4+ yjuy + -+ yu, =0 (6.15)

ygnl)/1+ _|_y(n1)/:G

n

By cramer’s rule we have

G()Wn(1)

Uy, (1) = W

=1,2,...,n (6.16)

where W, is the wronskian whose mth column is replaced by column [0, 0, ...1]T.
Therefore, the full solution is given by

Y() = Z ) | G(S;,Z)(S) (6.17)



