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Preface

There are two perspectives one can take to appreciate this intricate connection
between mathematics and physics: The first perspective is what I think most
physicists take. That is, to be amazed by the fact that using only simple and
elegant mathematical language can one model how our universe works. But I
prefer to think of this the other way around: Why does the universe work in
a way that can be described by profound and elegant mathematics? I believe
there must be some deeper reasons for this question, since the interplay of
mathematics and physics is too beautiful to be just a coincidence.

This book starts with an introduction to classical physics: Newtonian me-
chanics, classical field theory, special and general theory of relativity. Then a
considerable portion of the book is dedicated to quantum mechanics. I should
be absolutely clear that this book is by no means comprehensive: We only
cover the basic knowledge of theoretical physics needed by mathematicians
interested to work in mathematical physics. So certain topics (despite their
importance) are ignored. For example, there is no discussion of black holes in
the general relativity section, nor is there a discussion on perturbation theory
in the quantum mechanics portion.

Of course, as suggested by the title of this book, a significant portion of
this book will be dedicated to the mathematics that arise from these theories.
There are several major topics that I choose to cover: Riemannian geometry is
carefully developed in the general relativity portion, since this is the foundation
of the theory. For quantum mechanics, people have different tastes: Many
people choose to cover a lot of analysis and operator theory, such as [5]. But
my taste is more geometric, so I made a decision to include Lie groups and
representation theory before the analysis portion as this is such a beautiful
theory with profound applications to quantum mechanics.

A few words about the prerequisites to read this book: I assume the reader
is comfortable with basic analysis, linear algebra, and group theory. A basic
understanding of topology and smooth manifolds are recommended, