
THE GEOMETRY OF
SUPERSYMMETRY:

SUPERMANIOFOLDS AND THE
INDEX THEOREM

MATHEMATICAL FOUNDATIONS OF
THEORETICAL PHYSICS, VOLUME II

WRITTEN BY

TIANYI WANG

PUBLISHED
IN THE WILD



To Prof. Ron Donagi and Prof. Edward Witten



Preface

This is my study notes on supermanifolds, supergeometry, and supermoduli space, and
also my reading notes on serveral papers in relevant subject, mostly the paper by Donagi
and Witten [2, 31] and the paper by Donagi and Ott [3]. In the first chapter where we
develop the theory of supermanifolds, I will also refer to Witten’s notes [5] and Donagi’s
unfinished textbook [11]. For more detailed study of supermanifolds, supermoduli, and
its application in superstring perturbation theory, we refer the reader to the series of
legendary notes [5, 6, 7, 8, 9] by Witten.

I am deeply indebted to Ron Donagi for introducing me to this intriguing subject in
his mathematical physics class, suggesting me interesting papers such as [2, 3] to read
and relevant research projects on supergeometry, and meeting me regularly to answer my
questions.

The second part of this book mostly originated from a course on quantum field theory
at UPenn taught by Jonathan Heckman, who I also greatly appreciate.

I am also grateful to Nadia Ott for giving a talk at UPenn’s math physics joint seminar,
which triggered my interest in this subject, and for suggesting a list of books and notes
for supergeometry.

Tianyi Wang,
Philadelphia
Mar 2025

3



Contents

Preface 3

I Supermanifolds and Supermoduli 7

1 Supermanifold 8
1.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.2 Examples of Supermanifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Obstruction Theory on Supermanifolds 16
2.1 Obstruction to Splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.2 Obstruction to Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3 Applications of Obstruction Theory . . . . . . . . . . . . . . . . . . . . . . 21

3 Super Atiyah Classes 24
3.1 Obstruction Theory Revisited . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.1.1 Obstructions to Projection . . . . . . . . . . . . . . . . . . . . . . . 24
3.1.2 Obstructions to Splitting . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2 Obstruction Theory via Differential Operators . . . . . . . . . . . . . . . . . 29
3.2.1 Algebra Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2.2 Proof of Theorem 3.6 . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.3 Obstruction Class via Map Spaces . . . . . . . . . . . . . . . . . . . . . . . 34
3.4 Atiyah Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4.1 Jet Bundle and Extension Class . . . . . . . . . . . . . . . . . . . . 37
3.4.2 Obstruction to Existence of Holomorphic Connections . . . . . . . . 39
3.4.3 Atiyah Class of Tangent Bundle . . . . . . . . . . . . . . . . . . . . 40

3.5 Super Atiyah Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Forms and Dualities on Supermanifolds 44
4.1 Berezinian and Integration on Supermanifolds . . . . . . . . . . . . . . . . . 44
4.2 Differential and Integral Forms . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3 Stokes’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.4 Poincaré Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5 Super Riemann Surfaces and Supermoduli 54
5.1 Super Riemann Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.2 Moduli and Supermoduli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
5.3 Punctures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.4 Branched Covering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4



II A Crash Course in Quantum Field Theory 63

6 First Installment 64
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
6.2 Harmonic Oscillators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
6.3 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
6.4 Quantization of Free Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
6.5 Euler-Lagrange Equation for Fields, Symmetries . . . . . . . . . . . . . . . 70
6.6 Noether’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.7 Maxwell Equations and Tree Level Diagrams . . . . . . . . . . . . . . . . . 75
6.8 Columb’s Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
6.9 Green’s Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

7 Path Integral Formalism 80
7.1 Time Ordered Correlators and Partition Functions . . . . . . . . . . . . . . 84
7.2 Path Integrals in QFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.3 Free Theory and Wick’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . 88
7.4 Interacting Quantum Fields and Feynman Diagrams . . . . . . . . . . . . . 89
7.5 Momentum Space Feynman Rules . . . . . . . . . . . . . . . . . . . . . . . 92
7.6 Example: Feynman Rules for Scalar QED . . . . . . . . . . . . . . . . . . . 94

7.6.1 Photon Propagator and Gauge Fixing . . . . . . . . . . . . . . . . . 95
7.6.2 Complex Scalar Propagator and Others . . . . . . . . . . . . . . . . 97
7.6.3 Interactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

7.7 Path Integrals and Partition Function . . . . . . . . . . . . . . . . . . . . . 101

8 Vectors and Spinors 103
8.1 Canonical Quantization of Vector Bonsons . . . . . . . . . . . . . . . . . . . 103
8.2 Representations of the Lorentz Group . . . . . . . . . . . . . . . . . . . . . 105
8.3 Four Dimensional Representations of the Lorentz Group . . . . . . . . . . . 106
8.4 The Dirac Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
8.5 Canonical Quantization of Spinors . . . . . . . . . . . . . . . . . . . . . . . 108
8.6 Path Integrals for Quantum Electrodynamics . . . . . . . . . . . . . . . . . 109
8.7 Faddeev-Popov Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
8.8 Fermionic Path Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
8.9 Feynman Rules for QED . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
8.10 Fermionic Partition Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 113

III Supersymmetric Proof of the Atiyah-Singer Index Theorem 116

9 Mathematical Aspects of the Atiyah-Singer Index Theorem 117
9.1 Clifford Algebras and Spin Groups . . . . . . . . . . . . . . . . . . . . . . . 117
9.2 Spinor Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
9.3 Spin Bundles and Spin Manifolds . . . . . . . . . . . . . . . . . . . . . . . . 122
9.4 The Dirac Operator on Spin Manifolds . . . . . . . . . . . . . . . . . . . . . 124
9.5 General Atiyah-Singer Index Formula and Applications . . . . . . . . . . . 127

5



10 Witten’s Proof 131
10.1 Supersymmetric Quantum Mechanics . . . . . . . . . . . . . . . . . . . . . . 131
10.2 Connections to Supergeometry . . . . . . . . . . . . . . . . . . . . . . . . . 135
10.3 Index on Spin Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
10.4 The Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

A Deformation Theory 143

B Supersymmetry 146
B.1 SUSY Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
B.2 Superspace, Superfields, and SUSY Lagrangian . . . . . . . . . . . . . . . . 148
B.3 Miraculous Cancellation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Index 152

Bibliography 154

6



Part I

Supermanifolds and Supermoduli
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Chapter 1

Supermanifold

1.1 Basic Definitions
One can define a C∞-manifold M in two ways: First is the usual way of defining to be
a topological space that is locally diffeomorphic to Rn, and with a set of chart transition
maps satisfying C∞-compatibility condition. However, one can also note that the smooth
manifold M comes with a sheaf of smooth functions OM on M , which algebraic geometers
like to refer to as the structure sheaf. Then one can define a C∞-manifold to be a locally
ringed space that is locally isomorphic to the model space (Rn,ORn). The first approach
is more intuitive, however the second approach is easier to generalize to supermanifold,
which we will define below.

Definition 1.1 (supercommutativity). A Z2-graded algebra A = A0 ⊕ A1 is said to be
supercommutative if αβ = (−1)|α|·|β|βα.

Definition 1.2 (split supermanifold). Now let M be a manifold and V a vector bundle
over M . Then we define the split supermanifold S := S(M,V ) to be the locally ringed
space (M,OS), where OS := OM⊗

∧•V ∗ is the sheaf of OM -valued sections of the exterior
algebra

∧•V ∗. In other words,

S(M,V ) = (M,OM ⊗
∧•V ∗).

If we interpret V as a locally free sheaf of OM -modules, then OS is simply
∧•V ∗. Then OS

is Z2-graded (as there is a natural notion of eveness and oddness in the exterior algebra),
and supercommutative, and its stalks are local rings.

Example 1.3 (examples of split supermanifolds). The affine superspace Am|n is defined
by

(Am,OAm|n) = S(Am,O⊕n
Am),

where for M a manifold V = O⊕n
M is the trivial rank n bundle on it.

Here the affine space An = AnK depends on the choice of the base field K. In our case,
we almost always consider either K = R or K = C.

More specifically, let us consider the case where K = R. Then S(Rm,O⊕n
Rm) is just the

smooth manifold Rm, with a sheaf of supercommutative ring

O : U 7→ C∞(U)[θ1, ..., θn],

that sends U to the Grassmann algebra with generators θ1, ..., θn over C∞(U) = ORm(U).
This is the structure sheaf. An element of the structure sheaf looks like f =

∑
I fIθ

I where
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I = (i1, ..., ik) ⊂ {1, ..., n} is an index set and θI = θi1θi2 · · · θik . We will call this model
space Rm|n. Thus Rm|n has even coordinates x1, ..., xm and odd coordinates θ1, ..., θn. For
brevity, we will usually write an element f in the structure sheaf as f(xµ, θν), and we will
denote the structure sheaf O by ORm|n if we want to be specific.

Similarly, one can define Cm|n.

Definition 1.4. A supermanifold of dimension m|n is a locally ringed space (S,OS) that
is locally isomorphic to some model space S(M,V ), where dimM = m and rankV = n.
We will usually just refer to this supermanifold as S with the understanding that it also
comes with the structure sheaf OS . The manifold M is called the reduced space of S
and we usually write |S| =M.

In particular, a real supermanifold of dimension m|n is a locally ringed space locally
isomorphic to (Rm|n,ORm|n), and a complex supermanifold of dimension m|n is a locally
ringed space locally isomorphic to (Cm|n,OCm|n).

Remark 1.5. In the C0, C1, C∞, or analytic settings, we may as well restrict our local
models to affine superspaces Am|n. But in the algebraic setting we muts allow all S(M,V )
with affine M , as in the bosonic algebraic case.

Remark 1.6 (morphisms of supermanifolds). In the definition above, by an isomorphism
we mean an isomorphism of locally ringed spaces. Recall that a morphism f : (X,OX) →
(Y,OY ) of locally ringed spaces is a map f : X → Y between topological spaces together
with a morphism of sheaves f∗ : OY → f∗OX , where f∗OX is a sheaf on Y defined to
be OX(f

−1(U)) for any open set U ⊂ Y . That is, every morphism f of locally ringed
space comes with the data of a ring homomorphism f∗U : OY (U) → OX(f

−1(U)), called
pullback on U . With this notion of morphism, supermanifolds form a category.

It is also important to note that the isomorphisms above are isomorphisms of Z2-
graded algebras, but they need not preserve the Z-grading of

∧•V ∗. For example, let z
be a coordinate on M and θi are the fiber coordinates of V . Then z cannot go to z + θ1
under such isomorphisms, since this changes parity, but it can go to z + θ1θ2.

Theorem 1.7. Let f : S → S′ be a morphism between supermanifolds. Choose a local
coordinate (x1, ..., xm, θ1, ..., θn) on U ⊂ S and (y1, ..., ys, χ1, ..., χℓ) a local coordinates on
an open subset containing f(U) ⊂ S′. Then f has the local expression

f(xµ, θν) = (f∗y1, ..., f∗ys, f∗χ1, ..., f∗χℓ)

where f∗ : OS′ → f∗OS is the morphism on locally ringed spaces. Conversely, the informa-
tion above on all local charts completely determines f : |S| → |S′| and f∗ : OS′ → f∗OS.

Proof. To obtain the local expression, note that yα, χβ are the (even or odd) coordinate
functions on S′. Since the local expression of f is obtained by postcomposing f with the
coordinate functions, the theorem follows. Note that in the case that the odd dimensions
are zero, we reduce to the case of a map between smooth manifolds.

Remark 1.8. In the familiar case where f : M → M ′ is simply a smooth map be-
tween manifolds, we have similar results, where if we take local coordinates x1, ..., xm and
y1, ..., yn containing U ⊂M and f(U) ⊂M ′ then we have

f(x1, ..., xm) = (f∗y1, ..., f∗yn).

Hence we can also define manifolds as locally ringed space isomorphic to the Euclidean
model. However, note that in the case of supermanifolds, there are way more morphisms
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than ordinary manifolds, because a morphism can mix even and odd part as long as it
preserves grading. For example, the map ϕ : R1|2 → R1|2 defined by

ϕ(x, θ1, θ2) = (x+ θ1θ2, θ1, θ2)

is an isomorphism. But note that ϕ∗x = x+ θ1θ2, so it need not be true that in the above
expression f∗yj only involves even coordinates, it can also depends on odd coordinates.

Remark 1.9. [recovering manifolds from supermanifolds] Given a supermanifold (S,OS),
its structure sheaf OS contains an ideal J consisting of all nilpotents. This is the ideal
generated by all odd functions. Note that the underlying topological space of S is already
given, which we call M = |S|. To recover the structure sheaf OM , we note that OM =
OS/J . The dual bundle V ∗ can also be recovered because V ∗ = J/J2. Hence from the
supermanifold S = S(M,V ) we can recover the data of S and V . In other words, a
supermanifold S determines its reduced space.

Note that the definition of a supermanifold (S,OS) gives OS the structure of a sheaf
of (real or complex) algebras, and also with a surjective homomorphism to OM by setting
θν = 0 for all odd coordinates. In other words, OM = OS/J induces an exact sequence of
sheaves

0 → J → OS → OM → 0.

However, this does not endow OS the structure of OM -modules, because although there
are open sets U on which OS is isomorphic to OM (U)[θ1, ..., θn], and multiplication by
elements in OM (U) is commutative there, but it need not commute for larger open sets.
In other words, multiplication by OM need not to commute with gluing isomorphisms.

Definition 1.10 (split and projected supermanifold). A supermanifold S is said to be
split if it is globally isomorphic to S(M,V ) for some manifold M and some vector bundle
V →M . In other words, it is globally isomorphic to some split supermanifold.

A supermanifold S is said to be projected if there exists a projection map π : S →M ,
such that the inclusion i : M → S, which is identity on the reduced space i : |M | → |S|,
and i∗ : OS → OM given by imposing θ1 = · · · = θn = 0, is a section of π, i.e., πi = idM
and i∗π∗ = idOM

.

Remark 1.11 (equivalent definition for split and exactness). There are equivalent ways
of defining splitness and projectedness, which is used in [12]. Our definition follows from
[11].

Let S be a supermanifold with M = |S| its underlying topological space. There is a
natural closed immersion i : M → S of locally ringed spaces that is identity on M = |S|
together with the morphism i∗ : OS → i∗OM = OS/J induced by the quotient (it is easy
to see that this closed immersion is precisely the inclusion i : M → S in the definition
above, and i∗ is the pullback of i). Thus we have an exact sequence of OM -modules

0 → J → OS
i∗−→ OS/JS → 0.

We call this exact sequence the structural sequence of the supermanifold. We call S
projected if its structural sequence splits, i.e., there exits a morphism π∗ : OM → OS

such that i∗π∗ = idOM
.

What about splitness? Given a supermanifold S of dimension m|n, we have a filtration

OS = J0 ⊃ J ⊃ J2 ⊃ · · · ⊃ Jm ⊃ Jm+1 = 0.
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We can then define a sheaf of Z-graded rings

GrOS =

∞⊕
k=0

Jk/Jk+1 = OM ⊕ J/J2 ⊕ J2/J3 ⊕ · · · ⊕ Jm/Jm+1.

Then a supermanifold S is said to be split, if there is an isomorphism OS
∼= GrOS . It

is easy to see that if S ∼= S(M,V ) = (M,OM ⊗
∧•V ∗), then clearly S is split in this

definition, since OS
∼= OM ⊕

∧1V ∗ ⊕
∧2V ∗ ⊕ · · ·

Lemma 1.12. Any split supermanifold S is projected.

Proof. Indeed, if S is split, then OS
∼= OM ⊗

∧•V ∗. Then we have a morphism π∗ :
OM → π∗OS via embedding OM to be the degree zero part. And it is easy to see that
i∗π∗ = idOM

. Now to construct π : S →M with the desired property, we choose the map
of underlying space |S| → |M | to be identity, and π∗ : OM → π∗OS to be the map given
above.

Lemma 1.13. The product of two split supermanifolds is split.

Proof. Suppose we have two split supermanifolds with global isomorphisms S1 ∼= S(M1, V1)
and S2 ∼= S(M2, V2). Let π1 :M1 ×M2 →M1 and π2 :M1 ×M2 →M2 be the projections
onto the first and second components. Then the pullback bundles π∗1V1 and π∗2V2 are
vector bundles on M1×M2. Hence we now consider the vector bundle V = π∗1M1⊕π∗2M2

over M1 ×M2. Then it is not hard to see that

S1 × S2 ∼= S(M1 ×M2, V ) = (M1 ×M2,OM1×M2 ⊗
∧•V ∗)

because clearly we have an isomorphism between

OM1×M2 ⊗
∧•(π∗1V1 ⊕ π∗2V2)

∗

with the sheaf
OS1×S2 : U 7→ OM1×M2(U)[θ1, ..., θn, χ1, ..., χn

′
]

where θ1, ..., θn are local fiber coordinates on V ∗
1 and χ1, ..., χn

′ are local fiber coordinates
on V ∗

2 .

Lemma 1.14. Let S be a supermanifold and |S| =M . Let f :M ′ →M be a map between
manifold (which is also a morphism between locally ringed space). Then there exists a
pullback supermanifold S′ = f∗S and an induced morphism f : S′ → S of locally ringed
space. Moreover, S′ = f∗S is split (resp. projected) if S is split (resp. projected).

Proof. We first make sense of S′ = f∗S as a locally ringed space. Clearly |S′| = M ′. To
define the structure sheaf OS′ , note that f :M ′ →M defines a pullback map f∗ : OM →
f∗OM ′ . Moreover, we have local isomorphisms S ∼= S(M,V ) where V → M is a vector
bundle, hence we may consider the pullback bundle f∗V → M ′. This allows us to define
the structure sheaf as

OS′ : U 7→ OM ′(f−1(U))[θ1, ..., θn]

where θi’s are local fiber coordinates on f∗V →M ′. In other words, OS′ = f∗OS .
To show the claim, note that if S is split, i.e., if there is a global isomorphism S ∼=

(M,OM ⊗
∧•V ∗), then S′ = f∗S ∼= (M ′,OM ′ ⊗

∧•f∗V ∗) since pullback commutes with
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wedge product. Now suppose S is projected, i.e., there is a projection π : S → M such
that i∗π∗ = idOM

, then the pullback functor f∗ takes the split exact sequence

0 → J → OS
i∗−→ OM → 0

to a split exact sequence
0 → f∗J → OS′ → OM ′ → 0.

Hence S′ is also split.

Remark 1.15. Note that however, a submanifold of a split supermanifold need not in
general be split as a supermanifold.

Now we introduce sheaves on supermanifolds.

Definition 1.16. A sheaf F on a supermanifold S is simply a sheaf on the reduced space
M , and sheaf cohomology H∗(S,F) of F on S is simply the sheaf cohomology H∗(M,F)
on the reduced space.

Remark 1.17. Despite the fact that sheaves and cohomology are defined to be the same
as the reduced space, it is usually more illuminating to denote the cohomology as H∗(S,F)
instead of H∗(M,F). For example, it is much more natural to think of a sheaf of OS-
modules as a sheaf on S rather than a sheaf on M .

Example 1.18 (tangent bundle). The tangent bundle TS of supermanifold S is an
example of a sheaf of OS-modules. It can be defined in terms of derivations, i.e., as
sheaves

TS := Der(OS).

It is a Z2-graded vector bundle, or a locally free sheaf of OS-modules.
In the simplest example where S = Am|n, TS is the free OS-module generated by even

tangent vectors ∂
∂xµ for µ = 1, ...,m and odd tangent vectors ∂

∂θν for ν = 1, ..., n.

Remark 1.19. In general, for a split supermanifold S = S(M,V ), the tangent bundle
TS need not have distinguished complementary even and odd subbundles: The even and
odd parts are not sheaves of OS modules. For example, ∂

∂θ1
is an odd vector field, but

multiplication by an element of OS might change parity: Consider θ1 ∂
∂θ1

. This is now an
even vector field. However, we note that since elements in OM are even, if we restrict
ourselves to multiplying only elements in OM then parity is preserved. More specifically,
what we are saying is that the restriction TS |M of TS to the reduced space M does split
(By restriction to M we mean pullback, under the natural inclusion i :M → S, of a sheaf
of OS-modules to a sheaf of OM -modules. In this case, this is accomplished by setting all
odd functions to 0). Explicitly, the splitting is given by

TS,+ : = TM ,

TS,− : = V.

For a general supermanifold S, we only have local isomorphisms between S and S(M,V )
for some model space M and vector bundle V , but there is no canonical identification
TS,− = V . However, there is still a way to define TS,−. We consider the natural embedding
M → S, where we view M as the subspace that is locally given by θα = 0 for all α. Then
then we have a normal bundle sequence

0 → TM → TS |M → NM/S → 0.

Now NM/S is a purely odd bundle. Therefore, we may define TS,+ = TM and TS,− = NM/S .
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1.2 Examples of Supermanifolds

Example 1.20. The simplest example is the affine superspace Am|n, which we already
saw. In the algebraic case, the global function ring is

OAm|n(Am|n) = K[x1, ..., xm, θ1, ..., θn]

is just the polynomial ring in m commuting variables and n anticommuting variables. In
the C0, C1, C∞ or analytic case we allow the even part of the function to be C0, C1, C∞

or analytic, but the anticommuting part is unchange, still the polynomial ring in θj ’s.

Example 1.21. The complex projective superspace Pm|n is defined by the quotient

Pm|n = {(x0, x1, ..., xm, θ1, ..., θn) ∈ Am+1|n : xµ 6= 0 for some µ}/ ∼C∗

where (xµ, θν) ∼C∗ (xµ
′
, θν

′
) iff xµ = λxµ

′ and θν = λθν
′ for some λ ∈ C∗. Note that the

group C∗ is purely even, i.e., λxµ is even and λθν is odd for all λ ∈ C∗.
The complex projective superspace are covered by local charts of open sets

Uα = {(x0, ..., xm, θ1, ..., θn) ∈ Pm|n : xα 6= 0}

for α = 0, ...,m. Each Uα can be identified with affine superspace Am|n via the ratios
xβ/xα, β 6= α, and θν/xα, for ν = 1, ..., n.

Note that for m = 0 there is a unique open set Uα, so P0|n ∼= A0|n.

Example 1.22 (submanifolds). Given a supermanifold, one can construct super sub-
manifolds by imposing equations. For example in Pm|n we can impose the equation
f(z0, ..., zm, θ1, ..., θn) = 0 where f is a homogeneous polynomial in the homogeneous
coordinate of Pm|n that is either even or odd. If f is even and sufficiently generic, this
will give a complex supermanifold of dimension m− 1|n. For suitable odd f , this gives a
supermanifold of dimension m|n− 1.

A divisor is a super submanifold of codimension 1|0, i.e., when the defining polynomial
is even.

Example 1.23 (covering of supermanifolds). Let S = (M,OS) be a supermanifold, and
f : M̃ → M a covering map of the underlying reduced space. Then there is a way to
define a covering supermanifold F : S̃ → S.

Of course |S̃| = M̃ . So it remains to construct the structure sheaf OS̃ . We define
OS̃ := f−1OS to be the pullback sheaf of OS under f . Recall that this is defined to be

f−1OS : U 7→ lim−→OS(V )

where the direct limit is taken over all open sets f(U) ⊂ V ⊂ M , for U ⊂ M̃ open.
We claim that this gives S̃ = (M̃,OS̃) the structure of a supermanifold, i.e., it is locally
isomorphic to some model space. To see this, note that we can choose an open cover
(Uα)α∈A of S̃ such that

• f |Uα : Uα → Vα := f(Uα) is a isomorphism of underlying space. So this implies that
Vα is open in M , in particular.

• For each α, there is an isomorphism ϕα : Vα → ϕα(Vα) ⊂ Am|n of locally ringed
spaces, since S is a supermanifold to start with.
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Now we simply consider ϕαf : Uα → ϕα(Vα), clearly this is an isomorphism of the un-
derlying space. So it remains to show that this induces isomorphism on structure sheaves
for all α. Since ϕ∗

α is an isomorphism for every α to begin with, it suffices to show that
f∗ : OS → f∗OS̃ restricts to isomorphism on each Uα. Since f∗ is defined to be precompo-
sition with f , which restricts to local isomorphisms of the underlying space, we conclude
that f∗ : OS |Vα → f∗OS̃ |Uα is an isomorphism of structure sheaves.

We now look at a more complicated example, which is a variant of the covering su-
permanifold. We first need to introduce the notion of a branched cover. This might seem
a little bit abstract at this stage, but branched cover will not play a huge roll until later
part of the book. We will give a more thorough treatment of this topic in Section 5.4.

Definition 1.24. A map f : M̃ → M between complex manifolds is called a branched
covering if there exists a divisor B on M such that f is a covering map on M −B, and
for every p ∈ B, there is a local coordinate (z1, z2, ..., zm) around p, such that in this local
coordinate B is given by the equation z1 = 0, and f is of the from

f : (z1, z2, ..., zm) → (zk1 , z2, ..., zm).

Example 1.25 (branched covering supermanifold). Suppose we are given the following
data:

• A supermanifold S = (M,OS);

• A branched covering f : M̃ →M of the reduced space, with a smooth branch divisor
B ⊂M ;

• A divisor D ⊂ S whose intersection with M is B. Note that here we view M as a
subset of B via the natural inclusion i : M → S by setting all the odd coordinates
to zero. Hence this means that D becomes B when we set all θν = 0 in D.

We will now construct a supermanifold S̃, with a morphism F : S̃ → S which is a
branched covering with branch divisor D, and such that on the reduced space F is simply
f : M̃ →M .

We will do the construction for the case where we can find global coordinates on S, as
we can also glue local pieces together. Now let (z1, ..., zm, θ1, ..., θn) be global coordinates
on S, where (z1, ..., zm) are global coordinates on M . Without loss of generality we can
assume the branch divisor B is given by z1 = 0. Then the corresponding coordinate on M̃
are (w1, z2, ..., zm). Then locally f is of the form (w1, z2, ..., zm) 7→ (wk1 , z2, ..., zm). Hence
we see that f∗ : OM → OM̃ takes z1 to (w1)

k.
Since the divisor D is given by vanishing of some even function z′ = z′(zµ, θν) whose

image is z1 when we set θν = 0 for all ν = 1, ..., n, this implies that the coordinate ring
OS(S) which is generated by z1, ..., zm, θ1, ..., θn is also generated by z′, z2, ..., zm, θ1, ..., θn.

Now we construct OS̃ . Let w′ = (z′)1/k be a k-th root of z′. Now we define

OS̃ : U 7→ f−1OS(U)[w′].

Note that this makes OS̃ into a sheaf of OS-algebra. To check that this definition makes
sense, we first look at the coordinate ring. This is given by

OS̃(S̃) = f−1OS(S̃)[w
′] = OS(S)[w

′] = K[w′, z′, z2, ..., zm, θ1, ..., θn]

= K[w′, z2, ..., zm, θ1, ..., θn]

14



since (w′)k = z′. Thus the coordinate functions on S̃ are w′, z2, ..., zm, θ1, ..., θn. We then
see that there is a natural identification S̃ ∼= M̃ , by w′ 7→ w1, zi 7→ zi, θj 7→ 0. We
now construct a map F : S̃ → S of locally ringed space. By definition, this comes with
a morphism of reduced space, which is required to be f : M̃ → M . Thus we need to
construct F ∗ : OS → F∗OS̃ accordingly. It suffices to specify F ∗ on generators of OS ,
namely on z′, z2, ..., zm, θ1, ..., θn. This is done by sending zi 7→ zi, θj 7→ θj . What about
z′? Since we discussed that on the level of reduced spaces f∗(z1) = (w1)

k, and w1 is
now identified with w′, z′ is now replacing the role of z1, it only makes sense to define
F ∗ : z′ 7→ (w′)k = z′.

This completes the construction.

Remark 1.26. We have constructed a branched covering S̃ → S. There is a notion of
branched covering of a super Riemann surface, which is not quite the same as the branched
covering of a supermanifold in general. A branched covering of a super Riemann surface
is not a super Riemann surface, but can be modified into a super Riemann surface by
blowing up along the divisor.

Example 1.27 (Parity Reversed Tangent Bundle ΠTM). Let M be a manifold of dimen-
sion p and E →M a vector bundle of rank q. Then there is an associated supermanifold
ΠE of dimension p|q with |ΠE| = M , defined by revering the parity of the fiber coordi-
nates. Namely, for every local chart U ⊂M , we note that the space C∞(U,E) of smooth
sections of E over U is a free C∞(U)-module generated by q sections σ1, ..., σq. We now
identify these sections with grassmann variables θ1, ..., θq, and define the structure sheaf

OΠE(U) = C∞(U)[θ1, ..., θn].

In the particular case where E = TM , we have the parity reversed tangent bundle
ΠTM . Let C∞(ΠTM) be the smooth global sections of the structure sheaf OΠTM , namely
the superalgebra of smooth functions on ΠTM . Then there is an isomorphism

ρ : A•(M)
∼=−→ C∞(ΠTM) (1.1)

between smooth functions on ΠTM and differential forms on M , where we identify

ω =
∑

1≤i1<···<ip≤n
ai1...ip(x)dx

i1 ∧ · · · ∧ dxip ∈ Ap(M)

with
ρ(ω) =

∑
1≤i1<···<ip≤n

ai1...ip(x)θ
i1 · · · θip ∈ C∞(ΠTM).

Using the identification (1.1), we can integrate smooth functions on ΠTM by defining
ˆ
ΠTM

ρ(ω)dxp · · · dxpdθ1 · · · dθp :=
ˆ
M
ω

where dxp · · · dxpdθ1 · · · dθp is the canonical volume form on ΠTM , which we will denote
as dxdθ for short.
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Chapter 2

Obstruction Theory on
Supermanifolds

The goal of this chapter is to classify up to isomorphism supermanifolds S which have a
given underlying manifold M and a given odd tangent bundle V . For this we will use sheaf
cohomology. We assume some familiarity with this machinery. We can ask a very general
question: given a model object S, can we classify objects which are locally isomorphic to
it? There is a general framework for approaching this question (refer to Chapter A for
details).

Theorem 2.1 (Deformation Theory Meta-Theorem). Let S be a geometric object on a
manifold M , in our case a supermanifold. Let A be the sheaf of automorphisms of S. That
is, to each open set U ⊂M we associate Aut(S|U ). Then the first sheaf cohomology group
H1(M,A) parametrizes isomorphism classes of objects which are locally isomorphic to S.

Remark 2.2 (recovering automorphism of spaces). In fact, the collection of automor-
phisms of locally ringed spaces can be recovered from only the collection of automor-
phisms of structure sheaves in the case where the space is a manifold. To illustrate this,
let f : (M,OM ) → (M,OM ) be an automorphism of manifold as locally ringed spaces.
If we only have informations of f∗ : OM → OM , then let xµ be a set of coordinates of
U ⊂ M and consider f∗ : OM (U) → OM (U). Then f∗(xµ) = xµ ◦ f is precisely the
µ-th component of f |U : U → f(U). Since we know these data for every µ and for any
arbitrary open set U ⊂ M , this completely and uniquely determines f : M → M as an
automorphism of the underlying space.

2.1 Obstruction to Splitting
Applying Theorem 2.1 to the local model S = S(M,V ), we see that the sheaf of nonabelian
group of interest is Aut(S(M,V )). By Remark 2.2, we see that we only need to concern

Aut(OS(M,V )) = Aut(
∧•V ∗),

where we view V as a sheaf of OM -module (recall that we identified V = T−S). The sheaf of
automorphisms of the Z2-graded sheaf of algebras

∧•V ∗. Note that these automorphisms
send J to itself, which implies they send J2 to itself as well since they are homomorphisms
in particular. Hence by Remark 1.9, they send V ∗ = J/J2 to itself. In other words, we
have a map Aut(

∧•V ∗) → Aut(V ∗) by restriction, or equivalently (by transpose inverse)
we have a map Aut(

∧•V ∗) → Aut(V ). Let G be the kernel of this map. So G is the group

16



of automorphisms of the split model S(M,V ) that preserves both M and V (Note that
this does not mean that these automorphisms are literally identity, because for example
we can have an automorphism described in Remark 1.8: it preserves the reduced space
because the reduced map is obtained when setting odd coordinates to zero, and it fixes
the odd direction by our construction).

Thus we have a short exact sequence of nonabelian sheaves

1 → G→ Aut(
∧•V ∗) → Aut(V ) → 1 (*)

which will induce a long exact sequence in sheaf cohomology:

1 → H0(M,G) → H0(M,Aut(
∧•V ∗)) → H0(M,Aut(V ))

→ H1(M,G) → H1(M,Aut(
∧•V ∗)) → H1(M,Aut(V )) → · · ·

Note that since our sheaves are nonabelian sheaves, the sheaf cohomology need not be
groups in general, but only pointed sets. By Theorem 2.1, the term in the long exact
sequence that parameterizes isomorphism classes of supermanifolds with reduced space M
and odd dimension n is

H1(M,Aut(OS(M,V ))) = H1(M,Aut(
∧•V ∗)).

The distinguished point in this cohomology set corresponds to the isomorphism class
S(M,V ). But since any two vector bundles over M of the same rank are locally isomorphic,
we could have used another vector bundle V ′ of the same rank instead of V . This would
have yielded another description of the same set of isomorphism classes of supermanifolds
S with given reduced space M and given odd dimension, and the only difference being
that the base point would now be S(M,V ′).

H1(M,Aut(
∧•V ∗)) is certainly an object of our interest. However, the object of most

of our concern is
H1(M,G),

which consists of isomorphism classes of pairs (S, ρ) where S is a supermanifold with
reduced space M and ρ : V ∼= T−S is an isomorphism. The advantage of studying
H1(M,G) instead of H1(M,Aut(

∧•V ∗)) is that the former parameterizes isomorphism
classes of supermanifold that has a particular prescribed odd tangent bundle V , whereas
in the latter case the isomorphism classes can be supermanifolds whose odd tangent bundle
is merely of rank n, as any two rank n vector bundles are locally isomorphic.

Remark 2.3. The inclusion G→ Aut(
∧•V ∗) induces a map

H1(M,G) → H1(M,Aut(
∧•V ∗))

that is given by (S, ρ) 7→ S, which forgets the isomorphism V ∼= T−S and just consider S
as a supermanifold with |S| =M and odd tangent bundle of rank n.

Remark 2.4 (vanishing of H1(M,G) and implications). Recall that a supermanifold S
is said to be split if it is globally isomorphic to some model S(M,V ). Let us consider
the exact sequence (*) with this particular M and V . Clearly the isomorphism class of
(S(M,V ), id) is an element of H1(M,G). If H1(M,G) vanishes, that means there is only
one isomorphism class whose base space is M and odd tangent bundle is V . This shows
that any supermanifolds satisfying such conditions must split.
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The group G has a descending filtration by normal subgroups Gi for i ≥ 2:

G = G2 ⊃ G3 ⊃ G4 ⊃ · · ·

We give three description of these subgroups: algebraic, geometric, and analytic. We then
use these groups to describe obstruction theory for splitting of a supermanifold.

Algebraically, we recall the filtration J i that appeared in Remark 1.11, and we define

Gi := {g ∈ G : g(x)− x ∈ J i, ∀x ∈
∧•V ∗}.

First, observe that G2 = G, since elements in G fixes V , and Gi is trivial if i exceeds the
odd dimension of S.

Geometrically, we interpret Gi as a filtration of S itself. Given a supermanifold S =
(M,OS) and a nilpotent subsheaf J ⊂ OS , we introduce the locally ringed space

Si := (M,OSi = OS/J
i+1).

Note that Si need not be supermanifolds except for extremes i = 0, n. They form an
increasing filtration of S given by

|S| = S0 ⊂ S1 ⊂ · · · ⊂ Si−1 ⊂ Si ⊂ · · · ⊂ Sn = S.

Recall that Aut(
∧•V ∗) preserves J , hence they preserve J i, which means they also pre-

serve the filtration of S by the Si. If we take S = S(M,V ) to be the split model, an
equivalent definition of Gi is as those automorphisms of S(M,V ) that act as the identity
on S(M,V )i−1.

Now we come to the (interesting) analytic perspective. Maybe it is helpful to first
review the story for ordinary manifolds. Let M be a smooth manifold and G = Diff(M)
is the group of diffeomorphisms on M . Then its Lie algebra g can be interpreted as vector
fields on M . Somewhat informally, this is because there is a correspondence between
infinitesimal diffeomorphisms

xµ 7→ xµ + εhµ(x)

with the vector field
hµ

∂

∂xµ
.

The same story holds for the case of supermanifolds. Concretely, the Lie algebra g of
the group G of automorphisms on the split model S(M,V ) that preserves M and V is
generated by vector fields on S(M,V ) that are roughly of the form θ2k∂x or θ2k+1∂θ. More
specifically,

Proposition 2.5. In local coordinates xµ, θν , these vector fields takes the form

fµν1,...,ν2k(x)θ
ν1 · · · θν2k ∂

∂xµ
(2.1)

or
fνν1,...,ν2k+1

(x)θν1 · · · θν2k+1
∂

∂θν
. (2.2)

Proof. Recall that G is the kernel of the restriction map Aut(
∧•V ∗) → Aut(V ∗), where

we should keep in mind that Aut(V ∗) is obtained from restricting the automorphism to J
and quotient by J2, since V ∗ ∼= J/J2 in our identification.
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Similar to what we discussed above, an infinitesimal automorphism of S(M,V ) param-
eterized by ε is given by

xµ 7→ xµ + εfµν1,...,ν2k(x)θ
ν1 · · · θν2k

θν 7→ θν + εfνν1,...,ν2k+1
(x)θν1 · · · θν2k+1 .

Note that these are indeed automorphisms on S(M,V ) fixing M and V ∗ ∼= J2/J , as
the first equation preserves xµ on the level of reduced spaces when we set θνi = 0, and
the second line preserves θν modulo J2. It is not hard to see that these are all the
automorphisms that preserves M and V . Hence we are done.

In these terms, the Lie algebra gi of the subgroup Gi is generated by vector fields on
S(M,V ) are that schematically of the form θj∂x or θj∂θ, depending on the parity of j, for
j ≥ i. Using this language, we get an concrete description of the consecutive quotients of
these filtration subgroups:

Theorem 2.6. There is an isomorphism of sheaves of abelian groups

Gi/Gi+1 ∼= T(−1)i ⊗
∧iV ∗.

Here T(−1)i denotes the odd or even part of the tangent bundle of S, i.e., V in the odd
case and TM in the even case.

Proof. The filtration by the degree of θ shows that g is a nilpotent Lie algebra, hence the
exponential map exp : g → G is an isomorphism of manifolds, which also induces isomor-
phism exp : gi → Gi. Then the statement of the theorem follows from the description of
gi above.

The obstruction theory for splitting of the supermanifold S is based on filtering
H1(M,G) by the images of H1(M,Gi):

0 = H1(M,Gn) → H1(M,Gn−1) → · · · → H1(M,G2) = H1(M,G).

The geometric interpretation of H1(M,Gi) is as the set of isomorphism classes of pairs
ϕi−1 = (S, ρi−1), where S is a supermanifold with |S| = M , and ρi−1 is an isomorphism
between S(M,V )i−1 and Si−1.

Proposition 2.7. In order for a class ϕ = (S, ρ) ∈ H1(M,G) to vanish, it is necessary
and sufficient that, for each i ≥ 2, this class is the image of some ϕi−1 ∈ H1(M,Gi).

Proof. Suppose for each i ≥ 2, the class ϕ = (S, ρ) ∈ H1(M,G) is the image of some
ϕi−1 ∈ H1(M,Gi). Then clearly ϕ vanishes because H1(M,Gn) = 0. Conversely, if ϕ
vanishes, we just take ϕi−1 ∈ H1(M,Gi) to be trivial for every i.

There is nothing to check for i = 2, since G2 = G, ρ1 = ρ, ϕ1 = ϕ. If a given class
(S, ρ) is in the image for some i, then to decide whether it is in the image for i + 1, we
note that by Theorem 2.6 we have a short exact sequence

0 → Gi+1 → Gi → T(−1)iM ⊗
∧iV ∗ → 0

which induces a long exact sequence of sheaf cohomology, which in part reads

H1(M,Gi+1) → H1(M,Gi)
ω−→ H1(M,T(−1)iM ⊗

∧iV ∗).

The obstruction for a class ϕi−1 ∈ H1(M,Gi) to come from some ϕi ∈ H1(M,Gi+1) is
that its image

ωi = ω(ϕi−1) ∈ H1(M,T(−1)iM ⊗
∧iV ∗) (2.3)

must vanish. This class is called the i-th obstruction class for splitting of S.
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2.2 Obstruction to Projection
So far, we discussed obstructions for splitting. We now briefly discuss obstruction to
projections. The group G has a subgroup G− generated by vector fields θ2k+1∂θ. This is
the subgroup of G that preserves a projection. Accordingly, a supermanifold S that are
projected but not necessarily split are labeled by a class in H1(M,G−).

In general, a supermanifold S modeled on M,V is projected iff the class ω(S) ∈
H1(M,G) that represents it is in the image of H1(M,G−). If the subgroup G− were
normal in G, then we would have an exact sequence

H1(M,G−) → H1(M,G) → H1(M,G/G−)

and then S would be projected iff ω(S) maps to zero in H1(M,G/G−). But G− is not
normal, and it does not appear to be possible to express the obstruction to a projection
in such simple terms.

Instead, we can define Gi− to be the subgroup of G generated by Gi and G−. This
gives a sequence of subgroups

G = G2
− ⊃ G3

− = G4
− ⊃ G5

− = G6
− ⊃ G7

− = · · ·

Similarly, in order for a class ω(S) ∈ H1(M,G) to come from H1(M,G−), it is necessary
and sufficient that, for each (odd) i ≥ 2, this class is in the image of H1(M,Gi−). To
convert this to the vanishing of a series of obstructions, we need Gi− to be a normal
subgroup of Gi−2

− . This turns out to be true. We sketch the proof below:

Lemma 2.8. For each i, the group Gi− is normal in its predecessor Gi−2
− .

Proof. The condition for a subgroup to be normal is that its Lie algebra should be an
ideal in the ambient Lie algebra. Recall that the Lie algebra g of G is generated by vector
fields on the split model S(M,V ) that are schematically of the form θ2k∂x or θ2k+1∂θ, for
k ≥ 1, as in (2.1) and (2.2). The Lie algebra g− of G− is the subalgebra generated by the
vector fields θ2k+1∂θ. The Lie algebra gi− of Gi− for odd i is generated by all the above
vector fields except θ2∂x, ..., θi−1∂x. Similarly, gi−2

− is generated by all the above vector
fields except θ2∂x, ..., θi−3∂x. Then the rest follows from a simple Lie bracket computation,
which we refer interested readers to [2, p.18].

Hence similar to the obstruction theory for splitting, given a class ω(S) in the image
of H1(M,G2k

− ) for some k, then to determine whether it is in the image of H1(M,G2k+1
− ),

we look at the exact sequence

H1(M,G2k+1
− ) → H1(M,G2k

− )
ω−
−−→ H1(M,T+M ⊗

∧2kV ∗).

The obstruction for a class ϕ−
2k−1 ∈ H1(M,G2k

− ) to come from H1(M,G2k+1
− ) is that its

image
ω−
2k = ω−(ϕ−

2k−1) ∈ H1(M,T+M ⊗
∧2kV ∗)

must vanish. This class ω−
2k is called the 2k-th obstruction class for projectedness of

S.
Note that in particular ω−

2 = ω2. Hence we have the following

Corollary 2.9. The vanishing of ω2 ∈ H1(M,T+ ⊗
∧2V ∗) is a necessary condition for a

supermanifold S modeled on M,V to be projected.

In fact, this is the only necessary criterion for projectedness that [2] used in their paper,
hence we will not use higher obstruction classes either in the following part of the book.
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2.3 Applications of Obstruction Theory

In this section we give some immediate applications to the obstruction theory developed
above.

Corollary 2.10. Any C∞ supermanifold S is split.

Proof. A C∞ locally-free sheaf is fine because of the existence of a partition of unity, hence
its H1 vanishes.

Corollary 2.11. Any supermanifold of dimension m|1 is split.

Proof. Indeed, since
∧iV ∗ = 0 for i ≥ 2.

Corollary 2.12. A supermanifold of dimension m|2 is determined by the triple (M,V, ω),
where M = |S|, V = T−S, and

ω = ω2 ∈ H1(M,Hom(
∧2T−S, T+S)).

Moreover, any such triple arises from some S. A supermanifold of dimension m|2 is
projected iff it is split.

Note that in the above statement we used the identification

T+S ⊗
∧2V ∗ = Hom((

∧2V ∗)∗, T+S) = Hom(
∧2V, T+S) = Hom(

∧2T−S, T+S),

where the isomorphism (
∧2V ∗)∗ ∼=

∧2V ∗ is obtained by choosing a basis eµ of V and its
dual basis εµ of V ∗ and identifying εµ ∧ εν with eµ ∧ eν and extend linearly.

A result that we will use later concerns the projectedness of the covering supermanifold:

Corollary 2.13. Let π : S̃ → S be a finite covering map of supermanifolds. If ω2(S) 6= 0
then ω2(S̃) 6= 0, so S̃ is not projected.

Proof. For a local isomorphism π : S̃ → S, the structure sheaf OS̃ is the pullback of
OS . It follows that ω2(S̃) = π∗ω2(S). But the composition π∗ with the trace map is
multiplication by degree of π, hence π∗ is injective and the result follows. For a more
elementary proof, see [2, p.22-23].

We conclude this section by a discussion of submanifolds. Suppose S is a supermanifold
modeled on M,V . Let M ′ be a submanifold of M and V ′ be a subbundle of V |M ′ . We
ask the following question: whether there exists a submanifold S′ of S with |S′| =M and
T−S

′ = V ′.
The answer in general is no. To analyze the obstruction, we define the subgroup

sheaf G∗ of G consisting of automorphisms of S(M,V ) that restricts to automorphisms of
S(M ′, V ′). The condition that S contains S′ is that the class in H1(M,G) that represents
S should be the image of a class in H1(M,G∗). As in the discussion of projections, there
would be an easy criterion for this if G∗ were normal, but it is not.

However, we can partially reduce to the normal case if we replace S with S2 and ask
whether S2 contains a subspace S′2 modeled on S(M ′, V ′)2. For this, we may replace G
by the sheaf of abelian groups

G/G3 = Hom(
∧2T−M,T+M)
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and G∗ by G∗/G
3
∗, which is the subsheaf of Hom(

∧2T−M,T+M) consistsing of homo-
morphisms that, when restricted to M ′, map

∧2T−M
′ to T+M

′. We call this sheaf
Hom∗(

∧2T−M,T+M). The quotient of these two is given by the sheaf

Hom(
∧2T−M,T+M)/Hom∗(

∧2T−M,T+M) = Hom(
∧2T−M

′, N)

supported on M ′, where N is the normal bundle to M ′ in M . So we have an exact sequence
in cohomology

H1(M,Hom∗(
∧2T−M,T+M)) → H1(M,Hom(

∧2T−M,T+M))

b−→ H1(M ′,Hom(
∧2T−M

′, N)),

which gives

Corollary 2.14. A necessary condition for a supermanifold S modeled on M,V to contain
a submanifold S′ modeled on M ′, V ′ is that

b(ω2) ∈ H1(M ′,Hom(
∧2T−M

′, N))

vanishes.

Since G∗ is defined to be automorphisms of S(M,V ) that restrict to automorphisms
of S(M ′, V ′), there is a tautological map from G∗ to the sheaf G′ of automorphisms of
S(M ′, V ′) that acts trivially on M ′ and its normal bundle. Hence G∗ maps to both G and
G′,

G∗ G

G′

u

r

which induces maps in cohomology

H1(M,G∗) H1(M,G)

H1(M,G′)

u

r

If we abelianize by replacing G∗, G,G
′ by their quotients by G3

∗, G
3, G

′3, then we can
complete the diagram above to a commutating square:

Hom∗(
∧2T−M,T+M) Hom(

∧2T−M,T+M)

Hom(
∧2T−M

′, T+M
′) Hom(

∧2T−M
′, T+M |M ′)

u

r ι

j

where u, r are the linearizations of the corresponding maps above. Note that the top row
are sheaves on M and bottom row are sheaves on M ′. The verticle maps are therefore
restrictions from M to M ′, followed by restrictions from

∧2T−M to
∧2T−M

′. Finally, j
comes from the inclusion T+M

′ → T+M |M ′ . Hence this induces a corresponding commu-
tative square in cohomology:

H1(M,Hom∗(
∧2T−M,T+M)) H1(M,Hom(

∧2T−M,T+M))

H1(M ′,Hom(
∧2T−M

′, T+M
′)) H1(M ′,Hom(

∧2T−M
′, T+M |M ′))

u

r ι

j

22



If S′ exists, the class ω2(S) ∈ H1(M,G) should be the image of some class ω∗
2(S) ∈

H1(M,G∗) under u. The map r : G∗ → G just restricts an element of G∗ to its action on
S(M ′, V ′), so the image ω∗

2(S) in H1(M ′, G′) is just the class ω2(S
′) that represents S′.

Hence the commutativity of the square implies the following compatibility condition:

Corollary 2.15 (Compatibility Lemma). If S′ is a submanifold of a supermanifold S,
then ω2(S

′) and ω2(S) are compatible in the sense that j(ω2(S
′)) = ι(ω2(S)).

Particularly important is the case that the normal sequence decomposes:

Corollary 2.16. Let S be a supermanifold and S′ ⊂ S a submanifold, with reduced space
M ′ ⊂M , such that the normal sequence of M ′ decomposes: TM |M ′ = TM ′ ⊕N , where N
is the (even) normal bundle. If ω2(S

′) 6= 0, then also ω2(S) 6= 0 and S is not projected.

Proof. This follows from Corollary 2.15 and the fact that, when the normal sequence
decomposes, the map j is injective.
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Chapter 3

Super Atiyah Classes

In this chapter we give a more geometric perspective of obstruction theory on supermani-
folds, via super Atiyah classes. We will first give a sheaf theoretic treatment of obstruction
classes. Then we will introduce obstruction theory using differential operators on super-
manifolds. After that, we introduce the ordinary Atiyah classes, which obstructs existence
of holomorphic connections on a vector bundle. Finally, we introduce the super Atiyah
class.

3.1 Obstruction Theory Revisited
Throughout this section, let S = (M,OS) be a supermanifold with reduced space M of
dimension m and modeled on the vector bundle V over M of rank n. So dimS = (m|n).
Let J denote the nilpotent ideal of OS . So V = J/J2, and OM = OS/J .

We define, for every i ≥ 0, the ringed space

S(i) = (M,OS/J
i+1).

These need not be supermanifolds, except for the extreme cases S(0) = (M,OM ) = M
and S(n) = (M,OS) = S. Nevertheless, the form an increasing filtration

M = S(0) ⊂ S(1) ⊂ · · · ⊂ S(i) ⊂ S(i+1) ⊂ · · · ⊂ S(n) = S.

This is the geometric filtration, defined by Manin [25]. A supermanifold S splits iff all of its
filtrations S(i) split, and similarly S is projected iff all of its filtrations S(i) are projected.

3.1.1 Obstructions to Projection

A projection is a morphism φ : S → M of supermanifolds which is the identity on M .
Such a morphism must induce a morphism of ringed space φ(i) : S(i) →M that is identity
on M for each i.

When i = 0, this is just a map between ringed spaces M → M , which we obviously
take to be the identity. This can always be done. Hence the obstruction to splitting boils
down to, inductively, given φi : S

(i) → M , can we extend it to the next level of filtration
φi+1 : S

(i+1) →M .

Theorem 3.1. The obstruction of extending φi one filtration level up to φi+1 is charac-
terized by a cohomology class

ω−
i ∈ H1(M,T+ ⊗

∧iV ∗).

In other words, such an extension is possible provided this cohomology class vanishes.
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Proof. On the level of topological space, of course we can (and we need to) set φi+1 to
be the identity on M . Hence the problem lies in extending the morphism on structure
sheaves.

We choose a good cover M =
⋃
α Uα, such that on each open set the supermanifolds

S and S(M,V ) are isomorphic.
Now suppose φi : S(i) →M is given. Note that we have an exact sequence

0 → J i+1/J i+2 → OS(i+1) → OS(i) → 0.

By an extension of φi on Uα we mean a morphism (identity on the base) φi+1 such that
the diagram

Γ(Uα,OM ) Γ(Uα,OS/J
i+2)

Γ(Uα,OM ) Γ(Uα,OS/J
i+1)

ϕ∗i+1,α

ϕ∗i,α

commutes, where the vertical map on the right is induced by the quotient of the exact
sequence above. That is, φ∗i+1,α agrees with φ∗i,α mod J i+1. This is achievable on Uα,
because by our choice of Uα there are local isomorphisms

Γ(Uα,OS) ∼= Γ(Uα,OS(M,V )) = Γ(Uα,OM ⊗
∧•V ∗),

which gives a natural inclusion map

ια : Γ(Uα,OM ) → Γ(Uα,OS).

We claim that we can construct the required extension φ∗i+1,α by defining it to be the
composition of the ια and the quotient by J i+2:

φ∗i+1,α : Γ(Uα,OM ) → Γ(Uα,OS) → Γ(Uα,OS/J
i+2).

One can check that the construction indeed satisfies the commutative diagram above and
moreover they are extensions of φ∗0,α = idOM (Uα).

We further note that by our choice of Uα we have the isomorphism

(OS/J
i+2)/(OS/J

i+1) ∼= J i+1/J i+2 ∼=
∧i+1V ∗

on Uα. Now define, on the intersection Uαβ = Uα ∩ Uβ, the quantity

ω−
αβ ≡ φ∗i+1,α|Uαβ

− φ∗i+1,β |Uαβ
: Γ(Uαβ ,OM ) → Γ(Uαβ ,OS/J

i+2).

But note that since φ∗i+1’s are extensions of φ∗i ’s, the difference ω−
αβ lives entirely in

J i+1/J i+2 ∼=
∧i+1V ∗. Hence ω−

αβ is actually (
∧i+1V ∗)-valued.

Now we show that ω−
αβ is an even derivation of OM (Uαβ). To see this, we take two

sections f, g ∈ Γ(Uαβ ,OM ). Then

ω−
αβ(fg) = φ∗α(fg)− φ∗β(fg)

= φ∗α(f)φ
∗
α(g)− φ∗β(f)φ

∗
β(g)

= φ∗α(f)φ
∗
α(g)− φ∗α(f)φ

∗
β(g) + φ∗α(f)φ

∗
β(g)− φ∗β(f)φ

∗
β(g)

= φ∗α(f)ω
−
αβ(g) + ω−

αβ(f)φ
∗
β(g).
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Now note that ω−
αβ(g) is already valued in

∧i+1V ∗ ∼= J i+1/J i+2. Moreover, since φ∗α =
φ∗i+1,α is an extension of φ∗0,α which is the identity, they must agree mod J . Hence φ∗α(f) =
f + J , which means the last expression above becomes

ω−
αβ(fg) = fω−

αβ(g) + ω−
αβ(f)g.

This shows that ω−
αβ is an even derivation of OM (Uαβ), hence valued in T+ ⊗

∧i+1V ∗.
Moreover, one can check that (ω−

αβ) defines a Čech cocycle, hence gives rise to a cohomology
class

ω− ∈ H1(M,T+ ⊗
∧i+1V ∗),

which is the right place for obstruction class according to the statement of the theorem.
Finally, we show that why vanishing of ω− implies the ability to extend φi to φi+1.

Suppose ω− vanishes, then it is a coboundary, so there must exists σ ∈ H0(M,T+ ⊗∧i+1V ∗) ∼= Γ(M,T+ ⊗
∧i+1V ∗) such that on the set Uαβ we have

(δ0σ)αβ = σα − σβ = φα − φβ = ωαβ .

So φ∗i+1,α − σα = φ∗i+1,β − σβ. Then define ψα = φ∗i+1,α − σα on Uα. One can check that
ψα extends φ∗i,α on Uα because σα is valued in

∧i+1V ∗, which means it vanishes mod J i+1

in the commutative diagram above, and φ∗i+1,α is an extension of φ∗i,α. This concludes the
proof.

This beautiful geometric proof was essentially given by Manin in [25]. Instead of
using filtration by S(i), Donagi and Witten [2] used filtration of automorphism groups of
splitting for the split model S(M,V ) and gave a more algebraic proof. Hence it is not
surprising that their results are slightly stronger than what we obtain above. In particular,
they showed that the odd obstructions to projection ω−

2k+1 always vanish, and only the
even obstructions ω−

2k survive. Moreover, they showed that the second obstruction ω−
2 ,

is actually the same class as the second obstruction to splitting ω2, which we will study
next.

3.1.2 Obstructions to Splitting

A splitting of supermanifold S is a global isomorphism φ : S → S(M,V ) that is identity
on the reduced space M , together with an isomorphism of structure sheaves. Therefore,
it must induce isomorphisms on every level of filtration

φi : S
(i) ∼=−→ S(M,V )(i).

When i = 0, this is just a map between ringed spaces M → M , which we obviously take
to be the identity. This can always be done. Hence the obstruction to splitting boils
down to, inductively, given φi : S(i) → S(M,V )(i) an isomorphism, can we extend it to an
isomorphism φi+1 : S

(i+1) → S(M,V )(i+1).

Theorem 3.2. The obstruction of extending φi one filtration level up to φi+1 is charac-
terized by a cohomology class

ωi ∈ H1(M,T(−1)i ⊗
∧iV ∗).

In other words, such an extension is possible provided this cohomology class vanishes.
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Proof. On the level of topological space, of course we can (and we need to) set φi+1 to
be the identity on M . Hence the problem lies in extending the morphism on structure
sheaves.

We choose a good cover M =
⋃
α Uα, such that on each Uα the supermanifolds S and

S(M,V ) are isomorphic. On each Uα, we are given the pullback isomorphisms

φ∗i,α : OS(M,V )(i)(Uα) → φi∗OS(i)(Uα) = OS(i)(Uα).

By definition of structure sheaves of both supermanifolds, this is an isomorphism

φ∗i,α : Γ(Uα,
∧≤iV ∗) → Γ(Uα,OS/J

i+1),

where by convention
∧0V ∗ = OM . Now the question is whether we can extend φ∗i,α. That

is, whether we can find φ∗i+1,α such that the diagram

Γ(Uα,Λ
≤i+1V ∗) Γ(Uα,OS/J

i+2)

Γ(Uα,Λ
≤iV ∗) Γ(Uα,OS/J

i+1)

ϕ∗i+1,α

ϕ∗i,α

commutes, where the vertical maps are induced by quotient. This is of course achievable
provided Uα is sufficiently small, since we have local the isomorphism∧≤i+1V ∗/

∧≤iV ∗ ∼= J i+1/J i+2

on Uα. Hence we conclude that the extension problem is locally solvable, and the obstruc-
tion lies in our ability to patch these local solutions glocally. Namely, for two such open
covers Uα, Uβ , define on the intersection Uαβ := Uα ∩ Uβ

ωαβ ≡ φ∗i+1,α|Uαβ
− φ∗i+1,β |Uαβ

: Γ(Uαβ ,OS(M,V )i+1) → Γ(Uαβ ,OS/J
i+2).

Note that on Uαβ , we have the isomorphism

OS/J
i+2 ∼= OM ⊕ J/J2 ⊕ J2/J3 ⊕ · · · ⊕ J i/J i+1 ⊕ J i+1/J i+2

∼= OM ⊕
∧1V ∗ ⊕

∧2V ∗ ⊕ · · · ⊕
∧iV ∗ ⊕

∧i+1V ∗

∼=
∧≤i+1V ∗.

So ωαβ is valued in the truncated exterior power
∧≤i+1V ∗. But in fact it is more con-

strained: Because both φ∗i+1,α and φ∗i+1,β are extensions of the same morphism φ∗i,α = φ∗i,β
when restricted on the intersection, they agree on elements of Λ≤iV ∗. Therefore, ωαβ is
actually is valued in the sheaf∧≤i+1V ∗/

∧≤iV ∗ ∼=
∧i+1V ∗.

We claim that that ωαβ is an even derivation of OS(M,V )i+1(Uαβ), and the proof is exactly
the same calculation as we did in Theorem 3.1. There is one subtle point though: we
follow the same calculation until we reach the last step, which reads

ωαβ(fg) = φ∗α(f)ωαβ(g) + ωαβ(f)φ
∗
β(g),

27



where this time f, g ∈ Γ(Uα,OS(M,V )(i+1)) = Γ(Uα,
∧≤i+1V ∗). We use the same argument

that φ∗α = φ∗i+1,α is an extension of φ∗0,α = idOM
, so the following diagram must commute:

Γ(Uα,Λ
≤i+1V ∗) Γ(Uα,OS/J

i+2)

Γ(Uα,OM ) Γ(Uα,OS/J)

ϕ∗α

mod Λ>0V ∗ mod J

ϕ∗0=id

and similarly for β. Therefore, if we decompose f = f0 + fn where f0 is the part in OM

and fn is the nilpotent part, then the commutativity of the diagram actually says

φ∗α(f) ≡ φ∗0(f0) = f0 mod J.

Hence the expression of Libniz rule before actually becomes

ωαβ(fg) = f0ωαβ(g) + ωαβ(f)g0.

But this is in fact the desired Libniz rule in this case. Because to say that φ∗i+1,α is a
derivation from

Γ(Uα,OS(M,V )(i+1)) = Γ(Uα,
∧≤i+1V ∗)

to Γ(Uα,OS/J
i+2), we need to specify the action from the domain (a supercommutative

ring) to the codomain (a module over that ring). Here, after we identify Γ(Uα,OS/J
i+2) ∼=

Γ(Uα,
∧≤i+1V ∗), the action simply becomes multiplication modulo

∧>i+1V ∗, which means
the action of f on Γ(Uα,OS/J

i+2) is literally multiplication by f0. The same is true when
we restrict to Uαβ , and for the right action. We refer the readers to p.156 and p.158-159
of [25] for detailed definitions of superalgebra. Therefore, we may as well write

ωαβ(fg) = f · ωαβ(g) + ωαβ(f) · g.

This shows that ωαβ is an even derivation of OS(M,V )(i+1)(Uαβ), as previously claimed.
Since ωαβ is even, by parity it must follows that

ωαβ ∈ Γ(Uαβ , T(−1)i+1 ⊗
∧i+1V ∗).

Finally, one can check that the family (ωαβ) forms a Čech cocycle, and descends to a
well-defined cohomology class

ωi+1 ∈ H1(M,T(−1)i+1 ⊗
∧i+1V ∗),

as desired. The final statement can be proved precisely in the same way we proved the
analogous statement in Theorem 3.1.

Remark 3.3. One should note that the definition of ωi depends on the choice of φi−1, as
is evident from our construction. Indeed, in section 2.2.2 of [2], the authors showed that
even for the split model S(M,V ), nonstandard choice of φ2 gives ω3 6= 0. So non-vanishing
of ωi for a particular choice of φi−1 is not sufficient to show that a supermanifold does not
split. Same problem occurs for the obstruction class ω−

i to projection.
However, none of these affects the obstruction class ω2, which is an invariant of any

supermanifold S and obstructs splitting or projection (recall that ω2 = ω−
2 as we previously

mentioned). Hence nonvanishing of ω2 is sufficient to deduce the failure of a supermanifold
to be split or projected. In fact, this is the only obstruction class that we will use in the
remaining part of this writing.
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3.2 Obstruction Theory via Differential Operators
Let S = (M,OS) be a supermanifold. Recall that the second obstruction class ω2 (for
simplicity we denote by ω), is given by

ω ∈ H1(M,T+ ⊗
∧2T ∗

−) = Ext1(
∧2T−, T+)

using the identification Ext1(F ,G) ∼= H1(M,Hom(F ,G)) and the isomorphism V ∗ ⊗W ∼=
Hom(V,W ).

Definition 3.4. An extension of F by G (where F ,G are sheaves or vector bundles on
M) is an exact sequence

0 → G → E → F → 0

of sheaves on M . Two extensions E and E ′ of F by G are said to be equivalent if there
exists an isomorphism E → E ′ making the following diagram commutes:

0 G E F 0

0 G E ′ F 0

Theorem 3.5. The equivalent classes of extension of F by G are in bijection with elements
in Ext1(F ,G).

Proof. This is a standard result in homological algebra. See Theorem 7.30 of [26], for
example.

Therefore, the class ω can be interpreted as the extension class [Dω] of vector bundles

0 → T+ → Dω →
∧2T− → 0 (3.1)

on M . We claim that Dω can be realized as a certain sheaf of differential operators along
S. We first introduce several sheafs of differential operators on S or M :

• DS : sheaf of differential operators on S.

• DS |M : the restriction of DS to M . This is achieved by setting all the Grassmann
coordinates to zero. Algebraically speaking, this is achieved by tensoring the OS-
module DS with OM = OS/J over M .

• DM : sheaf of differential operators on M . Note that we can identify DM as a
subsheaf of DS |M because if A is a differential operator on M , we can define its
action on a function f on S by A(f |M ).
Note that when S = S(M,V ) = (M,OM ⊗

∧•V ∗) is split, we can view
∧•V as a

subsheaf of DS |M , since we can identify

∂

∂θµ
∧ ∂

∂θν
≡ ∂

∂θµ
∂

∂θν
.

Note that both sides are antisymmetric. Using the fact that for a split supermanifold
S the most general differential operator in DS |M takes the form

A =
∑

I=(i1,...,il),J=(j1,...,js)

aIJ(xµ, θν = 0)
∂

∂θi1
· · · ∂

∂θil
∂

∂xj1
· · · ∂

∂xjs
,

we can identify
DS(M,V )|M =

∧•V ⊗OM
DM . (3.2)

29



• Di
S : subsheaf of DS consisting of differential operator of order (maximum number

of differentiation involved, with respect to both even and odd variables) ≤ i.

• Di = Di
S : the restriction of Di

S to M . This is a subsheaf of DS |M .

• Di
− = Di

S,−: the subsheaf of Di whose symbol, i.e., the i-th order term, is purely
odd. That is, it is the sum of terms of the form

A = f(xµ)
∂

∂θk1
· · · ∂

∂θki
+ lower order terms.

The precise claim is that

Theorem 3.6. The vector bundle Dω in (3.1) corresponding to the obstruction class
ω ∈ H1(M,T+ ⊗

∧2T ∗
−) = Ext1(

∧2T−, T+) can be identified as the sheaf

D̄ := D2
−/D

1
−

on M . In local coordinates, D2
− = OM 〈1, ∂x, ∂θ, ∂2θ 〉 and D1

− = OM 〈1, ∂θ〉. Hence D̄ =
OM 〈1, ∂θ〉.

This is the key theorem of the section. The proof is quite technical, and requires some
preparation. We first collect some useful results and notions in algebra.

3.2.1 Algebra Preliminaries

Lemma 3.7. Let V be a vector space over a field F . Then we have the isomorphism

End(V ) ∼= F ⊕ End0(V )

where End0(V ) denote traceless endomorphisms.

Proof. For any linear map T : V → V , let Tr(T ) = t be its trace. Then we have the
decomposition T = tI + (T − tI), where the first part is clearly isomorphic to the base
field F , while the second part is in End0(V ).

Lemma 3.8. Let V,W be F -vector spaces. Then we have the isomorphism

V ⊗W ∗ ∼= Hom(W,V ).

Proof. Let v ∈ V and εW ∈ W ∗. Then the isomorphism maps v ⊗ εW to the map
w 7→ εW (w)v for all w ∈W .

Lemma 3.9. Let V be a F -vector space, we have the isomorphism∧kV ∗ ∼= (
∧kV )∗.

Proof. We need to exhibit a pairing (−,−) :
∧kV ∗ ×

∧kV → F . The pairing is

(ε1 ∧ · · · ∧ εk, v1 ∧ · · · ∧ vk) = det
(
εi(vj)

)
.

The rest of the detail is omitted.
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Lemma 3.10. Suppose we are given F -vector spaces A,B,C. Suppose we have X and X ′

that fits into exact sequences 0 → A⊗C → X → B → 0 and 0 → A→ X ′ → B⊗C∗ → 0.
Then we can recover X from X ′, and vice versa. More specifically, we have

X ′ = (X ⊗ C∗)/(A⊗ End0(C))

and
X = ker(X ′ ⊗ C → B ⊗ End0(C)).

Proof. Let us start with the exact sequence 0 → A ⊗ C → X → B → 0. Then we can
tensor everything by C∗, and using Lemma 3.8 we have C ⊗ C∗ ∼= End(C), hence the
sequence reads 0 → A⊗ End(C) → X ⊗ C∗ → B ⊗ C∗ → 0. Now using Lemma 3.2.1, we
see that A⊗End(C) ∼= A⊕ (A⊗End0(C)). The map A⊗End(C) → X ⊗C∗ thus factors
through A⊗ End0(C) and descends to a well-defined exact sequence

0 → A→ (X ⊗ C∗)/(A⊗ End0(C)) → B ⊗ C∗ → 0.

The other direction is similar, starting by tensoring with second sequence by C. We leave
the rest of the proof to interested readers.

The above lemmas on vector spaces generalizes directly to vector bundles or sheaves
of vector spaces. Next, we introduce the notion of torsors.

Definition 3.11. Let G be an abelian group1. By a G-torsor or a G-principal homo-
geneous space we mean a set X, together with a group action G ×X → X, such that
the map

ρ : G×X → X ×X (g, x) 7→ (x, g.x)

is a bijection.

Remark 3.12. Note that ρ defined above being bijection implies two things: First, in-
jectivity of ρ implies only identity element eG ∈ G can fix every element of X. In other
words, the action is free. Surjectivity of ρ implies that the action of G on X is transitive.
Hence, equivalently, one can say that a G-torsor is a set with an action of G on it that is
freely transitive.

We now introduce the most relevant example of a G-torsor that we will use in this
writting:

Definition 3.13. Let V be a vector space, viewed as an abelian group under addition.
An affine space A modeled on V is simply a V -torsor A.

Remark 3.14. Let P,Q ∈ A be two points in the affine space A modeled on V . By
definition, there exists v ∈ V such that P = v.Q. If A is a subset of the vector space V
itself, then the action of V on A is by translation, hence we can switch to the additive
notation P = v +Q. Thus P −Q = v.

This might sound familiar. An affine space is often described as a vector space that
has "forgotten its origin." You can’t add two points P,Q together, but you can subtract
two points to get a vector P −Q = v (the displacement vector).

The most useful example of affine space to think about is plane Pλ defined by z = λ
for some λ 6= 0 in R3. If you add two such points in the plane, the resulting z coordinate
would be 2λ 6= λ, so is no longer in Pλ. But the difference of two points in Pλ would still
be a vector, hence in R3.

Again, the above notion generalizes to vector bundles.
1If G is nonabelian then one must distinguish between left and right torsors according to whether the

action is on the left or right.
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3.2.2 Proof of Theorem 3.6

Now we start on our proof of Theorem 3.3.
Recall that the family of all splittings of S is parameterized by the group of isomor-

phisms from S(M,V ) to S that fixes M and V . So

Splt(S) := IsomM,V (S(M,V ), S).

Note that Splt(S) is a Splt(S(M,V ))-torsor. A bit more generally, we can define

Splt(S(i)) := IsomM,V (S(M,V )(i), S(i)).

Similarly, this is a Splt(S(M,V )(i))-torsor. Working locally over M , we can also define
sheaves of groups

Splt(S(i)) : U 7→ IsomU,V (S(M,V )(i)|U , S(i)|U )

and similarly Splt(S(M,V )(i)). And we note that Splt(S(i)) is a Splt(S(M,V )(i))-torsor.
In particular when i = 2, by [2] just before their equation (2.7), using G = G2 (defined in
the paper) we have the identification

Splt(S(M,V )(2)) ∼= H0(G/G3) = H0(G2/G3) ∼= H0(M,T+ ⊗
∧2T ∗

−),

and similarly when we restrict to U we get the global section of T+ ⊗
∧2T ∗

− over U . This
tells us that the sheaves of groups Splt(S(M,V )2) can be identified with the vector bundle
T+⊗

∧2T ∗
−. In general (also discussed in the same place in [2]), the torsor Splt(S(2)) over

it becomes an affine bundle modeled on T+ ⊗
∧2T ∗

−, the structure group being the group
of translations.

Now we need a core lemma. The proof is technical and not so obvious, so we omit it.
But it follows directly from our treatment of obstruction classes from the previous section.

Lemma 3.15. The first obstruction class defined in [2] can be identified with the class of
this affine bundle discussed above. Equivalently, it is identified with the extension class of
the sequence of vector bundles

0 → T+ ⊗
∧2T ∗

− → Dω
π−→ OM → 0,

from which Splt(S(2)) is recovered as π−1(1).

Now we begin the proof of Theorem 3.6.

Proof of Theorem 3.6. First, note that by the definition of D̄ from the statement of The-
orem 3.6, it fits into an exact sequence

0 → T+ → D̄ →
∧2T− → 0 (*)

or in local coordinates this is 0 → 〈∂x〉 → 〈∂x, ∂2θ 〉 → 〈∂2θ 〉 → 0. To compare it with the
extension class Dω, we first message the sequence above into the sequence in Lemma 3.15
by tensoring with

∧2T ∗
−. Using the conversion recipe from Lemma 3.10, with A = T+, B =

OM , C =
∧2T ∗

−, X
′ = D̄, we see that we need to make sense of identifying Dω with

K := ker(α0 : D̄ ⊗
∧2T ∗

− → End0(
∧2T ∗

−)).
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Let us recall what this α0 is by tracing through the construction. We started by tensoring
(*) with

∧2T ∗
−, from which we get a map

α : D̄ ⊗
∧2T ∗

− →
∧2T− ⊗

∧2T ∗
−
∼= End(

∧2T ∗
−),

where if we trace through the isomorphisms Lemma 3.8, this is the map

α : δ ⊗ (dθi ∧ dθj) 7→ δ̄ ⊗ (dθi ∧ dθj) 7→ (σ 7→ δ̄(σ)dθi ∧ dθj),

where δ ∈ D̄, and δ̄ is its image mod T+, and σ ∈
∧2T ∗

−. Finally, for σ = dθp ∧ dθq, and
δ̄ = ∂

∂θm
∂
∂θn , the pairing is δ̄(σ) = det

(
∂
∂θµ (dθ

ν)
)
:= det

(
dθν( ∂

∂θµ )
)
, using Lemma 3.9. The

point is, by Lemma 3.2.1, we have a decomposition End(
∧2T ∗

−)
∼= OM ⊕ End0(

∧2T ∗
−).

Therefore, α decomposes into two maps α0 that maps to End0(
∧2T ∗

−), and α1 that maps
to OM . Recalling the proof of Lemma 3.2.1, we see that to say ϕ ∈ D̄⊗

∧2T ∗
− is in kerα0

is to say that α(ϕ) is a multiple of id∧2
T ∗
−

, hence its data must be entirely captured by
its image under α1, and we note that α1(ϕ) = Trα(ϕ).

Because we are asked to identify Dω with K, we must compare the exact sequence in
Lemma 3.15 with the following exact sequence:

0 → T+ ⊗
∧2T ∗

− → K
α1−→ OM → 0

and show that these are two equivalent extensions. Since Dω is characterized by the
property that the affine bundle Splt(S(2)) is recovered by π−1(1), it suffices to identify
Splt(S(2)) with α−1

1 (1), the elements τ ∈ D̄⊗
∧2T ∗

− such that α(τ) is a multiple of identity
on
∧2T ∗

− with trace 1.
To this end, suppose we are given a splitting s : S(M,V )(2) → S(2). The equality

(2.5) in [31], namely Di
S(i) = Di

S gives us an identification of Di
S(M,V ) with Di

S for i = 1, 2.
Thus we get a corresponding identification of D̄S(M,V ) with D̄S . But by (3.2), the inclusion∧•V → DS(M,V ) naturally gives rise to a map∧2T− → D̄S

which in local coordinate reads
∂

∂θm
∧ ∂

∂θn
7→ ∂

∂θm
∂

∂θn
.

This map gives an element of Hom(
∧2T−, D̄) ∼= D̄ ⊗

∧2T ∗
−, which, after tracing through

the isomorphism of Lemma 3.8, reads

τ =
1

2
(dθµ ∧ dθν)

∂

∂θµ
∂

∂θν
.

Indeed, as one can check, using the determinant pairing in Lemma 3.9, one obtains

τ

(
∂

∂θm
∧ ∂

∂θn

)
=

1

2
(δµmδ

ν
n − δµnδ

ν
m)

∂

∂θµ
∂

∂θν
=

1

2

(
∂

∂θm
∂

∂θn
− ∂

∂θn
∂

∂θm

)
=

∂

∂θm
∂

∂θn
,

which is indeed the map of interest. Since α is just modulo T+ and our τ is built up purely
of odd elements,

α(τ) =
1

2
(dθµ ∧ dθν)

∂

∂θµ
∂

∂θν
.

Doing exactly the same calculation shows that α(τ) is actually identity on
∧2T ∗

−. Nor-
malizing τ so that Trα(τ) = 1, in other words replacing τ → τ/(dim

∧2T ∗
−), we see that
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the splitting s indeed gives an element τ in α−1
1 (1). Finally, note that τ = τ(s) depends

on the splitting s, since the inclusion
∧2T− → D̄S is defined by the following commutative

diagram
Λ2V D̄S(M,V )

Λ2T− D̄S

∼=s ∼=s

whose vertical isomorphisms are induced by s, hence is splitting dependent. Thus our
identification is given by

Splt(S(2))
∼=−→ α−1

1 (1) s 7→ τ(s).

This concludes the proof.

3.3 Obstruction Class via Map Spaces

In this section, we give another equivalent characterization of the obstruction class. Let

Bk = C[η1, ..., ηk]/(ηiηj = −ηjηi)

be the polynomial ring of k independent odd variables ηm for 1 ≤ m ≤ k. Note that
SpecBk = A0|k. In fact, for any supermanifold S and a Z2-graded Artinian C-algebra B,
we can define the set of B-points of S

S(B) := Maps(SpecB,S),

which is the set of all maps from SpecB to S. This set S(B) is naturally a manifold: it
is finite dimensional, smooth, and purely even. Indeed, the reduced space of SpecB is
just a finite collection of points, hence this set of maps has a natural structure of a finite
dimensional manifold.

Example 3.16. We first look at the example S(B1) = Maps(SpecB1, S). So let ϕ ∈ S(B1)
be such a map. Since SpecB1 = A0|1 is topologically just a point, the map on the level of
topological space is not interesting, and in fact the information of where ϕ maps the point
to can be fully recovered from the information of ϕ∗ : OS → ϕ∗OA0|1 .

Since OA0|1 = C[η1], and ϕ∗ is a Z2-homomorphism, we see that

ϕ∗xa = λa ϕ∗θb = vbη1,

where λa, vb are even parameters, for 1 ≤ a ≤ m, 1 ≤ b ≤ n. Using an abuse of notation
for simplicity, we write

xa = λa θb = vbη1.

In fact, λa’s describe the coordinates of a point on the reduced space M of S, which is
exactly the coordinate of the point that ϕ maps to in M .

On the other hand, vb’s are the coefficients of an odd tangent vector. The easiest way
to see this is to imagine if we change the coordinate xa → ya(x, θ) and θb → ψb(x, θ). Say
with respect to this new coordinate the map ϕ∗ on the odd direction reads

ψb = wbη1.
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Then Taylor expanding ψb near θ = 0 gives

ψb(x, θ) = ψb0(x) + θj
∂ψb

∂θj
(x).

Plugging in θj = vjη1, and collecting only the first order term in η1, we see that

wb = vj
∂ψb

∂θj
(x),

which is the transformation rule for an odd vector restricted on M (note that since it is
restricted on M , any functions on M cannot have θ dependence, so the above transfor-
mation rule is indeed correct). So λa’s describe a point on M , while vb’s describe an odd
tangent vector, and these information completelet determines ϕ. Therefore, we conclude
that S(B1) can be identified with the total space of T−M .

Next we come to the core example of this section, S(B2). Using the same local coor-
dinate analyze as the previous example, we see that a map Spec(B2) → S is determined
by the even parameters λa, ha, vb, wb, where 1 ≤ a ≤ m, 1 ≤ b ≤ n, given by

xa = λa + η1η2h
a θb = vbη1 + wbη2.

Now we change coordinates to

ya(x, θ) = fa(x) + θiθj
∂2ya

∂θi∂θj
(x) + · · · ψb(x, θ) = θi

∂ψb

∂θi
(x) + · · · .

We will get a new set of rules defining ϕ in this coordinate, namely

ya = Λa + η1η2H
a ψb = V bη1 +W bη2.

We do the same computation as before, collecting and comparing terms of C[η1, η2], we
see that

Λ = f(λ)

V b = vi
∂ψb

∂θi
(λ)

W b = wi
∂ψb

∂θi
(λ)

Ha = hb
∂ya

∂xb
(λ) + (viwj − wivj)

∂2ya

∂θi∂θj
(λ), (**)

where f(λ) is a point whose component is given by fa(λ) in the Taylor expansion above.
Hence we see that λ = (λa) describes a point in M , while v = (vb) and w = (wb) describes
two odd tangent vectors. So λ together with v, w describe a point of the total space of
the bundle T− ⊕ T− over M . The more interesting piece is h = (ha). For each fixed λ and
v, w, the transformation rule (**) is a linear transformation f ′(λ), which is the transition
functions for the even tangent space T+, plus a constant shift (viwj−wivj) ∂2ya

∂θi∂θj
(λ), which

is an affine transformation. This shows that h is an affine bundle over the total space of
Y = T− ⊕ T−, modeled on π∗T+, where π : Y → M is the projection map. Note that if
we insist that the affine bundle is over Y , then it has to be modeled on a vector bundle
over Y , so it is modeled on π∗T+, not on T+. But we can also view it as an affine bundle
modeled on T+ for every given parameters λ, v, w. In fact, the bilinear dependence of
(**) shows that a point S(B2) is a family of affine bundle modeled on T+, parameterized
linearly by

∧2T−.
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Proposition 3.17. The family of affine bundles over a model space F over M that is
parameterized linearly by another vector bundle E over M , is classified by the cohomology
group H1(M,Hom(E,F )).

Proof. We choose a good cover M =
⋃
α Uα by open sets. Over each open set Uα, say the

section of our affine bundle over that is given by Aα. Then on the overlap Uαβ = Uα ∩Uβ ,
the transition rule is that of an affine transition

Aβ =MαβAα + sαβ ,

where Mαβ is a section of End(F ), which are transition functions that are already specified
when we construct the vector bundle F , while sαβ is a section of F that depends on the
parameter in E, so in other words a section of Hom(E,F ). Moreover, compatibility asserts
that they satisfy the cocycle condition

sαγ = sαβ + sβγ .

Hence s = (sαβ) defines an element in H1(M,Hom(E,F )). Moreover, this family modeled
on F that is parameterized by E is completely determined by the affine shift s = (sαβ) on
the overlap. Therefore, H1(M,Hom(E,F )) classifies such family, as desired.

By the previous Proposition, we see that S(B2), which is an affine bundle modeled on
T+ parameterized linearly by

∧2T−, corresponds to an element inH1(M,Hom(
∧2T−, T+)),

which is the right place for the obstruction class. We claim that these two classes in fact
coincide. It suffices to prove, because of the previous section, that the class of S(B2) is
the same class as the extension class of D̄ defined previously. But this is easy: In local
coordinates, an operator in D̄ takes the form

L = ha
∂

∂xa
+ ξij

∂

∂θi
∂

∂θj
.

Now we change coordinates xa → ya(x, θ) and θb → ψb(x, θ). Then the differential opera-
tor in D̄ takes the form

L = Ha ∂

∂ya
+ Ξij

∂

∂ψi
∂

∂ψj
.

To figure out how these coefficients relate, we use the chain rule modulo D1
−:

∂

∂xa
=
∂yk

∂xa
∂

∂yk
+
∂ψl

∂xa
∂

∂ψl
=
∂yj

∂xa
∂

∂yj

and
∂

∂θi
=
∂yk

∂θi
∂

∂yk
+
∂ψl

∂θi
∂

∂ψl
.

Hence

∂

∂θi
∂

∂θj
=

(
∂yk

∂θi
∂

∂yk
+
∂ψl

∂θi
∂

∂ψl

)(
∂yp

∂θj
∂

∂yp
+
∂ψq

∂θj
∂

∂ψq

)
=
∂ψl

∂θi
∂ψq

∂θj
∂

∂ψl
∂

∂ψq
+
∂yk

∂θi
∂2yp

∂yk∂θj
∂

∂yp
+ · · ·

≡ ∂ψl

∂θi
∂ψq

∂θj
∂

∂ψl
∂

∂ψq
+
∂yk

∂θi
∂2yp

∂yk∂θj
∂

∂yp
mod D1

−.
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Hence we see that the transformation rule is

Hp = ha
∂yp

∂xa
+ ξij

∂2yp

∂θi∂θj

Ξlq = ξij
∂ψl

∂θi
∂ψq

∂θj
.

We see that if we identify ξ with v ∧ w in S(B2), then the first transformation equation
above is precisely (**), and the second transformation equation is the combination of that
of v and w.

But what we have established, S(B2) as an affine T+-bundle over the total space Y of
T− ⊕ T− over M corresponds to an element

[S(B2)] ∈ H1(M,Hom(
∧2T−, T+)) = H1(M,T+ ⊗

∧2T ∗
−) = Ext1(

∧2T−, T+).

Hence S(B2) corresponds to a vector bundle that is an extension of
∧2T− by T+. Moreover,

the computation above shows that the transition functions of this affine bundle is the same
as that of the transition functions of the vector bundle D̄, hence we conclude that [S(B2)]
and [D̄] are the same class. Summarizing what we have established in the last two sections,
we come to the first crutial theorem of this chapter:

Theorem 3.18. For any supermanifold S with reduced space M , the following three classes
in H1(M,Hom(

∧2T−, T+)) are equal:

1. The first obstruction class ω = ω2 to the splitting of S;

2. The extension class [D̄] of the ring of the differential operators D̄ := D2
−/D

1
−;

3. The class [S(B2)] as an affine T+-bundle over the total space Y of T−⊕T− over M .

3.4 Atiyah Classes

Atiyah class was first proposed by M. Atiyah in his paper [27], and is briefly reviewed in
[28]. We will give an overview of Atiyah class, presenting several equivalent definitions,
but not worried about showing these definitions being equivalent.

3.4.1 Jet Bundle and Extension Class

Let E be a vector bundle over a manifold X of dimension m. Let p ∈ X be a point.
We denote Γ(E, p) the set of all local sections of E whose domain contains p. Let σ, η ∈
Γ(E, p) be two such local sections. Near p, we can choose a local frame eα ∈ Γ(E, p) for
1 ≤ α ≤ rankE. Then we can write σ = σαeα and η = ηαeα where σα, ηα ∈ Γ(OX , p). For
multi-index I = (I(1), ..., I(m)), where I(k) is to be thought of the order of differentiation
with respect to the k-th variable, and |I| =

∑
k I(k), we define the derivative operator

∂I =
∂|I|

∂xI
:=

m∏
k=1

(
∂

∂xk

)I(k)
in a local chart of M near p. We say that σ, η have the same r-jet at p if

∂Iσα(p) = ∂Iηα(p)
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for all 0 ≤ |I| ≤ r and for all p. An r-jet is an equivalence class under this relation, and
the equivalence class of r-jet with representative σ is denoted by jrpσ. We now define the
set

Jr(E) = {jrpσ : p ∈ X,σ ∈ Γ(E, p)}.

There is an obvious projection π : Jr(E) → X, by π(jrpσ) = p. A coordinate system on E
will induce a set of coordinates on Jr(E) as follows: If (xi, uα) is a set of coordinate systems
on E, where xi is the coordinate on an open set U ⊂ X and ua the fiber coordinates, then
a coordinate system on Jr(E) is given by (xi, uα, uαI ), where xi(jrpσ) = xi(p), uα(jrpσ) =
uα(σ(p)), and uαI (j

r
pσ) = ∂Iσα, for 0 ≤ |I| ≤ r. These coordinate systems makes Jr(E)

into a vector bundle over X called the r-th jet bundle of E.
In particular, the first jet bundle J1(E) of E is the vector bundle whose fiber at p ∈ X

is the equivalence class of sections of E with the same first order derivatives at p.

Proposition 3.19 (Atiyah Sequence). Let X be a complex manifold and E a holomorphic
vector bundle on X, then J1(E) fits into the following exact sequence called the Atiyah
sequence.

0 → ΩX ⊗ E → J1(E) → E → 0. (3.3)

Proof. The map J1(E) → E is defined fiberwise by jrpσ 7→ σ(p). Hence its kernel consists
of jrpσ such that σ(p) = 0. Hence it suffices to show K ∼= ΩX ⊗ E holds fiberwise. We
may choose local holomorphic coordinates around p, say (zi) on an open set of U ⊂ X
containing p. We may choose a local frame eα near p on E for 1 ≤ α ≤ rankE. Then
a section σ = σαeα. Since for jrpσ ∈ Kp, all the information are contained in the first
order derivatives, we define the isomorphism Φ : Kp → ΩX |p ⊗ E|p is given in this local
coordinates by sending

Φ(jrpσ) =
∂σα

∂zi
(p)dzi ⊗ eα|p.

It is easy to check that this is a linear isomorphism. Hence we get the desired claim.

The sequence (3.3) therefore gives rise to the extension class known as the Atiyah
class:

αE ∈ Ext1(E,ΩX ⊗ E) = H1(X,ΩX ⊗ End(E)).

Let DX be the sheaf of differential operators on X, and Dp be the subsheaf of operators
of order ≤ p. Then we have the following:

Lemma 3.20. J1(E∗)∗ ∼= D1 ⊗OX
E.

Proof. We work near p ∈ X and choose a local coordinate zµ around it on X once and
for all, and choose a dual frame εα for 1 ≤ α ≤ rankE∗ of E∗ to that of eα of E once and
for all. Then j1pϕ where ϕ ∈ Γ(E∗, p) is given by the tuple (ϕ(p), ∂µϕα) where ϕ = ϕαε

α

near p. Then contraction gives a map TpM → E∗
p :

vµ 7→ vµ∂µϕα.

Hence we see that the derivative part of j1pϕ can be identified with an element in

Hom(TpM,E∗
p)

∼= T ∗
pX ⊗ E∗

p .

Now, a section L of D1 ⊗ E can be decomposed into the zeroth and first order part
L = L0 + L1, each is a E-valued differential operator with the given order. We define a
bilinear pairing from D1 ⊗OX

E and J1(E) to C by

〈L, j1pϕ〉 = 〈L0, ϕ〉+ 〈L1, ∂µϕα〉.
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One can check that this pairing is nondegenerate (left as exercise), hence the statement
immediately follows.

By Lemma 3.20, we can dualize (3.3) with E replaced by E∗ and get an exact sequence

0 → E → D1 ⊗OX
E → TX ⊗ E → 0.

By properties of Ext1 from homological algebra, the extension class corresponding to this
sequence is −αE . Now replacing E by E∗ again gives the representative of αE . Hence we
get the following.

Theorem 3.21. The following two classes in H1(X,ΩX ⊗ End(E)) are equal, for any
complex manifold X and holomorphic vector bundle E on it:

1. The Atiyah class αE;

2. The extension class [D1 ⊗OX
E∗] of 0 → E∗ → D1 ⊗OX

E∗ → TX ⊗ E∗ → 0 given
by the sheaf of first order differential operators from E to OX .

3.4.2 Obstruction to Existence of Holomorphic Connections

Next, we introduce Atiyah class as the obstruction of finding a holomorphic connection
on a vector bundle. Our treatment follows [29]. The advantage of this formulation is that
we have a very concrete discription of the Atiyah class as a Čech 1-cocycle.

Definition 3.22. Let E → X be a holomorphic vector bundle over a complex manifold.
A holomorphic connection on E is a complex-linear map ∇ : E → ΩX ⊗ E such that
the Libniz rule holds

∇(f · σ) = ∂(f)⊗ σ + f · ∇σ,

for any local holomorphic function f on X and any local holomorphic section σ of E.
Here, ∂f = (∂f/∂zi)dzi is the holomorphic differential.

Proposition 3.23. Locally, any holomorphic connection is of the form ∂ +A where A is
a holomorphic section of Ω1

X ⊗End(E). Given σ = σµeµ for some local frame eα, the map
∂ is defined by ∂(σµeµ) = (∂σµ)eµ ∈ Ω1

X ⊗ E.

Proof. This can be proved by using applying the Libniz rule above to the local expression
σ = σµeµ. Then we have

∇σ = (∂σµ)eµ + σµ∇eµ.

We write ∇eµ = Aνµeν , for some section Aνµ of ΩX . Then the equation above becomes

∇σ = (∂σµ +Aµνσ
ν)eµ.

Using matrix notation σ = (σ1, ..., σr), the equation becomes ∇ = ∂ +A, as desired.

Now let E be a holomorphic vector bundle and X =
⋃
i Ui be an open covering with

holomorphic trivilizations Ψi : E|Ui
∼= Ui × Cr. On the intersection Uij = Ui ∩ Uj , if a

point on E|Uij is given by (p, vi) under Ψj and (p, vj) as Ψi, then we define the transition
map Ψij : Ui → GL(r,C) by vi = Ψij(p)vj . Note that we have the cocycle condition of
the transition map: ΨijΨjkΨki = id. Now we introduce the Atiyah class as follows:
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Definition 3.24. The Atiyah class αE ∈ H1(X,Ω1
X ⊗ End(E)) of the holomorphic

vector bundle E is given by the Čech 1-cocycle

(αE)ij := Ψ−1
j ◦ (Ψ−1

ij dΨij) ◦Ψj

on Uij . Here, by Ψ−1
ij dΨij we mean taking the exterior derivative of the components of

the matrix Ψij , then multiply by the inverse matrix Ψ−1
ij of Ψij . This gives an element

Ψ−1
ij dΨij ∈ Γ(Uij ,ΩX ⊗ End(Cr)). Then by conjugation of Ψj we get an element in

Γ(Uij ,ΩX ⊗ End(E)).

Proposition 3.25. A holomorphic vector bundle E admits a holomorphic connection iff
its Atiyah class αE ∈ H1(ΩX ⊗ End(E)) vanishes.

Proof. Since Ψij are holomorphic, we have that dΨij = ∂Ψij . Local holomorphic connec-
tions on Ui × Cr are of the form ∂ + Ai by Proposition 3.23. These can be glued to a
connection globally on E iff on Uij we have

Ψ−1
i ◦ (∂ +Ai) ◦Ψi = Ψ−1

j ◦ (∂ +Aj) ◦Ψj .

Equivalently this is

Ψ−1
i ◦ ∂ ◦Ψi −Ψ−1

j ◦ ∂ ◦Ψj = Ψ−1
j AjΨj −Ψ−1

i AiΨi.

The left hand side of the equation above is

Ψ−1
i ◦ ∂ ◦Ψi −Ψ−1

j ◦ ∂ ◦Ψj = Ψ−1
j ◦ (Ψ−1

ij ◦ ∂ ◦Ψi ◦Ψ−1
j ) ◦Ψj −Ψ−1

j ◦ ∂ ◦Ψj

= Ψ−1
j ◦ (Ψ−1

ij ◦ ∂ ◦Ψij − ∂) ◦Ψj

= Ψ−1
j ◦ (Ψ−1

ij ∂(Ψij)) ◦Ψj ,

where the last equality Ψ−1
ij ◦ ∂ ◦ Ψij − ∂ = Ψ−1

ij ∂(Ψij) can be proved easily by applying
both sides to a holomorphic section. The right hand side Ψ−1

j AjΨj − Ψ−1
i AiΨi is the

boundary of the 0-cocycle Bi = Ψ−1
i AiΨi. Hence αE = 0 iff there exists local connections

on E that can be glued to a global one.

3.4.3 Atiyah Class of Tangent Bundle

Now we specializes to the case where E = TX is the tangent bundle. In this case we use
shorthand notation αX to denote αTX . The Atiyah class αX lives in H1(X,ΩX⊗End(TX)).
We know

ΩX ⊗ End(TX) = T ∗
X ⊗ T ∗

X ⊗ TX

contains a piece Sym2 T ∗
X⊗TX = Hom(Sym2 TX , TX). In fact, in this case the Atiyah class

αX lies completely in this summand, i.e., αX ∈ H1(Hom(Sym2 TX , TX)). For a proof, see
discussion in [31] and (2.1.1) of [28].

We now present the bosonic analogue of Theorem 3.18 on a complex manifold X.
Recall that Di is the sheaf of differential operators of order ≤ i on X. We can identify
D1/D0 ∼= TX and D2/D1 ∼= Sym2 TX . Then we have a short exact sequence of locally free
sheaves on X:

0 → TX → D2/D0 → Sym2 TX → 0, (3.4)

whose extension class we shall denote by [D2]. Also, let Ai = C[ε1, ..., εi]/(ε21, ..., ε2i ). Define

X(Ai) := Maps(SpecAi, X).
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By similar argument as we did in the supermanifold case, X(A0) = X,X(A1) = TX , and
X(A2) is the bosonic analogue of S(B2). It is an affine TX -bundle over the total space of
TX ⊕ TX . Then Theorem 3.18 has a straightforward analogue:

Theorem 3.26. The following three classes in H1(X,Hom(Sym2 TX , TX)) are equal for
any complex manifold X:

1. The Atiyah class αX ;

2. The extension class [D2] of (3.4);

3. The class of X(A2) as an affine TX-bundle over the total space of TX ⊕ TX over X.

3.5 Super Atiyah Classes
We defined the Atiyah class αE as an obstruction to admitting a holomorphic connec-
tion on E in Proposition 3.25. The notion of an affine connection can be extended to
supermanifolds quite easily. See [30] section 4 for example. Therefore, we can extend
the notion of super Atiyah class: Let S be a supermanifold. The super Atiyah class
αV ∈ H1(S, T ∗

S ⊗End(V )) of a (super) vector bundle V on S is defined as the obstruction
class to the existence of an affine connection on V [30, Theorem 4.3], represented by a
Čech 1-cocycle exactly like 3.25, namely (αV )ij = ∇i −∇j is the difference between two
affine connections on the intersection of two fine covers.

We aim to get a straightforward analogue of Theorem 3.26 for supermanifolds. The
second equivalence is easy to generalize: We define the sheaf Di of differential operators
of order ≤ i on S, and the extension class [D2] corresponding to that of (3.4).

Now we generalize the third equivalence, which is more tricky. Let A be a graded
Artinian algebra. We wish to define S(A) of A-valued points of S. The first guess of
defining it by S(A) := Maps(SpecA,S) is wrong because it is only a manifold, not a
supermanifold. Hence S(A) := Maps(SpecA,S) is the reduced space of the desired S(A).

The correct definition requires us to consider the internal-Hom in the category of
supermanifolds. That is, we require

S(A) = Maps(SpecA,S)

to be defined by the property that for every supermanifold S′ there should be a natural
identification

Maps(S′ × SpecA,S) = Maps(S′,Maps(SpecA,S)).

This property is strong enough so that any two candidates for S(A) are naturally identified.
So if S = S1 ∪ S2 is the union of two open subsets S1, S2 which are also supermanifolds,
then we can build S(A) from S1(A) and S2(A). Hence it suffices to consider the case where
S is affine. When S =W is a super vector space, we define Maps(SpecA,W ) := A⊗W ,
where the tensor product is taken as Z2-graded vector spaces. In general, if S is affine,
then it is defined by an ideal I in some super vector space W , in which case we take
Maps(SpecA,S) to be the subspace of Maps(SpecA,W ) Defined by the ideal

I := {ϕ⊗ r : ϕ ∈ A∗, r ∈ I}

where A∗ is the super vector space of linear functions on A.
As before, we consider the Artinian ring Ai = C[ε1, ..., εi]/(ε21, ..., ε2i ). Then similar

to the previous discussions for the bosonic case, we have S(A1) = TS , and S(A2) is
our super version of X(A2) in Theorem 3.26. Then Theorem 3.26 has a straightforward
generalization:
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Theorem 3.27. The following three classes in H1(S,Hom(Sym2 TS , TS)) are equal for
any complex supermanifold S:

1. The super Atiyah class αS = αTS ;

2. The extension class [D2] of the sheaf of differential operators D2/D0 on S;

3. The class of S(A2) as an affine TS-bundle over the total space Y of TS ⊕TS over S.

Now comes the key point. When we restrict the supermanifold S to the reduced space
M , the tangent bundle decomposes:

TS |M = T+ ⊕ T−.

Therefore, Sym2 TS also decomposes:

Sym2 TS = Sym2 T+ ⊕ Sym2 T− ⊕ (T+ ⊗ T−),

where we note that the symmetric product of a graded vector bundle T is defined in the
graded sense: ab = (−1)|b||a|ba. Since T− is purely odd, we have that Sym2 T− =

∧2T−.
By parity, the Hom group also splits into direct summands:

Hom(Sym2 TS , TS) = Hom(Sym2 T+, T+)⊕Hom(
∧2T−, T+)⊕Hom(T+ ⊗ T−, T−),

where the second arguments of Hom in the decomposition are given by above because these
are Z2-homomorphisms, so it preserves gradings. This means theH1(M,Hom(Sym2 TS , TS))
also splits into three pieces, which are H1(M,−) where − are the three pieces in the Hom
decomposition above. From an equivalent perspective: Since Ext1 is additive in both
arguments, this means that we have a corresponding decomposition

Ext1(Sym2 TS , TS) = Ext1(Sym2 T+, T+)⊕ Ext1(
∧2T−, T+)⊕ Ext1(T+ ⊗ T−, T−). (3.5)

Theorem 3.28. Under the decomposition (3.5), the three components of the super Atiyah
class (when restricted to M) αS ∈ H1(M,Hom(Sym2 TS , TS)) = Ext1(Sym2 TS |M , TS |M )
are:

1. The Atiyah class αM of the reduced manifold M ;

2. The obstruction class ω(S) to the splitting of S;

3. The Atiyah class αT− of the vector bundle T− on M .

Proof. We use (2) of Theorem 3.27 and consider the extension class of D2/D0 on S in-
stead. The corresponding extension of (3.5) splits into three extensions, each involving
three submodules D2

+,D2
−,D2

± of D2, which we will prove to be invariant under choice of
coordinates:

D2
+ = OM 〈∂2x, ∂x〉 D2

− = OM 〈∂2θ , ∂x〉 D2
± = OM 〈∂x∂θ, ∂θ〉,

with the three obvious extensions

0 → T+ → D2
+ → Sym2 T+ → 0

0 → T+ → D2
− →

∧2T− → 0

0 → T− → D2
± → T+ ⊗ T− → 0
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corresponding to (3.5). Then the claim immediately follows from Theorem 3.26, Theorem
3.18, and Theorem 3.21 with E = T−. Hence it remains to show that the three submodules
of D2 above are indeed invariant under change of coordinates.

Suppose we change coordinates xµ → yµ(x, θ) and θν → ψν(x, θ). Then by chain rule,
we have

∂

∂xµ
=
∂ya

∂xµ
∂

∂ya
+
∂ψb

∂xµ
∂

∂ψb

∂

∂θν
=
∂ya

∂θν
∂

∂ya
+
∂ψb

∂θν
∂

∂ψb
.

Since we are on M where the odd coordinates are zero, we see that

∂

∂xµ
=
∂ya

∂xµ
∂

∂ya
∂

∂θν
=
∂ψb

∂θν
∂

∂ψb
.

Hence D2
+,D2

−,D2
± are indeed invariant submodules of D2 under a change of coordinates,

hence are well-defined.
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Chapter 4

Forms and Dualities on
Supermanifolds

4.1 Berezinian and Integration on Supermanifolds

On a purely bosonic manifold Mp, the natural object that we can integrate is a top dimen-
sional differential form, i.e., a section of the canonical bundle

∧pΩM . On a supermanifold,
however, the differential of the odd variable commutes. Hence the complex of differential
forms is not bounded from above. That is, there is no top degree differential form. The
Berezinian will be the analogue of the canonical bundle in the supermanifold case, and we
can naturally integrate a section of the Berezinian (We already mentioned it a little bit in
Example ??).

Let us first define the Berezin integral on Rp|q. Let the coordinate of Rp|q be
t1, ..., tp|θ1, ..., θq. Then a general function g(t1...|...θq) can be expanded as a polynomial
in θ’s:

g(t1...|...θq) =
∑
I

gI(t)θ
I = g0(t

1, ..., tp) + · · ·+ θqθq−1 · · · θ1gq(t1, ..., tp).

Then we define the integral of g on Rp|q as
ˆ
Rp|q

[dt1...|...dθq]g(t1...|...θq) =
ˆ
Rp

dt1...dtpgp(t
1, ..., tp).

The left hand side is just formal notation, and the right hand side is to be taken as the
definition. But to generalize integration to arbitrary supermanifolds, we need to make
sense of the object [dt1...|...dθq]. We know it should be a section of some vector bundle
over Rp|q, hence is completely determined by its transition functions.

Definition 4.1 (Berezinian). Let V be a Z2-graded vector space of dimension p|q. Let
V = V 0 ⊕ V 1 be a decomposition of V into even and odd subspaces, then any linear map
T : V → V decomposes as

T =

(
A B
C D

)
.

We define the Berezinian of T to be

BerT = det
(
A−BD−1C

)
det(D)−1.
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One can check that the definition of BerT does not depend on the choice of the
decomposition V = V 0⊕V 1. This is not trivial, but several references can be found in [5].

Now let M be a compact supermanifold of dimension p|q. Let ξ = (t1...|...θq) and
ξ′ = (t1

′
...|...θq′) be two local coordinates on M . Then one can show that

[dt1
′
...|...dθq′ ] = Ber

(
∂ξ′

∂ξ

)
[dt1...|...dθq].

Therefore, the object [dt1...|...dθq] can be interpreted as a section of a vector bundle over
M which we define as follows:

Definition 4.2. Let Mp|q be a supermanifold. For two local charts ϕi : Ui → Rp|q and
ϕj : Uj → Rp|q of M , let ϕij = ϕi ◦ ϕ−1

j : Rp|q → Rp|q be the change of coordinate
morphism. The Berezinian Ber(M) of M is the line bundle of rank 1|0 whose transition
functions on Ui ∩ Uj is given by Berϕij .

Then, what can be naturally integrated over M is a section of Ber(M). For more
details, see [5]. Now we define integration on a supermanifold Mp|q. First, take σ ∈
Γ(M,Ber(M)) a section of Berezinian that is supported on some open set U ⊂ M such
that U ∼= Rp|q. Then since this is a line bundle, locally

σ = [dt1...|...dθq]g(t1...|...θq).

So we define ˆ
M
σ =

ˆ
Rp|q

[dt1...|...dθq]g(t1...|...θq).

For a general section σ ∈ Γ(M,Ber(M)), we choose an atlas M = ∪αUα of M , such that
Uα ∼= Rp|q, and a partition of unity {ρα} subordinate to {Uα}. Then we defineˆ

M
σ =

∑
α

ˆ
Uα

ρασ,

and now each term in the summand is defined above.
A particularly common situation is when we have fiber bundle maps of supermanifolds.

Then one can show that the Berezinian is functorial in the following sense:

Proposition 4.3. Let π : E → B be a locally trivial fibration of supermanifolds with
fiber F . Then the integration along fiber map π∗ : Ber(E) → Ber(B) is functorial in the
sense that ˆ

E
σ =

ˆ
N
π∗σ

for any section σ of Ber(E).

Proof. By a partition of unity argument, it suffices to check the equality in the case that
the fibration is given by π : Rp′|q′ → Rp|q. Then this is just a simple application of Fubini’s
theorem.

4.2 Differential and Integral Forms
Let Mp|q be a supermanifold, with local coordinates t1...|...θq. Then we introduce the
corresponding 1-forms dt1, ..., dtp, dθ1, ..., dθq. As established in Example ??, forms on M
will corresponds to functions

ω(t1, ..., dθq|θ1, ..., dtp)
on ΠTM .
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Definition 4.4. If the function ω(t1, ..., dθq|θ1, ..., dtp) ∈ C∞(ΠTM) has polynomial de-
pendence on the even 1-forms dθi, then it is called a differential form on M . If in its
dependence on dθ1, ..., dθq, the function ω is a distribution supported at the origin (i.e., δ
functions and its derivatives), then we call it an integral form on M .

A wedge product of two differential forms or a differential form and an integral form
is defined by multiplying corresponding functions. The differential forms A•(M) are nat-
urally graded by the number of differentials. The exterior derivative is defined in the
obvious way as a vector field on ΠTM :

d =
∑
i

dti
∂

∂ti
+
∑
j

dθj
∂

∂θj
. (4.1)

Proposition 4.5. d2 = 0.
Proof. The proof is similar to the bosonic case.

Therefore, we have a chain complex A0(M)
d−→ A1(M)

d−→ · · · of differential forms.
The cohomology H∗

dR(M) := H∗(A•(M), d) of this chain complex is called the de Rham
cohomology of M .

We will now introduce a grading on integral forms. A top degree integral form is given
by element of the form

f(t1...|...θq)dt1...dtpδ(dθ1)...δ(dθq).

Therefore, a top degree integral form has degree p which is the even dimension of the
supermanifold M . We denote this space by Σp(M). Note that such a form is annihilated
by multiplication by dti (anticommutativity of dt’s) or dθi (because this will give a term
proportional to dθiδ(dθi), and we know xδ(x) = 0 in the distributional sense). An integral
form of codimension i can be obtained from a section of Σp(M) by applying i derivatives
with respect to the variables dti or dθj . That is, a general element of an integral form of
codimension i is given by

∂

∂(dt)I∂(dθ)J
f(t1...|...θq)dt1...dtpδ(dθ1)...δ(dθq),

where |I| + |J | = i. Since we are viewing dti and dθj as independent variables in the
coordinate ring of ΠTM , differentiation by dti needs no further explanation. Since the
only expression above that depends on dθj ’s are the delta functions, we explain a bit more
about how the differentiation works. Clearly, if i 6= j then

∂

∂(dθj)
δ(dθi) = 0.

If i = j, then we formally write
∂

∂(dθi)
δ(dθi) = δ′(dθi),

and it formally becomes a derivative of the delta function. You can think of this as dis-
tributional derivative if you want. Similarly, taking k derivatives gives δ(k)(dθi). We said
before that dθjδ(dθj) = 0. More generally, one can verify that in the sense of distributions

x · δ(k)(x) = −kδ(k−1)(x). (4.2)

Therefore, it follows that
dθjδ(k)(dθj) = −kδ(k−1)(dθj).

Let us make the above discussion into a formal definition:
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Definition 4.6 (Integral forms). Let Mp|q be a supermanifold with local coordinates
t1...|...θq. Locally, any integral form can be written as an OM -linear combination of ele-
ments of the form

ω = f(t1...|...θq)dti1 . . . dtirδ(j1)(dθ1) . . . δ(jq)(dθq).

The degree |ω| of the integral form ω above is defined as

|ω| = r − j1 − · · · − jq.

We denote the space of integral forms of degree m as Σm(M). By default we set Σm(M) =
0 for all m > p, and we refer to Σp−i(M) as the space of integral forms of codimension i.

Proposition 4.7. The exterior derivative increases the degree by 1. That is, for each m
we have a map d : Σm(M) → Σm+1(M).

Proof. We decompose the exterior derivative (4.1) into the even and odd part d = d0+d1,
where d0 =

∑
i dt

i ∂
∂ti

and d1 =
∑

j dθ
j ∂
∂θj

. Let

ω = f(t1...|...θq)dti1 . . . dtirδ(j1)(dθ1) . . . δ(jq)(dθq)

where |ω| = m. Then we have

d0ω =

p∑
i=1

(
∂f

∂ti

)
dti ∧ dti1 . . . dtirδ(j1)(dθ1) . . . δ(jq)(dθq)

which increases the degree by 1 since we are wedging an extra dti. On the other hand,

d1ω =

q∑
β=1

(
∂f

∂θβ

)
dθβ ∧ dti1 . . . dtirδ(j1)(dθ1) . . . δ(jq)(dθq).

Now we apply (4.2) adn we see that each summand gives a term dθβ · δ(jβ)(dθβ) =
−jβδ(jβ−1)(dθβ). Hence each term in the summand now has one degree higher. Hence
we conclude that dω ∈ Σm+1(M), as desired.

Since d2 = 0, it follows that we have another chain complex

· · · → Σ−1(M)
d−→ Σ0(M)

d−→ Σ1(M)
d−→ · · · d−→ Σp−1(M)

d−→ Σp(M)
d−→ 0.

We define the Spencer cohomology (or integral cohomology) to be the cohomology
H∗

Sp(M) = H∗(Σ•(M), d) of this chain complex.
We will now give a different description of the space of integral forms.

Definition 4.8. Let V be a Z2-graded vector space and V = V0 ⊕ V1 be its even and odd
decomposition. The k-th supersymmetric power SkV of V is defined as

SkV =
⊕
r+s=k

Symr V0 ⊕
∧sV1.

If E is a Z2 graded vector bundle, then SkE is defined similarly.

Theorem 4.9. Σk(M) ∼= Ber(M)⊗ Sp−kΠTM .

Proof. See Theorem 9.24 of [40].
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Remark 4.10. The significance of introducing integral forms on supermanifold is that
these are the object that we can integrate on. More specifically, we can integrate a section
of Σp(M) ∼= Ber(M) onM , and we can integrate a section of Σp−i(M) over a supermanifold
of codimension i inside M . The reason is that as we discussed in Example ??, integrating
a form ω on M is the same as integrating the function ω on ΠTM . That is,

ˆ
M
ω =

ˆ
ΠTM

β(ΠTM) · ω, (4.3)

where β(ΠTM) is the volume form on ΠTM as introduced in Example ??. That is,
β(ΠTM) is a normalized section of Ber(ΠTM). In fact, in the previous section we only
introduced how to integrate a function on a supermanifold, so (4.3) is actually the defini-
tion of

´
M ω.

Now, if ω has polynomial dependence on dθ1, ..., dθq, i.e., if ω is a differential form on
M , then the right hand side of (4.3) does not converge. Conclusion: integrating a differ-
ential form over a supermanifold does not make sense in general due to convergence issues,
and we can only integrate differential forms over a purely bosonic manifold. However, if ω
has distributional dependence on dθ1, .., dθq, then the right hand side of (4.3) does make
sense, and we can integrate ω.

Integration of an integral form on M and Berezin integration is equivalent in the
following sense:

Proposition 4.11. Let π : ΠTM → M be the parity-reversed tangent bundle and let
ω ∈ Σp(M) be an integral form of top degree. Let σ = π∗(β(ΠTM)ω) ∈ Ber(M). Then

ˆ
M
σ =

ˆ
M
ω.

Proof. Apply Proposition 4.3 to the fibration π : ΠTM →M .

4.3 Stokes’s Theorem
There is a super analogue of Stokes’s theorem for integral forms. Similar to the ordinary
Stokes’s theorem for bosonic manifold, the first step of the proof is to check the theorem
holds in Rp|q.

Proposition 4.12 (Stokes’s Theorem, local version). Let ν be a compactly supported
integral form on Rp|q of codimension 1. Then

ˆ
Rp|q

dν = 0.

Proof. Again, We decompose the exterior derivative (4.1) into the even and odd part
d = d0 + d1, where d0 =

∑
i dt

i ∂
∂ti

and d1 =
∑

j dθ
j ∂
∂θj

. Then we claim that
ˆ
Rp|q

d0ν =

ˆ
Rp|q

d1ν = 0.

The integral of d0ν over the even variables vanishes by the ordinary bosonic version of
Stokes’s theorem. The integral of d1ν over the odd variables vanish because d1ν is a sum
of terms none of which are proportional to the product θ1...θq of all the odd variables.

We can immediately extend this to a general supermanifold:
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Theorem 4.13 (Stokes’s Theorem, version I). Let M be a supermanifold and ν be a
compactly supported integral form on M of codimension 1. Then

ˆ
M

dν = 0.

Proof. By a partition of unity argument, this follows immediately from the local version
of the Stokes’s theorem.

Finally, we give the familiar version of Stokes’s theorem for supermanifolds with bound-
ary. We first must define what it means for a supermanifold to have boundary.

Definition 4.14. Let M be a supermanifold such that the reduced space |M | is an or-
dinary manifold with boundary. We say M is a supermanifold with boundary of
dimension p|q if there are open covers M = (∪αUα)∪ (∪aVa) such that for each α we have
isomorphisms ϕα : Uα ∼= Rp|q and isomorphisms

ψa : Va
∼=−→ {(t1a...tpa|θ1a...θqa) ∈ Rp|q : tpa ≥ 0}.

As usual, we have the gluing functions in the intersections Uα ∩ Uβ , Uα ∩ Vb, Va ∩ Vb. As
for the gluing function ψab on Va ∩ Vb, we require that

tpa = exp
(
ψab(t

1
b ...|...θ

q
b)
)
tpb .

The boundary ∂M of M is the subset defined by the equations tpa = 0.

Theorem 4.15 (Stokes’s Theorem, Version II). Let M be a supermanifold with boundary
and ν is a compactly supported integral form on M of codimension 1, then

ˆ
M

dν =

ˆ
∂M

ν.

Proof. As usual, one first proves it by reduction to the ordinary form of Stokes’s theorem
for the case that ν is compactly supported in just one of the Uα or Va. The general case
follows by using a partition of unity.

4.4 Poincaré Duality

Recall that for a supermanifold Mp|q, we have two chain complexes over M : The de Rham
complex (A•, d) and the integral complex or Spencer complex (Σ•, d). The corresponding
cohomologies of these two complexes are the de Rham cohomology H∗

dR(M) and Spencer
cohomology H∗

Sp(M). We will show that Berezin integral defines a perfect pairing of these
two cohomology groups in the correct dimension. First, just as in the bosonic case, we
need to show every closed form is locally exact:

Lemma 4.16 (Poincaré lemma). Let ω be a differential or integral form on a superman-
ifold M . If ω is closed, then locally there exists a form η such that dη = ω.

Proof. Let the local coordinates of U be ZA = (x1, . . . , xp|θ1, . . . , θq). We define a radial
contraction flow ht : U → U for t ∈ [0, 1] by scaling all coordinates equally:

ht(Z) = tZ.
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Notice that h1 = idU (the identity map) and h0 = 0 (projection to the origin). Next, we
define the Euler vector field E on U , which generates this scaling:

E =

p∑
i=1

xi
∂

∂xi
+

q∑
a=1

θa
∂

∂θa
=
∑
A

ZA
∂

∂ZA
.

We construct a homotopy operator K : Ak(M) → Ak−1(M), and respectively K :
Σk(M) → Σk−1(M), as follows: For every k-form ω, we define

Kω =

ˆ 1

0

1

t
iE(h

∗
tω)dt,

where iE is the contraction with the Euler vector field. Now by Cartan’s formula we have

d(Kω) +K(dω) =

ˆ 1

0

1

t
(diE(h

∗
tω) + iE d(h∗tω)) dt =

ˆ 1

0

1

t
LE(h∗tω)dt.

A standard property of the radial scaling map is that the Lie derivative with respect to
the Euler vector field matches the formal time derivative scaled by t:

1

t
LE(h∗tω) =

d

dt
(h∗tω).

Substituting this identity into our integral reduces the entire expression to a total deriva-
tive:

d(Kω) +K(dω) =

ˆ 1

0

d

dt
(h∗tω)dt = h∗1ω − h∗0ω = ω,

since h∗1 = id and h∗0 = 0. Now if ω is closed, the equation above reads d(Kω) = ω, which
means we can take η = Kω.

Next, we show that the de Rham and Spencer cohomology of M are both isomorphic
to ordinary de Rham cohomology of the reduced space |M |. This should make sense
intuitively: since as a topological space a supermanifold M is just identical to its reduced
space |M |, we should not be able to get new topological invariants.

Theorem 4.17 (Quasi-Isomorphism). Let M be a supermanifold. Then for any k, we
have isomorphisms

Hk
dR(M) ∼= Hk

dR(|M |) ∼= Hk
Sp(M).

Proof. By Poincaré lemma, every d-closed form is locally d-exact. Then it follows from
the existence of partitions of unity on M that the sheaves Ak and Σk are acyclic, meaning
H i(M,Ak) = H i(M,Σk) = 0 for all i > 0. Therefore, we have an acyclic resolution

0 → R|M | ↪→ A1 d−→ A2 d−→ A3 d−→ ...

where we recall that a sheaf on M is simply a sheaf on the reduced space |M |. Therefore,
we have

Hk
dR(M) = RkΓ(M,A•) =: Hk(|M |,R|M |)

∼= Hk(|M |;R) ∼= Hk
dR(|M |).

Now we look at the Spencer resolution. The isomorphism Hk
dR(|M |) ∼= Hk

Sp(M) is a
consequence of the Čech-to-de Rham spectral sequence for the double complex (Σ•, δ, d),
where δ is the Čech differential and d the exterior differential of integral forms. On one
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hand, we still have the de Rham isomorphism Hk
dR(|M |) ∼= Hk(|M |,R|M |). On the other

hand, we have the Spencer sheaf

Hk
δ (Σ

•) :=
ker(d : Σk → Σk+1)

im(d : Σk−1 → Σk)
,

which is the quotient of the kernel sheaf of d by the image sheaf of d (it is defined to be
the sheafification of the image presheaf of d). The Poincaré lemma implies that

Hk
δ (Σ

•) =

{
RM k = 0

0 k > 0.

Hence it follows from the spectral sequence that Hk
Sp(M) ∼= Hk(|M |,R|M |)

∼= Hk
dR(|M |).

This concludes the proof.

For details of this proof can be found in [40]. The quasi-isomorphism theorem above
immediately gives the following:

Corollary 4.18.

Hk
dR(Rp|q) ∼= Hk

Sp(Rp|q) ∼=

{
R k = 0

0 k > 0.

Now we present the Poincaré duality theorem on supermanifolds. We first remark that
one can define compactly supported cohomology H∗

dR,c(M) and H∗
Sp,c(M) exactly as we

defined de Rham and Spencer cohomology on M , except that we obviously require the
forms in the cochain groups to have compact support. When M is compact, then these
are just ordinary de Rham and Spencer cohomologies.

Theorem 4.19 (Poincaré Duality for Supermanifolds). Let M be a real supermanifold
of dimension p|q with |M | oriented. Then, for any n ≥ 0, the Berezin integral defines a
perfect pairing in cohomology

〈−,−〉 : Hp−n
Sp,c (M)×Hn

dR(M)
∼−→ R 〈[ω], [η]〉 =

ˆ
M
ω ∧ η.

Hence we have an induced isomorphism αM : Hk
Sp,c(M)

∼−→ Hp−k
dR (M)∗.

Notation 4.20. In the proof below, we will commit to a slight abuse of notation and
write 〈[ω], [η]〉 as 〈ω, η〉.

Proof. The pairing is well-defined by Stokes’s theorem. We first assume that M ∼= Rp|q. by
the previous corollary, the only nontrivial pairing occurs when n = 0, and this is a pairing
between one dimensional vector spaces. There exists a section of compactly supported
Berezinian β such that

´
Rp|q β = 1, which shows that α : Hp

Sp,c(R
p|q) → H0

dR(Rp|q) is
surjective, hence is an isomorphism. This proves the Poincaré duality in the case of
M = Rp|q.

The remainder of the proof is a classic Mayer-Vietoris argument and induction on
cardinality of good covers, See [41],§5 for details. We consider the case where M = U ∪V ,
where the two open sets {U, V } are each isomorphic to Rp|q and all possible intersections
are contractible (this is called a good cover). We consider the short exact sequences of
complexes. For de Rham forms, we have the restriction sequence:

0 → An(U ∪ V )
r−→ An(U)⊕An(V )

δ−→ An(U ∩ V ) → 0
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where r(η) = (η|U , η|V ) and δ(ηU , ηV ) = ηU |U∩V − ηV |U∩V . For compactly supported
integral forms, we have the extension-by-zero sequence:

0 → Σkc (U ∩ V )
e−→ Σkc (U)⊕ Σkc (V )

s−→ Σkc (U ∪ V ) → 0

where e(ω) = (ω,−ω) and s(ωU , ωV ) = ωU + ωV , which extends the forms ωU , ωV by zero
and then adds them. Taking the long exact sequences of these two complexes and taking
dual of the second one gives a diagram

· · · Hn
Sp,c(U ∩ V ) Hn

Sp,c(U)⊕Hn
Sp,c(V ) Hn

Sp,c(M) Hn+1
Sp,c (U ∩ V ) · · ·

· · · Hp−n
dR (U ∩ V )∗ Hp−n

dR (U)∗ ⊕Hp−n
dR (V )∗ Hp−n

dR (M)∗ Hp−n−1
dR (U ∩ V )∗ · · ·

e∗

αU∩V

s∗

αU⊕αV

d∗

αM

e∗

αU∩V

δ∗ r∗ d∗ δ∗

We check that all the squares are commutative up to a sign. Then since the rows are
exact, by five lemma we can deduce αM is an isomorphism, proving Poincaré duality for
the case where M = U ∪ V is the union of two split superspace isomorphic to Rp|q.

Let {ρU , ρV } be a partition of unity subordinate to {U, V }. Checking commutativity
of the first two squares is straightforward. For the map e∗ and δ∗:

〈e∗ω, (ηU , ηV )〉 =
ˆ
U
ω ∧ ηU +

ˆ
V
(−ω) ∧ ηV =

ˆ
U∩V

ω ∧ (ηU − ηV ) = 〈ω, δ∗(ηU , ηV )〉.

This commutes exactly. Similarly, for s∗ and r∗:

〈s∗(ωU , ωV ), η〉 =
ˆ
U∪V

(ωU + ωV ) ∧ η =

ˆ
U
ωU ∧ η|U +

ˆ
V
ωV ∧ η|V = 〈(ωU , ωV ), r∗(η)〉.

It remains to check the third square that involves the connecting homomorphisms. We
recall the definitions from p.24,45 of [41]: Let [η] ∈ Hn

dR(U ∩ V ). Its image under the
de Rham connecting homomorphism d∗ : Hn

dR(U ∩ V ) → Hn+1
dR (U ∪ V ) is represented by

d(ρUη) = dρU ∧ η. Let [ω] ∈ Hp−n−1
Sp,c (U ∪ V ). Its image under the connecting homomor-

phism d∗ : Hp−n−1
Sp,c (U ∪ V ) → Hp−n

Sp,c (U ∩ V ) is represented by d(ρUω) = dρU ∧ ω. Hence
we have

〈d∗ω, η〉 =
ˆ
U∩V

(dρU ∧ ω) ∧ η = ±
ˆ
U∩V

ω ∧ (dρU ∧ η) = ±〈ω, d∗η〉.

Note that in the third equality we used the fact that d∗ω is supported in U ∩ V , see p.24
of [41]. Hence, by five lemma, αM is an isomorphism.

So we have proven that if the Poincaré duality holds on good covers U and V , then it
holds on U ∪ V . The proof is concluded by induction on the number of good covers.

We know that a compactly supported integral form on Mp|q of codimension zero can
be naturally integrated over M . Now we claim that an integral form of codimension r can
be naturally integrated over a submanifold of codimension r|0.

Indeed, for every submanifold Np−r|q ⊂Mp|q of codimension r|0, there is a Poincaré
dual r-form δN . If N is locally defined by the vanishing of even functions f1, ..., fr, which
are real valued when the odd variables θs all vanish, then locally

δN = δ(f1)...δ(fr)df1 ∧ · · · ∧ dfr,

where one orders the factors so as to agree with the orientation of the normal bundle
NN/M to N . One can check that changing the defining equations does not change δN , so
the definition make sense globally.
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Remark 4.21. Several remarks are in order: (1) The Poincaré dual δN , as the name
suggests, arises naturally from Poincaré duality as follows: Poincaré duality gives an
isomorphism (after taking duals) Hp−r

Sp,c(M)∗ ∼= Hr
dR(M). Now if N is a submanifold of M

of codimension r, then integration over N is an element of Hp−r
Sp,c(M)∗. Hence by Poincaré

duality, this corresponds to a unique element δN ∈ Hr
dR(M), which is what we call the

Poincaré dual of N . By construction, its defining property is that for any µ representing
a class in Hp−r

Sp,c(M), we have ˆ
M
δN ∧ µ =

ˆ
N
µ.

This explains the notation δN : It is the form analogue of a delta function over N .
(2) If N is locally the zero set of f1, ..., fr, then the functions f1, ..., fr provides the

local fiber coordinates of the normal bundle NN/M . Therefore, by the expression of δN
given above, if π : NN/M → N is the fibration map, then fiber integrating the Poincaré
dual δN of N gives:

π∗δN = 1.

In fact, this can be proven in general: The Poincaré dual δN of N can be chosen to be
the Thom class of the normal bundle NN/M → N , which is characterized by exactly the
property that π∗δN = 1. See §6 of [41].

(3) Technically, since δN ∈ Hr
dR(M) is a differential form, we should demand the

coefficient function of δN to be smooth functions on M , but in our expression we have
δ(f1)...δ(fr) which are distributions on M . This formal but clever definition is given by
Witten in [5]. There are two ways to remedy this: First is to note that by remark (2)
and uniqueness of Poincaré dual, we can take the Poincaré dual of N to be any form that
is supported in an arbitrarily small neighborhood of the zero section of NN/M , that fiber
integrates to 1. Hence we can explicitly construct a family of forms cohomologous to the
Poincaré dual of N by taking a sequence of smooth bump functions ϕϵ with total integral
1 and shrinking support around 0. Then the family is given by

Φϵ = ϕϵ(f1) . . . ϕϵ(fr)df1 ∧ · · · ∧ dfr.

Then as ε → 0, the forms Φϵ converge to δN in the sense of distribution. Another way
to interpret this is that we can actually allow distributional coefficients, and instead of
a differential form, we will get an object known as the current. There is a rich theory
of cohomology of currents, and it turns out that they are isomorphic to the de Rham
cohomology [42]. Hence we can actually allow forms to have distributional coefficients.

If we perturb N slightly to a homologous submanifold N , then Poincaré dual allows us
to prove that the integral of any closed integral form of correct codimension over N and
N ′ are the same:

Proposition 4.22. If µ ∈ Σp−r(M) is a closed integral form of codimension r, andN ∼ N ′

(which means N and N ′ are homologous submanifold in M), thenˆ
N
µ =

ˆ
N ′
µ.

Proof. Since N ∼ N ′, we have δN − δN ′ = dτ for some compactly supported (r − 1)-form
τ . Since µ is closed, we have d(τ ∧ µ) = dτ ∧ µ. Therefore,ˆ

N
µ−
ˆ
N ′
µ =

ˆ
M

dτ ∧ µ =

ˆ
M

d(τ ∧ µ) = 0

by Stokes’s theorem.
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Chapter 5

Super Riemann Surfaces and
Supermoduli

5.1 Super Riemann Surfaces

Definition 5.1. Let S be a supermanifold of dimension 1|1. A distribution (i.e., a subsheaf
of the tangent sheaf) D ⊂ TS is called a superconformal structure if it is

• an odd distribution, i.e., a subbundle of rank 0|1.

• everywhere non-integrable. Recall that by Frobenius theorem [14, p.48], a distri-
bution is integrable if it is closed under Lie bracket. Since D is an odd distribution,
its Lie bracket will be anticommutator. By assumption D is of rank 0|1, so it will
be generated by a single odd vector field v. Since v2 := 1

2{v, v}, we define D to
be integrable if v2 ∈ D, and define it to be everywhere non-integrable if v2 is
everywhere independent of v over OS .

Definition 5.2. A Super Riemann Surface (SRS) is a pair (S,D), where S = (C,OS)
is a complex supermanifold of dimension 1|1, and D is a superconformal structure.

Remark 5.3. We know from above that D is everywhere non-integrable if v2 /∈ D. But
since v is an odd vector field, its square is an even vector field, so you might wonder how
could v2 possibly be in D, which is an odd distribution. But remember that unlike in the
ordinary manifold situation where we can multiply vectors only by even functions OM ,
now on supermanifolds we can multiply by element in OS , which could be odd functions.
For example, it could happen that θv = v2, as both sides are even. But in this case
θv − v2 = 0 so v, v2 are not linearly independent over OS .

Remark 5.4. Since S is of dimension 1|1, TS has rank 1|1. Since D has rank 0|1 and D2 is
even hence has rank 1|0, together they generate the entire tangent bundle TS. Moreover,
we have an isomorphism TS/D ∼= D2. Therefore we actually have an exact sequence of
sheaves

0 → D → TS → D2 → 0.

Lemma 5.5. Locally on a SRS S one can choose coordinates x and θ, refered to as
superconformal coordinates, such that D is generated by the vector field

v :=
∂

∂θ
+ θ

∂

∂x
.
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Proof. We first choose any local coordinate system y|η on S. Let D be generated by the
odd vector field v, which we can always locally write as

v = F (y, η)∂η +G(y, η)∂y.

Taylor expand G(y, η) with respect to η, and since η is fermionic, η2 and higher order
term vanishes, so G(y, η) = G0(y)+ ηG1(y), where G0(y) is an odd function that depends
only on y and not η, and G1(y) an even function that depends only on y. The condi-
tion that v, v2 generate TS implies that G1 6= 0 everywhere. Given this assumption, it
becomes a standard exercise in differential geometry to find a coordinate transformation
x(y, η), θ(y, η) that puts v into the desired form above.

Corollary 5.6. Assume set up in Lemma 5.5, we have v2 = ∂x. In some sense, we found
a square root of the vector ∂x.

Proof. We apply the vector v to a function h(x, θ) = f(x) + θg(x), where the right hand
side is Taylor expansion of h with respect to θ, and again since θ2 = 0 the Taylor series
terminate at linear order. Using the expression in Lemma 5.5 we see that

v(h) = g(x) + θf ′(x).

Doing this once again we see that

v2(h) = f ′(x) + θg′(x) = ∂x(h).

This proves the claim.

Recall that a divisor on a supermanifold has codimension 1|0. Hence it is natural to
define

Definition 5.7. A divisor on a SRS is a dimension 0|1 submanifold. Hence it is a collection
of points, with some odd dimension.

Example 5.8. One way to specify a subvariety (or a divisor) of dimension 0|1 in any
complex supermanifold is to give a point p and an odd tangent vector at p. There is then
a unique subvariety of dimension 0|1 that passes through p with the given tangent vector.

For the case of a SRS, let p be the point defined by equations x = x0, θ = θ0. In this
case, a subvariety D passing through p has local equation x = x0 + αθ, θ = θ0 + α, where
α is an odd parameter that parameterizes D. Hence D is given by the equation

x = x0 − θ0θ.

In general, on a supersubmanifold of dimension 1|1, a divisor that in some local coordinate
system defined by the above equation is called a minimal divisor or a prime divisor .
Since coordinates p = (x0, θ0) are arbitrary, there is a 1-1 correspondence between points
and minimal divisors on a SSR. On a general supermanifold of dimension 1|1, there is
no such natural correspondence between points and minimal divisors, which makes sense
since a SRS is a more specialized classes of dimension 1|1 supermanifolds (with an odd
distribution D).
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Figure 5.1: A genus g Riemann surface Σ (Here g = 2). The loops αi, βi is a set of
generators of H1(Σ) = Z6.

5.2 Moduli and Supermoduli

Although moduli space and supermoduli space is the main subject of study in this book,
going through all details on the fundamentals of moduli space will take a whole book
itself. Therefore, we content ourselves with the intuitive picture of moduli space, and refer
interested reader to any textbooks on moduli spaces, and many good notes on the subject,
for example [15].

In a word, a moduli space is a parameter space that parameterizes isomorphism classes
of objects of our interest. In our situation, the object of interests are Riemann surfaces
or algebraic curves (or simply curves), which are compact complex manifolds with com-
plex dimension 1. Such a Riemann surface Σ will always satisfy H1(Σ) = Z2g, we we
define the genus of Σ to be g. See Figure 5.1 for an example.

We can consider the moduli space Mg of curves of genus g. A point in Mg will
correspond to an isomorphism class of curves. Its boundary corresponds to singular curves.
Inside the curve, the moduli space Mg is smooth away from the curves that has nontrivial
automorphisms. In other words, automorphism of curves actually prevents the moduli
space from being smooth. This is because if a curve Σ has nontrivial automorphism group
Aut(Σ), then locally around the point Σ, the moduli space looks like a quotient of a
smooth space by a finite group, in other words there is a quotient singularity.

Hence a more abstract but somehow better way, in some sense, to describe moduli
space is to consider the moduli stack Mg, which involves the language of algebraic stacks.
We will not use this machinery in our book, because in our cases it is enough to think
about Mg as a manifold with possibly some singularities. We refer the reader to [15,
Chap.5] for an introduction to the theory of algebraic stacks.

Similarly, one can consider the supermoduli space Mg of super Riemann surface (SRS)
with genus g, which we mean the genus of the reduced space. However, since every split
SRS has a nontrivial automorphism (x, θ) 7→ (x,−θ), which is identity on the reduced
space, we conclude that SRS with nontrivial automorphisms are actually dense in any
family of SRS. This means the stacky nature of the moduli problem is more essential for
SRS than the ordinary ones, and what we call supermoduli space Mg must be properly
understood not as a supermanifold but as the supermanifold analogue of a stack.

Recall from Corollary 2.11, a 1|1 supermanifold S defined over a field is split, so it
is specified by a pair (C, V ), where C is a Riemann surface and V is the analytic line
bundle on C underlying D. Recall from Corollary 5.6, we actually have V ⊗2 ∼= TC . Any
V that satisfies this condition is called a spin structure on C. We will thus denote V
by T

1/2
C , and similarly we shall denote its n-th power by by T

n/2
C or equivalently K

−n/2
C
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where KC = T ∗
C = T−1

C is the canonical bundle on C.
An ordinary Riemann surface with a spin structure is often called a spin curve. Hence

the reduced space of C of a super Riemann surface S is a spin curve. It follows that the
reduced space of the supermoduli Mg is the moduli space SMg of spin curves.

Now we can do deformation theory on SRS. Thus we must consider automorphisms
on the SRS. Locally, the infinitesimal automorphisms are generated by superconformal
vector fields, which preserves the distribution D. In superconformal coordinates, a short
calculation shows that the even superconformal vector field takes the form

f(x)∂x +
1

2
f ′(x)θ∂θ, (5.1)

while the odd one takes the form

−g(x)(∂θ − θ∂x). (5.2)

One define a subsheaf W of TS whose local sections are of the form (5.1) and (5.2).
But note that W is not a locally-free sheaf, since multiplying a superconformal vector
field by a function of x and θ, or even a function of x, does not in general give a new
superconformal vector field. In fact W is only a sheaf of Z2-graded Lie algebras.

However, we can give W the structure of a locally free sheaf because of the following

Theorem 5.9. Under the projection TS/D = D2, we can project W to the sheaf of sections
D2 via the inclusion W → TS. This projection gives an isomorphism W ∼= D2.

Proof. We recall that a general section of D2 is of the form A(x, θ)∂x for some function
A, we must show that A(x, θ)∂x can in a unique fashion be written as a section of W
modulo D. But note that since we can add vector of the form in Lemma 5.5 since we are
computing modulo D, we have

f(x)∂x +
f ′(x)

2
θ∂θ − g(x)(∂θ − θ∂x) = f(x)∂x + g(x)θ∂x +

f ′(x)

2
θ∂θ − g(x)θ

∼ f(x)∂x + 2g(x)θ∂x +
f ′(x)

2
θ∂θ

∼ f(x)∂x + 2g(x)θ∂x
f ′(x)

2
θ(−θ∂x)

= f ′(x)∂x + 2g(x)θ∂x

since θ2 = 0, we can choose f, g such that A(x, θ) = f(x) + 2θg(x). In fact the left hand
side is in 1-1 correspondence with the right hand side by Taylor expanding A with respect
to θ, and since θ2 = 0 there are precisely two terms, corresponding to f(x) and 2g(x).
This shows that the map in question is indeed an isomorphism.

Hence by the theorem above, we have H1(S,W ) = H1(S,D2). In fact, this gives the
tangent space to the supermoduli Mg at the point S:

TSMg = H1(S,W ) = H1(S,D2).

This should not come as a surprise, since in ordinary algebraic geometry, the tangent
of moduli space Mg at a point X is given by TXMg = H1(X,TX). Note that under the
correspondence of infinitesimal automorphism xµ 7→ xµ+εhµ and the vector field hµ∂/∂xµ,
the automorphism of X is identified with TX (See Chapter A for more details).
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When S is split, the sheaf W of supercomformal vector fields decomposes into W =

W+ ⊕W− where W+ = TC and W− = T
1/2
C . Hence we may identify the even and odd

tangent spaces T±Mg via

T+,SMg = H1(C, TC)

T−,SMg = H1(C, T
1/2
C ).

5.3 Punctures
In the construction of moduli space Mg of genus g curves, we identified two curves Σ,Σ′

in the moduli space Mg if there is an isomorphism ϕ : Σ → Σ′. We can also consider
Mg,n, the moduli space of curves with n marked point. This space consists of equivalence
classes of (Σ, p1, ..., pn), where Σ is a genus g curve, and p1, ..., pn ∈ Σ are just n points
on the curve. We identify (Σ, p1, ..., pn) and (Σ′, q1, ..., qn) if there exists an isomorphism
ϕ : Σ → Σ′ such that ϕ(pi) = qi for i = 1, ..., n.

The notion of marked point, or a puncture on an ordinary Riemann surface has two
analogs on a super Riemann surface. In string theory, they are known as the Neveu-
Schwarz puncture (NS puncture) and Ramond puncture (R puncture).

An NS puncture on a SRS S is the obvious analog of a puncture on an ordinary
Riemann surface: it is simply the choice of a point in S, given by x = x0, θ = θ0. From
Example 5.8, we learned that an NS puncture determines and is determined by a minimal
divisor on S. In deformation theory, NS puncture at a point p is obtained by restricting the
sheaf W of superconformal vector fields to its subsheaf Wp consisting of superconformal
vector fields that leave the point p fixed. We have the following result:

Proposition 5.10. Let F be the minimal divisor that corresponds to the point p. Then
Wp can be given a natural structure of a locally-free sheaf. In fact,

Wp
∼= D2(−F ),

where the right hand side is a short hand notation for D2 ⊗OS(−F ), where we used the
identification between the divisor class group Div(S) and line bundles Pic(S), given by
D 7→ OS(D), as in classical algebraic geometry.

Proof. We take superconformal coordinate x, θ, and without loss of generality we set p to
be the point where x = θ = 0. The condition that the superconformal vector field vanishes
at p, from (5.1) and (5.2), is that f(0) = g(0) = 0. From the proof of Theorem 5.9, this
means that A(x, θ) = f(x) + 2θg(x) vanishes at x = 0. But the divisor corresponding to
the point p is precisely defined by x = 0 by Example 5.8, see also [2, Remark 3.2]. So the
condition A(0, θ) = 0 precisely mean that A(x, θ)∂x is a section of D2(−F ).

Let us now consider the supermoduli Mg,1 with just a single NS puncture. Then
its reduced space is SMg,1, which parameterizes spin curves S of genus g with a single
puncture p. SMg,n has two components SM±

g,n, corresponding to even and odd spin
structures. Similarly, Mg has two components M±

g , corresponding to even and odd spin
structure.

And we have the analogus tangent space identification:

T+,SMg,1 = H1(C, TC(−p))

T−,SMg = H1(C, T
1/2
C (−p)).

58



Now we introduce the second kind of puncture: Ramond puncture. In this situation,
we assume the underlying supermanifold (C,OS) is still smooth, but the odd distribution
D ⊂ T−S is no longer everywhere non-integrable. The generator v in the local form in
Theorem 5.5 is replaced by

v :=
∂

∂θ
+ xθ

∂

∂x
.

In other words, D fails to be a distribution along the divisor x = 0. It can be shown that
in the presence of a Ramond puncture, the sheaf of superconformal vector fields is still
isomorphic to D2, but D2 is no longer isomorphic to TS/D. Instead, we have

D2 ∼= (TS/D)⊗OS(−F ).

We can also have multiple Ramond punctures, by which we mean D fails to be distribution
along multiple divisors, and near each divisor we can find local coordinates as described
above. See Fig 5.2 for an illustration of two kinds of punctures.

(a) (b)

Figure 5.2: Two kinds of punctures on SRS. (a): A g = 2 SRS with a series of marked
points, i.e., NS punctures; (b): A g = 2 SRS with a Ramond punctures marked in black,
i.e., points where the distribution D degenerates (We surpress θ by looking at the reduced
space).

5.4 Branched Covering

We have already seen branched covering of complex manifolds in Definition 1.24. For our
purposes, we will focus on branched covering of supercurves. However, it is helpful to
first get a feeling of this construction in the ordinary (bosonic case), which we will discuss
below.

Suppose we have a smooth map f : X → Y between manifolds. We know what it means
for f to be a covering map. A branched covering f is something that is almost a covering
map, except at a bad subset B ⊂ Y of codimension one. Recall that a codimension one
submanifold is called a divisor, hence the bad subset B on which f fails to be a covering
map is called the branch divisor . Intuitively, B is the set of points where different sheets
of the cover merges together, or equivalently the set of points p ∈ Y where f−1(p) has less
points than excepted compared to points outside of B, where f is a normal covering map.
The points R = f−1(B) are the points on which f fails to be a covering, and we say f is
ramified on R. The points in R are called the ramification points of f . See Fig.5.3 for
an illustration.
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Figure 5.3: A 2-sheeted branched cover X of a disk Y . The branched divisor B ⊂ Y in
this case is a line radiating from the origin, on which X fails to be a 2-sheeted cover.

Example 5.11. The canonical example of branched cover we should keep in mind is the
map f : C → C given by f(z) = zn for some n. The map f is clearly a covering map of
degree n away from z = 0, but is ramified at the point z = 0. Hence in this case, the
branch divisor is simply given by the point z = 0.

Now we give formal definition of branched cover between complex curves (Riemann
surfaces), and we will see that Example 5.11 fully characterizes branched covers, at least
locally in this case.

Definition 5.12. Let f : X → Y be a nonconstant holomorphic map between Riemann
surfaces. A point x ∈ X is called a branch point or ramification points of f , if there
is no neighborhood U of x such that f |U is injective. The map f is called an unbranched
holomorphic map if f has no branched points.

Hence, a branched cover f : X → Y of Riemann surfaces is specified by a divisor
B ⊂ Y of branched points of f , which is called the branch divisor , and is a covering
map restricted to X − f−1(B) → Y −B.

Theorem 5.13. Let f : X → Y be a holomorphic branched cover of Riemann surfaces with
branch divisor B ⊂ Y . Then for any p ∈ f−1(B), we can always find local holomorphic
charts p ∈ U ⊂ X, ϕ : U → ϕ(U) ⊂ C, and f(U) ⊂ V ⊂ Y , ψ : V → ψ(V ) ⊂ C, such that

• ϕ(p) = 0, ψ(f(p)) = 0.

• The local representation f̂ = ψ ◦ f ◦ ϕ−1 : ϕ(U) → ψ(V ) is given by f̂(z) = zk for
some k ≥ 2 and for all z ∈ ϕ(U).

Proof. The statement just follows from the classification theorem for local behavior of
holomorphic mappings, which is proven in [17, p.10]. Note that the assumption that f is
holomorphic is essential for the theorem to apply.

Next, we define branched covers of supercurves. But in order for us to formulate the
definition, we need a little bit of algebra:

Definition 5.14 (Finite presentation). We say R→ S is of finite presentation if there
exist integers n,m ∈ N and polynomials f1, . . . , fm ∈ R[x1, . . . , xn] and an isomorphism
of R-algebras

R[x1, . . . , xn]/(f1, . . . , fm) ∼= S.
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Definition 5.15 (étale morphism). We say that a ring homomorphism ϕ : A → B is
étale (resp. smooth, unramified), or that B is étale (resp. smooth, unramified) over A
if the following two conditions are satisfied:

• A → B is formally étale (resp. formally smooth, formally unramified): for
every square-zero extension of A-algebras R′ → R (meaning that the kernel I satisfies
I2 = 0), the natural map

HomA(B,R
′) → HomA(B,R)

is bijective (resp. surjective, injective).

• B is essentially of finite presentation over A: A → B factors as A → C → B,
where A → C is of finite presentation and C → B is C-isomorphic to a localization
morphism C → S−1C for some multiplicatively closed subset S ⊂ C.

The second condition is just a finiteness condition; the meat of the concept is in the
first one. Formal smoothness is often referred to as the infinitesimal lifting property.
Geometrically speaking, it says that if the affine scheme SpecB is smooth over SpecA,
then any map from SpecR to SpecB lifts to any square-zero (and hence any infinitesimal)
deformation SpecR′. Moreover, if SpecB is étale over SpecA this lifting is unique.

Differential-geometrically, unramifiedness, smoothness and étaleness correspond to the
tangent map of Specϕ being injective, surjective and bijective, respectively. In particular,
étale is the generalization to the algebraic case of the concept of local isomorphism.

Now we are ready to define branched cover of supercurves.

Definition 5.16. Let S be a supercurve, i.e., a dimension 1|1 supermanifold, and let
B ⊂ S be a closed subscheme of codimension 1|0, and let U = S − B.

A branched cover of S with branch locus B is a finite, surjective morphism π : S̃ →
S such that the local morphisms π∗p : OS,π(p) → OS̃,p are étale for all p ∈ U .

The cover π may be ramified along a closed subscheme R ⊂ π−1(B) ⊂ S̃ of codimension
1|0 called the ramification divisor of π. The bosonic reduction πbos : C̃ → C of
π : S̃ → S is ramified along a divisor R = |R| with branch locus B = |B|.

An isomorphism of branched covers is a pair of isomorphisms of supercurves
φ : S → S′ and φ̃ : S̃ → S̃′ such that the following diagram commutes

S̃ S̃′

S S′

ϕ̃

π π′

ϕ

and such that φ(B) = B′ and φ̃(R) = R′.

Remark 5.17 (local description). Let π : S̃ → S be a branched cover, and let P ⊂ R
be a connected component of the ramification divisor of π. Near P, we can find (local)
coordinates (w, θ′) and (z, θ) on S̃ and S, respectively, such that B ⊂ S is defined by the
equation z = 0 and π is locally of the form

z = wk, θ = wℓθ′

for some k > 0, ` ≥ 0.
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Branched covering has intimate relations with NS and R punctures. In fact, we have
the following theorem:

Theorem 5.18. Let S be a SRS, S̃ a supermanifold and π : S̃ → S is a branched
cover. We can blow up S̃ at an ideal to get a new SRS Q with punctures, such that the
composition Π : Q→ S is still a branched cover, and the NS punctures of Q are precisely
the ramification points of π with odd local degree, and R punctures of Q are precisely the
ramification points of π with even local degree.

Proof. We choose superconformal coordinates x, θ on S. Recall that from Example 1.25
that we can find local coordinates z, θ on S̃ such that locally wk = z near a branch point
(so k is the local degree).

Now by Lemma 5.5, the superconformal vector field v on S is given by v = ∂θ + θ∂z.
But now using ∂z = (kwk−1)−1∂w, we see that the lifted vector field is given by

ṽ =
∂

∂θ
+

1

kwk−1
θ
∂

∂w
,

which now has a parabolic structure. What we can do, is to blow up S̃ at the point
w = θ = 0. This will give a new set of coordinates y, ψ on the blow up Q with y = w and
ψ = θ/w. Now using chain rule:

∂

∂θ
=
∂y

∂θ

∂

∂y
+
∂ψ

∂θ

∂

∂ψ
= 0 +

1

w

∂

∂ψ
=

1

y

∂

∂ψ
,

∂

∂w
=
∂y

∂w

∂

∂y
+
∂ψ

∂w

∂

∂ψ
=

∂

∂y
− ψ

y

∂

∂ψ
.

Therefore, the vector ṽ on Q now becomes

χ =
1

y

∂

∂ψ
+

yψ

kyk−1

(
∂

∂y
− ψ

w

∂

∂ψ

)
=

1

y

∂

∂ψ
+

1

kyk−2

∂

∂y
.

Away from y = 0, the superconformal structure on Q is generated by

yχ =
∂

∂ψ
+

1

kyk−3

∂

∂y
.

Therefore, we see that blowing up once decreases the parabolic structure from order ∼
w−(k−1) to order ∼ w−(k−3) = w−(k−1)+2 by 2.

In general, we can consider the ideal on S̃ given by Il = (wl, wk, θ), and we blow up
S̃ along this ideal to obtain Q. This will decrease the parabolic structure form ∼ w−(k−1)

to ∼ w−(k−1)+2l by 2l.
We see that if k is odd, then k − 1 is even, so we can blow up along some ideal Il so

that Q reduces the parabolic structure to just NS punctures (marked points). However, if
k is even, then k− 1 is odd, so after blow up along some ideal will this form will decrease
the parabolic structure at most to R punctures.
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Part II

A Crash Course in Quantum Field
Theory
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Chapter 6

First Installment

6.1 Introduction

Quantum field theory (QFT) is the universal language for many phenomena. Some exam-
ples includes particle physics (LHC collisions, ν scattering...), condensed matter physics,
statistical physics (phase transitions, superconductivity, quantum Hall effect...), cosmology
(perturbations from inflation, freeze in and freeze out), and also in mathematics (topology,
differential geometry, algebraic geometry, representation theory...). We will mostly focus
on particle physics side, but many of QFT can be transported in many different settings
mentioned above.

QFT is helpful whenever lots of states are involved, and symmetries and locality are
in play. Historically, physicists were forced to do two things at once: combining quantum
mechanics and special relativity.

Now that I have told you how wonderful QFT is, I should tell you what QFT actually
is. What is a definition of a QFT? Nobody knows. What we know are many examples. So
QFT is a work in progress, and to define it abstractly to the level where mathematicians
are satisfied is still an open problem.

We will mainly work in flat space in 4 dimension, R3,1. We will write xµ = (x, t) as
spacetime coordinates. A field is an assignment of a scalar (spinor, vector...) operator to
each point in spacetime. Very abstractly, we write Ô(xµ) where Ô is a quantum mechanical
operator. These could be scalar fields (Higgs bosons, for example), electromagnetic fields...

Classically, we write down a Lagrangian or a Hamiltonian, and we derive the equations
of motion. What we do in quantum mechanics? We quantize the system. So we turn fields
into operators: ϕ 7→ ϕ̂.

6.2 Harmonic Oscillators

Example 6.1. We look at an example of QFT in D = 0 + 1 dimensions, no one time
dimension, and no space dimension. So we will have a field ϕ(t) that depends only on t.
I will take ϕ to be my favourite example: the harmonic oscillator, whose Hamiltonian is

H =
P 2
φ

2m
+

1

2
kϕ2.

And its Lagrangian is

L =
1

2
mϕ̇2 − 1

2
kϕ2.
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In QM class, they might write ϕ as the position x in space, but here we will have no space
dimension, ϕ is just a field. Now I quantize the system but putting hats on everything.
We universally set ℏ = 1. We require

[ϕ̂, P̂φ] = i.

We can write them in terms of the raising and lowering operator

ϕ̂ =

√
1

2mω
(a† + a)

and
P̂φ = i

√
mω

2
(a† − a)

where ω =
√
k/m, and [a, a†] = 1, a |0〉 = 0 and a† |0〉 =

√
n+ 1 |n+ 1〉. The field

evolution is
ϕ̂(t) = eiĤtϕ̂(0)e−iĤt.

Example 6.2 (Coupled Harmonic Oscillators). This is the model of acoustic phons on a
lattice. The Lagrangian is

L =
N∑
i=1

1

2
mφ̇2i −

mc2

2

(
φi − φi+1

`

)2

where we set φ1 = φN+1. So there are only nearest neighbor interactions, and ` is the
spacing of the lattice. See Fig.6.1 for an illustration.

φ1

φ2

φN

φN−1

· · ·

`

Figure 6.1: Acoustic phons on a lattice

Let us view this model as the discretized approximation to a (1+1)-dimensional QFT.
Allowing continuous variables for i and setting `→ 0, the Lagrangian becomes

L =

(
∂ϕ

∂t

)2

−
(
∂ϕ

∂x

)2

. (6.1)

In the above we set m = c = 1. What about Hamiltonian? The discretized system has
Hamiltonian

H =
N∑
i=1

1

2

P 2
i

m
+
mc2

2

(
φi − φi+1

`

)2

.

Quantizing, we require [φ̂i, P̂j ] = iδij . We want to diagonalize H, just like where in
SHO we switch from position and momentum to raising and lowering operator where the
Hamiltonian is diagonalized. So we change the basis.
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Let us first look at classical equation of motions for the discrete version. The Euler-
Lagrange equations for L reads

mφ̈i −
(
−mc

2

`2
(2φi − φi+1 − φi−1)

)
= 0

for each i = 1, ..., N . This equation is solved by the technique of (discretized) Fourier
transform. We introduce the Fourier modes

φ̃k(t) =
1√
N

∑
n

eikℓnφn(t)

and the inverse Fourier transform

φn(t) =
1√
N

2π/ℓ∑
k>0

e−ikℓnφ̃k(t)

where k = 2πs/N` with s ∈ Z. Plug this into EOM gives

d2φ̃k
dt2

= −c
2

`2
(2− 2 cos k`)φ̃k.

Using half-angle formula, this is

d2φ̃k
dt2

= −4c2

`2
sin2

k`

2
φ̃k.

Thus we see that in the frequency space, the EOM decouples. We now define

ωk =
2c

`
|sin(k`/2)|

so that
d2φ̃k
dt2

= −ω2
kφ̃k.

Now that I have noticed that the expression of φn is a good guess for the classical solution,
we rewrite L in terms of the Fourier modes. Note that∑

n

φ̇2n =
∑
n

1

N

∑
r,s

e−2πi(sn+rn)/N dφ̃s
dt

dφ̃r
dt

=
1

N

∑
r,s

Nδr,−s
dφ̃s
dt

dφ̃r
dt

=
∑
s

dφ̃s
dt

dφ̃−s
dt

.

Hence the expression of L becomes

L =
1

2

∑
k

(
dφ̃k
dt

dφ̃−k
dt

− ω2
kφ̃kφ̃−k

)
.

Let’s start quantizing! We promote everything into operators and we introduce the con-
jugate momenta:

∂L

∂φ̇n
= mφ̇n ≡ Πn.

We require
[φn,Πn′ ] = iδn,n′ .

66



In the frequency space, we have

[φ̃k, Π̃k′ ] =
∑
n,n′

UknUk′n′ [φn,Πn′ ] = i
∑
n

UknUk′n = iδk,−k′ ,

where we define

Ukn =
1√
N

e−ikℓn.

We write

φ̃k =

√
1

2ωk
(ak + a†−k) (6.2)

and

Π̃k = −i
√
ωk
2
(ak − a†−k)

where [ak, a
†
k′ ] = δk,k′ . The Hamiltonian now reads

H =

π/ℓ∑
k=−π/ℓ

ℏωk
(
a†kak +

1

2

)
+
P̃ 2
0

2

where the last term is the zero mode energy. Of course, there is a ground state |0〉 which
is annihilated ak |0〉 = 0. And we have a†k |0〉 = |k〉. The interpretation is that the raising
operator created a particle on the lattice on the site k. We can also have a†ka

†
k′ |0〉 = |k, k′〉,

which means now we have two particles at site k, k′ respectively.
We define the Hilbert space HM of M particles, which is spanned by all elements of

the form
(a†k1)

N1 · · · (a†km)
Nm |0〉

such that
∑

iNi =M . We can also introduce the Fock space, which is defined by

F =
⊕
M

HM .

The next approximation will be to take continuim limit. We take N → ∞, ` → 0, so
k`→ 0 in the above example. So that

ωk =
2c

`
sin(k`/2) ' 2c

`

k`

2
= ck.

Then the L above becomes (6.1) in the continuous limit.
So what is the moral of the story? The moral is that we should write scalar quan-

tum field φ(xµ) as a sum of annihilation and creation operators ak and a†k, because when
we Fourier transform and quantize, the Fourier modes (6.2) will be a sum of these op-
erators. When we study spin fields as summations of these operators with a spin index
(creates/annihilates spin up and down particles). In the bosonic case we introduce com-
mutation relations to these operators, but fermionic case will also require anticommutation
relation.
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6.3 Symmetries
We will be studying fields of the form φ(xµ), where xµ ∈ R3,1. Compared to discrete field
theory, our setting has a lot more symmetries, which is one reason why we are interested
with continuum field theory.

Our goal is to set up the path integral for continuum QFT’s. We will balance two
competing considerations. One one hand, we will be interested in spacetime symmetries,
but we will also pay attention to theory that are unitary (the consideration is quantum
mechanical). The first consideration prefers Lagrangians, while the second prefers Hamil-
tonians.

So, what symmetries do we want? Obviously, we have rotations. The rotation group
is

O(N) = {R ∈ GLn(R) : RTR = 1}

There are two connected components of O(N). The component in which detR = +1
is called SO(N). It is clear that rolation preserves length of a vector. But in special
relativity, we instead want to preserve the relativity norm

gµνx
µxν = c2t2 − x2 − y2 − z2

where xµ = (t, x, y, z). Here, we choose the convention

gµν = diag(+1,−1,−1,−1).

We will be interested in Lorentz transformations. These are transformation of the
form

xµ 7→ Λµνx
ν

that preserves relativity norm. The Lie group is called SO(3, 1).

Example 6.3. Ordinary rotations in R3 (the spacial direction) is a Lorentz transforma-
tion. Another example is a boost in the t and x direction:

coshβ sinhβ 0 0
sinhβ coshβ 0 0

0 0 1 0
0 0 0 1


and we allow −∞ < β < ∞, where β is called rapidity. To see how this matches the
boost we are used to in special relativity, recall that those boosts are given by

x 7→ x+ vt√
1− v2

t 7→ t+ vx√
1− v2

.

Here, we just set
coshβ =

1√
1− v2

sinhβ =
v√

1− v2

and we recover the form of boost above.

What happens to a vector V µ or a tensor Tµν under Lorentz transformations?

xµ 7→ Λµνx
ν

Also recall the 4-momentum is p = (E, p1, p2, p3), which transforms exactly the same:

pµ 7→ Λµνp
ν .
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And tensor transforms as
Tµν 7→ ΛµαΛ

ν
βT

αβ .

In general,
Wµ1···µm 7→ Λµ1ν1 · · ·Λ

µm
νmW

ν1···νm .

We call vectors with V µVµ > 0 timelike, vectors with V µVµ < 0 spacelike, vectors with
V µVµ = 0 null. We stress that discrete transformations are not in SO(3, 1). For example,
the transformation

diag(1,−1.− 1,−1)

flips the space direction, so is called a parity transformation. Similarly

diag(−1, 1, 1, 1)

is called time-reversal. Finally,

diag(1,−1, 1, 1)

is called reflection. How about fields? What happens to these fields when I apply a
Lorentz transformation? The transformation rule, for example for a vector field, trans-
forms like

Aµ(x) 7→ ΛµνA
ν(Λx).

Another interesting question is how a field changes under translation. Doing a Taylor
expansion gives

φ(xµ) 7→ φ(xµ + εµ) ' φ(x) + εµ∂µφ(x)

which shows that ∂µ is the infinitesimal generator for translations. If we do similar analysis
for Lorentz transformation, one can check that to first order,

Λµν ' gµν + Lµν

where
Lµν = xµ∂ν − xν∂µ.

6.4 Quantization of Free Field

Let us consider the Lagrangian
L =

1

2
gµν∂µφ∂νφ.

The EL equation reads
gµν∂µ∂νφ = 0.

Note that expressions above are clearly Lorentz invariant because all the indices are con-
tracted and by our previous discussion on how Lorentz transformation acts on tensors.
The equation reads

∂2t φ = ∇2φ.

It is not hard to check that the solution to this equation is

φ(xµ) =

ˆ
d3p

(2π)3
1√
2ωp

[ap(t)e
ip·x + a∗p(t)e

−ip·x],
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where ω2
p = p2, and such that (∂2t + p2)ap(t) = 0. Equivalently, we can absorb the time

dependence into the exponent and get a cleaner solution

φ(xµ) =

ˆ
d3p

(2π)3
1√
2ωp

[ape
−ipµxµ + a∗pe

ipµxµ ]

such that pµpµ = 0. The expression above now looks more relativistic. In the future, we
are not even going to write pµxµ, we will simply write p · x or even just px.

Now we are ready to quantize. We replace the amplitudes by creation and annihilation
operators. Hence the quantized free field is

φ̂(xµ) =

ˆ
d3p

(2π)3
1√
2ωp

[âpe
−ipx + â†pe

ipx]

where we require (ignoring the hat)

[ap, a
†
k] = (2π)3δ3(p− k).

What is the Hilbert space? We need a ground state |0〉. Of course we have ap |0〉 = 0.
Moreover, we require

a†p |0〉 =
1√
2ωp

|p〉 ,

where |p〉 is a state representing a particle with momentum p, and again ω2
p = p2.

Let us check this normalization is correct. Using the commutation relation, we have

〈p|k〉 =
√
4ωpωk〈0|apa†k|0〉 =

√
4ωpωk(2π)

3δ3(p− k) = 2ωp(2π)
3δ3(p− k).

Let us check causality, Say xµ is a point inside the lightcone, and yµ outside. So
(x − y)2 < 0, they are spacelike separated. A natural question to ask is whether φ̂(xµ)
affects φ̂(yµ). Causality says this must not be the case. How do we see this? We calculate
[φ(x), φ(y)]. Because by Hisenberg’s uncertainty, if the commutator vanishes, then they
do not affect each other. We have

[φ(x), φ(y)] =

ˆ
d3p

(2π)3
1√
2ωp

ˆ
d3q

(2π)3
1√
2ωq

[ape
−ipx + a†pe

ipx, aqe
−iqy + a†qe

iqy]

=

ˆ
d3p

(2π)3
1√
2ωp

(e−ip(x−y) − eip(x−y)).

Can we sent x− y to y− x? Hence set z = x− y, we are asking does there exist a Lorentz
transformation such that z 7→ −z? If so, then by a change of coordinate, the two integrals
above cancels each other, and we are done. Indeed, because x, y are spacelike separated,
there is indeed such a Lorentz transformation. Hence we conclude that [φ(x), φ(y)] = 0.

6.5 Euler-Lagrange Equation for Fields, Symmetries
In this section we will review classical field theory, and their symmetries. The Lagrangian L
of a field theory usually involves fields and their derivatives, so L = L[φ, φ̇]. An equivalent
formulation is achieved by using Hamiltonian H = H[φ,Π] where Π is the conjugate
momentum of the field φ. The conversion between these two formulations are achieved
by Legendre transform

Π =
∂L

∂φ̇
H = Πφ̇− L.
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Similarly the discussion carries over to Lagrangian densities and Hamiltonian densities. A
typical example is the theory (now using Lagrangian density)

L =
1

2
∂µφ∂

µφ− V (φ) =
1

2
φ̇2 − 1

2
(∇φ)2 − V (φ).

The Hamiltonian density is therefore

H =
1

2
Π2 +

1

2
(∇φ)2 + V (φ).

The equation of motion is obtained by variation of the action

S[φ] =

ˆ
d4xL[φ, ∂µφ].

The variation reads

S[φ+ δφ] =

ˆ
d4xL[φ+ δφ, ∂µ(φ+ δφ)]

=

ˆ
d4x

(
L[φ, ∂µφ] +

∂L
∂φ

δφ+
∂L

∂(∂µφ)
δ(∂µφ)

)
= S[φ] +

ˆ
d4x

(
∂L
∂φ

− ∂µ
∂L

∂(∂µφ)

)
δφ

after integration by parts. Note that we used δ(∂µφ) = ∂µ(δφ) because ∂µ, δ are both
derivatives, hence they commute. The variation S[φ+ δφ]− S[φ] must be zero, hence we
recovered the Euler-Lagrange equation (EL for short):

∂L
∂φ

− ∂µ
∂L

∂(∂µφ)
.

Example 6.4. Consider the theory

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2.

Since ∂L/∂φ = −m2φ and ∂L/∂(∂µφ) = ∂µφ, the EL equation reads

−∂µ∂µφ−m2φ = 0.

Or equivalently, introducing the operator □ = gµν∂µ∂ν , we have

(□+m2)φ = 0.

The field φ satisfying the above equation is called the Klein-Gordan field of mass m.

Example 6.5. Now suppose we have a theory with two Klein-Gordan fields;

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 +

1

2
∂µψ∂

µψ − 1

2
ωψ2.

The EL equations are just

(□+m2)φ = 0 (□+ ω2)ψ = 0.
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Assuming for the moment that m = ω, then let us define the complex fields

ϕ =
1√
2
(φ+ iψ) ϕ∗ =

1√
2
(φ− iψ).

Then using these new fields the Lagrangian becomes

L = ∂µϕ
∗∂µϕ−m2ϕ∗ϕ.

Note that the expression above is still real, because it is invariant under conjugation. This
new expression is completely equivalent to the Lagrangian L we started with, but now it
has a new interesting symmetry: it is invariant under the symmetry

ϕ 7→ e−iαϕ.

This is a global U(1)-symmetry, where α is independent of xµ. More generally, if the
Lagrangian is invariant under the symmetry ϕ 7→ e−iα(x)ϕ, then we say that the theory
has a gauge symmetry.

Since the Lagrangian L[ϕ] is the same as the Lagrangian L[φ, ψ], the latter should also
have this symmetry. Indeed, one can check that the original Lagrangian is invariant under
the transformation (

φ
ψ

)
7→
(

cosα sinα
− sinα cosα

)(
φ
ψ

)
.

Hence equivalently, the theory has a SO(2)-rotation symmetry. It is very easy to generalize
to the theory

L =
N∑
i=1

1

2
(∂µφ(i))

2 − 1

2
m2φ2(i).

And it is immediate just from the expression that the theory has a SO(N)-symmetry.

6.6 Noether’s Theorem

The reason that symmetry is so good is that they implies that there are conserved quanti-
ties. More concretely, each symmetry gives a conserved current Jµ, conserved in the sense
that ∂µJµ = 0.

This gives the conserved charge

Q =

ˆ
Σ
d3xJ0,

where Σ is a connected smooth submanifold. Physically, if we require that nothing can
flow out of Σ, i.e., the surface integral of Σ dotted with any vector is zero (which is a
physical requirement), then the charge Q is conserved by Stoke’s theorem:

∂tQ =

ˆ
Σ
d3x∂0J

0 =

ˆ
Σ
d3x(∇ · J) =

ˆ
∂Σ

J · dA = 0.

Theorem 6.6 (Noether). Every continuous symmetry gives rise to a conserved current.

Proof. Suppose we have a continuous symmetry parameterized by α, such that infinites-
imally φa → φa + δφa = φa + Rbaδφb, where φa’s are all the fields that appears in the
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Lagrangian L, for a = 1, ..., N . Then symmetry of L under α implies

0 =
δL
δα

=
∂L
∂φa

δφa
δα

+
∂L

∂(∂µφa)

δ(∂µφa)

δα

=

(
∂L
∂φa

− ∂µ
∂L

∂(∂µφ)

)
δφa
δα

+ ∂µ

(
∂L

∂(∂µφa)

δφa
δα

)
.

The first term vanishes by EL, hence if we define

Jµ ≡ ∂L
∂(∂µφa)

δφa
δα

(6.3)

then clearly we have ∂µJµ = 0, as desired. Note that the expression is summed over all
fields, i.e., summed over a.

Example 6.7. In the example where

L = ∂µϕ
∗∂µϕ−m2ϕ∗ϕ,

we have
δϕ

δα
= −iϕ δϕ∗

δα
= iϕ∗.

Then (6.3) reads
Jµ = ∂µϕ∗(−iϕ) + ∂µϕ(iϕ∗).

If we lower the index Jµ = gµνJ
ν we have

Jµ = −i(ϕ∂µϕ∗ − ϕ∗∂µϕ).

It is not explicitly obvious that ∂µJµ = 0. But if we use the classical equations of motion,
it follows that ∂µJµ = 0. It is not surprising that equations of motion are needed, since
in the proof of Noether’s theorem, we used the EL equation.

Example 6.8. We can also talk about spacetime symmetries. We have translation sym-
metry, for example. Under infinitesimal translation

φ(x) 7→ φ(x+ ξ) ' φ(x) + ξν∂νφ(x).

In this case
δφ

δξν
= ∂νφ

and
∂νL =

δL
δξν

= ∂µ

(
∂L

∂(∂µφa)

δφa
δξν

)
where the second equality is obtained by the same variational procedure. Hence moving
the lefthand side from the left, we get

∂µ

(
∂L

∂(∂µφa)

δφa
δξν

− gµνL
)

= 0.

Hence in this case, we have four Noether currents, one for each ν:

Tµν =
∂L

∂(∂µφa)

δφa
δξν

− gµνL.

These are called energy-momentum tensor . Note that the component T 0
0 is the energy

density.
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Example 6.9 (gauge theories). Let’s go back to the U(1)-example. The Lagrangian is

L = ∂µϕ
∗∂µϕ−m2ϕ∗ϕ− V (|ϕ|).

What if we consider the symmetry ϕ 7→ e−iα(x)ϕ? This will give a change to the Lagrangian
L[ϕ] 7→ L[e−iα(x)ϕ]. Let us introduce

L′ = L[φ]−AµJ
µ

where the transformation of Aµ is given by Aµ → Aµ + ∂µα, then the same variational
Lagrangian L′ is invariant under L′[ϕ] 7→ L′[e−iα(x)ϕ] by simple calculation. These Aµ’s
are called gauge fields or vector potentials. If a Lagrangian contains a vector field Aµ
and is invariant under the transformation Aµ → Aµ + ∂µα for all α(x), then the theory is
called a gauge theory.

Maxwell’s theory (setting e = 1) in vaccum is the most important example of a gauge
theory:

L = −1

4
FµνF

µν

One can check that it is indeed invariant under Aµ → Aµ+ ∂µα. There is a mathematical
explanation to this. What we call Aµ is actually the component of a differential 1-form

A = Aµdx
µ.

What we defined to be Fµν = ∂µAν − ∂νAµ is actually the component of a differential
2-form F = 1

2Fµνdx
µ ∧ dxν , which is the exterior derivative of A:

F = dA.

Our manifold X = R1,3 is 4-dimensional. The Hodge star operator ? : Ω2(X) → Ω2(X)
maps a 2-form to a form with complementary dimension, which is again a 2-form. The
Lagrangian L in this language is simply given by

L = F ∧ ?F = dA ∧ ?(dA).

A gauge transformation Aµ → Aµ + ∂µα is simply a transformation A → A + dα, where
α ∈ C∞(X), hence dα is a 1-form. Since the action is given by

S =

ˆ
X
F ∧ ?F =

ˆ
X
dA ∧ ?(dA),

we see that under such a transformation

dA→ d(A+ dα) = dA+ d2α = dA

using the fact that de Rham differential satisfies d2 = 0. Another example of a gauge
theory is

LSQED = −1

4
FµνF

µν + |∂µϕ+ ieAµϕ|2 −m2|ϕ|2.

where again Fµν = ∂µAν − ∂νAµ. As we will see, this theory, called scalar quantum
electrodynamics (SQED), is an important example of gauge theory.
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6.7 Maxwell Equations and Tree Level Diagrams
Following the previous example, let us look at the most famous example of a U(1)-gauge
theory, the Maxwell theory:

L = −1

4
FµνF

µν − eAµJ
µ.

where again Fµν = ∂µAν − ∂νAµ, and F0i = Ei is the component of electric field, and
Fij = εijkBk gives the component of magnetic field. We have

∂L
∂Aν

= −eJµ ∂L
∂(∂µAν)

= −1

2
(Fµν − F νµ) = −Fµν .

Hence the EL equations read
∂µF

µν = eJν . (6.4)

This is the famous Maxwell equations in component form. Actually in components we
recover two of them:

∇ ·E = ρ/ε0 ∇×B = µ0J+ ∂tE.

The other two is just intrinsically encoded in the Bianchi identity:

εµνρσ∂νFρσ = 0.

Now we will focus on solving Aµ, given the information of Jµ. The Maxwell equation
reads

∂µ(∂
µAν − ∂νAµ) = eJν .

Or equivalently
□Aν − ∂ν(∂µA

µ) = eJν . (6.5)

We will solve (6.5) by the method of Green’s function. We will find an operator Πµν such
that

Πµν(eJ
µ) = Aµ,

which will yield the solution Aµ. We will refer to Πµν a propagator . Since this is a
differential equation, it is often more convenient to Fourier transform the equation into
momentum space. Let us instead look for a Fourier transformed counterpart to this
relation. Fourier transforming gives

Aµ(x) =

ˆ
d4k

(2π)4
eikxÃµ(k).

Let us look for
Ãµ(k) = Π̃µν J̃

ν(k). (6.6)

Now, in equation (6.5), the notation Πµν(eJ
ν) means Πµν acts on eJµ in someway. In

momentum space we will require something stronger, namely the right hand side of (6.6)
simply is given by multiplication by Π̃µν . After Fourier transform, (6.4) reads

−k2Ãν + kνkµÃ
µ = eJ̃ν . (6.7)

We will use the best method to solve equation (6.6): Guessing! Here is my guess:

Π̃µν = −gµν − (1− ξ)kµkν/k
2

k2
. (6.8)
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Now I am going to simply check if my guess works. Let us check it: Substitute (6.8) into
the Fourier transformed Maxwell equation gives

−k2Ãν + kνkµÃ
µ = −k2Π̃νρJ̃ρ + kνkµΠ̃

µρJ̃ρ

=

(
gνρ − (1− ξ)

kνkρ

k2
− kµkµ

gµν − (1− ξ)kµkν/k2

k2

)
J̃ρ

=

(
gνρ − kνkρ

k2

)
J̃ρ.

So we need to show kνkρJ̃ρ/k
2 = 0. But note that kρJ̃ρ = 0 because there is a physical

requirement ∂µJµ = 0, i.e., conservation of current. And note that kρJ̃ρ = 0 is just the
Fourier transform of the current conservation equation. Therefore, we conclude that (6.8)
is indeed a good guess that solves (6.7).

Note that in (6.8) there is a unphysical parameter ξ. This is just a choice of gauge. In
other words, we can choose ξ to be anything we want (most popular choice is Feynman
gauge ξ = 1, there is also Landau gauge ξ = 0), and any physical observable will not
depend on it (which we will show later).

6.8 Columb’s Law

Let us derive the Columb’s law using these results. We take

Jµ = (δ3(x), 0, 0, 0).

Since the current Jµ is time independent, so must our vector potential Aµ. Hence in (6.8)
we may set ξ = 1 and drop all the time dependence. Equivalently, this can be obtained
by going back to the original equation (6.4), choosing a gauge such that ∂µAµ = 0. Hence
the Maxwell equation becomes □Aν = 0. By time independence this is just ∇2Aν = eJν .
Then

A0(x) = Π00J0(x) = − e

∇2
δ3(x) =

ˆ
d3k

(2π)3
e

|k|2
eik·x.

In the second equality, we used ∇2Aν = Jν (setting e = 1), and 1/∇2 is a formal symbol
that means we Fourier transform and multiply by 1/|k|2 in momentum space. In spherical
coordinate, this integral becomes

A0(x) =
e

(2π)3

ˆ ∞

0
k2dk

ˆ 1

−1
d(cos θ)

ˆ 2π

0
dφ

1

k2
eikr cos θ

=
e

(2π)2

ˆ ∞

0
k2dk

ˆ 1

−1
d(cos θ)

eikr cos θ

k2

=
e

(2π)2
1

ir

ˆ ∞

0
dk

eikr − e−ikr

k
.

The last integral can be evaluted using Residue theorem. This is a standard computation
in complex analysis. The result is

A0(x) =
e

4π

1

|x|
.

This is exactly Columb’s law.
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6.9 Green’s Function
Consider G(x, y) such that

□xG(x, y) = −δ4(x− y).

Written formally, G is the solution to

G =
1

□ .

Again, the expression makes sense in momentum space. Using Fourier transform, one can
find solution

G(x, y) =

ˆ
d4k

(2π)4
1

k2
eik(x−y).

One can check easily that
□xG(x, y) = −δ4(x, y).

We call G(x, y) the Green’s function in a field theory. This is really useful in field
theory. For example, let us consider the following theory of a scalar field:

L =
1

2
∂µh∂

µh− λ

4!
h4 − Jh.

The EL reads
−□h− λh3

3!
− J = 0.

When λ = 0, the solution is simply the Green’s function

h0 = − 1

□J.

More specifically, we have
h0(x) =

ˆ
d4y G(x, y)J(y). (6.9)

When λ 6= 0, there is no closed solution. We perturbatively expand h in orders of λ:

h = h0 + λh1 + λ2h2 + · · ·

Then the EL equation reads

−□(h0 + λh1 + λ2h2 + · · · )− λ

3!
(h0 + λh1 + λ2h2 + · · · )3 − J = 0.

Using h0 = J/□, to the first order in λ we must have

−□λh1 −
λ

3!
h30 = 0.

Thus
h1(x) = − 1

□x

(
1

3!
h30

)
=

1

3!

ˆ
d4yG(x, y)h30(y).

Using

h30(y) = h0(y)h0(y)h0(y)

=

ˆ
d4y1G(y, y1)J(y1)

ˆ
d4y2G(y, y2)J(y2)

ˆ
d4y3G(y, y3)J(y3),
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we get

h1(x) =
1

3!

ˆ
d4yd4y1d

4y2d
4y3G(x, y)G(y, y1)G(y, y2)G(y, y3)J(y1)J(y2)J(y3). (6.10)

There is a nice diagrammatic interpretation the calculation above. The perturbative so-
lution h, up to first order in λ, is given by

h(x) = h0(x) + λh1(x),

which is the sum of expressions (6.9) and (6.10). The order λ0 approximation, which is
h0, is just the solution to the free theory where λ = 0 (λ is usually a measure of how
strong the interaction is, when λ = 0 the theory has no interaction, which we call free).
By looking at the expression (6.9), we can represent it by the following diagram:

h0(x) =
x J(y)

The line segment with endpoint x and J(x) is simply a pictorial instruction for us to
compute the integral

´
d4yG(x, y)J(y). So we can think of the line segment with vertices

x, J(y) as the propagator G(x, y), and we need to truncate the end by multiplying J(y).
Now we look at h1(x). This is (6.10), which is much more interesting. We can represent

the expression (6.10) pictorially by:

λh1(x) =
x y

J(y1)

J(y2)

J(y3)

Again, using the previously established rule for h0, we replace each line segment with
a propagator. So for example the line segment with endpoints x, y corresponds to G(x, y),
and the line segments with endpoints y, J(yi) is replaced by G(y, yi), for i = 1, 2, 3, and
we truncate by J(y1)J(y2)J(y3). We add two new rule: Any internal vertices (in this case
y) is an free variable, that we need to integrate over. And for every internal vertex, we
need to multiply by a factor of λ. Integrating over all the variables other than x so that
the result will be a function of x only, we see that we exactly recover (6.10) multiplied by
λ, which is what we want in the perturbative expansion, except we are off by a factor of
1/3!.

This mysterious factor 1/3! can in fact be covered as the order of the automorphism
group of the graph above. These are called Feynman diagrams for this theory, and the
rules associating each diagram to a term of mathematical expression in the perturbative
expansion of h are called Feynman rules. In the case of this simple theory, the Feynman
rules can be summarized as follows:

1. Draw a point x and a line from x to a new point xi.

2. Either truncate a line at a source J or let the line branch into two lines adding a
new point and a factor of λ.

3. Repeat previous step.
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4. The final value for h(x) is given by graphs up to some order in λ with the ends capped
by currents J(xi), the lines replaced by propagators G(xi, xj), and all internal points
integrated over, and divide the value of each diagram by the symmetry factor (i.e.,
order of the automorphism group of the graph).

It is worth remarking that the diagram corresponding of h1 has 4 edges coming out
of each internal vertex y is due to our theory having a interaction term −λh4/4! in the
Lagrangian. In general, if the interaction term is given by −λhn/n!, then each internal
vertex will have n edges coming out of it.

So the upshot is: Up to a certain order λn, the perturbative expression of h can be
recovered by summing over all allowed Feynman diagrams with no more than n internal
vertices using the above Feynman rules. This is just a pictorial (but much faster) way
of doing the perturbative computation that we could have done without using Feynman
diagrams and just grind the math.1 Of course, that way you are much easier to make a
mistake, and you need to write down very long expressions.

Feynman diagram is the key to perturbative QFT (i.e., QFT whose Lagrangian con-
tains a nonzero interaction term). As we will see later, for each theory there is an associated
set of Feynman rules that allow us to do perturbation theory.

1Feynman diagrams were invented by Richard Feynman. Julian Schwinger, who won the Nobel Prize in
Physics together with Feynman, disliked him so much that he forbade his students to do any perturbative
computation of QFT using Feynman diagrams!
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Chapter 7

Path Integral Formalism

Thirty-one years ago Richard Feynman told me about his sum over histories
version of quantum mechanics. The electron does anything it likes, he said. It
goes in any direction at any speed, forward and backward in time, however it
likes, and then you add up the amplitudes and it gives you the wave-function.
I said to him, Youre crazy. But he wasnt.
– F. J. Dyson

Perhaps the best way to introduce the path integral formalism is by starting with the
double slit experiment. A particle emitted from a source at time t = 0 passes through one
or the other of two holes drilled in a board and is detected at time t = T by a detector
located on the screen, as shown in Fig.7.1. The amplitude for detection is given by a
fundamental postulate of quantum mechanics, the superposition principle, as the sum of
the amplitude for the particle to propagate from the source through one hole and then
onward to the detector and the amplitude for the particle to propagate from the source
through the other hole and then onward to the detector.

Figure 7.1: The double slit experiment

There is an obvious generalization to this situation: If we drill more than two holes,
say A1, ...., An of the holes, and we want to measure the amplitude AS,O for the particle
to propagate from the source S to the detector O, it should be given by

AS,O = AS,A1,O +AS,A2,O + · · ·+AS,An,O,

where AS,Aj ,O is the amplitude of the particle starts from S, passes Aj , then ending up at
O. If we drill so many holes on the board that it feels like the screen is not really there,
then we should get the contribution AS,P,O from every point P on the board. Similarly,
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if we have a sequence of boards, say B1, ..., Bm of them, then the amplitude AS,O should
recieve contributions from every

AS,P1,P2,...,Pm,O

where Pj is an arbitrary point on Bj . Taking n,m→ ∞, the amplitude AS,O should recive
contribution from amplitude of every possible path from S to O. This clever thought
experiment was due to Richard Feynman, who later formulated his deep insights to the
path integral formalism.

To understand the path integral formalism, we have to be more precise about how
do we interpret AS,O. The symbol is not totally precise because we didn’t consider the
time in which detection is made. Suppose we want to express the amplitude of a particle
started at an initial position qI at time tI , and ended up at a final position qF at time
tF . Let |qI〉 denote the position eigenstate at qI , and similarly define |qF 〉. Suppose the
particle is governed by the Hamiltonian H. Then if we denote T = tF − tI , after we waited
T units of time, the particle started off as |qI〉 would have been in the state e−iHT |qI〉 by
Schrödinger equation, and the amplitude for it to end up at qF at time tF is given by the
inner product

〈qF |e−iHT |qI〉,

which is the quantity we are interested in evaluating. Now we use Feynman’s idea described
above to slice up the path into small intervals. Namely, we divide T into N segments by
defining δt = T/N . Thus

〈qF | e−iHT |qI〉 = 〈qF | e−iHδte−iHδt · · · e−iHδt |qI〉 .

Since the position eigenstates are complete, we insert a bunch of identity operators of the
form

´
dqj |qj〉〈qj | = 1. So now we have that

〈qF |e−iHT |qi〉

=

N−1∏
j=1

ˆ
dqj

 〈qF | e−iHδt |qN−1〉 〈qN−1| e−iHδt |qN−2〉 · · · 〈q1| e−iHδt |qI〉 .

Let us focus on one factor 〈qj+1|e−iHδt|qj〉. Suppose1 first that our Hamiltonian is just
given by the Hamiltonian of a free particle H = p̂2/2m. Inserting the identity using
momentum eigenstates

´ dp
2π |p〉〈p| = 1 and using 〈q|p〉 = eipq gives

〈qj+1| e−iδt(p̂
2/2m) |qj〉 =

ˆ
dp

2π
〈qj+1| e−iδt(p̂

2/2m)|p〉 〈p|qj〉

=

ˆ
dp

2π
e−iδt(p

2/2m) 〈qj+1|p〉 〈p|qj〉

=

ˆ
dp

2π
e−iδt(p

2/2m)eip(qj+1−qj).

The integral over p is an Gaussian integral, which can be evaluated. Doing this integral
yields

〈qj+1| e−iδt(p̂
2/2m) |qj〉 =

(
−im
2πδt

)1/2

e[im(qj+1−qj)2]/2δt

=

(
−im
2πδt

)1/2

eiδt(m/2)[(qj+1−qj)/δt]2 .

1The general case H = p̂2/2m+ V (x̂) with potential is similar.
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Putting all these pieces back we get

〈qF | e−iHT |qI〉 =
(
−im
2πδt

)N/2(N−1∏
k=1

ˆ
dqk

)
eiδt(m/2)

∑N−1
j=0 [(qj+1−qj)/δt]2 ,

where q0 = qI , qN = qF . Now we take the limit where N → ∞, or equivalently where
δt → 0. Then the exponent in exponential above becomes

´ T
0 dt12mq̇

2. Thus the formula
above becomes

〈qF |e−iHT |qI〉 =
ˆ

Dqei
´ T
0 dt 1

2
mq̇2

where we define
ˆ

Dq = lim
N→∞

(
−im
2πδt

)N/2 N−1∏
k=1

ˆ
dqk = lim

N→∞

(
−imN
2πT

)N/2 N−1∏
k=1

ˆ
dqk.

The integral with respect to dqk above should be interpreted as integrating over all points
on a screen in which the particle passes at time t = kδt. So what we are doing is assigning
a weight of ei

´ T
0 dt 1

2
mq̇2 to each path q(t) that the particle can possibly take and integrate

over all such paths. However, everything we have done here is at a formal level, and
immediately we see two concerning things from the formula above:

The first thing is that the formula above is just nonsense. There is a constant in front
that diverges at N → ∞. However, what physicists usually do is to calculate time ordered
correlation function (as we will see later), which is the ratio of two path integrals. Hence,
this infinite constant will be canceled because both the numerator and the denominator
will contribute the same diverging constant.

The second thing is that Dq can not be interpreted as a measure on the space of paths.
This is a more mathematical statement, but it is known that in many cases that such
measure cannot exist. Therefore, we should interpret the path integral as intergrating
over all possible paths only at a heuristic level, while in reality it always means we do
the procedure above and consider the limit of infinite product of integrals in small time
interval. In fact, the only path integral that can be evaluated exactly are those that are
Gaussian, and for non-Gaussian integral we will need to use perturbation theory (as we
will see later).

As a second step, repeat the derivation above with the Hamiltonian now replaced with
its most general form: Ĥ = p̂2/2m+ V (q̂). I claim that the result we will get is

〈qF |e−iHT |qI〉 =
ˆ

Dqei
´ T
0 dt( 1

2
mq̇2−V (q)). (7.1)

We recognize that what is inside the exponential is just i times the action S =
´ T
0 dtL(q, q̇).

This is the path integral formalism: The amplitude 〈qF |e−iHT |qI〉 = 〈qF , tF |qI , tI〉 recieves
contribution from all possible path q(t) from qI to qF , each weighed by a factor of eiS(q,q̇).

We will prove (7.1) shortly, but let us discuss first why the path integral formalism
is more favourable compared to the Schrödinger picture that we have developed. This
formalism is highly advantages because classical solutions emerges naturally in the limit
ℏ → 0. Note that in the derivation above (in fact in pretty much every other places of this
writing), we assumed ℏ = 1. If we restore the unit in (7.1), the actually formula should
read

〈qF |e−iHT/ℏ|qI〉 =
ˆ

DqeiS(q,q̇)/ℏ.
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When ℏ → 0, the integrand eiS(q,q̇)/ℏ will oscillate rapidly. For any q, if q and its nearby
path does not minimize the action S(q, q̇), then they will destructively interfere and the
contribution from them cancels out with each other. Therefore, the only significant con-
tribution to the amplitude come from those paths that minimizes the action, which are
the classical paths by the principle of least action.

To prove (7.1), note that each term in the insertion will be of the form

〈qj+1|e−iδt(p̂
2/2m)e−iδtV (q̂)|qj〉 =

ˆ
dp

2π
〈qj+1|e−iδt(p̂

2/2m)|p〉〈p|e−iδtV (q̂)|qj〉

=

ˆ
dp

2π
e−iδt(p

2/2m)〈qj+1|p〉〈p|qj〉e−iδtV (qj)

= e−iδtV (qj)

(
−im
2πδt

)1/2

eiδt(m/2)[(qj+1−qj)/δt]2

=

(
−im
2πδt

)1/2

e
iδt

(
m
2

(
qj+1−qj

δt

)2
−V (qj)

)
.

So it follows that when we multiply all the insertion, and take limit as N → ∞, we would
get (7.1).

Example 7.1 (Gaussian integral in one variable). As a warm up, in the finite dimensional
case, we consider the integral ˆ

dp e−αp
2+Jp.

Recalling that
´
dp e−αp

2
=
√
π/α, we just need to complete the square, and the above

expression becomes ˆ
dp e−α(p−

J
2α)

2
+J2

4a =

√
π

α
eJ

2/4α.

A somewhat equivalent method is called the method of stationary phase. Taking the
derivative of the exponent to find the critical point:

0 =
∂

∂p
(−αp2 + Jp) = 2αp+ J

gives the critical point
p∗ =

J

2α
.

Then up to the constant
√
π/α, we see that
ˆ

dp e−αp
2+Jp ∼ e−αp

2
∗+Jp∗ = eJ

2/4α.

Example 7.2 (Gaussian integral in finite dimension). Suppose now J be a n-dimensional
vector, and A an n× n matrix. We now consider the n-dimensional integralˆ

dnpe−
1
2
p†Ap+J†p.

After diagonalizing A the integral becomes just a product of integrals over the pi, and the
result is the product of one-dimensional Gaussian integrals, with a being replaced by an
eigenvalue of A. That is,

ˆ
dnpe−

1
2
p†Ap+J†p =

(2π)n/2√
detA

e
1
2
J†A−1J . (7.2)
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7.1 Time Ordered Correlators and Partition Functions
Now suppose I have some operator of interest. In the Hisenberg picture, the operator O(t)
evolves with time t. What we will be interested in calculating is calculating expectation
values of the form, say

〈qb, tb|O(t)O′(t′)|qa, ta〉
〈qb, tb|qa, ta〉

.

The denominator is the path integral that we already did. So let us redo the calculation
of the numerator. Now assuming that O,O′ is just built up from the position operator Q
(example, O = Q2). Now assuming ta < t < t′ < tb. Then going through the computation.
Routine calculation shows that the expression above becomes

´
Dq eiSO(t)O′(t′)´

Dq eiS

It is important to stress that inside the integral, O(t),O′(t′) now become classical functions
of position and momentum, instead of being operators. We now introduce the time
ordering operator , which is defined by

T{O1(t1)O2(t2)} =

{
O1(t1)O2(t2) t1 ≥ t2

O2(t2)O1(t1) t1 < t2.

Then in fact we have that

〈qb, tb|T{O1(t1)O2(t2)}|qa, ta〉 =
ˆ

Dq eiS[q]O1(t1)O2(t2).

This is not surprising, since the right hand side are all classical objects, hence they must
be independent of orderings. Therefore, the left hand side should also be something that
does not depend on the ordering of the operators. Indeed, if we go back into the derivation
of the path integral, we recall that we slice up time in order, so the only way that the
expectation on the left agrees with the path integral on the right, is that the left hand
side is already time ordered.

The formal object we obtain is called functional integral. We now introduce functional
derivatives. The rule is defined as follows: We have

δ

δq(t)
q(ta) = δ(t− ta).

This is the analogue of ordinary derivative ∂qa/∂qj = δij . Now suppose I want to look at
the following functional, called the partition function:

Z[J ] =

ˆ
Dq exp

(
i

ˆ
dt L+ i

ˆ
dt J(t)q(t)

)
.

Here, J is called the current, and Z[J ] is commonly referred to as the partition function
of the theory. Suppose we know the answer to this expression, then essentially we know
everything there is to know about the theory defined by the Lagrangian L. To see this,
consider calculating

(−i) δ

δJ(t′)
Z[J ].

Note that

(−i) δ

δJ(t′)
ei
´
dtJ(t)q(t) = ei

´
Jqdt

ˆ
δ(t− t′)q(t)dt = e

´
Jqdtq(t′).
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Hence
(−i) δ

δJ(t′)
Z[J ]

∣∣∣∣
J=0

= 〈qb, tb|Q(t′)|qa, ta〉 = 〈Q(t′)〉.

Generalizing, we see that

(−i)n 1

Z[0]

δ

δJ(t1)
· · · δ

δJ(tm)
Z[J ]

∣∣∣∣
J=0

= 〈T{Q(t1) · · ·Q(tm)}〉.

Similarly, changing the appropriate expression of the integral involving J , we can recover
all time ordered correlators by taking functional derivative to path integrals of the theory.

Example 7.3 (Harmonic Oscillators). We will next show how this works for a concrete
example: harmonic oscillator. The Lagrangian is

L =
1

2
q̇2 − 1

2
m2q2.

This is slightly different from the usual expression you see in classical mechanics because
the mass is not in the kinetic term but in the potential term now. We can translate in-
between by a rescaling of x, but this expression is more common in QFT so we will study
the expression above instead. We would like to calculate

〈0|T q̂(t1)q̂(t2)|0〉.

We see that the potential term will have an integrand which is a Gaussian. Let’s compute

Z[J ] =

ˆ
Dq eiS[q]+i

´
dt Jq

=

ˆ
Dq exp

(ˆ
−1

2
q∂2t q −

1

2
m2q̇2 + Jq

)
.

The integral is quadratic in q, hence is just an infinite dimensional Gaussian. The answer
should be the infinite-dimensional analogue of (7.2). Using stationary phase method, we
take derivative of the exponent with respect to q and set it to zero shows the extremum
appears at the solution to the differential equation

−∂2t q −m2q = −J.

Note that instead of −∂2t q/2 we get −∂2t q in the first term, because the derivative can hit
both q’s in q∂2t q. To solve the equation above, we formally write

q = − 1

−∂2t −m2
J.

Formally, we are taking Fourier transform and invert the operator on the left hand side of
the differential equation. Now, seperating the part that depends on J , we get:

Z[J ] = Z0 exp

(
i

ˆ
dtdt′

1

2
J(t′)

1

−∂2t −m2
J(t)

)
.

Note that this is precisely what we expected: This is nothing but an infinite dimensional
analogue of (7.2). Now let us take functional derivatives and calculate some correlation
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functions. We have

〈0|T q̂(t1)q̂(t2)|0〉 =
1

Z0
(−i)2 δ

δJ(t2)

δ

δJ(t1)
Z[J ]

∣∣∣∣
J=0

= (−i) δ

δJ(t2)
exp

(
i

ˆ
dtdt′

1

2
J(t′)

1

−∂2t −m2
J(t)

)
× 1

2

(ˆ
dtdt′ δ(t′ − t1)

1

−∂2t −m2
J(t) +

ˆ
dtdt′J(t′)

1

−∂2t −m2
δ(t− t1)

)∣∣∣∣
J=0

.

Now we take functional derivative with respect to J(t2) again. If the derivative hit the
J in the exponential, we will get some integral with J in it, which vanishes when we set
J = 0 in the end. Hence we only need to worry about the situation where the derivative
hits the J in the integral. Thus the expression above reads

〈T q̂(t1)q̂(t2)〉 = e
i
´
dtdt′ J(t′) 1

−∂2t −m2 J(t)
ˆ

dtdt′ δ(t′ − t1)
1

−∂2t −m2
δ(t− t2)

∣∣∣∣
J=0

.

Recall that the Green’s function satisfies

G(t1, t2) = − 1

∂2t +m2
δ(t1 − t2).

Here, the derivative ∂2t is taken with respect to t1. The function δ(t1−t2) acts like identity
matrix on the space of functions, because the expression

´
dt1dt2 J(t1)δ(t1 − t2)J(t2) is

just the infinite dimensional generalization of the vector contraction expression J†AJ for
some matrix A (which is identity in our case) and vector J . Compare this with Example
7.2. Hence G(t1, t2) is the inverse matrix of the operator −(∂2t +m2). Hence the above
expression becomes

〈T q̂(t1)q̂(t2)〉 = e
i
´
dtdt′ J(t′) 1

−∂2t −m2 J(t)
ˆ

dtdt′ δ(t′ − t1)G(t
′, t)δ(t− t2)

∣∣∣∣
J=0

= G(t1, t2).

Thus we have shown that the two point time ordered correlator is exactly the Green’s
function. Let’s see what this looks like in frequency space. In frequency space (with
variable ω), the derivative ∂t becomes −iω. Doing Fourier transform, we see that

〈T q̂(t1)q̂(t2)〉 =
ˆ ∞

−∞

dω

2π

eiω(t1−t2)

−ω2 +m2
.

The integral is the same as ˆ ∞

−∞

dω

2π

eiω(t1−t2)

−ω2 +m2 − iε

and send ε→ 0. The above integral can be evaluated using residue technique from complex
analysis. The poles (Fig.7.2) are located at the solutions ω2 = m2 − iε. In other words,

ω = ±
√
m2 − iε = ±m

√
1− iε/m2 ' ±m

(
1− iε/2m2

)
.
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Reω−m m

iε

−iε

Figure 7.2: Pole Location.

The interested readers are encouraged to complete the computation using residue the-
ory and contour integral techniques. The result is

G(t1, t2) =
i

2ω
exp(−iω|t1 − t2|).

7.2 Path Integrals in QFT
Next, we will generalize path integral to QFT setting. Let us consider the path integral
whose Hamiltonian density is given by

H =
1

2
Π2 +

1

2
(∇φ)2 + V (φ).

In the above, Π = ∂tφ is the canonical momentum. The Langrangian density is given by

L =
1

2
∂µφ∂

µφ− V (φ).

In QM, the eigenstates of the position are |q〉 which satisfies Q |q〉 = q |q〉. In QFT,
the field φ̂(x) will become an operator valued function. The eigenstates are |φ(x)〉 such
that φ̂(x) |φ(x)〉 = φ(x) |φ(x)〉, where φ(x) is a number, namely the eigenvalue, which
depends on the location x. Similarly, we have momentum eigenstates |Π(y)〉 such that
Π̂(y) |Π(y)〉 = Π(y) |Π(y)〉. We also require the commutation relation

[φ̂(x), Π̂(y)] = iδ3(x− y).

The functional integral formalism derived in the last chapter should hold for all quantum
mechanical systems. In particular it should hold for quantum field theories. In the scalar
QFT theory above, it is merely a quantum mechanical systems with infinite degree of
freedoms, where each degree of freedom is simply the value of the field φ(x) instead of
position q. Suppose now at time ta the field configuration is φa(x), and at time tb the field
configuration is φb(x), then the transition amplitude A must be of the form

A ≡ 〈φb(x)|e−iH(tb−ta)|φa(x)〉

=

ˆ
DφDΠ exp

(
i

ˆ
ta≤t≤tb

d4x

(
Πφ̇− 1

2
Π2 − 1

2
(∇φ)2 − V (φ)

))
. (7.3)

where the Dφ integral are constrained to the specific configurations φa(x) at ta and φb(x)
at tb. Note that (7.3) is simply infinite dimensional generalization of (??). Note that the
exponents in (7.3) is quadratic in Π, so we can first do the Gaussian integral involving
DΠ. Using the stationary phase method, we obtain

A =

ˆ
Dφ exp

(
i

ˆ
ta≤t≤tb

d4x

(
1

2
∂µφ∂

µφ− V (φ)

))
=

ˆ
Dφ eiS[ϕ,∂µϕ].
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7.3 Free Theory and Wick’s Theorem
Let us work out the path integral formalism for the free theory

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2.

This should be familiar as it is just the 4D generalization of Example 7.3. So we already
know the answer to the time ordered product in some sense from that example. We know
we should get something like

〈0|T φ̂(x1)φ̂(x2)|0〉 =
ˆ

d4k

(2π)4
i

k2 −m2 + iε
eik(x1−x2). (7.4)

Indeed, we carry over the exact same steps as in Example 7.3, with ∂2t + m2 becomes
□−m2, which leads to (7.4). Note that (7.4) is manifestly Lorentz invariant.

Now that we are masters in two-point functions, what about three-point functions?
Let us calculate now

〈0|T φ̂(x1)φ̂(x2)φ̂(x3)|0〉.
To do this, we calculate the functional derivative as expected. The partition function for
the free field theory reads

Z[J ] =

ˆ
Dφ exp

(
i

ˆ
d4x

(
1

2
∂µφ∂

µφ− 1

2
m2φ2 + J(x)φ(x)

))
.

This expression is quadratic in φ. Hence the path integral can be computed directly using
the method of stationary phase. Direct generalization of (7.2) leads us to the result

Z[J ] = Z0 exp

(
i

ˆ
d4xd4y J(x)

1

□x −m2
J(y)

)
,

where Z0 is independent of J . We can define the Green’s function G(x, y) to satisfies the
relation

(□x −m2)G(x1, x2) = −δ(x1 − x2).

One can check that G(x1, x2) is precisely given by the right hand side of (7.4). Hence

(−i) 1

Z0

δZ[J ]

δJ(x1)

∣∣∣∣
J=0

= exp

(
i

ˆ
d4xd4y J(x)G(x, y)J(y)

)
×(ˆ

d4yG(xi, y)J(y) +

ˆ
d4xJ(x)G(x, xi)

)
,

which we see is zero when we set J = 0. When we take the second derivative, the nonzero
contribution comes from δ/δJ hits the J in the integrand of the integral on the right. But
when we take third derivative again we have similar expression above, hence becomes zero.
Therefore, we conclude that all the correlator for an odd number of insertions vanishes.

Hence very generally, we wish to compute correlators with an even number of insertions:

〈T φ̂(x1) · · · φ̂(x2m)〉 =
1

Z0

δ

δJ(x1)
· · · δ

δJ(x2m)
Z[J ]

∣∣∣∣
J=0

. (7.5)

The computation in Example 7.3 already showed that taking two functional derivatives
gives the propagator:

1

Z0

δ

δJ(x1)

δ

δJ(x2)
Z[J ] = G(x1, x2),

where G(x1, x2) is defined by the integral on the right hand side of (7.4). In general, the
answer is given by the famous Wick’s Theorem:
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Theorem 7.4 (Wick’s Theorem). The value of the expression (7.5) is given by the sum
of products of propagators valued at all possible pairings of the insertion points x1, ..., x2m.
That is,

〈T φ̂(x1) · · · φ̂(x2m)〉 =
∑

all pairings
G(xi1 , xi2) · · ·G(xi2m−1 , xi2m). (7.6)

We will use Wick contractions to indicate the pairing, as shown below. For example:

〈Tφ(x1)φ(x2) · · ·φ(x2m−1)φ(x2m)〉 ≡ G(x1, x2) · · ·G(x2m−1, x2m).

The proof of Wick’s theorem is not very illuminating, so we omit it for now. What’s more
important is convincing oneself that the theorem is right by working through examples.
For instance, the 4-point function will be given by the sum of three terms:

〈T φ̂(x1) · · · φ̂(x4)〉 = G(x1, x2)G(x3, x4) +G(x1, x3)G(x2, x4) +G(x1, x4)G(x2, x3).

The expression above has a nice pictorial representation given by Feynman diagrams.
It is given by the sum of the three diagram in Fig.7.3, where each line from xi to xj is the
instruction for us to multiply by a Green’s function G(xi, xj):

x1 x1
x1x2

x3 x4

x2 x2

x3 x3x4 x4

Figure 7.3: 4-point correlator function

7.4 Interacting Quantum Fields and Feynman Diagrams
The Lagrangian in section 7.3 only has a quadratic term in φ. In general, we may have
some higher order polynomials in φ. So the theory might have some interaction terms. So
the Lagrangian will be the same Lagrangian in section 7.3, called Lfree, plus some higher
order interaction terms:

L = Lfree + Lint.

For example, we might have something like

L =
1

2
∂µφ∂

µφ− 1

2
m2φ− λ

3!
φ3. (7.7)

In this case, Lint = λφ3/3!. Theory like this cannot be solved exacly like what we did in
Section 7.3. But QFT like this is of great importance because most practical quantum
field theories have higher order interaction terms in the Lagrangian. Therefore, it is still of
great interest to calculate the time ordered correlators with arbitrary number of insertions.
To this end, we need to compute the correlators of theory (7.7) perturbatively: That is,
we assume λ is a small number and do Taylor expansion. Assuming the quantity Q is
what we want to compute for the theory (7.7). This could be a correlator with 4 insertion
points. Let Q0 be the corresponding quantity we would get if λ = 0 (i.e., in free theory).
Then, we Taylor expand Q in terms of λ:

Q = Q0 + λQ1 + λ2Q2 + · · · .
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Feynman diagram is a powerful tool that tells us how to determine the coefficients Qi

when Q are time ordered correlators with arbitrary number of insertion points. We will
formulate this idea for the remaining of this chapter. The partition function for the theory
(7.7) is given by

Z[J ] =

ˆ
Dφ exp

(
i

ˆ
d4x

(
1

2
∂µφ∂

µφ− 1

2
m2φ+ Jφ− λ

3!
φ3
))

=

ˆ
Dφ ei

´
d4x( 1

2
∂µϕ∂µϕ− 1

2
m2ϕ+Jϕ) exp

(
i

ˆ
d4x

−λ
3!
φ3
)

=

ˆ
Dφ ei

´
d4x( 1

2
∂µϕ∂µϕ− 1

2
m2ϕ+Jϕ)

×

(
1 +

−iλ
3!

ˆ
d4zφ3(z) +

(
−iλ
3!

)2 1

2

ˆ
d4z

ˆ
d4w φ3(z)φ3(w) + · · ·

)

Each term in this expansion can be viewed as a path integral in the free theory. Using

Z0[J ] =

ˆ
Dφ exp

(
i

ˆ
d4x

(
1

2
∂µφ∂

µφ− 1

2
m2φ+ Jφ

))
to denote the partition function of the free theory, we can write the Taylor expansion of
Z[J ] above as

Z[J ] = Z0[J ] +
−iλ
3!

ˆ
d4z(−i)3 δ

3Z0[J ]

δJ(z)3
+

(
−iλ
3!

)2 1

2

ˆ
d4z

ˆ
d4w(−i)6 δ6Z0[J ]

(δJ(z))3(δJ(w))3
+ · · ·

(7.8)

= exp

(
−iλ
3!

(−i)3
ˆ

d4z
δ3

δJ(z)3

)
Z0[J ].

Let us denote the ground state of the theory (7.7) by |Ω〉. We avoided using |0〉 because
we want to reserve it for the ground state of the free theory, which may be different from
|Ω〉. We are interested to compute the time ordered correlator

〈Ω|Tφ(x1) · · ·φ(xn)|Ω〉 =
(−i)n

Z[0]

δn

δJ(x1) · · · δJ(xn)
Z[J ]

∣∣∣∣
J=0

. (7.9)

From (7.8) we know that Z[J ] can be Taylor expanded in λ, with the constant term being
Z0[J ]. Hence the correlator also has a Taylor expansion in λ, whose constant term is the
free theory correlator function:

〈Ω|Tφ(x1) · · ·φ(xn)|Ω〉 = 〈0|Tφ(x1) · · ·φ(xn)|0〉+ λQ1 + λ2Q2 + · · · .

Now we discuss how to determine the coefficients Qm. These can be determined by
Feynman diagrams and Feynman rules. We will construct a collection of diagrams called
Feynman diagrams that are relevant (will be made explicit below), and using a set of rules
called Feynman rules we can turn these diagrams into mathematical expressions. Then
Qm is simply the sum of all such relevant Feynman diagrams (namely their expressions
obtained from applying Feynman rules to the diagrams).

The first step is to determine the number of insertion points x1, ..., xn. In this case
we have n of them. This determines the external vertices of Feynman diagrams, which is
equal to n.
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The second step is to determine which coefficient we want to compute, in our case
say it is Qm for a fixed integer m ≥ 1. This means we need to find terms in the Taylor
expansion (7.9) that are proportional to λm. Using (7.8), we see that up to a constant,

Qm ∼ δn

δJ1 · · · δJn
λm
ˆ

d4z1 · · · d4zm
δ3

δJ(z1)3
· · · δ3

δJ(zm)3
exp

(
i

2

ˆ
d4xd4yJ(x)G(x, y)J(y)

)
=

δn

δJ1 · · · δJn
λm
ˆ

d4z1 · · · d4zm
δ3

δJ(z1)3
· · · δ3

δJ(zm)3

∞∑
ℓ=0

iℓ

2ℓ`!

(ˆ
d4xd4yJ(x)G(x, y)J(y)

)ℓ
.

(7.10)

Note that in each summand of (7.10), the number of currents J is equal to 2`, and the
number of functional derivatives δ/δJ is n + 3`. In this sum, if 2` > n + 3m, then after
we finish taking all derivatives, we will still have some current J left. Hence these terms
will vanish when we evaluate at J = 0 in the end. On the other hand, if 2` < n + 3m,
then after taking some functional derivatives, we will run out of J ’s, which means taking
functional derivatives again will give zero. Hence we conclude that

Proposition 7.5. The only terms in (7.10) that have nonzero contributions to 〈Ω|Tφ1 · · ·φn|Ω〉
are those that satisfy n+ 3m = 2`.

Next, we note that for each fixed ` in the sum (7.10), we have terms proportional to

δn

δJ1 · · · δJn
δ3

δJ(z1)3
· · · δ3

δJ(zm)3

ˆ
d4x1 · · · d4xℓd4y1 · · · d4yℓ

ℓ∏
j=1

J(xj)G(xj , yj)J(yj).

By product rule, this is the sum of all possible cases where some δ/δJ(p) hits some J(q).
Each time this happens, we will get a delta function δ(p−q). Since Proposition 7.5 tells us
that n+ 3m = 2`, that is, all of the vertices p1, ..., pn (external vertices), and three copies
of z1, ..., zm, must be paired with some current J . And the propagators G will record all
possible pairings among these vertices. For example:

ˆ
d4xjd

4yj
δJ(xj)

δJ(pk)
G(xj , yj)

δJ(yj)

δJ(zs)
= G(pk, zs).

Now we are ready to build a bridge between the expressions in the perturbative series of
the time ordered correlator and Feynman diagrams. We first need a definition

Definition 7.6. Let D be a (Feynman) diagram. The value e(D) of the diagram D is
given by

e(D) =
1

|AutD|
(−iλ)|V0|

∏
(pi,pj)∈E

G(pi, pj),

where V0 is the collection of all internal vertices of D, and |V0| the number of internal
vertices, and E is the set of all edges of D. Finally, AutD is the group of automorphisms of
the diagram D fixing the external vertices (meaning these automorphisms cannot permute
external vertices).

Therefore, we conclude that

Theorem 7.7 (Feynman Rule). The coefficient Qm in the Taylor expansion of the time
ordered correlator 〈Tφ(p1) · · ·φ(pn)〉 is given by the sum over values of all possible diagrams
with external vertices p1, ..., pn, and m internal vertices, where the sum is over all possible
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pairings between these vertices (every external vertices must be paired with some internal
vertices). If we denote the set of all such graphs by Gn,m, then the above statements simply
becomes

Qm =
∑

D∈Gn,m

e(D).

In the above statement, the only thing we did not justify is the coefficient 1/|AutD|.
This is just some combinatorial result which we will omit. However, we will give a sample
calculation in the next section, showing that for a loop D we have |AutD| = 2. People
usually denote |AutD| by s(D) and call it the symmetry factor . Note that since we
are pairing two verticles by an edge (propagator), of course we should get twice as many
points as edges. That is,

n+ dm = 2`,

where d is the degree of φ in the interaction piece Lint. In our case d = 3. This is precisely
Proposition 7.5.

Now, we have almost constructed a dictionary between physical quantities and geo-
metric elements in Feynman diagrams:

Physical Quantities Elements in Feynman Diagram
number of insertions in correlator number of external vertices
order of λ in the Taylor expansion number of internal vertex

propagators edges of the diagram
degree of φ in the interaction term valence of the diagram

The only thing that is possibly not clear is why does valence of the diagram corresponds
to the degree of the interaction. To see this, we go back to (7.10). Say we are looking at
an internal vertex z1. Then asking the valence of the graph at the vertex z1 is the same
as asking how many things can we pair z1 into. Equivalently, this is asking how many
δ/δJ(z1) we are taking in (7.10), which is evidently the degree of the interaction.

7.5 Momentum Space Feynman Rules
Usually, momentum space Feynman diagram computation is very messy. The calculation
is greatly simplified if we do Fourier transforms and go to momentum space. Let us
consider the example of a φ4 theory:

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 − λ

4!
φ4.

One Feynman diagram in position space for the 4-point correlator is given by

x1 x2

x3 x4

x

In position space the Feynman rule gives the value of this diagram:

e(D) = −iλ
ˆ

d4x G(x, x1)G(x, x2)G(x, x3)G(x, x4).
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Since the propagator reads

G(x, x′) =

ˆ
d4k

(2π)4
i

k2 −m2
eik(x−x

′),

we see that after Fourier transform, the diagram has value

e(D) = −iλ
ˆ

d4x
4∏
j=1

d4kj
(2π)4

i

k2j −m2
eikj(x−xj).

Note that the expression contains a term
ˆ

d4x ei(k1+k2+k3+k4)x = δ4(k1 + k2 + k3 + k4).

This enforces conservation of momentum. Therefore, in momentum space, we must always
write down such a delta function associated to each diagram which enforces momentum
conservation.

Let us give an example of how to compute the symmetry factor |AutD| of a diagram.
For example let us take this diagram in for the φ4 theory:

x1 x2
x

The related term in the series expansion is given by

e(D) =
−iλ
4!

ˆ
d4x 〈0|φ(x)φ(x)φ(x)φ(x)φ(x1)φ(x2)|0〉.

Using Wick’s theorem, φ(x1) can hook onto 4 of the φ(x), and φ(x2) can hook onto any
of the remaining 3 of the φ(x4), then the remaining 2 φ(x) must pair up. Hence the
expression becomes

e(D) = − iλ
4!

ˆ
d4x 4G(x, x1)3G(x, x2), G(x, x) = − iλ

2

ˆ
d4x G(x, x1)G(x, x2)G(x, x).

Hence in this case we see that |AutD| = 2. Fourier transform to momentum space, this
becomes

−iλ
2

i

k2 −m2

i

k2 −m2

ˆ
d4p

i

p2 −m2

which corresponds to the diagram in Fig.7.4.

k k

p

Figure 7.4: Momentum space loop diagram.

To get back to the position space, we simply inverse Fourier the expression above.
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For now, it might not be obvious why we would prefer calculating Feynman diagrams
in momentum space instead of in position space, except that it makes momentum con-
servation more obvious. This will come clear when we introduce the LSZ formula: What
experimental physicists can measure is something called scattering amplitude, which is
usually denoted by M. The scattering amplitude is directly related to the time ordered
correlator by the LSZ formula: In fact, it is just proportional to the sum of all Feynman
diagrams, with external legs amputated (by this we mean when we evaluate Feynman
diagrams, we just ignore all the propagators connecting to external vertices). In this case,
to calculate M it is much easier to calculate the Feynman diagram in momentum space.

7.6 Example: Feynman Rules for Scalar QED
In the previous section, we have studied how we can generate Feynman diagrams given
a theory with a specified Lagrangian. If the Lagrangian is free, then we can solve the
theory exactly, otherwise if it includes a nontrivial interaction term, then we need to
compute the correlator functions perturbatively by a systematic procedure of calculating
Feynman diagrams. We have already seen how this works for φ3 and φ4 theory (and
the story is pretty much the same for φn theory). In this chapter, we will work out
another important example to illustrate this procedure: the theory of scalar quantum
electrodynamics (SQED). We have already seen this theory in Example 6.9. What makes
this example different from the φn-theory is that instead of just one real scalar field φ, we
now have a complex scalar field φ (which gives two real scalar fields α, β where φ = α+ iβ,
or equivalently we have two independent scalar fields φ, φ∗ that we need to consider).
Moreover, there is in addition the presence of a vector field Aµ.

Let us go back to the Lagrangian in Example 6.9. The Lagrangian is

L = −1

4
FµνF

µν + (∂µφ+ ieAµφ)(∂
µφ∗ − ieAµφ∗)−m2|φ|2

= −1

4
FµνF

µν − φ∗(□+m2)φ− ieAµ(φ
∗∂µφ− φ∂µφ∗) + e2AµA

µ|φ|2. (7.11)

In the second equality we used integration by parts to replace ∂µφ∂µφ∗ by −φ∗∂µ∂µφ =
−φ∗□φ. The resulting difference in action will be the integral of a total derivative, which
under suitable boundary conditions will be zero by Stokes’ theorem. Hence, the action is
invariant under such replacement. In other words, in going from L to (7.11), we did not
change any physics, since action is all that matters.

An easy way to remember this Lagrangian is by introducing the covariant derivative
operator Dµ = ∂µ + ieAµ. Then the SQED Lagrangian simply becomes

L = −1

2
F 2
µν + |Dµφ|2 −m2|φ|2.

Looking at (7.11), we must first determine what is the free piece and what is the
interaction piece. Since the free piece should have at most quadratic order in fields, and
interaction piece at least cubic order in fields, we conclude that

Lfree = −1

4
FµνF

µν − φ∗(□+m2)φ, (7.12)

Lint = −ieAµ(φ∗∂µφ− φ∂µφ∗) + e2AµA
µφφ∗. (7.13)

As we have seen from the previous section, we must first solve the free theory, which will
give us all the propagators in the theory. And then we will focus on the interaction piece,
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which will give us information of what our Feynman diagram beyond tree level will look
like: coefficients for vertices, valence of the diagrams, etc.

As discussed, we will first look at the free theory (7.12). The free theory partition
function is

Z0[J
µ, J, J∗]

=

ˆ
DADφDφ∗ exp

(
i

ˆ
d4x

(
−1

4
FµνF

µν − φ∗(□+m2)φ+AµJ
µ + J∗φ+ φ∗J

))
.

(7.14)

In (7.14), there are three different currents, one is the vector current Jµ, and there are also
J, J∗ current for φ and φ∗. To calculate time ordered correlators, we take the corresponding
functional derivatives of (7.14), and evaluate at Jµ = J = J∗ = 0.

7.6.1 Photon Propagator and Gauge Fixing

The first quantity we want to calculate is

〈TAµ(x1)Aν(x2)〉 = (−i)2 1

Z0[0]

δ2Z0

δJµ(x1)δJν(x2)

∣∣∣∣
J=0

.

Since anything in the exponent of (7.14) containing φ, φ∗ does not couple with the vector
current Jµ, we see that

(−i)2 1

Z0[0]

δ2Z0

δJµ(x1)δJν(x2)

∣∣∣∣
J=0

=
(−i)2

Z0[0]

ˆ
DφDφ∗ ei

´
d4x(−ϕ∗(□+m2)ϕ) δ2I[Jµ]

δJµ(x1)δJν(x2)

∣∣∣∣
J=0

,

(7.15)
where

I[Jµ] =
ˆ

DA exp

(
i

ˆ
d4x

(
−1

4
FµνF

µν +AµJ
µ

))
. (7.16)

Hence let us calculate I[Jµ] first. Rewriting the first term in the exponent a little bit gives

−1

4

ˆ
d4x FµνF

µν = −1

4

ˆ
d4x (∂µAν∂

µAν − ∂µAν∂
νAµ − ∂νAµ∂

µAν + ∂νAµ∂
νAµ)

= −1

2

ˆ
d4x (∂µAν∂

µAν − ∂µAν∂
νAµ)

=
1

2

ˆ
d4x (Aν∂µ∂

µAν −Aν∂
µ∂νAµ)

=
1

2

ˆ
d4x Aν(g

µν□− ∂µ∂ν)Aµ.

Hence I[Jµ] now reads

I[Jµ] =
ˆ

DA exp

(
i

ˆ
d4x

(
1

2
Aµ(g

µν□− ∂µ∂ν)Aν +AµJ
µ

))
. (7.17)

This is a standard Gaussian integral. The integration yields

I[Jµ] = N exp

(
1

2

ˆ
d4xd4y Jµ(x)

−i
gµν□− ∂µ∂ν

Jν(y)

)
,

and the renormalization constant N , multiplied together with the DφDφ∗ integral on the
right hand side of (7.15) would exactly cancel. Hence we would be able to conclude that
the propagator 〈TAµ(x1)Aν(x2)〉 is proportional to the inverse of gµν□− ∂µ∂ν . Right?
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Unfortunately, there is one very serious mistake in our argument. The operator

Pµν = gµν□− ∂µ∂ν

is not invertible. To see this, just consider any function of the form ∂µα, for any α(x),
then we see that Pµν∂µα = 0. Therefore, the operator Pµν is not injective, hence cannot
be inverted. Hence our argument above falls apart. If you remember Example 6.9, a
gauge transformation is precisely given by Aµ → Aµ+∂µα for some α. Indeed, the SQED
Lagrangian is invariant under such a transformation. The fact that Pµν fails to be injective
for having kernels containing ∂µα’s is precisely the indication that we are working with
a gauge theory. Looking at the integral (7.17) we see that when we are integrating over
Aµ = ∂µα, the exponents become zero when Jµ = 0. Hence I[0] would receive infinite
contribution equal to measure of all field configurations Aµ = ∂µα, which means it is badly
divergent. Since I[Jµ] is a factor of Z0[J ], this means that Z0[0] is also badly divergent,
which is problematic. Physically, this means that we are counting contributions from the
entire gauge orbits, when we should have just counted contribution from one representative
from each gauge orbit, since fields differ by a gauge transformation are physically the same.

But we are really close. The solution is to add a gauge fixing term

1

2ξ
(∂µA

µ)2

to our Lagrangian, which now reads

−1

4
FµνF

µν +AµJ
µ +

1

2ξ
(∂µA

µ)2.

This seems odd at first. But we claim that we can always choose a gauge such that
∂µA

µ = 0. To see this, we first note that our original Lagrangian is gauge invariant, i.e.,
invariant under any shift Aµ → Aµ + ∂µα. Now under such a gauge transformation, we
have

∂µA
µ → ∂µA

µ +□α.
Hence, we may find an α such that □α = −∂µAµ. Indeed, the solution is given formally
by

α = − 1

□∂µA
µ.

After adding such a term, performing integration by part, our operator Pµν now becomes

Pµν = gµν□−
(
1− 1

ξ

)
∂µ∂ν .

Substituting this into the modified version of (7.17), and comparing with (7.2) in Example
7.2, we see that the propagator would be an operator Πµν such that

PµνΠνσ = δµσ .

Fourier transforming into frequency space, we see that we want an operator Π̃νσ such that

P̃µνΠ̃νσ = δµσ .

Now the Fourier transform of Pµν is

P̃µν = −k2gµν +
(
1− 1

ξ

)
kµkν .
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We claim that
Π̃µν = − 1

k2

(
gµν − (1− ξ)

kµkν

k2

)
. (7.18)

Compare (7.18) with (6.8), we see that this is exactly the Green’s function obtained from
solving the Maxwell equation. Indeed, the partition function I[Jµ] we are working with
in (7.16) is literally Maxwell theory! Let us verify that (7.18) is indeed the operator we
want:

P̃αµΠ̃
µν = − 1

k2

(
−k2gαµgµν + k2gαµ(1− ξ)

kµkν

k2
+

(
1− 1

ξ

)
kαkµg

µν −
(
1− 1

ξ

)
kαkµ(1− ξ)

kµkν

k2

)
= − 1

k2

(
−k2δνα + (1− ξ)kαk

ν +

(
1− 1

ξ

)
kαk

ν −
(
1− 1

ξ

)
kα(1− ξ)kν

)
= − 1

k2

(
−k2δνα + kαk

ν 1− ξ

ξ
+
ξ − 1

ξ
kαk

ν

)
= δνα.

However, note that in (7.17), or rather the modified version after we add the gauge term,
has quadratic fluctuation iPµν in the exponent inbetween Aµ and Aν . Hence we really
want to find the inverse of the operator iPµν , which is −iΠµν . But remember that in
calculating the time ordered correlator (7.15) we need to multiply −iΠµν by (−i)2 = −1,
hence

〈TAµ(x1)Aν(x2)〉 = (−i)2 δI
δJµδJν

=
i

□gµν − (1− 1
ξ )∂

µ∂ν
= iΠµν(x1, x2).

Since our theory is translation invariant, propagator only depends on the distance between
two points, i.e., Πµν(x1, x2) = Πµν(x1 − x2). Hence it is related to the Fourier space
propagator Π̃µν(k) by

Πµν(x1, x2) = Πµν(x1 − x2) =

ˆ
d4k

(2π)4
Π̃µν(k)e

ik(x1−x2).

Therefore, in momentum space, the photon propagator iΠ̃µν is simply

k

µ ν

= −i
k2+iε

(
gµν − (1− ξ)k

µkν

k2

)
.

We will usually denote the photon propagator by a curly line. In the next section we
will evaluate all other possible propagators in SQED, but the hard work is mostly done.
The remaining calculation will be easier.

7.6.2 Complex Scalar Propagator and Others

We now want to evaluate the 2-point correlator 〈Tφ∗(x)φ(0)〉. In fact, we could evaluate
〈Tφ∗(x)φ(y)〉 for any arbitrary x, y. But as we discussed before, any reasonable theory
should be translation invariant, hence without loss of generality we can set y = 0 and just
focus on 〈Tφ∗(x)φ(0)〉. Going back to (7.14), we see that

〈Tφ∗(x)φ(0)〉 = (−i)2

Z0[0]

δ2

δJ∗(x)δJ(0)
Z0[J

µ, J, J∗]

∣∣∣∣
J=0

=
(−i)2

Z0[0]
I[Jµ] δ2

δJ∗(x)δJ(0)
Q[J, J∗],

(7.19)
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where

Q[J, J∗] =

ˆ
DφDφ∗ exp

(
i

ˆ
d4x(−φ∗(□+m2)φ+ J∗φ+ φ∗J)

)
. (7.20)

We will directly evaluate Q[J, J∗]. There is a version of Gaussian integral for complex
scalars. In n-dimensional space, this is just the identity

ˆ n∏
k=1

dzkdz
∗
k exp

(
i
∑
p,q

z∗pMpqzq + i
∑
p

(J∗
p zp + z∗pJp)

)
=

C

detM
exp

(
−i
∑
p,q

J∗
p (M

−1)pqJq

)
.

(7.21)
The proof of (7.21) is rather tedious and not very instructive. So we simply assume this
result and omit the proof. The infinite dimensional generalization is immediate. Using
this to evaluate (7.20) we get that

Q[J, J∗] = N exp

(
−i
ˆ

d4xd4y J∗(x)
1

−□x −m2
J(y)

)
. (7.22)

Taking functional derivative of the above expression, we see that

δ2

δJ∗(x)δJ(0)
Q[J, J∗] = N −i

−□−m2
= N i

□+m2
.

Substitute this into (7.19). We multiply the expression above by the overall coefficient
(−i)2 = −1, and again N and I[0]/Z0[0] cancel out each other. Hence we conclude that

〈Tφ∗(x)φ(0)〉 = i

−□−m2
.

Fourier transform into momentum space, the complex scalar propagator reads

k
= i

k2−m2+iϵ
.

Finally, let us look at (7.14) again. Is there any other propagators that we haven’t
calculated yet? For example, what about 〈Tφ(x)φ(0)〉 or 〈TAµ(x)φ(0)〉? Let us discuss
〈Tφ(x)φ(0)〉 first. We know that

〈Tφ(x)φ(0)〉 ∼ δ2Z0

δJ∗(x)J∗(0)

∣∣∣∣
Jµ=J=J∗=0

∼ δ2Q[J, J∗]

δJ∗(x)J∗(0)

∣∣∣∣
J=J∗=0

.

Now using (7.22), it is not hard to convince oneself that the expression on the right hand
side is zero: When we takes the first functional derivative with respect to J∗, it is the
exponential time with derivative of its exponent, which is proportional to J (independent
of J∗). Hence when we take functional derivative with respect to J∗, we pull down another
derivative of the exponent, which is again proportional to J . All these factors multiplies,
hence the expression on the right hand side is proportional to J , which vanishes when
we set J = 0 in the end. Same argument also shows that 〈Tφ∗(x)φ∗(0)〉 = 0. The same
argument also shows 〈TAµ(x)φ(0)〉 = 〈TAµ(x)φ∗(0)〉 = 0: When we take derivative of Jµ
with respect to the gauge fixed I[Jµ], we get a term proportional to Jµ, this is multiplied
with δQ/δJ(0) or δQ/δJ∗(0), which is proportional to J or J∗. In the end when we set
Jµ = J = J∗ = 0, the expression vanishes.

98



Hence, we conclude that in SQED, the only possible nonzero Wick contractions must
pair (contract) Aµ with its own kind Aν , whereas φ can only be contracted with φ∗ and vice
versa. All other Wick contraction will vanish. In other words, the photon propagator and
the complex scalar propagator are all the propagators there are to calculate. Therefore,
we have completely solved the free theory given by the partition function (7.14) at this
point, and we can proceed to the full SQED partition function to study interactions of
this theory.

7.6.3 Interactions

Now we can study interactions in SQED. Our goal will be modest: We want to determine
what type of interaction vertices that we might have, and determine the coefficients for
the interaction vertices. Recall that the interaction part of the SQED Lagrangian is

Lint = −ieAµ(φ∗∂µφ− φ∂µφ∗) + e2AµA
µφφ∗.

We see that there is a cubic term (in fields), and a quartic term. This means that we will
get both 3-valent and 4-valent diagrams in SQED. Let us first look at the cubic terms.
It contains 3 fields, hence in momentum space, we have a 3-valence diagram with vertex
value

p

p′

µ
= −ie(p+ p′)µ.

Figure 7.5: Cubic vertex in SQED.

To see why the vertex coefficient is −ie(p + p′)µ, we note that this cubic diagram is
related to the three point function

(−ie)
ˆ

d4w 〈0|φφ∗AµAαφ∗∂αφ|0〉 − 〈0|φφ∗AµAαφ∂αφ∗|0〉.

We are a bit careless in the above expression: The time ordered operator was omitted, also
all position coordinates were omitted. The first three terms in front are external points,
and the internal vertex is w.

Now, recall from the previous section that we expanded the interaction term exp
(
i
´
d4xLint

)
.

Hence the associated coefficient in front of the vertex should be the coefficient in front of

i(−ie)
ˆ

d4w Aµ(w)[φ∗(w)∂µφ(w)− ∂µφ
∗(w)φ(w)]. (7.23)

For the sake of convenience, it is of our best interest to obtain the vertex coefficient in
momentum space rather than position space. This means we need to Fourier transform
(7.23). We have

Aµ(w) =

ˆ
d4k

(2π)4
e−ikwÃµ(k) φ(w) =

ˆ
d4p

(2π)4
e−ipwφ̃(p) φ∗(w) =

ˆ
d4p′

(2π)4
eip

′wφ̃∗(p′).

Then (7.23) becomes

(−ie)
ˆ

d4w
d4k

(2π)4
d4p

(2π)4
d4p′

(2π)4
Ãµ(k)e−ikw[φ̃∗(p′)eip

′wpµφ̃(p)e
−ipw+p′µφ̃

∗(p′)eip
′wφ̃(p)e−ipw]
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Note that the second term become a plus sign instead of minus becomes ∂µ acting on eip
′w

produces a +p′µ. Hence the expression reads

(−ie)
ˆ

d4w e−i(p−p
′+k)w

ˆ
d4k

(2π)4
d4p

(2π)4
d4p′

(2π)4
Ãµ(k)φ̃∗(p′)φ̃(p)(pµ + p′µ).

The d4w integral gives (2π)4δ4(p − p′ + k), which is just a momentum conservation con-
dition, which is automatically enforced by the momentum space Feynman rule. Hence in
momentum space, with external legs amputated by LSZ formula. The cubic diagram has
value just equal to its vertex value −ie(p+ p′)µ.

There is also an interaction term e2AµA
µφφ∗ in the Lagrangian. This gives a diagram

with value
µ ν

= 2ie2gµν.

Figure 7.6: Quartic vertex in SQED.

To see why Fig.7.6 has value 2iegµν , we first note that this diagram is associated with
the 4-point correlator 〈0|AµAνφφ∗AαAαφφ∗|0〉. Already, we know that there will be a
factor of 2 coming from this diagram, because we have two different contractions

〈0|AµAνφφ∗AαAαφφ∗|0〉 〈0|AµAνφφ∗AαAαφφ∗|0〉

that both give the same value by symmetry, hence the quartic diagram should include
contributions from both contractions. Hence we conclude that the diagram Fig.7.6 should
have value 2ie2gµν .

Since one of the interaction term in (7.11) is of degree 3, another typical Feynman
diagram for 4-point correlator is something like

φ

φ∗φ

φ∗

γ

Figure 7.7: A typical Feynman diagram for SQED. The curly line is the vector boson
propagator, and the straight line is the propagator for scalar boson.

We have completed our derivation of SQED Feynman rules in momentum space. We
will come back to concrete SQED scattering amplitude calculations much later, but hope-
fully this chapter serves as a good exercise in applying the techniques we learned from the
previous section to an interesting example.
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7.7 Path Integrals and Partition Function

The Greens functions of quantum theory are related to time-evolution operators, which
(roughly speaking) look like a complex exponential e−iEt, with E an energy and t the time.
The probabilities (and density matrices) of statistical physics are based on the Boltzmann
factor, given (roughly) by the real exponential e−E/T , where T is the temperature and kB is
the Boltzmann constant. The fundamental elements of the two theories are therefore both
exponentials, albeit one is real and the other is complex. This similarity can be exploited
by making the identification it = T−1. The claim is that this will map a quantum field
theory on to a statistical field theory. The advantage of this mapping is that it allows
us to transfer results from one subject directly to the other, and vice versa. Within the
framework of the mapping, inverse temperature β = 1/T in statistical physics behaves
like imaginary time in a quantum field theory. It turns out that the concept of imaginary
time is a remarkably powerful one with uses across quantum and statistical field theory.
We examine the imaginary time formalism now. A Wick rotation is the substitution

τ = it,

i.e., allowing imaginary time. With this substitution, we replace the Minkowski metric
(+,−,−,−) to the Euclidean metric (+,+,+,+) up to a minus sign. We will see the
benefit of this trick very soon.

Arguably the most important object in statistical physics is the partition function
of a system. Suppose the system is governed by a Hamiltonian H, the partition function
is given by

Z(β) = Tr e−βH .

If we have an complete orthonormal basis of our Hilbert space, say |λ〉 for λ in some index
set, then the partition function is expressed by

Z(β) =
∑
λ

〈λ|e−βH |λ〉.

In particular if these are chosen to be eigenstates of the Hamiltonian, H |En〉 = En |En〉,
then

Z(β) =
∑
n

〈En|e−βH |En〉 =
∑
n

e−βEn .

Our next claim is that the partition function is really a path integral in disguise. Note that
the expression 〈λ|e−βH |λ〉 can be interpreted as an amplitude 〈qF |e−iHt|qI〉 if we choose
|λ〉 to be the position eigenstate at qI = qF = λ (of course then instead of suming over λ
in the Z(β) expression we should integrate over all position λ), and make the replacement
β = it. Then we have

Z(β) =

ˆ
dλ〈λ|e−iHt|λ〉 =

ˆ
dλ

ˆ
Dqei

´ t
0 dtL(q(t)).

But we already made the replacement t = −iβ. So our limit of integration goes from
t = 0 to t = −iβ. To make the expression nicer, we apply Wick rotation t = −iτ . After
performing change of variable, we end up with

Z(β) =

ˆ
dλ

ˆ
Dqe−

´ β
0 dτLE(q(τ)), (7.24)
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where we denote the Lagrangian L(q(t)) under the change of variable by LE(q(τ)), the
Euclidean Lagrangian. For example, if the Lagrangian we started with is the standard
Lagrangian

L(q(t)) =
1

2
m

(
dq

dt

)2

− V (q),

then under the Wick rotation dq/dt = idq/dτ , thus

i

ˆ −iβ

0
dtL(q(t)) = i

ˆ β

0
−idτ

[
−1

2
m

(
dq

dτ

)2

− V (q)

]

= −
ˆ β

0
dτ

[
1

2
m

(
dq

dτ

)2

+ V (q)

]
.

Hence we see that

LE(q(τ)) =
1

2
m

(
dq

dτ

)2

+ V (q).

Note that the sign of the kinetic term of LE is not changed compared to L, but the sign of
the potential term is reversed. But there is still more to (7.24). Note that in the formula
above it we had to integrate 〈λ|e−iHt|λ〉 where t goes from 0 to −iβ, so τ goes from 0 to
β. Since qI = qF = λ, we have q(t = 0) = q(t = −iβ) = λ. Thus q(τ = 0) = q(τ = β) = λ.
But that’s not all. If we imagine τ extending from −∞ to ∞ then the boundary conditions
are periodic: after a period β, the state returns to where it started. The integral over
λ means that we integrate over all path subject to these periodic boundary conditions
(PBC). Thus (7.24) becomes

Z(β) = Tr e−βH =

ˆ
PBC

Dqe−
´ β
0 dτLE(q(τ)) (7.25)

where PBC stands for the periodic boundary condition with period β. This result will be
very useful, because as we will see later, we can write the index of a Dirac operator on
spin manifold as a partition function, which can then be computed using the right hand
side of (7.25) using path integral techniques, which will lead to the famous Atiyah-Singer
index theorem.
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Chapter 8

Vectors and Spinors

8.1 Canonical Quantization of Vector Bonsons
In this chapter we discuss the theory of vector-valued quantum fields. The most important
example of a vector field theory is the Maxwell’s theory L = −1

4FµνF
µν where as usual we

have Fµν = ∂µAν − ∂νAµ. Another example is the theory of massive vector bonson with
Lagrangian given by L = −1

4FµνF
µν + 1

2m
2AµA

µ. Note that the signs of the coefficient
is important, because in this way the term for the time derivative will be 1

2Ȧ
2
i . So far,

these are classical fields, so we need to quantize Aµ, the vector boson. We will do some-
thing similar as the canonically quantized scalar field. We first present the expression for
quantized vector bonson:

Aµ(x) =

ˆ
d3p

(2π)3
1√
2ωp

∑
j

εjµ(p)ap,je
−ipx + εj∗µ (p)a†p,je

ipx. (8.1)

In the expression, p is a 4-vector with p = (p0,p). Note that we require the on shell
condition (p0)2 − |p|2 = m2 and ωp =

√
|p|2 +m2. In our case, m = 0 since the vector

boson is assumed to be massless. The index j represents polarizations which we will get
to shortly, and a†p,j is creation operator defined by

a†p,j |0〉 =
1√
2ωp

∣∣p, εj〉 .
Now we need to determine the range of j = 1, ..., n in the summand (8.1). For the massive
boson, the Lagrangian is

L = −1

4
FµνF

µν +
1

2
m2AµA

µ.

The equation of motion is given by

∂µ(∂
µAν − ∂νAµ) +m2Aν = 0.

The solution, as one can easily check, is given by the solution to the following two equations

∂µ∂
µAν +m2Aν = 0, (8.2)

∂µA
µ = 0. (8.3)

Using the expression (8.1), we find constraints on the vectors εµ. The first equation (8.2)
applied to (8.1) gives

(p0)2 − |p|2 −m2 = 0.
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The second equation (8.3) applied to (8.1) gives

pµε
µ
j (p) = 0. (8.4)

In addition, we also require the normalization condition

εjµ(p)ε
µj∗(p) = −1.

Let us pick a reference frame such that the 4-momentum of our vector boson takes the
form pµ = (E, 0, 0, pz). The condition (8.4) immediately gives 3 polarization vectors

εµ(1) = (0, 1, 0, 0) εµ(2) = (0, 0, 1, 0) εµ(3) = (pz/m, 0, 0, E/m).

These are the three physical polarizations. Thus in (8.1), if Aµ is massive, then the sum
in j should go from 1 to 3. To get a more mathematically sophisticated explanation,
we can look at Lorentz transformations which don’t change pµ. We can go to the rest
frame of the particle, in which the 4-momentum is pµ = (m, 0, 0, 0). Then clearly the
Lorentz transformations which fixes pµ is a copy of SO(3) which rotates the last three
components. The group SO(3) fixing pµ is called the little group. Mathematically, spin
1 representation of little group tells us the propagating states (polarizations).

Now we can turn to the massless case. In this case we have a gauge redundancy (or a
gauge symmetry), because now the Lagrangian

L = −1

4
FµνF

µν

is invariant under the gauge symmetry

Aµ → Aµ + ∂µα.

The equation of motion for the massless boson is simply ∂µFµν = 0. Expanding it out we
get

∂µ(∂
µAν − ∂νAµ).

As explained in the path integral derivation of SQED Feynman rules, we can choose a
gauge where ∂µA

µ = 0. Then substitute (8.1) into the equation of motion and gauge
condition yields same equations for εµ. But the gauge condition which says we identify
Aµ with Aµ + ∂µα requires us to identify |εµ〉 ∼ |εµ + pµ〉. This is one more constraint, so
we should expect to find less εµ’s than the massive case (in which case there are 3). Let
us now find εµ’s. We still have the condition

pµε
µ = 0 εµε

µ∗ = −1.

We pick a frame where pµ = (E, 0, 0, E). The above two conditions will give 3 polarizations

εµ(1) = (0, 1, 0, 0) εµ(2) = (0, 0, 1, 0) εµ(3) = (E, 0, 0, E).

But the last polarization is not physical because εµ(3) is proportional to pµ, hence is equiv-
alent to zero because |εµ〉 ∼ |εµ + pµ〉. Therefore, we only get two polarizations.
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8.2 Representations of the Lorentz Group
We will now give a precise definition of spin. Let’s return to the group of Lorentz transfor-
mations. This is a six dimensional Lie group, with generators (basis of Lie algebra) three
rotations J (rotation in the xy, xz, yz plane) and three boosts K (rotation in the tx, ty, tz
plane). Hence the most general Lorentz transformation is obtained by exponentiating the
basis:

Λ = exp(iθ · J+ iβ ·K).

The commutation relations that the Lorentz algebra satisfies is

[Ji, Jj ] = iεijkJk [Ji,Kj ] = iεijkKk [Ki,Kj ] = −iεijkJk.

We can define two operators

J+
i =

1

2
(Ji + iKi) J−

i =
1

2
(Ji − iKi).

We see that J+
i J

−
i = Ji, and it is not hard to check that [J+

i , J
−
j ] = 0. Hence it is possible

to diagonalize J±
i simultaneously. Moreover, [J+

i , J
+
j ] = iεijkJ

+
k , and [J−

i , J
−
j ] = iεijkJ

−
k .

Hence we see that J± are two sets of Lie algebra satisfying the commutation relation of
angular momentum operators, i.e., two copies of so(3) algebra.

Let us look at finite dimensional representations of Lorentz group. By the discussion
above, these are finite representations of J±’s, hence are labeled by two indices (j+, j−),
but the more common notation is (jL, jR), i.e., the left and right handed representations.
The dimension of the representations will be dL = 2jL + 1 and dR = 2jR + 1. A possible
list of representations could be (jL, jR) = (0, 0), (12 , 0), (0,

1
2), (

1
2 ,

1
2), (1, 1)...

If we have two irreducible representations jL, jR of so(3), their tensor product repre-
sentation jL ⊗ jR decomposes into direct sums of irreducible representations

jL ⊗ jR = |jL + jR| ⊕ · · · ⊕ |jL − jR|,

called the Clebsch-Gordan decomposition. Thus the list of jL ⊗ jR corresponding to the
list above is 0, 12 ,

1
2 , 1⊕0, 2⊕1⊕0. Thus there are two spin 1

2 representations, associated to
(12 , 0) and (0, 12), which we refer to as the left-handed and right-handed Weyl fermion.

Let us find the representation of the Lorentz group corresponding to the (12 , 0) and
(0, 12) representations. In the case (12 , 0) we take

J+
i = σi/2 J−

i = 0.

Hence we see that
J = σ/2 K = −iσ/2.

Similarly, for the (0, 12) representation, we take

J+
i = 0 J−

i = σi/2.

Therefore
J = σ/2 K = iσ/2.

We denote an element of the left-handed representation (12 , 0) by

ψL =

(
ψ1

ψ2

)
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and an element of the right-handed representation (0, 12) by

ψR =

(
ψ1̇

ψ2̇

)
.

Then the corresponding Lorentz transformation is

ψL → exp

(
i

2
θjσj +

1

2
βjσj

)
ψL

and
ψR → exp

(
i

2
θjσj −

1

2
βjσj

)
ψR.

The ψL’s are called the left-handed Weyl spinors, and ψR’s are called the right-handed
Weyl spinors. We also define the Dirac spinor as a 4-component object, which is the
direct sum of the two representations (12 , 0)⊕ (0, 12), by

Ψ =


ψ1

ψ2

ψ1̇

ψ2̇

.

8.3 Four Dimensional Representations of the Lorentz Group
We want our Lorentz algebra to act on Dirac spinors. There is another more covariant
way to package the Lorentz algebra, whose commutation is given by

[Jµν , Jρσ] = i(gνρJµσ − gµρJνσ − gνσJµρ + gµσJνρ), (8.5)

where gµν is the Minkowski metric, and Jµν is a rotation in the µν plane (if indices are
spatial, this is a rotation, if it involves a time coordinate then it is a boost, since a boost is
like a rotation between space and time). What we want are 4×4 matrices (Sµν)AB, where
µ, ν,A,B = 0, 1, 2, 3, which acts on Dirac spinors, and satisfies (8.5). In fact, we also have
a representation (J µν)µ′,ν′ that acts on Lorentz 4-vectors, not on the spinors satisfying
(8.5). In the above notation, µν index tells us which generator Jµν it corresponds to, and
A,B, µ′, ν ′ are matrix indices.

Theorem 8.1. There exists 4× 4 matrices (γµ)AB with {γµ, γν} = 2gµνI. Then

Sµν :=
i

4
[γµ, γν ]

will satisfies the Lorentz algebra (8.5) above.

Proof. The proof is constructive. We define

γ0 =

(
0 I2×2

I2×2 0

)
γi =

(
0 σi

−σi 0

)
. (8.6)

The more compact notation to denote this is

γµ =

(
0 σµ

σ̄µ 0

)
,

where σµ = (I2×2, σ
i) and σ̄µ = (I2×2,−σi). The proof that the given Sµν satisfies (8.5)

is just computational, so we omit it.
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One can also check that
[γµ, Sρσ] = (J ρσ)µνγ

ν ,

where
(J µν)µ′ν′ = i(δµµ′δ

ν
ν′ − iδνµ′δ

µ
ν′).

Moreover, one can check that if

ΛD = exp

(
− i

2
ωµνS

µν

)
,

then
Λ−1
D γµΛD = Λµνγ

ν ,

where Λ = exp
(
− i

2ωµνJ
µν
)
.

8.4 The Dirac Equation

Consider the quantity
(iγµ∂µ −m)Ψ(x).

If we do a Lorentz transform Λ = exp
(
− i

2ωµνJ
µν
)
, then the left hand side reads

ΛD(iγ
µ∂µ −m)Ψ(Λ−1 · x).

Therefore, under a Lorentz transformation, the left hand side transform like an honest
spinor. But we are interested in building a Lorentz invariant action. Since (iγµ∂µ−m)Ψ(x)
is a column vector, we want to multiply it by a row vector and get a scalar that is Lorentz
inavriant. Therefore, we want a row vector Φ such that under a Lorentz transformation
Φ → ΦΛ−1

D .
The first guess is to simply take Φ = Ψ†. Then since Ψ → ΛDΨ, we have Ψ† → Ψ†Λ†

D.
Unfortunately, the representation is not unitary so Λ†

D need not equal to Λ−1
D . So we need

to work harder. The correct answer turns out to be

Ψ̄ ≡ Ψ†γ0,

where γ0 is defined in (8.6). Then we see that if we have a Dirac spinor

Ψ =

(
ψL
ψR

)
then

Ψ̄ =
(
ψ†
R ψ†

L

)
.

One can then check that the quantity

Ψ̄(iγµ∂µ −m)Ψ

is Lorentz invariant. A more common notation is /∂ ≡ γµ∂µ. More generally for a vector
pµ we define /p = γµpµ. Since we have a Lorentz invariant quantity now, let us consider
the Dirac action

S =

ˆ
d4x Ψ̄(iγµ∂µ −m)Ψ.
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From this action, we can get the action for the left handed spinor ψα and the right handed
spinors χα̇ that together constitute Ψ. This is because we know all the ingredients in the
action in terms of left handed and right handed spinors:

γµ =

(
0 σµ

σ̄µ 0

)
Ψ =

(
ψα
χα̇

)
Ψ̄ =

(
χ†α̇ ψ†

α

)
.

Plugging these into the Dirac action, we see that the action breaks into the left and right
handed pieces:

S =

ˆ
d4x

(
iχ†σµ∂µχ+ iψ†σ̄µ∂µψ −m(χ†ψ + ψ†χ)

)
.

We see that the mass term is causing the left and right handed spinors to couple together.
So, if there is no mass term, we could have introduced the left handed Weyl spinor action

SL =

ˆ
d4x ψ†iσ̄µ∂µψ

and the right handed Weyl spinor action

SR =

ˆ
d4x χ†iσµ∂µχ.

The term m(χ†ψ + ψ†χ) is called the Dirac mass term.

8.5 Canonical Quantization of Spinors

Let us canonically quantize the spinor field Ψ(x). The mode expansion reads

Ψ(x) =
∑
s

ˆ
d3p

(2π)3
1√
2ωp

(aspu
s
pe

−ip·x + bs†p v
s
pe
ip·x)

and
Ψ̄(x) =

∑
s

ˆ
d3p

(2π)3
1√
2ωp

(as†p ū
s
pe

−ip·x + bspv̄
s
pe
ip·x).

We require
{asp, a

s′†
p′ } = δs,s′(2π)

3δ3(p− p′) {a, b†} = 0.

Thus we see that the spinor component anticommutes: ΨAΨB = −ΨBΨA.
Recall that the Dirac equation reads

(i/∂ −m)Ψ = 0,

and we have
γµ =

(
0 σµ

σ̄µ 0

)
.

Hence the Dirac equation of Ψ applied to the canonical quantization expression above, we
see that (

−m p · σ
p · σ̄ −m

)
usp = 0

(
−m −p · σ
−p · σ̄ −m

)
vsp = 0.
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Assume that m 6= 0 first. In the rest frame of the particle, we have that pµ = (m, 0, 0, 0).
Then the equations above becomes(

−1 1
1 −1

)
us = 0

(
−1 −1
−1 −1

)
vs = 0.

For any nonzero ξs, ηs which are two component vectors (remeber each entry in the matrix
is a 2× 2 matrix) We have solutions

us =

(
ξs
ξs

)
vs =

(
ηs
−ηs

)
.

Thus we have two linearly independent solutions, denoted by s =↑, ↓, given by

u↑ =
√
m


1
0
1
0

 u↓ =
√
m


0
1
0
1

 v↑ =
√
m


−1
0
1
0

 v↓ =
√
m


0
1
0
−1

.
Now we want to go to some general Lorentz frame, not just the rest frame of the particle. So
we may apply a Lorentz transformation. We will discuss the frame where pµ = (E, 0, 0, pz),

us =


(√

E − pz 0
0

√
E + pz

)
ξs(√

E + pz 0
0

√
E − pz

)
ξs

.
Similarly,

vs =


(√

E − pz 0
0

√
E + pz

)
ηs(

−
√
E + pz 0
0 −

√
E − pz

)
ηs

.
Using

√
p · σ =

( √
E − pz 0
0

√
E + pz

)
,

√
p · σ̄ =

( √
E + pz 0
0

√
E − pz

)
we can write

us(p) =

(√
p · σξs√
p · σ̄ξs

)
, vs(p) =

( √
p · σηs

−
√
p · σ̄ηs

)
.

8.6 Path Integrals for Quantum Electrodynamics
Now we want to use path integral formalism to deduce Feynman rules of QED, and cal-
culate scattering amplitudes. But we first need to define path integral for vector bosons,
and path integral for fermions. The QED Lagrangian is given by

L = −1

4
FµνF

µν + Ψ̄(i/∂ −m)Ψ

So we denote the action by

S[A, Ψ̄,Ψ] =

ˆ
d4x

(
−1

4
FµνF

µν + Ψ̄(i/∂ −m)Ψ

)
.
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And we want to cinsider path integral
ˆ

DADΨ̄DΨeiS[A,Ψ̄,Ψ].

We need to address the issue of defining path integral over fermionic fields because they
anticommute, and we note that we have gauge redundancy Aµ 7→ Aµ + ∂µα. So we also
need to address gauge redundancy in the path integral.

8.7 Faddeev-Popov Procedure

To address the gauge redundancy, we choose a gauge G(A) ≡ ∂µA
µ = 0. Now consider a

change of gauge
A(α)
µ = Aµ +

i

e
∂µα.

Then A
(α)
µ should be identified with Aµ because it is in the same gauge orbit of Aµ. The

technique we will present is called the Faddeev-Popov procedure. We use the identity

1 =

ˆ
Dα δ(G(A(α))) det

(
δG(A(α))

δα

)
,

which is just an analogue of the identity in multivariable calculus

1 =

ˆ n∏
i=1

dai δ
n(g(a)) det

(
∂gi
∂aj

)
.

This is just the standard change of variable expression of the identity 1 =
´ ∏

i dai δ
n(a).

Now the key point is that the analogue of the Jacobian

det

(
δG(A(α))

δα

)

is a constant independent of A. We first pick the gauge G(A) = ∂µA
µ + ω(x). Then

G(Aα) = ∂µA
µ − ω(x) + ∂µ(

i
e∂

µα). Note that the only α dependence is in the last term,
so the functional Jacobian will just be a functional determinant

det

(
δG(A(α))

δα

)
= det

(
i

e
∂µ∂

µ

)
≡ C

where C will be a formally infinite constant. Thus, if we now look at the path integral
ˆ

DAeiS[A].

Inserting the identity above, we can write
ˆ

DAeiS[A] = C

ˆ
DαDAeiS[A]δ(G(A(α)))

= C

ˆ
DαDAeiS[A]δ(G(A))
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because S[A] is gauge invariant, so we can shift the integral by a gauge choice, which is
fine since we are still integrating over all gauge choices and all vector bosons. Continuing,
we have that ˆ

DAeiS[A] = C

ˆ
DαDAeiS[A]δ(∂µAµ − ω).

The last expression is proportional to
ˆ

DAeiS[A] ∝ det

(
i

e
∂2
)ˆ

DαDωDAe−
i
2ξ

´
d4xω2(x)

eiS[A]δ(∂µA
µ − ω).

The path integral is now quadratic in A:
ˆ

DAeiS[A] ∝
ˆ

DAeiS[A]−i
´
d4x

(∂µAµ)2

2ξ .

This is now quadratic in A. This yields the vector boson propagator

Πµν =
i

p2 + iε

(
gµν − (1− ξ)

pµpν
p2

)
as we did in section 7.6.

8.8 Fermionic Path Integrals
For fermionic fields we have ψ(x1)ψ(x2) = −ψ(x2)ψ(x1). Thus we need to define integra-
tion over anticommuting variables. We start with some formal definitions. We introduce
the Grassmann numbers θ1, ..., θm, such that θiθj = −θjθi. A function f(x, θ) may
depends on the position xµ and Grassmann variables θα for α = 1, ...,m. We have the
nice property when we Taylor expand

f(x, θ) = f0(x) + θαf
α(x) + θαθβf

αβ(x) + · · ·+ θ1θ2 · · · θmf1···m(x).

The Taylor series terminates because θ2i = 0. We now introduce calculus of Grassmann
numbers. The derivative operator satisfies the usual property:

∂

∂θ
(θ) = 1

∂

∂θ
(1) = 0.

Integration is more interesting, it is exactly the same as derivatives:
ˆ

dθ(θ) = 1

ˆ
dθ(1) = 0.

If we have multivariable integration, we require
ˆ

dθ1 · · · dθn(θn · · · θ1) = 1.

We require the measure dθi and θj ’s to anticommute, so derivative and integration are
order sensitive. We can also have conjugation variables θ̄j ’s, just like holomorphic and
antiholomorphic coordinates zj , z̄j . Let us now evaluate an important Grassmann integral:

I =

ˆ
dθ̄1dθ1 · · · dθ̄ndθn exp

(
−θ̄iAijθj

)
.
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Recall that in the bosonic case, we have the Gaussian integral
ˆ

dz̄1dz̄1 · · · dz̄ndzn exp(−z̄iAijzj) ∝
1

detA
exp
(
−JTA−1J

)
. (8.7)

In fermionic case, we will show that actually I ∝ detA. Our strategy of evaluating I is
to do the Taylor expansion, since it always terminates. Let us expand exp

(
−θ̄iAijθj

)
. We

have

exp
(
−θ̄iAijθj

)
= 1− θ̄iAijθj + · · ·+ 1

n!
(−θ̄iAijθj)n +O(θn+1).

Note that the Grassmann integral only picks out the order n term in the Taylor expansion,
hence

I =

ˆ
dθ̄1dθ1 · · · dθ̄ndθn

1

n!
(−θ̄iAijθj)n =

∑
σ∈Sn

1

n!
sgn(σ)A1σ(1) · · ·Anσ(n) ∝ detA.

Thus, we conclude that
ˆ

dθ̄1dθ1 · · · dθ̄ndθn exp
(
−θ̄iAijθj

)
∝ detA. (8.8)

Now we do the analogues source term in the bosonic case, by introducing additional
Grassmannians η̄i, ηi’s. We consider the integral

I ′ =

ˆ
dθ̄dθ exp

(
−θ̄iAijθj + η̄iθi + θ̄iηi

)
,

where dθ̄dθ is the shorthand for
∏
i dθ̄idθ̄i, as before. Using matrix notation, we have

I ′ =

ˆ
dθ̄dθ exp

(
−(θ̄ − η̄A−1)A(θ −A−1η) + η̄A−1η

)
= exp

(
η̄A−1η

)
detA. (8.9)

Compare (8.9) with (8.7). Now, (8.8) and (8.9) have direct generalizations to grassmannian
path integrals. Now let us consider the action

Z[η, η̄] =

ˆ
DΨ̄DΨexp

(
i

ˆ
d4x Ψ̄(i/∂ −m)Ψ + η̄Ψ+ Ψ̄η

)
. (8.10)

We are interested in two point functions 〈0|TΨ(x)Ψ̄(y)|0〉. By (8.9), we already know the
answer should be:

Z[η, η̄] ∝ exp
(
η̄(i/∂ −m)−1η

)
detA.

Hence

〈0|TΨ(x)Ψ̄(y)|0〉 = 1

Z[0]

δ2

δη̄(x)δη(y)
Z[η, η̄]

∣∣∣∣
η=η̄=0

∝ (i/∂ −m)−1.

Therefore, we would like to find (i/∂ −m)−1. In momentum space, we find

〈0|TΨ(x)Ψ̄(y)|0〉 = i

i/∂ −m+ iε
δ4(x− y) =

ˆ
d4p

(2π)4
i

/p−m+ iε
e−ip(x−y).

Therefore, the fermionic propagator ΘAB is given by the spinor

ΘAB =

(
i

/p−m+ iε

)
AB

.
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We want to simplify the expression a bit more. Using

(/p+m)(/p−m) = /p/p−m2

and
/p/p = γµγνp

µpν =
1

2
{γµ, γν}pµpν = gµνp

µpν = p2,

we can clear the denominator of ΘAB because

1

/p−m
=

/p+m

p2 −m2
.

8.9 Feynman Rules for QED
Recall that the QED Lagrangian is given by

SQED =

ˆ
d4x

(
−1

4
FµνF

µν + iΨ̄(i /D −m)Ψ

)
,

where /D = γµDµ with Dµ = ∂µ− ieAµ. Now we write down the Feynman rules for QED.
Previously we have computed the propagators for boson and fermions already. Similar
to the SQED case, one can calculate that the vertex rule is given by −ieγµ. Thus the
Feynman rules for QED is given by:

p =
i(/p+m)

p2 −m2 + iε k =
−igµν
k2 + iε

µ
= −ieγµ

There is one more rule we need to discuss, that is the rule for fermionic loop. This involves
a term like

Ψ(x)Ψ̄(x)Ψ(y)Ψ̄(y)

because if we expand out the path integral of the interaction terms, the Grassmann valued
variables will appear exactly in this order. To make them into the correct position so that
we can wick contract, we need to swing the first term all the way to the last, producing a
minus sign:

Ψ(x)Ψ̄(x)Ψ(y)Ψ̄(y) = −Ψ̄(x)Ψ(y)Ψ̄(y)Ψ(x).

Thus a fermionic loop contributes to a minus sign to the overall result.

8.10 Fermionic Partition Functions
The fermionic harmonic oscillator is the direct analogue of the bosonic harmonic oscillator.
The fermionic oscillator has Hamiltonian

H =
1

2
(c†c− cc†)ω.

Recall that the bosonic oscillator hamiltonian is of the same form, with c†, c replaced by
the creation and annihilation operator a†, a, satisfying commutation relations [a, a†] = 1
and [a, a] = [a†, a†] = 0. Naturally, we would like to require the fermionic analogue of such
relation:

{c, c†} = 1 {c, c} = {c†, c†} = 0.
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Similar to the bosonic case, we can define the number operator

N = c†c,

which will put the Hamiltonian into simpler forms

H =

(
N − 1

2

)
ω.

Since N2 = c†cc†c = N , the eigenvalue of N must be either 0 or 1. Let |n〉 denote the
eigenvector of H with eigenvalue n, where n = 0, 1 as argued earlier. Then it is easy to
verify that

c† |0〉 = |1〉 c |0〉 = 0 c† |1〉 = 0 c |1〉 = |0〉 .

Hence it follows that c†c |n〉 = n |n〉, for n = 0, 1. Now consider hilbert space

H = span {|0〉 , |1〉}.

Now we consider the states

|θ〉 = |0〉+ |1〉 θ 〈θ| = 〈0|+ θ∗ 〈1| ,

where θ and θ∗ are Grassmann numbers. These states are called coherent states and
are eigenstates of c, c† respectively, since

c |θ〉 = |0〉 θ = |θ〉 θ 〈θ| c† = θ∗ 〈0| = θ∗ 〈θ| .

Now we have a very useful completeness relation:

Lemma 8.2. Let |θ〉 and 〈θ| be defined as above. Then we have
ˆ

dθ∗dθ |θ〉〈θ| e−θ∗θ = 1. (8.11)

Proof. This is just a straightforward computation:
ˆ

dθ∗dθ |θ〉〈θ| e−θ∗θ =
ˆ

dθ∗ dθ(|0〉+ |1〉θ) (〈0|+ θ∗〈1|) (1− θ∗θ)

=

ˆ
dθ∗ dθ (|0〉〈0|+ |1〉θ〈0|+ |0〉θ∗〈1|+ |1〉θθ∗〈1|) (1− θ∗θ)

= |0〉〈0|+ |1〉〈1|
= 1.

This completes the proof.

Now we use the completeness relation to calculate the partition function of fermionic
oscillator.

Lemma 8.3. Let H be the Hamiltonian of a fermionic oscillator. Then the partition
function of the system is given by

Tr e−βH =

ˆ
dθ∗dθ〈−θ|e−βH |θ〉e−θ∗θ. (8.12)
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Proof. We insert the completeness relation (8.11) into the definition of a partition function
to get

Z(β) =
∑
n=0,1

〈n|e−βH |n〉

=
∑
n

ˆ
dθ∗dθe−θ

∗θ〈n|θ〉〈θ|e−βH |n〉

=
∑
n

ˆ
dθ∗dθ(1− θ∗θ)(〈n|0〉+ 〈n|1〉θ)(〈0|e−βH |n〉+ θ∗〈1|e−βH |n〉)

=
∑
n

ˆ
dθ∗dθ(1− θ∗θ)[〈0|e−βH |n〉〈n|0〉 − θ∗θ〈1|e−βH |n〉〈n|1〉

+ θ〈0|e−βH |n〉〈n|1〉+ θ∗〈1|e−βH |n〉〈n|0〉].

The last term of the last line does not contribute to the integral, since 〈n|0〉 6= 0 only
when n = 0, in which case 〈1|e−βH |0〉 = 0. Hence we may change θ∗ to −θ∗ in the last
term. Therefore,

Z(β) =
∑
n

ˆ
dθ∗dθ(1− θ∗θ)[〈0|e−βH |n〉〈n|0〉 − θ∗θ〈1|e−βH |n〉〈n|1〉

+ θ〈0|e−βH |n〉〈n|1〉 − θ∗〈1|e−βH |n〉〈n|0〉]

=

ˆ
dθ∗dθe−θ

∗θ〈−θ|e−βH |θ〉.

This completes the proof.
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Part III

Supersymmetric Proof of the
Atiyah-Singer Index Theorem
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Chapter 9

Mathematical Aspects of the
Atiyah-Singer Index Theorem

In this chapter we put together the mathematical backgrounds required to understand the
statement of the Atiyah-Singer index theorem for Dirac operators on a spin manifold. The
mathematical aspect involves a beautiful combination of analysis, algebraic topology, and
Riemannian geometry, which demonstrates the richness of this theorem. Our treatment
follows [32] quite closely.

9.1 Clifford Algebras and Spin Groups
The goal of this section is to construct, for every n ≥ 3, the unique double cover of the
rotation group Spinn → SOn. When n = 3, using the standard quaternion argument we
have a double cover SU(2) → SO3. This argument does not work for higher dimensions.
To generalize this construction, we need to introduce the notion of Clifford algebra.

Definition 9.1. Let V be an (real) inner product space. The Clifford algebra Cl(V ) of
V is the quotient of the tensor algebra

Cl(V ) = ⊗•V/ ∼

where the relation is vw + wv = −2〈v, w〉 for all v, w ∈ V . Of course ⊗0V ∼= R.

Equivalently, we may choose an orthonormal basis e1, ..., en of V . Then Cl(V ) is the
algebra generated by e1, ..., en with the relation

e2i = −1 eiej = −ejei
for i 6= j. Therefore, we see that as a vector space, we have Cl(V ) ∼= Λ•V , where the
isomorphism is given by ei1 · · · eip 7→ ei1 ∧ · · · ∧ eip . This identification gives Cl(V ) a
natural Z2-grading

Cl(V ) = Cl0(V )⊕ Cl1(V )

which is given by the parity of the number of vectors. Moreover, using the isomorphism
with the exterior algebra, the number of vectors gives a grading

Cl(V ) =
n⊕
k=0

Cl(k)(V ).

Now we study the case where V = Rn with the standard inner product and the
standard orthonormal basis. Then we use shorthand Cln to denote Cl(Rn). We first study
its center Z (Cln).
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Proposition 9.2. If n is even, then Z (Cln) = Cl
(0)
n . If n is odd, then Z (Cln) =

Cl
(0)
n ⊕Cl

(n)
n . In any case, Z (Cln) ∩ Cl0n = Cl

(0)
n .

Proof. Clearly Z (Cln) = {a ∈ Cln : av = va, ∀v ∈ Rn}. Now let eI = ei1 · · · eip . For j 6= I
we have eIej = (−1)pejeI , and if j ∈ I then eIej = (−1)p−1ejeI .

Clearly Cl
(0)
n ⊂ Z (Cln) for any n. For 1 ≤ p ≤ n − 1, since if eI ∈ Z (Cln) we must

have eIej = ejeI for all j, we must have that p is both even and odd, which is impossible.
Now if n is even, and eI ∈ Cl

(n)
n , above calculation shows that eIej = −ejeI for all j,

hence eI cannot be in the center. If n is odd, then it is easy to see from above that
Cl

(n)
n ⊂ Z (Cln). This concludes the proof.

Now we consider the group Cl∗n ⊂ Cln, which is the group of multiplicative invertible
elements in Cln. If v ∈ Rn is a nonzero vector then we have v−1 = −v/‖v‖2. Therefore
Rn \ {0} ⊂ Cl∗n. In particular Sn−1 ⊂ Cl∗n.

Definition 9.3. The pin group Pinn is the subgroup of Cl∗n generated by the unit sphere
Sn−1. The spin group is the even part of the pin group: Spinn := Pinn ∩Cl0n.

We now define an automorphism of Cln called transpose, namely (ei1 · · · eip)t =
eip · · · ei1 .

Proposition 9.4. We have that

Spinn = {a ∈ Pinn : aat = 1} = {v1 · · · vp : vi ∈ Sn−1, p even}.

In particular, Spinn ⊂ Cl0n.

Proof. By definition, a ∈ Pinn iff a = v1 · · · vp with vi ∈ Sn−1. Thus aat = (v1 · · · vp)(vp · · · v1) =
(−1)p, and aat = 1 iff p is even.

Now we consider the group homomorphism

ρ : Pinn → GLn(R) ρ(a)v = avat.

In general, a is a product of vectors, and avat is an element in Cln. To show that it is an
honest vector, we note that for a unit vector u ∈ Rn, the Clifford relation gives

uvut = uvu = −v + 2〈u, v〉u

which is a linear combination of vectors, hence is a vector. Now a = u1 · · ·up is a product
of unit vectors by definition, hence avat is a successive conjugate of v by unit vectors,
hence is a vector. Therefore ρ : Pinn → GLn(R) is indeed well-defined.

Proposition 9.5. ρ(Pinn) = On.

Proof. We first look at the image of Sn−1 under ρ. If a ∈ Sn−1 and v ∈ Rn. By choosing
a suitable orthonormal basis we may decompose v = λa+a′ for some λ ∈ R and such that
〈a, a′〉 = 0. Then

ρ(a)v = avat = a(λa+ a′)a = λa3 + aa′a = −λa+ a′

since aa′ = −a′a − 2〈a, a′〉 = −a′a. Therefore, ρ(a) is the reflection with respect to
the hyperplane perpendicular to a and the result follows from the classical fact that any
element in On is a product of reflections.
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Corollary 9.6. ρ(Spinn) = SOn.

Proof. This follows immediately from the previous results, since any element of SOn is a
product of an even number of reflections.

Theorem 9.7. If n ≥ 3, then the map ρ : Spinn → SOn is the universal double covering
map. In particular, Spinn is compact.

Proof. By looking at the long exact sequence of homotopy group induced by the fibration

SOn → SOn+1 → Sn

one can compute that π1(SOn) ∼= π1(SOn+1) for n ≥ 3. Moreover, from the n = 3 long
exact sequence, one computes π1(SO3) = Z2. Hence we see that π1(SOn) = Z2 for n ≥ 3.
Therefore, SOn has a unique double cover. We claim that ρ : Spinn → SOn is that cover.

We have a ∈ ker ρ iff va = av for any v ∈ Rn since at = a−1 by Proposition 9.4. But
this means by Proposition 9.2 that

a ∈ Spinn ∩Z (Cln) ⊂ Cl0n ∩Z (Cln) = Cl(0)n = R

and hence ker ρ = {±1}. This already shows that ρ : Spinn → SOn is a double cover (local
invertibility is obvious because we can conjugate by at). Since π1(SOn) = Z2 for n ≥ 3,
and since the universal cover of SOn must have degree |π1(SOn)| = 2, we conclude that
ρ : Spinn → SOn is the universal cover.

Finally, since Spinn is a finite cover of a compact space SOn, it is compact.

9.2 Spinor Representation

Let us return to the general theory of Clifford algebra. Now our goal is to study repre-
sentations of the Clifford algebra. As always, complex representations are much nicer to
work with. Thus, let us complexify:

Definition 9.8. The complex Clifford algebra Cln is obtained after tensoring with C the
real Clifford algebra Cln:

Cln = Cln⊗RC.

We have the natural inclusion Cln ⊂ Cln, and the gradings (Z or Z2) have direct
counterparts in the complex case. In particular, with obvious notation we have inclusion
Spinn ⊂ Cl0n ⊂ Cln. Now we study complex representations of Cln:

Definition 9.9. A complex representation of a complex algebra A is an algebra homo-
morphism ζ : A → Hom(V ) where V is a finite dimensional vector space. We say that V
is a (left) A-module.

A representation ζ is irreducible if there exists no nontrivial proper subspace V0 ⊂ V
such that ζ(a)(V0) ⊂ V0 for any a ∈ A. Otherwise, ζ is said to be reducible.

A representation ζ is called completely reducible if there exists a direct sum decom-
position V =

⊕r
k=1 Vk of V into irreducible submodules.

There is a priori no reason why a representation of an arbitrary algebra should be
completely reducible. But of course the situation for Clifford algebra is different.

Proposition 9.10. Any representation of Cln is completely reducible.
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Proof. We consider the Clifford group Cliffn formed by all elements of the type ±ei1 · · · eip
for 0 ≤ p ≤ n. This is a finite multiplicative group of order 2n+1. And clearly there ex-
ists a bijective correspondence between algebra representations ζ : Cln → Hom(V ) with
group representations ξ : Cliffn → Aut(V ) with ξ(−1) = − idV . This means we just
have to check any representation of Cliffn is completely reducible. Indeed, let ξ be such a
representation and let 〈·, ·〉 be any hermitian product on V . Define

(v, w) =
1

2n+1

∑
g∈Cliffn

〈ξ(g)v, ξ(g)w〉

for all v, w ∈ V . It follows that ξ acts by isometries with respect to (·, ·). In particular,
if Vo is a submodule then V ⊥

o = {v ∈ V : (v, w) = 0 ∀w ∈ Vo} is also a submodule. The
result follows from splitting off one irreducible module at a time (such irreducible module
exists by picking a representation with the least dimension).

Remark 9.11. The averaging trick above shows that any representation of a finite group
G is completely reducible. In the case where G is a compact Lie group, we integrate with
respect to the Haar measure µG to get a continuous averaging expression

(v, w) =

ˆ
G
〈gv, gw〉dµG(g)

for v, w ∈ V . This shows that if G is a compact Lie group, then any representation of G is
completely reducible. In particular, every representation of Spinn is completely reducible.

Now that we have established every representation of Cln is completely reducible, let’s
classify all irreducible representations of Cln. The crucial ingredient to do this is the
chirality operator

Γn = i⌊
n+1
2

⌋e1 · · · en.

Simple computation shows

Lemma 9.12. The chirality operator Γn satisfies Γ2
n = 1, and Γnv = (−1)n+1vΓn for any

v ∈ Rn. In particular, Γn ∈ Z (Cln) if n is odd and Γn ∈ Z (Cl0n) if n is even.

The main theorem of this section is:

Theorem 9.13. If n = 2k there exists a unique irreducible module of dimension 2k over
Cln. If n = 2k + 1, there exists exactly two inequivalent irreducible modules of dimension
2k over Cln.

Proof. Since Cl0 = Cl0⊗RC = R⊗ C = C, the base case n = 0 follows immediately. Now
assume the theorem holds for n = 0, 1, ..., 2k−2, and let V be a Cl2k−1-module. By Lemma
9.12, Γ2k−1 = ik−1e1...e2k−1 ∈ Z (Cl2k−1) and Γ2

2k−1 = 1. Thus we have a decomposition

V = V + ⊕ V −

into Cl2k−1-modules with V ± = {x ∈ V : Γ2k−1x = ±x}. Since Cl2k−2 ⊂ Cl2k−1, both V ±

are Cl2k−2-modules and the inductive hypothesis gives the decomposition

V ± =
⊕
j

W±
j

into irreducible Cl2k−2-modules of dimension 2k−1. But x ∈W±
j implies

e2k−1x = ±e2k−1Γ2k−1x = ∓ik−1e1...e2k−2x ∈W±
j .
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Hence each W±
j is also a C2k−1-module. Moreover, as Cl2k−1-modules W+

j 6= W−
j be-

cause left multiplication by e2k−1 gives distinct results, and W+
j ’s (respectively W−

j ’s) are
mutually equivalent since multiplication by e2k−1 gives the same result. This proves the
theorem in this case.

Now assume the theorem holds for n = 0, 1, ..., 2k − 1 and let V be a Cl2k-module.
As before, Cl2k−1 ⊂ Cl2k, V is a Cl2k−1-module and the induction hypothesis splits V
into a sum of Cl2k−1-modules V = V + ⊕ V −, where V ± is a direct sum of irreducible
Cl2k−1-modules W±

j as above. Now since Γ2k−1e2k = −e2kΓ2k−1, multiplication µ by e2k
satisfies µ(V ±) ⊂ V ∓. Writing Wj =W+

j ⊕ µ(W+
j ) we get a decomposition

V =
⊕
j

Wj

into mutually equivalent Cl2k-modules of dimension 2k.

Next, we are ready of introduce the class of representations of Spinn we have been
searching for:

Definition 9.14. The spinor representation τ : Spinn → Aut(Ψ) is obtained by re-
stricting any irreducible representation of Cln under the inclusion Spinn ⊂ Cln.

Since the only case we care is the even dimensional case, we have the following:

Corollary 9.15. If n = 2k is even, then the spin representation τ : Spinn → Aut(Ψ)
splits as a sum

Ψ = Ψ+ ⊕Ψ−

of two irreducible modules of dimension 2k−1, where Ψ± = {x ∈ Ψ : Γ2kx = ±x} and we
have the exchange relation

ei(Ψ
±) ⊂ Ψ∓ i = 1, ..., n.

Proof. The decomposition follows from Theorem 9.13 and the exchange relation follows
from Lemma 9.12.

Remark 9.16. Let V be a real vector space of dimension n with an inner product and
an almost complex structure, i.e., a endomorphism J : V → V with J2 = − idV . Then we
can give an explicit description of the Ψ above. We have a decomposition

V ⊗ C = V + ⊕ V −

where V ± is the (±i)-eigenspace of J . Then we can define

Ψ := Λ•(V −)∗.

(Compare this with supermanifold case: The structure sheaf of a supermanifold is locally
given by OM ⊗ Λ•V for a vector bundle V → M , and odd sections of this sheaf is the
fermionic functions, which are spinors) The action of Cln = Cln(V ) on Ψ is as follows:
Any vector a ∈ V has a unique decomposition a = a+ + a− where a± ∈ V ±. Now for any
ψ ∈ Ψ, we define

a · ψ =
√
2
(
(a−)♭ ∧ ψ − ia+ψ

)
where [ : V − → (V −)∗ is given by the inner product (v−)♭ = 〈−, v−〉 and ia+ is contraction
by the vector a+. Through tedious computation one can check that (a±)2 = 0 and
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a+a− + a−a+ = −2〈a+, a−〉. Thus this indeed defines a representation of Cln on Ψ.
One can think of wedging by a+ as the creation operator (since it increases degree) and
contracting by a− as the annihilation operator (since it decreases degree). Now since
dim(Λ•V −∗) = 2k we conclude that it is the Ψ given in Theorem 9.13. Moreover, note
that

dim(Cln) = 2n = 22k = (2k)2 = dimEnd(Λ•V −∗) = dim(Ψ).

Moreover, the map Cln → End(Λ•V −∗) given by this representation is surjective: One can
reach any states v1∧· · ·∧vp from 1 by successive creations, and one can go back to 1 from
any state by successive annihilation, it follows that this map is in fact an isomorphism.
Therefore, we conclude that

Cln = End(Ψ). (9.1)

In fact this last equation holds for the most general case, even when V is not an almost
complex vector space.

9.3 Spin Bundles and Spin Manifolds

Throughout this section, let n = 2k be an even number.
In the previous section, we constructed irreducible representation Ψ of Cln, and we

showed that Cln = End(Ψ) when the vector space has an almost complex structure, but
we remarked that this holds in general.

Now we want to make the pointwise vector space picture into family of vector spaces
over a Riemannian manifold M of dimension n. Namely, we want to consider a bundle
Cl(M) such that at every point x ∈M its fiber is Cl(TxM). That is,

Cl(M) =
∐
x∈M

Cl(TxM)

as a set. To make sure this construction works globally, we need the following construction:

Definition 9.17. Let π : P → M be a principal G-bundle and µ : G → Aut(V ) a
representation of G. Note that G acts on the product P × V on the right via

(p, v) · g := (pg, µ(g−1)v)

for (p, v) ∈ P ×V . The associated bundle E := P ×µ V is the quotient P ×V/ ∼ where
(p, v) ∼ (p, v) · g for all g ∈ G. Then it can be checked that with the obvious projection E
is a bundle over M with fiber V .

We can consider the principal SOn-bundle P SO
M (the frame bundle), whose fiber over

any x ∈ M is the set of orthonormal frames of TxM . Then we can define the Clifford
algebra bundle to be the associated bundle

Cl(M) := P SO
M ×µ Cln

where µ : SOn → Aut(Cln) is defined by

µ(g)(v1...vp) = (gv1)...(gvp).

Proposition 9.18. At any point x ∈ M , the fiber Cl(M)x is canonically isomorphic to
Cl(TxM).
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Proof. A point p ∈ P SO
M is an orthonormal basis (e1, ..., en) of TxM . This induces an

isometry ip : Rn → TxM that sends the standard basis of Rn to the basis (e1, ..., en) of
TxM . Therefore, this induces an isomorphism of Clifford algebras ip : Cln → Cl(TxM).
Therefore we can define an map Φx : Cl(M)x → Cl(TxM) by Φx([p, v]) = ip(v). Note that
there is an obvious inverse induced by i−1

p : TxM → Rn. To check that this is well-defined,
let [p′, v′] = [p, v] in Cl(M)x. This means that p′ = pg and v′ = µ(g−1)v. Thus

ip′(v
′) = ipg(µ(g

−1)v) = ip(µ(g)µ(g
−1)v) = ip(v).

Since Φx is an isomorphism, the proof is complete.

We can ask whether there exists a bundle S over M such that for each x ∈ M , the
fiber Sx is an irreducible module over Cl(M)x and Cl(M) = End(S). However, there exists
topological obstructions to the existence of S, which we shall discuss now. We first need
a description of space that parameterize the set of principal G-bundles over M :

Theorem 9.19. The sheaf cohomology group H1(M,G) parameterizes the set of principal
G-bundles over M .

Proof. Let M =
⋃
α Uα be a good cover. Let P be a principal G-bundle. By shrinking

the good cover we might as well assume that P trivializes over each Uα with transition
functions ξαβ . The transition functions satisfy the cocycle condition

ξαβξβγ = ξαγ .

Moreover, P ′ is another principal G-bundle that is isomorphic to P (by passing to common
trivializing cover we might as well assume P ′ also trivializes over Uα) iff there exists a
family of maps ξα : Uα → G such that

ξ′αβ = ξ−1
β ξαβξα,

so they must differ by a coboundary.

Now let E be an oriented vector bundle of rank r over the Riemannian manifold M.
Thus we can consider the principal SOr-bundle P SO

E which is its frame bundle. By Theorem
9.7, we have a short exact sequence of groups

0 → Z2 → Spinr
ρ−→ SOr → 0.

This induces a long exact sequence in sheaf cohomology

· · · → H0(M, SOr)
∂∗−→ H1(M,Z2) → H1(M, Spinr)

ρ∗−→ H1(M, SOr)
∂∗−→ H2(M,Z2) → · · ·

(9.2)
The key observation is that the second Wtiefel-Whitney class w2(E) of E is involved here:

Proposition 9.20. w2(E) = ∂∗(P
SO
E ).

Proof. This can be proven by looking at the axiomatic characterization of Stiefel-Whitney
classes.

From the exactness of (9.2), we see that w2(E) = ∂∗(P
SO
E ) = 0 iff there exists a

principal Spinr-bundle P Spin
E over M such that

ρ∗(P
Spin
E ) = P SO

E .

This means that P SO
E is obtained from P Spin

E as the quotient by the Z2-action on the fibers.
Therefore, we obtain
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Proposition 9.21. Let E be a real oriented real vector bundle of rank r over M . The
following statements are equivalent: (1) w2(E) = 0; (2) There exists a Spinr-bundle P Spin

E
over M and a nontrivial two-sheeted covering map γ : P Spin

E → P SO
E such that the diagram

P Spin
E P SO

E

M

γ

commutes and γ(pg) = γ(p)ρ(g), for p ∈ P Spin
E and g ∈ Spinr.

If either of the conditions above happens we say that E is a spin bundle. An oriented
Riemannian manifold of dimension n ≥ 3 is said to be spin if its tangent bundle TM is
spin in the above sense.

9.4 The Dirac Operator on Spin Manifolds

Now we turn our attention to geometry of spin manifolds. Let us now assume that M is a
spin manifold of dimension n = 2k with a Riemannian metric. We fix a spin structure, i.e,
we fix a lift γ : P Spin

M → P SO
M of the frame bundle. If A ∈ A1(P SO

M , son) is the connection
1-form on the frame bundle induced from the Levi-Civita connection ∇LC on M , then
As := γ∗A ∈ A1(P Spin

M , son) is a connection 1-form on the spin bundle, and it defines
a connection ∇s := d + As called the spin connection. Recall that we have a spin
representation τ : Spinn → Aut(Ψ). Hence we can use the associated bundle construction
to form the spinor bundle on M :

S(M) = P Spin
M ×τ Ψ.

This is a complex vector bundle of rank 2k over M . Elements in Γ(S(M)) are referred to
as spinors. For each x ∈ M , the fiber S(M)x is an irreducible module over Cl(M)x and
in fact we have the global generalization of (9.1):

Cl(M) = End(S(M)). (9.3)

Moreover, one can check that Ψ is unitary. In the case where Remark 9.16 applies, one
can this direct. Therefore the Clifford action c : Cln → Ψ given in Remark 9.16 satisfies
c(a)† = −c(a). Since c2(a) = c(a2) = −1, a skew-Hermitian operator that squares to
minus one must be unitary.

Since Ψ is unitary, S(M) can be equipped with a natural metric 〈·, ·〉 that is compatible
with the connection ∇s. We point out two properties of these structures:

1. Clifford multiplication by unit tangent vectors is an isometry: For any ϕ,ϕ′ ∈
Γ(S(M)) and any u ∈ Γ(TM) with ‖u‖ = 1, we have

〈uϕ, uϕ′〉 = 〈ϕ,ϕ′〉. (9.4)

2. Let ∇c be the natural connections on Cl(M), which is the connection End(S(M))
induced from the connection on S(M), is compatible with the connection ∇s on
S(M): For any a ∈ Γ(Cl(M)) and ϕ ∈ Γ(S(M)) we have

∇s(aϕ) = ∇ca · ϕ+ a∇sϕ. (9.5)
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Now we can finally define the Dirac operator on a spin manifold.
Definition 9.22. In terms of a local orthonormal frame e1, ..., en of TM , the Dirac
operator /∂ : Γ(S(M)) → Γ(S(M)) is defined by

/∂ :=
n∑
i=1

ei · ∇s
ei .

We see that /∂ is a first order linear differential operator. Moreover, indeed we can view
/∂ as an endomorphism on Γ(S(M)) because via the musical isomorphism ] : T ∗M → TM
given by the metric on M and the Clifford Γ(TM ⊗ S(M)) → Γ(S(M)), the sequence of
arrows

Γ(S(M))
∇s

−−→ Γ(T ∗M ⊗ S(M))
♯−→ Γ(TM ⊗ S(M))

·−→ Γ(S(M))

starts and ends at the correct spaces. With respect to the inner product on Γ(S(M))
defined by

(ϕ,ϕ′) =

ˆ
M
〈ϕ,ϕ′〉dΩ

where Ω is the Riemannian volume form on M , one can show that /∂ is self-adjoint:
Theorem 9.23. With respect to the inner product on Γ(S(M)) defined above, /∂ is self-
adjoint: For any ϕ,ϕ′ ∈ Γ(S(M)) one has

(/∂ϕ, ϕ′) = (ϕ, /∂ϕ′).

Proof. If u is a unit vector, since u2 = −1, (9.4) implies that 〈uϕ, ϕ′〉 = −〈ϕ, uϕ′〉. Since
the connection 1-form A ∈ A1(P SO

M , son) is induced from the Levi-Civita connection on
M , the connection ∇c on Cl(M) coincides with the Levi-Civita connection on vectors.
That is, at any point x ∈M we can choose local orthonormal frames e1, ..., en of TM such
that ∇c

eiei|x = 0. Then at this point, with respect to this frame, using (9.4) and (9.5) we
have

〈/∂ϕ, ϕ′〉 − 〈ϕ, /∂ϕ′〉 =
∑
i

〈ei∇s
eiϕ,ϕ

′〉 − 〈ϕ, ei∇s
eiϕ

′〉

=
∑
i

〈ei∇s
eiϕ,ϕ

′〉+ 〈eiϕ,∇s
eiϕ

′〉

=
∑
i

〈∇s
ei(eiϕ), ϕ

′〉+ 〈eiϕ,∇s
eiϕ

′〉

=
∑
i

ei〈eiϕ,ϕ′〉,

where the last equality is because ∇s is compatible with the fiber metric on S(M). Now
we can define a vector field X ∈ Γ(TM) by 〈X,Y 〉 = 〈Y ϕ, ϕ′〉, where the left hand side is
the Riemannian inner product and on the right hand side the inner product is the fiberwise
inner product on S(M), where Y ϕ denotes the Clifford multiplication. Therefore, we have
that

〈/∂ϕ, ϕ′〉 − 〈ϕ, /∂ϕ′〉 =
∑
i

ei〈eiϕ,ϕ′〉 =
∑
i

ei〈X, ei〉 =
∑
i

〈∇eiX, ei〉 = divX.

The rest is an easy application of Stokes’ theorem. Since LXΩ = (divX)Ω, and Cartan’s
magic formula gives LXΩ = d(iXΩ) since dΩ = 0, one hasˆ

M
(divX)Ω =

ˆ
M

d(iXΩ) =

ˆ
∂M

iXΩ = 0

since ∂M = ∅. Therefore, we see that (/∂ϕ, ϕ′)− (ϕ, /∂ϕ′) = 0, as desired.
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By Corollary 9.15, we have a decomposition

S(M) = S+(M)⊕ S−(M)

where S±(M) := P Spin
M ×τ± Ψ±. This decomposition is preserved by ∇s and is orthogonal

with respect to the fiber metric of S(M). Now from the parity exchange relation in
Corollary 9.15, we have /∂(Γ(S±(M))) ⊂ Γ(S∓(M)). Therefore, in matrix form, there
exists some differential operator D : Γ(S+(M)) → Γ(S−(M)) such that

/∂ =

(
0 D†

D 0

)

since /∂ is self adjoint by Theorem 9.23. Using some technical analysis argument, one can
show that /∂ is Fredhom, meaning both dimkerD and dimkerD† are finite. Hence we may
define the index of the Dirac operator as

ind(/∂) = dimkerD − dimkerD†.

The Atiyah-Singer index theorem is a striking result, which says the purely analytical
quantity ind(/∂) is already determined by the topology of M . Specifically, the curvature
2-form

Fµν = Rµναβdx
α ∧ dxβ .

of TM . The splitting principle for real vector bundle (See [32], Theorem 7.2.2) shows that
if we want to define characteristic classes using the curvature 2-form F , we may assume
that it splits into block diagonal form

F =


0 r1 · · · 0 0

−r1 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 0 rn
0 0 · · · −rn 0


Then the Â-class of M is defined by the Taylor expansion of

Â(M) :=
∏
k

rk/2

sinh(rk/2)
.

Extracting the top-dimensional piece of Â(M) and integrate, the Atiyah-Singer index
theorem in this case is

Theorem 9.24 (=Theorem 10.6). On a spin Riemannian manifold M of even dimension,
we have

ind(/∂) =

ˆ
M
Â(M).

In the next chapter we will present a proof of this result on a heuristic level of rigor
using path integral techniques.
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9.5 General Atiyah-Singer Index Formula and Applications

In fact, there is a more general version of the index theorem without the need of a spin
structure. The characteristics of this theory is very similar to the spin case discussed
previously.

Throughout this section, let M be an oriented closed Riemannian manifold of dimen-
sion n = 2k.

Definition 9.25. A vector bundle E → M is called a Clifford bundle if the following
holds:

1. E is a (complex) vector bundle whose typical fiber is a Clifford module. This means
we have a Clifford action c : Cl(M) → End(E).

2. E has a fiber metric such that Clifford multiplication by unit tangent vectors is a
unitary isomorphism. For any ϕ,ϕ′ ∈ Γ(E) and any u ∈ Γ(TM) with ‖u‖ = 1, we
have

〈c(u)ϕ, c(u)ϕ′〉 = 〈ϕ,ϕ′〉. (9.6)

3. There is a connection ∇E on E that is compatible with the fiber metric and with
the Clifford connection ∇c on Cl(M) (induced by the Levi-Civita connection). For
any a ∈ Γ(Cl(M)) and ϕ ∈ Γ(E), we have the Leibniz rule:

∇E(a · ϕ) = (∇ca) · ϕ+ a · ∇Eϕ. (9.7)

For a Clifford bundle E, we define the Dirac operator /∂ : Γ(E) → Γ(E) in a local
orthonormal frame {ei} of TM :

/∂ =
n∑
i=1

ei · ∇E
ei .

Definition 9.26. We say a Clifford bundle E is Z2-graded if there is a decomposition
E = E+⊕E− preserved by the connection, such that Clifford multiplication by a tangent
vector v maps E± → E∓ (odd parity). The Dirac operator then takes the form:

/∂ =

(
0 D−

D+ 0

)
.

The index of the Dirac operator is then defined as:

ind(/∂) = dimkerD+ − dimkerD−.

Proposition 9.27. Let S = S(M) be the spinor bundle as before. If E is a Clifford
bundle over M , then E is always isomorphic to a twisted spinor bundle, in the sense that
there exists a vector bundle Q and an isomorphism

E ∼= S ⊗Q.

Explicitly, Q = HomCl(M)(S,E).

Proof. We claim that the map

Υ : S ⊗HomCl(M)(S,E) → E Υ(s⊗ φ) = φ(s)
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is an isomorphism. Since this is a bundle map, we only need to check that it is an
isomorphism on each fiber. At each x ∈M , the map is Υx : Sx⊗HomCl(M)(Sx, Ex) → Ex.
Since Sx is irreducible, we must have Ex ∼= S⊕p

x for some p. Under this identification we
have Υx : Sx⊗Hom(Sx, S

⊕p
x ) → S⊕p

x . Now since Sx is irreducible, Schur’s lemma says that
every map in Hom(Sx, Sx) must be a constant multiple of identity, namely Hom(Sx, Sx) ∼=
C. Now clearly Hom(Sx, S

⊕p
x ) = Hom(Sx, Sx)

⊕p ∼= Cp. Under this identification the we
have

Υ : Sx ⊗ Cp → S⊕p
x Υ(s⊗ (λ1, ..., λp)) = (λ1s, ..., λps).

Clearly this is a surjective map, hence it is an isomorphism since dim(Sx⊗Cp) = dim(S⊕p
x ).

Theorem 9.28 (Atiyah-Singer). Let M be a compact, oriented, even-dimensional Spin
manifold and let /∂ be the Dirac operator associated to the twisted Clifford bundle E = S⊗Q.
The analytical index is equal to the topological index:

ind(/∂) =

ˆ
M
Â(TM) ch(Q).

This theorem is considered one of the greatest achievements of twentieth-century math-
ematics. We illustrate its power by sketching the proofs of several classical consequences.

Corollary 9.29 (Poincaré-Hopf-Gauss-Bonnet). The integral of the Euler class of TM is
the Euler characteristic of M :

χ(M) =

ˆ
M
e(TM).

Proof Sketch. Let E = Λ•T ∗M ⊗ C. We define the Clifford action c(v) on a form α by:

c(v)α = v♭ ∧ α− ivα.

Here, [ : TM → T ∗M is the isomorphism v♭ = g(v,−) given by the metric. Then one can
verify that c(v)c(w) + c(w)c(v) = −2g(v, w). Hence this indeed defines a Clifford action.
Now the bundle E is naturally Z2-graded by even or odd degree forms. Moreover, the
metric on M gives E a fiberwise inner product by 〈dxi, dxj〉 = gij and can be extended
to all p-forms by taking determinants, and integrating this over M gives an inner product
on E, so we can make sense of the adjoint d∗ of the exterior differentiation operator. The
connection ∇E is the Levi-Civita connection extended to differential forms: Namely,

(∇E
Xα)(X1, ..., Xp) = Xα(X1, ..., Xp)−

p∑
i=1

α(X1, ...,∇XXi, ..., Xp).

The corresponding Dirac operator is the de Rham operator

/∂ = d + d∗.

Then one can compute that /∂2 = dd∗ + d∗d = ∆ is the Hodge Laplacian. Moreover,
(∆η, η) = ‖/∂η‖2. This implies ker /∂ = ker∆. By the Hodge theory on Riemannian mani-
folds, the ∆-harmonic p-forms has dimension equal to the Betti numbers bp(M). Hence

ind(/∂) = dim(ker /∂ ∩ E+)− dim(ker /∂ ∩ E−) = dim(ker∆ ∩ E+)− dim(ker∆ ∩ E−)

= dim

( ⊕
p even

Hp

)
− dim

 ⊕
p odd

Hp

 =
∑
p even

bp −
∑
p odd

bp = χ(M).
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Topologically, on a spin manifold, we have the bundle isomorphism E ∼= S ⊗ S. Indeed,
in this case

E = Λ•T ∗M ⊗ C ∼= Cl(M) ∼= End(S) ∼= S∗ ⊗ S ∼= S ⊗ S

by (9.3), and the last isomorphism is given by the fiberwise inner product on S. Thus,
the twisting bundle is Q = S. A fundamental identity in characteristic class theory states
that Â(TM) ch(S) = e(TM). This concludes the proof.

Another beautiful consequence of the index formula is the Hirzebruch signature theo-
rem. Since M is a closed manifold of dimension n = 2k, the middle de Rham cohomology
group Hk(M) admits a bilinear form B : Hk(M)×Hk(M) → C given by

B(α, β) =

ˆ
M
α ∧ β.

Moreover B(α, β) = (−1)k
2
B(β, α). So if we assume that k = 2l so that dimM = 2k = 4l,

then B is symmetric. Poincaré duality implies that B is nondegenerate and hence the
corresponding quadratic form has no null eigenvalue. We can then define the signature
of M by

sign(M) = b+ − b−

where b± is the number of positive (negative) eigenvalues of the corresponding quadratic
forms counted with multiplicities. A consequence of the Hirzebruch signature theorem is
that this quantity (which is a topological invariant) can be computed by integrating the
Hirzebruch L-class, which is defined by the formal power series

L(TM) =
k∏
i=1

ri/2

tanh(ri/2)

where ri’s are the block entries of the curvature 2-forms F as in the previous section.

Corollary 9.30 (Hirzebruch Signature Theorem). For a closed oriented 4l-dimensional
manifold, we have

sign(M) =

ˆ
M

L(TM).

Proof Sketch. We still use the same Clifford bundle E = Λ•T ∗M⊗C and the same Clifford
action c : Cl(M) → End(E). However, the grading of E is different in this case. We define
an operation τ : E → E given by

τ = ip(p−1)+k ? on ΛpT ∗M

where ? is the Hodge star operator. Then one can check that τ2 = 1, and τ is self-adjoint,
moreover τc(v) = −c(v)τ . Hence E = E+ ⊕ E− decomposes as the (±1)-eigenspace of
τ . This defines the grading. The connection ∇E is still the same as in the Gauss-Bonnet
case, so is the Dirac operator

/∂ = d + d∗.

But this time, because the change of the grading of E, we will get different results: ind(/∂) =
sign(M), and Â(TM) ch(S) = L(TM).

We conclude with the most celebrated theorem in algebraic geometry. Almost ev-
ery algebraic geometer uses Hirzebruch-Riemann-Roch theorem in their daily life (The
Hirzebruch-Riemann-Roch theorem implies the Riemann-Roch theorem on curves, so this
is an undisputed statement!):
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Corollary 9.31 (Hirzebruch-Riemann-Roch). Let X be a compact complex manifold and
E → X a holomorphic vector bundle on X. Let TX denote the holomorphic tangent bundle
(which is isomorphic to the real tangent bundle as real vector bundles) on X and χ(X, E)
denote the alternating sum of dimensions of sheaf cohomology groups of E. Then we have

χ(X, E) =
ˆ
X
td(TX) ch(E).

Proof Sketch. This construction will just be the one given in Remark 9.16, with V replaced
by TX.

Let our Clifford bundle be E = Λ0,•T ∗X⊗E . Fix a hermitian metric on TX compatible
with the complex structure, and a hermitian metric on E . This will give a hermitian
metric on E. Let ∇ be the Chern connection with respect to fiber metric on Λ0,•T ∗X,
and similarly let ∇E be the Chern connection on E . Then we choose the connection ∇E

on E defined by
∇E = ∇⊗ id+ id⊗∇E .

We have a natural Z2-grading on E , where e± is the direct sum of Λ0,pT ∗X ⊗ E where p
is even (odd). Now for any v ∈ TX ⊗ C, the complex structure gives a decomposition

v = v1,0 + v0,1 ∈ T 1,0X ⊕ T 0,1X.

Define the Clifford action c : Cl(M) → End(E) to be

c(v)α =
√
2
(
(v0,1)♭ ∧ α− iv1,0α

)
.

One can check that this is indeed a Clifford action. Then with these data, the Dirac
operator is given by

/∂ =
√
2(∂̄E + ∂̄∗E).

Then one calculates that ind(/∂) = χ(X, E).
For the right hand side, one needs to use a variant of the index theorem above called

the Spinc index theorem. The bundle Λ0,•T ∗X plays the role of the spinor bundle S
associated to the canonical Spinc structure of X. Thus, our bundle is E = S ⊗E , and the
twisting bundle is Q = E . Using the Spinc version of the index theorem, or simply the
identity

Â(TX) ch(S) = Â(TX)ec1(TX)/2 = td(TX),

we obtain:
ind(/∂) =

ˆ
X
Â(TX) ch(S) ch(E) =

ˆ
X
td(TX) ch(E).

This completes the proof.
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Chapter 10

Witten’s Proof

We now present Witten’s proof of the Atiyah-Singer index theorem on spin manifold
using the technique of path integrals and supersymmetric quantum mechanics (SUSYQM).
We will first develop the basic of SUSYQM on manifolds, then we set up the problem
of computing the index of an elliptic operator on a spin manifold as a path integral
computation. Finally, we will prove Atiyah-Singer index theorem by evaluating the said
path integral.

It should be noted that the proof we present is at a formal level of rigor, since path
integral is not well-defined mathematically. Moreover, we should mention that the proofs
of the most general form of the Atiyah-Singer index theorem are much more complicated,
involving deep ideas in algebraic K-theory or analysis.

Our treatment follows [19] closely, with more computational details carried out. For a
more through introduction to SUSYQM, we refer the reader to [22], which also contains
some materials on the proof of index theorem, though more details are omitted compared
to here. Our approach is more computational, but for a more mathematical presentation
of the subject, we recommend Witten’s notes on the index of Dirac operators in [20], and
Chapter 8 of [10]. Finally, we refer the interested readers to the original papers [23],[24].

10.1 Supersymmetric Quantum Mechanics

For simplicity, we first introduce SUSYQM in flat space, then we will upgrade our SUSYQM
model to Riemannian manifolds. In the simplest case our space is Rd, with coordinates
xk, and we have anticommuting Grassmannian ψk, for k = 1, ..., d. We propose to consider
the Lagrangian

L =
1

2
ẋkẋk +

i

2
ψkψ̇k.

Note that we are summing over repeated indices, but we are not careful with upper
and lower indices since in Rd the metric is so simple that there is no difference. Recall
from classical mechanics that for a Lagrangian L(φk, φ̇k) with generalized coordinates, the
canonical momentum is defined by

πk = ∂L/∂φ̇k,

and the Hamiltonian of the system is related to its Lagrangian via Legendre transformation
by

H =
∑
k

πkφ̇k − L(φk, φ̇k).
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In our case the generalized coordinates are xk, ψk, performing the procedure above, we
find that the Hamiltonian is

H = ẋjpj − ψ̇j
i

2
ψj − L =

1

2
p2

where pj = ẋj is the canonical momentum of the even coordinates xj . If we quantize this
system, the momentum operator becomes proportional to spatial derivative, and we have
that H = −∆/2, proportional to the Laplacian.

Variation of the Lagrangian L gives

δL = ẋj
d

dt
δxj +

i

2
δψjψ̇j +

i

2
ψj

d

dt
δψj .

Using the expression above, we investigate how L changes under supersymmetric trans-
formation:

Theorem 10.1. The action of the Lagrangian L defined above is invariant under the
supersymmetric transformation

δϵxj = iεψj

δϵψj = −εẋj .

Here, ε is an infinitesimal Grassmann (odd) real constant.

Proof. A simple calculation yields

δϵL = iẋjεψ̇j −
i

2
εẋjψ̇j −

i

2
ψjεẍj

= iẋjεψ̇j −
i

2
εẋjψ̇j −

i

2

d

dt
(ψjεẋj) +

i

2
ψ̇jεẋj

= − i

2

d

dt
(ψjεẋj)

which is a total derivative. Hence the action which is the integral of L is invariant under
δϵ.

Let us define supercharge Q to be the associated conserved charge by Noether’s
theorem:

εQ ≡ iεpjψj = iεψjpj = iεψj ẋj .

Let us now study how do these physical quantities change under δϵ, and their relations.

Theorem 10.2. Under the SUSY transformation defined in Theorem 10.1, we have:

(1) δϵL = ϵ
2
dQ
dt ;

(2) δϵQ = −2iεL;

(3) [δϵ2 , δϵ1 ] = δϵ2δϵ1 − δϵ1δϵ2 = −2iε1ε2
∂
∂t ;

(4) Let H = −p2/2 be the Hamiltonian defined before. Then we have Q2 = −H, or
equivalently H = (iQ)2.
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Proof. (1) follows immediately from Theorem 10.1 and the definition of Q. The rest are
just straightforward computation. For (2), we have

δϵQ = i (δψj) ẋj + iψj
d

dt
δxj = i (−εẋj) ẋj + iψj

(
iεψ̇j

)
= −iεẋj ẋj + εψjψ̇j = −2iε

(
1

2
ẋj ẋj +

i

2
ψjψ̇j

)
= −2iεL.

For (3), note that

δϵ2δϵ1(xj) = δϵ2(xj + iε1ψj) = xj + i(ε1 + ε2)ψj − iε1ε2ẋj

δϵ2δϵ1(ψj) = δϵ2(ψj − ε1ẋj) = ψj − (ε1 + ε2)ẋj − iε1ε2ψ̇j

δϵ1δϵ2(xj) = xj + i(ε1 + ε2)ψj − iε2ε1ẋj

δϵ1δϵ2(ψj) = ψj − (ε1 + ε2)ẋj − iε2ε1ψ̇j

and the claim follows from simple substraction. As for (4), we have

{Q,Q} = 2Q2 = 2 (ipjψj) (ipkψk)

= −pjpk (ψjψk + ψkψj) = −pjpkδjk
= −2H,

concluding the proof.

Let us now quantize the system. We take d = 2n to be an even integer. The represen-
tation of ψj is achieved by defining

ψj =
1√
2
γj ,

where γj are the gamma matrices and they satisfy the relation

{γj , γk} = 2δjk.

Note that this is almost a Clifford algebra except γ2k = 2 instead whereas technically for a
Clifford algebra we need generators to square to -1. However, this algebra is isomorphic
to the Clifford algebra generated by ek because if e2k = −1 we can assign a algebra ho-
momorphism that sends γk to −iek. Physicists prefer the Clifford algebra represented by
gamma matrices since these are more common in quantum field theory.

The supercharge operator now becomes

Q = iψjpj =
1√
2
γj

∂

∂xj
=

1√
2
/∂

which is proportional to the Dirac operator (Compare with Definition 9.22).
Now let us upgrade our system to a Riemannian manifold. The calculation we have

done before remains mostly the same, we just need to express things in a covariant way.
We have a Riemannian manifold M with dimM = 2n, and gµν its Riemannian metric
tensor. Our coordinates now become xµ, which commute, and ψµ, which anticommute.

The odd vector ψµ(t) ∈ Tx(t)M for each instant t (The rigorous characterization of the
vector ψµ(t) is given by Proposition 10.3). Thus under a transformation xµ → x′µ(xν) we
have

ψµ → ψ′µ =
∂x′µ

∂xν
ψν .
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Thus
δϵx

′µ =
∂x′µ

∂xν
δϵx

ν =
∂x′µ

∂xν
iεψν = iεψ′µ

and
δψ′µ =

∂2x′µ

∂xν∂xλ
δxλψν +

∂x′µ

∂xν
δψν

=
∂2x′µ

∂xν∂xλ
iεψλψν +

∂x′µ

∂xν
(−εẋν) = −εẋ′µ.

Note that in the last equality, the first term is zero by anticommutativity of Grassmann
numbers and symmetry of derivatives. Thus the SUSY transformation is covariant under
change of coordinates.

The supercharge introduced before now generalizes to

Q = igµν(x)ẋ
µψν .

Note that when we quantize this system, Q ∼ gµνp
µγν = /∂ is the Dirac operator on M .

Now the question is, how do we construct SUSY Lagrangian on M? Theorem 10.2
part (b) suggests that we compute δϵQ, and read off L from the expression. We have that

δϵQ =i∂λgµνδϵx
λẋµψν + igµνδϵẋ

µψν + igµν ẋ
µδϵψ

ν

=i∂λgµνiεψ
λẋµψν + igµν(iεψ̇

µ)ψν + igµν ẋ
µ (−εẋν)

=− 2iε

(
1

2
gµν ẋ

µẋν +
i

2
gµνψ

νψ̇µ − i

2
ẋµ

1

2
(∂λgµν − ∂νgµλ − ∂µgλν)ψ

λψν
)

=− 2iε

(
1

2
gµν ẋ

µẋν +
i

2
gµνψ

νψ̇µ +
i

2
ẋµgλρΓ

ρ
µνψ

λψν
)

where
Γνλµ =

1

2
gνρ (∂λgρµ + ∂µgλρ − ∂ρgλν)

is the Christoffel symbol associated with the Levi-Civita connection. In the third equality
of the δϵQ equation, we used

ẋµ
1

2
(∂λgµν − ∂νgµλ − ∂µgλν)ψ

λψν = ẋµ∂λgµνψ
λψν .

To see this, first note that the last term is ∼ ∂µgλνψ
λψν = 0 because gλν is symmetric

under the exchange of λ, ν while ψλψν is antisymmetric under such an exchange. The
second term is equal to the first term because

ẋµ∂λgµνψ
λψν = ẋµ∂νgµλψ

νψλ = −ẋµ∂νgµλψλψν .

Thus we may read off the Lagrangian directly from the δϵQ equation and conclude
that our SUSYQM Lagrangian must be

L =
1

2
gµν(x)ẋ

µẋν +
i

2
gµν(x)ψ

µ

(
dψν

dt
+ ẋλΓνλκ(x)ψ

κ

)
(10.1)

=
1

2
gµν(x)ẋ

µẋν +
i

2
gµν(x)ψ

µDψ
ν

Dt
(10.2)

where Dψν/Dt is the covariant derivative of ψν along the curve x(t).
We now define some symbols that will be used in the following sections. The connection

1-form is
Γµν = dxλΓµλν
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and the curvature 2-form is

Ωµν = dΓµν + Γµσ ∧ Γσν =
1

2
Rµνρσdx

ρ ∧ dxσ,

where the curvature tensor component is given by

Rκλµν = dxκ
(
∇µ∇ν

∂

∂xλ
−∇ν∇µ

∂

∂xλ

)
= ∂µΓ

κ
νλ − ∂νΓ

κ
µλ + ΓηνλΓ

κ
µη − ΓηµλΓ

κ
νη.

10.2 Connections to Supergeometry
We will now explain the connection between Dirac operators and supergeometry. Let R1|1

denote the super Euclidean space with one even variable t and one odd variable θ. Then
C∞(R1|1) = C∞(R)⊗ Λ•R. We consider a quantum theory of maps

X : R1|1 →M

where M is a compact, oriented, n = 2k dimensional spin manifold with a Riemannian
metric. Consider the vector field (differential operator) on R1|1 given by

D =
∂

∂θ
− θ

∂

∂t
.

A simple computation shows that
D2 = − ∂

∂t
.

This is not surprising, since D is essentially just the super conformal structure defined
on a Super Riemann surface (except we are working with real manifolds now), and the
computation follows identically. Now we consider the action

S = −1

2

ˆ
R1|1

dtdθgµν(X)
dXµ

dt
DXν = −1

2

ˆ
R1|1

dtdθ〈Ẋ,DX〉.

We now try to simplify this expression. Since X : R1|1 →M is a map between superman-
ifolds, we may Taylor expand the function X = X(t, θ) in powers of θ. Since θ2 = 0, we
see that

X = x(t) + θψ(t)

for some odd function ψ(t). The precise characterization of ψ is the following:

Proposition 10.3. The function ψ(t) is a section of the odd tangent bundle Π(x∗TM)
over R1, where x∗TM is the pullback of the tangent bundle TM → M over the map
x : R1 →M .

Proof. We already know from the expression of X that ψ must be an odd function, hence
it remains to show that it transforms like a tangent vector. If we choose a different local
coordinate x̃1, ..., x̃n of M , then the new quantum map is given by X̃ = x̃(t)+ θψ̃(t). Now
the ν-component of the new map after Taylor expansion at θ = 0 is just

X̃ν = x̃ν(x+ θψ) = x̃ν(x) +
∂x̃ν

∂xµ
(θψµ) = x̃ν + θψ̃ν .

Therefore, we see that
ψ̃ν = ψµ

∂x̃ν

∂xµ

which is the transformation rule of a vector in TM . Therefore, we conclude that ψ is a
section the parity reversed tangent bundle Π(x∗TM).
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In order to obtain a local coordinate expression of the Lagrangian, we can do the dθ
integral. Plugging everything in and collecting only the term linear in θ (since it is the
only term that survives the Grassmann integral), we get

S = −1

2

ˆ
R1|1

dtdθgµν(X)
dXµ

dt
DXν

= −1

2

ˆ
R1|1

dtdθ

(
gµν +

∂gµν
∂xρ

θψρ
)
(ẋµ + θψ̇µ)(ψν − θẋν)

=
1

2

ˆ
R1|1

dtdθgµνθ(ẋ
µẋν − ψ̇µψν)− θ

(
∂gµν
∂xρ

ψρẋµψν
)

=
1

2

ˆ
R1

dt

(
gµν ẋ

µẋν − gµνψ̇
µψν +

∂gµν
∂xρ

ψρẋµψν
)

=
1

2

ˆ
R
〈ẋ(t), ẋ(t)〉 − 〈∇tψ(t), ψ(t)〉dt,

where the last equality follows from the same computation as in the previous section when
we carried out the δϵQ computation. Comparing with (10.2) there is a missing factor of
i in the second term, but this can be recovered by an appropriate rescaling of the odd
coordinate θ and the spinor field ψ.

10.3 Index on Spin Manifolds

Now the spinor bundle S = S(M) on M decomposes into the even and odd parts S = S±.
Recall that the index of the Dirac operator is given by

ind(/∂) = dimkerD − dimkerD†

where D : Γ(S+) → Γ(S−) and D† : Γ(S−) → Γ(S+) are the two pieces of the self-adjoint
operator /∂ (Theorem 9.23):

/∂ =

(
0 D†

D 0

)
.

Proposition 10.4. ind(/∂) is invariant under small perturbation of D.

Proof. First, note that DD†, D†D are nonnegative operators, for 〈ψ|DD†|ψ〉 = ‖D† |ψ〉 ‖2
which is nonnegative, and similarly for D†D. By the same formula we see that kerD† =
kerDD†, and similarly kerD = kerD†D. Now let {|φn〉} be an orthonormal set of eigen-
vectors of D†D with eigenvalue λn > 0. Then it is easy to see that |ψn〉 := D |φn〉 /

√
λn are

eigenvectors of DD† with the same eigenvalue λn. Also note that they are orthonormal,
hence form a basis:

〈ψn|ψm〉 =
1√
λnλm

〈φn|D†D|φm〉 =
λn√
λnλm

δnm = δnm.

Note that |φn〉 ∈ (kerD)⊥ and |ψn〉 ∈ (kerD†)⊥, and there is an isomorphism (kerD)⊥ ∼=
(kerD†)⊥, which is a standard result in functional analysis. Hence we see that if under
a small perturbation of D, dimkerD decreases (or increases), then dimkerD† must also
decrease (or increase) by the same dimension to preserve the isomorphism (kerD)⊥ ∼=
(kerD†)⊥.
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Theorem 10.5. Let /∂ be the dirac operator, then

ind(/∂) = Tr e−βD
†D − Tr e−βDD

†
,

where β > 0 is a real constant. In fact, ind(Q) is independent of β.

Proof. Let |φn〉 , |ψn〉 be defined as in the proof of the previous proposition. Then let
{|φi,o〉} be orthonormal eigenvectors of kerD and similarly {|ψi,o〉} be orthonormal eigen-
vectors of kerD†. Note that both lists are finite since D is assumed to be Fredholm. Then
simple computation yields

Tr e−βD
†D − Tr e−βDD

†

=
∑
n

〈φn|e−βD
†D|φn〉 −

∑
n

〈ψn|e−βDD
† |ψn〉+

∑
i

〈φi,o|φi,o〉 −
∑
j

〈ψj,o|ψj,o〉

=
∑
n

e−βλn(〈φn|φn〉 − 〈ψn|ψn〉) +
∑
i

1−
∑
j

1

= dimkerD − dimkerD†.

This shows the desired equality. It is immediately clear from the calculation above that
ind(D) is independent of β.

By the previous discussion, we could identify Q with the Dirac operator. However, it
is more conventional to identify iQ with the Dirac operator /∂. Since we have a matrix
representation

iQ =

(
0 D†

D 0

)
.

Then by the generalization of Theorem 10.2 part (4) on manifolds, the Hamiltonian should
be

H = (iQ)2 =

(
D†D 0
0 DD†

)
.

Recall that the chirality operator gives ±1 on S±. However, in physicist’s notation it is
more common to denote the chirality operator by

(−1)F .

Then Theorem 10.5 can be written in a more compact form, with the right hand side
known as the Witten index:

ind(/∂) = Tr(−1)F e−βH . (10.3)

In fact, if M is a spin manifold, and E its spin bundle, we already noted that Q ∼ /∂ is the
Dirac operator on M , and we note that (−1)F = γ2n+1 = inγ1 · · · γ2n. Since γ22n+1 = 1, the
eigenvalues of γ2n+1 are ±1, which we call chirality. Recall that S = S± is the eigenspace
decomposition with respect to (−1)F . We assign F = 0 to sections of Γ(M,S+) and F = 1
to sections of Γ(M,S−), which explains the notation (−1)F . In this case, the index of the
supercharge Q is defined to be

ind(Q) := ind(/∂) = dimkerD − dimkerD†.
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10.4 The Proof

Let H = (iQ)2 = 1
2gµνp

µpν be the Hamiltonian corresponding to the Dirac operator Q.
By the generalized version of Theorem 10.2, in curved space the Lagrangian of this system
should be the generalization to the flat space SUSYQM Lagrangian, which we introduced
in (10.2). With the knowledge of (10.3) and (7.25), while noting the fact that (10.2)
contains both bosonic and fermionic fields, we are motivated to conclude that the index
can be computed by a path integral over all bosonic and fermionic field configurations:

ind(Q) = Tr(−1)F e−βH =

ˆ
PBC

DxDψe−
´ β
0 dtL, (10.4)

where L is the Euclidean Lagrangian after performing Wick rotation to (10.2). Note that
since L in the formula above is in Euclidean time, to obtain L we should replace t→ −it
in (10.2) and replace dt→ −idt to get

L =
1

2
gµν(x)ẋ

µẋν +
1

2
gµν(x)ψ

µDψ
ν

Dt
.

As a sanity check, note that compared to (10.2), the sign of the momentum term is
unchanged. We should explain why we integrate over PBC instead of APBC, since for
grassmann-valued fields (8.12) seems to indicate we should integrate over APBC. This is
because the factor (−1)F disappears if the APBC for the fermionic variable is changed
into a periodic one. To see this, let us just instead consider the simple case of a fermionic
oscillator. Recall that from (8.12) we have

Tr(−1)F e−βH =
∑
n

〈n|(−1)F e−βH |n〉

=

ˆ
dθ∗dθ〈−θ|(−1)F e−βH |θ〉e−θ∗θ.

Note that since |θ〉 = |0〉+ |1〉 θ and F = c†c is the fermion number operator, we have that

(−1)F |θ〉 = (−1)0 |0〉+ (−1)1 |1〉 θ = |0〉 − |1〉 θ = |−θ〉 ,

hence the above integral becomes
ˆ

dθ∗dθ〈θ|e−βH |θ〉e−θ∗θ.

Therefore, we conclude that we must integrate over PBC. The rest of the section is dedi-
cated to evaluate the path integral in (10.4).

Now the action in the exponential of (10.4) reads

S =

ˆ β

0
dt

(
1

2
gµν ẋ

µẋν +
1

2
gµνψ

µDψ
ν

Dt

)
.

Perform a change of variable t = βs, then ẋµ → ẋµ/β and dt→ βds. Moreover, since the
measure Dψ is invariant under scaling, we can perform a change of variable ψ → ψ/

√
β.

Then the action reads

S =
1

β

ˆ 1

0
ds

(
1

2
gµν

dxµ

ds

dxν

ds
+

1

2
gµν(x)ψ

µDψ
ν

Ds

)
.
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In the β → 0 limit, clearly the integal (10.4) localizes at constant paths x (ones with
ẋµ = 0). Moreover, since

Dψν

Ds
=

dψν

ds
+ Γναβ

dxα

ds

dψν

ds
,

and classical paths satisfies ẋα = 0, so we conclude that ψ̇ν = 0 as well. Hence (10.4)
localizes at constant paths and constant spinor fields.

Having identified the region in which the integral (10.4) localizes in the small β limit,
our next goal is to simplify the Lagrangian L in the small β limit as much as possible.
To make our lives easier, we pick a normal coordinate centered at x0, i.e., a coordinate
system in which

gµν(x0) = δµν ,

∂λgµν(x0) = 0.

Moreover, we may expand the paths and fields in Fourier modes by the PBC condition:

xµ(t) = xµ0 + ξµ(t) = xµ0 +
1√
β

∑
n ̸=0

ξµne
2πint/β , (10.5)

ψµ(t) = ψµ0 + ηµ(t) = ψµ0 +
1√
β

∑
n ̸=0

ηµne
2πint/β . (10.6)

In our normal coordinate, the Taylor expansion of the metric tensor is

gµν (x0 + x) = δµν +
1

2!
gµν,αβx

αxβ + · · · .

Then the Lagrangian becomes

L =
1

2

(
δµν +

1

2!
gµν,ρσx

ρxσ + . . .

)
ẋµẋν +

1

2
gµνψ

µ

(
∂ψν

∂t
+ ẋλΓνλk(x)ψ

k

)
Now expanding the Christoffel symbol above, and throwing away terms of quadratic order
or higher, and using Γµνρ(x0) = 0, we get that

L =
1

2
ẋµẋµ +

1

2
gµνψ

µ

(
∂ψν

∂t
+ ẋλψkΓνλk,α (x0)x

α

)
.

But in the normal coordinate we have

∂α∂βgµν (x0) = Rµανβ (x0) ,

and the second term in the L formula above is

Γνλk,α =
1

2
gδν (gδλ,kα + gδk,λα − gλk,δα) .

Thus
gδνΓ

ν
λk,α =

1

2
(Rδαλk +Rδαkλ −Rλαkδ) .

Note that the first two curvature tensor components cancel, because the curvature tensor
is antisymmetric in the last two index. Thus

Γνλk,α = −1

2
Rνλαk.
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Hence putting everything together, after the expansion we have

L =
1

2
ẋµẋµ +

1

2
gµνψ

µ

(
∂ψν

∂t
+ ẋλψkxα

(
−1

2
Rνλαk (x0)

))
.

Now we plug in (10.5) and (10.6) into the above Lagrangian. However, we should note
that L contains a curvature term ∼ Rλαkµψ

µẋλψkxα. We can expand ψµ using (10.6),
and if we include terms other than the zero mode ψµ0 , then this term would involve a
power 1/

√
β, which will be exponentially suppressed when we evaluate (10.4) in the small

β limit. Therefore, we only need to look at the curvature term ∼ Rλαkµψ
µ
0 ξ̇

λψk0ξ
α in the

expansion. Therefore, putting everything together, and relabeling the indices, we get that
the effective action in (10.4) is

S =

ˆ β

0
dt

(
1

2

dξµ

dt

dξµ

dt
+

1

2
ηµ

dηµ

dt
− 1

2
ωµν(x0)ξ

µdξ
ν

dt

)
(10.7)

where we have put
ωµν(x0) =

1

2
Rµνρσ(x0)ψ

ρ
0ψ

σ
0 .

To get rid of the β dependence in the integral, or rather to hide the β independence into
the fields, we make the substitution

t→ βt′ η → η′ ξ →
√
βξ′ ψ0 → ψ′

0/
√
β.

The first substitution makes our range of integration goes from 0 to 1. The last substitution
is fine since in (10.4), we are integrating over all ψ0, so a scaling does not matter. The scal-
ing ξ →

√
βξ′ is more tricky, but note that after the substitution the term Rλαkµψ

µ
0 ξ̇

λψk0ξ
α

still survives the small β limit, but any other terms in Rλαkµψµξ̇λψkξα that contains other
than the zero mode ψµ0 would involve a power 1/

√
β, which will be exponentially sup-

pressed in the small β limit. Hence our expansion is still valid. In conclusion, after the
substitution and relabeling again by removing all the primes, we see that (10.7) can be
written as

S =

ˆ 1

0
dt

(
1

2

dξµ

dt

dξµ

dt
+

1

2
ηµ

dηµ

dt
− 1

2
ωµν(x0)ξ

µdξ
ν

dt

)
. (10.8)

From (10.8), one can directly read off the fluctuation operator for ξ. After performing
integration by part, it is

−δµν∂2t − ωµν∂t.

And the fluctuation operator for η is simply

δµν∂t.

Now that we have identified that (10.4) localizes at constant paths in the small β limit,
and we know what L looks like in such limit, we might be tempted to evaluate (10.4) at
constant paths at x0, ψ0, and integrate over all such points. But we cannot just reduce
the path integrals to ordinary integrals directly, since we have only calculated the small β
limit, whereas the region of integration localizes to constant path only at β = 0. Hence,
we should be reducing the path integral to a small neighborhood of constant paths instead
of just constant paths. This means that we should do the path integral over the mode
expansions ξ, η as well. Thus (10.4) becomes, after performing Gaussian integration using
(8.8) and the path integral generalization of (7.2):

ind(Q) =

ˆ
dx0dψ0

ˆ
DξDηe−

´ 1
0 dt 1

2
[ξµ(−δµν∂2t −ωµν∂t)ξν+ηµ(δµν∂t)ην ]

= N
ˆ

dx0dψ0 det(δµν∂t) det
(
−δµν∂2t − ωµν∂t

)−1/2
,
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where N is a formal constant, and det(δµν∂t) can be evaluated using the ζ-function reg-
ulator. The computation for det(δµν∂t) is done in Chapter 1 of [19]. But we will omit
this since it is not of our concern: the result will only be a constant depending on the
dimension d. Next we evaluate

det
(
−δµν∂2t − ωµν∂t

)
.

Note that ωµν defined above is skew-symmetric with even matrix element. Thus there
is an orthogonal transformation that turns ωµν into the form

ω =


0 r1 · · · 0 0

−r1 0 · · · 0 0
...

... . . . ...
...

0 0 · · · 0 rn
0 0 · · · −rn 0


where n = d/2 is half the dimension of the spin manifold M . If we just look at one block
of ω, which is of the form

A =

(
−∂2t −r
r −∂2t

)
.

It is not hard to see that O has the same spectrum as

A′ =

(
−∂2t − ir∂t 0

0 −∂2t + ir∂t

)
.

Hence
detA = detA′ = det

(
−∂2t − ir∂t

)
det
(
−∂2t + ir∂t

)
.

We will only evaluate one of the determinants, since the other is similar. Define the
differential operator

L = −∂2t − ir∂t.

A complete basis of eigenfunctions is given by

φn(t) = e2πint

for all integers n. Then

Lφn = (−(2πin)2 − ir(2πin))φn = (4π2n2 − 2πrn)φn.

So the eigenvalues are

λn = 4π2n2 − 2πnr = 2πn(2πn− r).

Hence, throwing everything that is independent of r into the formally infinite constant in
front, we get

detL =
∏
n ̸=0

2πn(2πn− r)

= (2π)∞
∏
n ̸=0

n(2πn− r)

= N
∏
n≥1

(2πn− r)(−2πn− r)

= N ′
∏
n≥1

(
1−

( r

2πn

)2)
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and we will ignore N ′ as it can be thrown into the ζ-function regularization. Now using
the identity ∏

n≥1

(
1− x2

n2

)
=

sin(πx)

πx
,

we get

detL =
sin r/2

r/2

up to a normalization constant. The other determinant will give exactly the same result
by similar calculation. Hence

detA =

(
sin r/2

r/2

)2

.

The quantity of interest det
(
−δµν∂2t − ωµν∂t

)
will be the product of determinants of the

block operator above, with r running from r1, ..., rn. Hence,

det
(
−δµν∂2t − ωµν∂t

)
=

n∏
k=1

(
sin rk/2

rk/2

)2

.

Using the identity sinh(ir) = i sin(r), our calculation yields

det
(
−δµν∂2t − ωµν∂t

)−1/2
=

n∏
k=1

(
rk/2

sin rk/2

)
= j(iΩ)−1/2,

using the identification of ωµν on ΠTM with the curvature 2-form

Ωµν =
1

2
Rµνρσdx

ρ ∧ dxσ

on M , where j(Ω) is by definition

j(Ω) = det

(
sinhΩ/2

Ω/2

)
:=

n∏
k=1

(
sinh rk/2

rk/2

)2

and rk are the entries of the block form of the curvature 2-form Ω, and the Â-class of M
is by definition

Â(M) = j(Ω)−1/2.

Therefore, we see that (absorbing id from j(iΩ)−1/2 into C2d) under the identification of
C∞(ΠTM) ∼= A•(M), which we already used above to identify ωµν with the curvature
2-form Ωµν on M , that

ind(Q) = C2d

ˆ
ΠTM

dx0dψ0 j(Ω)
−1/2 = C2d

ˆ
M
Â(M).

In this derivation we have been careless with universal constants depending only on dimen-
sion (infinite but regularized in some manner). To evaluate the constant one can either
follow through the regularization procedure or simply evaluate it on one example where
the index is nontrivial.

Therefore, we have proven the celebrated Atiyah Singer index theorem for the index
of a Dirac operator on a spin manifold:

Theorem 10.6 (Atiyah-Singer). The index of the Dirac operator /∂ defined on a spin
manifold M is given by

ind(/∂) =

ˆ
M
Â(M).
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Appendix A

Deformation Theory

We mentioned that for a curve X of genus g, the tangent space TXMg is given by
H1(X,TX). In this appendix we try to provide a heuristic reasoning why this is the
case (Theorem A.3). The reference is Chapter 4 of [18] and Chapter 9 of [14].

Definition A.1. Let X , B be complex manifolds, and φ : X → B a holomorphic map.
Let Xt := φ−1(t) denote the fiber of φ above the point t ∈ B.

We say that φ : X → B is a family of complex manifolds if φ is a proper holomorphic
submersion.

The following theorem is proved in p.220 of [14]:

Theorem A.2 (Ehresmann). Let φ : X → B be a proper submersion between two differ-
entiable manifolds, where B is contractible with a base point 0 ∈ B. Then there exists a
diffeomorphism

T : X
∼=−→ X0 ×B

such that π2◦T = φ, where π2 : X0×B → B is just the projection to the second component.

Giving such a trivilization is thus equivalent to giving its first component

T0 := π1 ◦ T : X → X0,

as π2 ◦ T = φ is given. Note that when T0 is restricted to the fiber Xt, it gives a diffeo-
morphism Xt

∼= X0. Therefore, under the identification of such a diffeomorphism, we can
view that Xt still has the same topology and smooth structure, namely it is still X0 as
a smooth manifold, but the complex structure is different. Of course, the theorem above
may not apply when B is not contractible. But since B is a manifold, at any base point
0 ∈ B we can always restrict to a sufficiently small locally Euclidean neighborhood of it,
which will again be contractible.

Therefore, we conclude that infinitesimal deformation of X0 is the same as infinitesimal
deformation of complex structure on X0. Hence the tangent space TXMg of a curve X
should be identified with infinitesimal deformations of complex structures on X.

Next, let’s do some explicit calculation in coordinates. How do we quantitatively
describe deformation of complex structures? Instead of focusing on X = X0, let us focus
on Xt for general t ∈ B. Furthermore, let us first consider the simplified case where
dimRB = 1, hence t is a local coordinate on B. Since φ is proper, Xt = φ−1(t) is a
compact complex manifold. Hence we can cover Xt by finitely many open sets Ui for
i = 1, ...,m, with chart ϕi : Ui → ϕ(Ui) ⊂ Cn where n = dimCXt. By taking smaller
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charts if necessary, we may assume that Ui’s are good covers, meaning finite intersections
Ui1 ∩ · · · ∩ Uik are contractible. On the overlap we have transition maps

fij : ϕj(Ui ∩ Uj) → ϕi(Ui ∩ Uj)
(z1i , ..., z

n
i ) 7→ (f1ij(z), ..., f

n
ij(z))

which are biholomorphisms. These maps satisfy the cocycle condition

fik = fij ◦ fjk (A.1)

on the overlap Ui ∩ Uj ∩ Uk. Recall that a complex structure of Xt is defined by the
collection of biholomorphic transition maps fij ’s. Hence, by a deformation of complex
structure on Xt along B we simply mean that these transition maps are allowed to vary
with respect to t. That is, now they have t dependence:

zαi := fαij(z
1
j , ..., z

n
j , t) α = 1, ..., n.

We use the above notation zαi to denote the αth coordinate in the chart Ui. In the
calculation below, we will only contract greek letters like α, β, but not the letters i, j, k as
they only suggests the charts we are in and the initial and end position of the transition
maps.

With t dependence, the cocycle condition (A.1) becomes

fαik (zk, t) = fαij(f
1
jk (zk, t) , . . . , f

n
jk (zk, t) , t) (A.2)

for every α = 1, ..., n. Taking derivative of (A.2) with respect to t, and using the relation
zβj = fβjk(zk, t) gives

∂fαik (zk, t)

∂t
=
∂fαij (zj , t)

∂t
+
∂fαij (zj , t)

∂zβj

∂fβjk (zk, t)

∂t
. (A.3)

Now using zαi = fαij(zj , t), (A.3) becomes

∂fαik (zk, t)

∂t
=
∂fαij (zj , t)

∂t
+
∂zαi

∂zβj

∂fβjk (zk, t)

∂t
. (A.4)

Now using the expression (A.4) as the αth component function of a holomorphic vector
field gives

∂fαik(zk, t)

∂t

∂

∂zαi
=
∂fαij(zj , t)

∂t

∂

∂zαi
+
∂fβjk(zk, t)

∂t

∂

∂zβj
, (A.5)

where we used the chain rule
∂

∂zβj
=
∂zαi

∂zβj

∂

∂zαi
.

We introduce the holomorphic vector fields

θjk(t) =
∂fαjk(zj , t)

∂t

∂

∂zαj
zk = fkj(zj , t). (A.6)

Using this definition, (A.5) becomes the beautiful cocycle condition

θik(t) = θij(t) + θjk(t). (A.7)
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From (A.7), we conclude that θjk(t) is a 1-cocycle with respect to the open cover U =
(Ui)

m
i=1 on Xt, valued in the holomorphic tangent bundle TXt . Hence this determines

an element of H1(U, TXt). Since U is a good cover, we actually have the isomorphism
H1(U, TXt)

∼= H1(Xt, TXt). Let θ(t) be the element in H1(Xt, TXt) determined by θjk(t).
One can show that this class is independent of the open cover we choose. We can now
conclude:

Theorem A.3. The first order deformation (Taylor expand up to first order with respect
to t) of the complex structure fαij on Xt

fαij(t) = fαij |t=0 + tθαij +O(t2)

determines a class in H1(Xt, TXt).

In the above argument we assumed dimRB = 1. But this assumption is in fact redun-
dant. Suppose now B is an arbitrary complex manifold, with local coordinate t1, ..., tm.
Then by a deformation of complex structure on Xt with respect to B we mean the
chart transition function now depends on the coordinate of B:

zαj = fαjk(z
1
k, ..., z

n
k , t

1, ..., tm) α = 1, ..., n.

Now for a tangent vector
∂

∂t
= cµ

∂

∂tµ

of B, where cµ ∈ C, we put

θjk(t) =
∂fαjk(zk, t)

∂t

∂

∂zαj
= cµ

∂fαjk(zk, t)

∂tµ
∂

∂zαj
,

where again zk = fkj(zj , t). The previous argument all goes through and θjk(t) again
defines a a 1-cocycle, hence determines an element θ(t) ∈ H1(Xt, TXt). This defines, for
each t ∈ B, a C-linear map

ρt : TtB → H1(Xt, TXt) ρt :
∂

∂t
7→ θ(t),

called the Kodaira-Spencer map.

Remark A.4. There is a coordinate free way of defining Kodaira-Spencer map. Let
φ : X → B be a family of complex manifolds. Then Lemma ?? gives an exact sequence

0 → TXt → TX |Xt

ϕ∗−→ φ∗TB|Xt → 0.

Then the Kodaira-Spencer map is simply the induced map

ρt : H
0(Xt, φ

∗TB|Xt) → H1(Xt, TXt)

in the long exact sequence of sheaf cohomology induced by the short exact sequence above.
Note that H0(Xt, φ

∗TB|Xt) = φ∗TB(Xt) = TtB since φ∗ is assumed to be surjective. For
a proof that these two definitions coincide, consult [14, p.225].
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Appendix B

Supersymmetry

In this appendix we discuss physical aspects of supergeometry, which is supersymmetry.
Perhaps the most convincing motivation for physicists to develop the theory of supersym-
metry is the so called hierarchy problem.

A hierarchy problem occurs when the fundamental value of some physical parameter,
such as a coupling constant or a mass, in some Lagrangian is vastly different from its
effective value, which is the value that gets measured in an experiment. This happens
because the effective value is related to the fundamental value by renormalization, which
applies corrections to it. In Standard model, the Higgs mass is modified by corrective terms
from every scale with which it interacts: terms that are proportional to those scales. For
the Standard Model this scale can go all the way to

Mpl =

√
Gh

c3
≈ 1019GeV,

and so the QFT expectation for the Higgs mass is much higher than the experimental
result (∼ 125GeV). Currently these two values are brought together through a numerical
cancellation of terms that results in the Higgs mass being reduced to its proper exper-
imental values. This process is called fine tuning [33]. This has spurred a number of
alternative theories which solve the problem of the disparity of expected and experimental
Higgs mass values without requiring fine tuning in the terms of the calculation.

One of such alternative solution is called Supersymmetry (SUSY). In a word, it
assumes there is some extra symmetry of spacetime (besides the Poincaré symmetry). In
particular, a symmetry under the exchange of bosons and fermions. This is the object of
study in this appendix.

Recall what we did with scalar/vector/spinor fields: We determined that the symme-
try group of interest is the Lorentz group SO(1,3). We studied its Lie algebra so(1,3),
in particular generators and commutation relations. We tried to find representations of
Lorentz group D[Λ],Λ ∈ SO(1, 3). We constructed fields ϕ(xµ) satisfying the transforma-
tion property

ϕa(x) → D[Λ]abϕ
b(Λ−1x).

Taking D[Λ] = I (trivial representation), D[Λ] = Λ (standard representation), and D[Λ] =
S[Λ] (spinor representation), we constructed scalar, vector, and spinor fields. Using these
fields, we constructed Lagrangian that respects SO(1,3) symmetry.

What we will do now is similar to this procedure. First, we extend so(1,3) to the
SUSY algebra, and we extend R1,3 to a supermanifold. We will construct super fields
on this space, and construct a representation of SUSY algebra via differential operators
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on superspace. Finally, we will construct a SUSY Lagrangian, and solve the Hierarchy
problem via miraculous cancellation (at least a similar version of it to the standard model).

B.1 SUSY Algebra

In general, a physical theory need to be invariant under translations and Lorentz transfor-
mations xµ → Λµνxν+aµ. Mathematically, this means the symmetry group we are looking
at this the Poincaré group defined by the semidirect product

R1,3 ⋊ SO(1, 3).

The infinitesimal generators of the Poincaré Lie algebra are the momentum operators Pµ
(which corresponds to translations), and the 4×4 antisymmetric matrices Mµν , which are
a total of 6 generators of so(1,3). A four dimensional representation is given by

(Mρσ)µν = i(ηµνδρν − ηρµδσν )

where ηµν = diag(1,−1,−1,−1) is the Minkowski metric on R1,3. One can verify the
commutation relations of the Poincaré Lie algebra are given by

[Pµ, P ν ] = 0

[Mµν , P σ] = i(Pµηνσ − P νηµσ)

[Mµν ,Mρσ] = i(Mµσηνρ +Mνρηµσ −Mµρηνσ −Mνσηµρ).

The SUSY algebra includes all the generators and commutation relations of the Poincaré
algebra (Pµ,Mρσ and their commutation relations) and a pair of left handed spinors Qα
and right handed spinors Q̄α̇ (where α = 1, 2), called supercharge operators. SUSY algebra
also includes the (anti)commutation relations involving the supercharges. In other words,
the SUSY algebra is a Z2-graded Lie algebra (also known as a super Lie algebra). All
derivations of these commutation relations can be found in [34]. The (anti)commutation
relations are given by the following:1

[Mµν , Qα] = (σµν) β
α Qβ

[Mµν , Q̄α̇] = (σ̄µν) β̇
α̇ Q̄β̇

[Qα, P
µ] = 0 = [Q̄α̇, P

µ]

{Qα, Qβ} = 0

{Qα, Q̄β̇} = 2(σµ)αβ̇Pµ

where

(σµν) β
α =

i

4
(σµσ̄ν − σν σ̄µ) β

α

(σ̄µν) β̇
α̇ =

i

4
(σ̄µσν − σ̄νσµ) β̇

α̇ .

1All internal symmetry must commute with the supercharges except possibly U(1)-symmetry: then
[R,Qα] = −Qα and [R, Q̄α̇] = Q̄α̇, where R generates U(1) symmetry.
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B.2 Superspace, Superfields, and SUSY Lagrangian
Let g be the SUSY Lie algebra. We can always exponentiate it to form the SUSY Lie
group G, whose general element is of the form

g(ωµν , aµ, θ
α, θ̄α̇) := exp

(
− i

2
ωµνM

µν + iaµP
µ + iθαQα + iθ̄α̇Q̄

α̇

)
.

We define our superspace to be
X = G/ SO(1, 3)

which is the set of equivalent classes under the equivalence relation g ∼ g · h for all
h ∈ SO(1, 3). Since every element in SO(1,3) has the form exp

(
− i

2ωµνM
µν
)
, we see that

X = G/ SO(1, 3) is a supermanifold that can be parameterized by bosonic coordinates
xµ = aµ, and fermionic coordinates θα, θ̄α̇.

A superfield Y is a function Y : X → C on superspace. We mostly write Y (xµ, θα, θ̄α̇),
or simply Y (x, θ, θ̄).

Like how we found representations of so(1,3) on the space of fields in R1,3, we would
also like to find a representation of SUSY algebra on space of superfields on X. That is,
we want to find operators Mµν ,Pµ,Qα, Q̄α̇ acting on superfields satisfying the SUSY Lie
algebra commutation relation.

We already know how to define so(1, 3) acting on superfields:

MµνY (xµ, θα, θ̄α̇) := Y ((Mµν)ρσx
σ, θα, θ̄α̇)

That is, Mµν are still given by Lorentz transformations that we know well. What about
Pµ,Qα, Q̄α̇? There are a lot of tedious calculations involved, but one can check that

Pµ = −i ∂

∂xµ

Qα = −i ∂
∂θα

− σµαα̇θ̄
α̇ ∂

∂xµ

Q̄α̇ = i
∂

∂θ̄α̇
+ θασµαα̇

∂

∂xµ
.

does the trick. To prove this, we need the following:

Lemma B.1. Let (x, θ, θ̄) := exp
(
ixµP

µ + iθαQα + iθ̄α̇Q̄
α̇
)

denote a point in superspace,
and

V (ε, ε̄) := exp
(
iεαQα + iε̄α̇Q̄

α̇
)

Then the action of V (ε, ε̄) on (x, θ, θ̄) is given by

xµ → xµ + iθασµαα̇ε̄
α̇ − iεασµαα̇ε̄

α̇

θα → θα + εα

θ̄α̇ → θ̄α̇ + ε̄α̇.

Proof. Recall that we have the commutator relation [Qα, Q̄α̇] = 2σµαα̇Pµ, we have that
εα(QαQ̄α̇ + Q̄α̇Qα)θ̄

α̇ = 2(εασµαα̇θ̄
α̇)Pµ, so that [θ̄α̇Q̄α̇, εαQ

α] = 2(εσµθ̄)Pµ, where we
have picked up a minus sign from the previous equation to the last equation because of
anticommutitivity of θ̄, ε, Q, Q̄, turning {, } into [, ].

Since V (ε, ε̄)(x, θ, θ̄) = eiϵQ+iϵ̄Q̄eixP+iθQ+iθ̄Q̄, evaluating this using the BCH formula:
eAeB = eA+B+ 1

2
[A,B]+···, we get that

V (ε, ε̄)(x, θ, θ̄) = eixP+i(θ+ϵ)Q+i(θ̄+ϵ̄)Q̄+(ϵσθ̄)P−(θσϵ̄)P

which gives precisely the desired transformation by definition of points in superspace.
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Theorem B.2. The operators Pµ,Qα, Q̄α̇ should indeed by given as above. Since they
satisfy the SUSY relations, they define a representation of SUSY Lie algebra on the space
of superfields.

Proof. Let U = exp(iaµPµ), then since Pµ generates translation, we have UY (x, θ, θ̄)U † =
Y (x+ a, θ, θ̄). Expanding to 1st order: U ' 1+ iaµP

µ and Y (x+ a) ' Y (x) + aµ∂µY (x),
and equating terms linear in a, we see:

[Pµ, Y ] = −i∂µY := PµY.

Similarly for V (ε, ε̄) = exp
(
iεαQα + iε̄α̇Q̄

α̇
)
: using the previous lemma, acting on super-

fields gives
V Y (x, θ, θ̄)V † = Y (x+ iθσµε̄− iεσµθ̄, θ + ε, θ̄ + ε̄).

Now expand to leading order in ε gives:

[Qα, Y ] = (−i∂α − σµαα̇θ̄
α̇∂µ)Y := QαY

[Q̄α̇, Y ] = (i∂α̇ − θασµαα̇∂µ)Y := Q̄α̇Y.

This concludes the proof.

As mentioned earlier in the introduction, supersymmetry is a symmetry that exchange
bosons and fermions. This can be illustrated most directly by applying these SUSY oper-
ators on a super field Y (x, θ, θ̄). The most general Taylor expansion of superfield in θ and
θ̄ is given by

Y (x, θ, θ̄) = ϕ(x) + θαψα(x) + θ̄α̇χ̄
α̇(x) + θ2M(x) + θ̄2N(x)

+ θ̄αθ̄α̇σµαα̇Vµ(x) + θ2θ̄α̇λ̄
α̇(x) + θ̄2θαρα(x) + θ2θ̄2D(x). (B.1)

Note that superfield Y contains all the things we usually care about: 4 complex scalar
fields ϕ,M,N,D, two left-handed spinors ψ, ρ, two right-handed spinors χ̄, λ̄, and a vector
Vµ. To illustrate our point, let us take the simplest example where Y is just a bosonic
field

Y = ϕ(x).

Then applying the supercharge on it gives

QαY = −(∂µϕ)(σ
µ
αα̇θ̄

α̇).

Now QαY is an odd function on X, i.e., is a fermion. Hence we see the emergence of
spinor components from scalars.

Since applying the super charge operator flips parity of the particle (quantum field),
supersymmetric theory conjectures that for every type of elementary particles in the stan-
dard model, there exists a superpartner of it which has opposite parity (For example, the
electron e which is a fermion has a superpartner called the selectron ẽ which is a boson).
Ideally, we hope that these superpartners have the same mass as their counterparts, and
we will see why when we do the calculation of hierarchy problem.

For now, let us return to (B.1). The infinitesimal change of superfield is defined by

δY = i[εQ+ ε̄Q̄, Y ] = i(εQ+ ε̄Q̄)Y.
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The natural question to ask is how to all the components in (B.1) transform under such
an infinitesimal SUSY transform. This requires pages and pages of painful calculation,
but the final answer is:

δϕ = εψ + ε̄χ̄

δψ = 2εM + (σµε̄) (i∂µϕ+ Vµ)

δχ̄ = 2ε̄N − (εσµ) (i∂µϕ− Vµ)

δM = ε̄λ̄− i

2
∂µψσ

µε̄

δN = ερ+
i

2
εσµ∂µχ̄

δVµ = εσµλ̄+ ρσµε̄+
i

2
(∂νψσµσ̄νε− ε̄σ̄νσµ∂

νχ̄)

δλ̄ = 2ε̄D +
i

2
σ̄νσµε̄∂µVν + iσ̄µε∂µM

δρ = 2εD − i

2
σν σ̄µε∂µVν + iσµε̄∂µN

δD =
i

2
∂µ(εσ

µλ̄− ρσµε̄).

Using these transformations, we can now build a Lagrangian on X = G/ SO(1, 3) that is
invariant under SUSY transformation. Here, the crucial fact is that linear combinations,
products, spatial derivatives of superfields are again superfields. Hence using these opera-
tions, we can field a Lagrangian L that respects SUSY. There are many such Lagrangians
so we will not specify a particular one. We can define the action to be given by the
superspace integral

S =

ˆ
X
d4xd2θd2θ̄L.

The transformation of field components above will ensure that under the SUSY action δL
will be a total derivative, hence the action S is invariant under SUSY.

B.3 Miraculous Cancellation

Now we explain how SUSY is useful in solving the hierarchy problem. The Minimal
Supersymmetric Standard Model (MSSM) is an extension to the Standard Model that
realizes supersymmetry. MSSM is the minimal supersymmetrical model as it considers
only the minimum number of new particle states and new interactions. The relevant part
involving Higgs field reads

L = −λHψ̄ψ − g|H|2|φ|2 − aH|φ|2 − h|H|2|ϕ|2 − bH|ϕ|2 + · · · ,

where ψ is a Dirac spinor, φ, ϕ are two complex scalar fields, λ, g, a, h, b are coupling
constants.

The relevant interaction terms are given by the following three Feynman diagrams:

H H

ψ

λ λ
H H

φ

g2

H H

ϕ

h2
+ +
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For example, ψ can be the top quark (Fermion), and φ, ϕ are superpartners (Boson) of
tL, tR. The point is that SUSY puts constraints on the coefficients: one of such constraints
is λ2 = g2 = h2.

We can first compute the g-diagram (the same computation works for the h-diagram).
Since the diagram is proportional to −ig2

´
d4x〈H1H̄2HxH̄xφxφ̄x〉, the symmetry factor

is Sg = 1. Thus

iMg = (−ig2)
ˆ

d4k

(2π)4
i

k2 −m2
ϕ

= g2
ˆ

d4k

(2π)4
1

k2 −m2
ϕ

' g2
ˆ
k3dkdΩS3

(2π)4
1

k2
' g2

2π2

16π4
Λ2
UV

2
=

g2

16π2
Λ2
UV .

The trickier to compute is the λ-diagram: The diagram is proportional to

(−iλ)2

2!

ˆ
d4xd4y〈H1H̄xψ̄xψxHyψ̄yψyH̄2〉,

hence Sλ = 1/2. Now

iMλ = −(−iλ)2

2

ˆ
d4k

(2π)4
Tr

[
i(/k +mψ)

k2 −m2
ψ

i(/p+ sk +mψ)

(p+ k)2 −m2
ψ

]

= −λ
2

2

ˆ
d4k

(2π)4

Tr
[
/k/p+ /k/k +mψ(/k + /p) +m2

ψ

]
(k2 −m2

ψ)((p+ k)2 −m2
ψ)

= −2λ2
ˆ

d4k

(2π)4
k · p+ k2 +m2

ψ

(k2 −m2
ψ)((p+ k)2 −m2

ψ)
.

Keeping only quadratic divergences, we have

iMλ ' 2λ2
ˆ

d4k

(2π)4
k2

k4
= 2λ2

ˆ
d4k

(2π)4
k3dkdΩS3

k2
' −2λ2

2π2

16π4
Λ2
UV

2
= − λ2

8π2
Λ2
UV .

Hence the over all correction is

iMg + iMh + iMλ =

(
g2

16π2
+

h2

16π2
− λ2

8π2

)
Λ2
UV .

Now the important point. One can show that if L respects SUSY, then the constants need
to saisfy

g2 = h2 = λ2.

Hence the quadratic divergence nicely cancels. This is an elegant solution to the hierar-
chy problem, because the cancellation of quadratic divergence is enforced by a spacetime
symmetry, hence is natural compared to fine tuning.

Unfortunately, overall SUSY requires these constant to be proportional to the masses
of the fields interacting with the Higgs field. This means that the masses of particles in the
standard model and their superpartners must have identical masses for SUSY to cancel off
the quadratic divergence exactly. But if this were the case, then the energy level required
to find superpartners of these particles should be the same as that required to find the
particles in the standard model. However, physicists haven’t found any evidence that these
superpartners exist in the particle accelerators. This means SUSY is weakly violated at
best. The higher the difference of masses between particles and their superpartners, the
less effective SUSY is to cancel off the quadratic divergences in the MSSM model.
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Euler-Lagrange equation, 71
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Feynman diagrams, 78, 89
Feynman rules, 78
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functional derivatives, 84
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gauge fields, 74
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gauge theory, 74
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Haar measure, 120
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Klein-Gordan field, 71
Kodaira-Spencer map, 145

left-handed, 105
left-handed Weyl spinors, 106
little group, 104
Lorentz transformations, 68

Maxwell equations, 75
minimal divisor, 55
Minimal Supersymmetric Standard Model,
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null, 69
number operator, 114
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obstruction class for splitting, 19

parity, 69
parity reversed tangent bundle, 15
partition function, 84, 101
pin group, 118
Poincaré dual, 52
Poincaré group, 147
polarizations, 103
prime divisor, 55
projected, 10
projective superspace, 13
propagator, 75
pullback, 9
puncture, 58

ramification divisor, 61
ramification points, 59, 60
ramified, 59
Ramond puncture, 58, 59
rapidity, 68
reduced space, 9
reducible, 119
reflection, 69
representation, 119
Riemann surfaces, 56
right-handed, 105
right-handed Weyl spinors, 106

scalar quantum electrodynamics, 74
sheaf, 12
signature, 129
smooth, 61
spacelike, 69
Spencer cohomology, 47
spin, 124
spin bundle, 124
spin connection, 124
spin curve, 57
spin group, 118
spin structure, 56
spinor bundle, 124
spinor representation, 121
spinors, 124
split, 10, 11
split supermanifold, 8
structural sequence, 10
super Atiyah class, 41
super Lie algebra, 147
Super Riemann Surface, 54
supercharge, 132
supercommutative, 8
superconformal coordinates, 54
superconformal structure, 54
superconformal vector fields, 57
superfield, 148
supermanifold, 9
supermanifold with boundary, 49
supersymmetric power, 47
Supersymmetry, 146
symmetry factor, 92

tangent bundle, 12
time ordering operator, 84
time-reversal, 69
timelike, 69
transition maps, 144
transpose, 118

unbranched holomorphic map, 60
unramified, 61

vector potentials, 74

Wick contractions, 89
Wick rotation, 101
Wick’s Theorem, 88
Witten index, 137

étale, 61
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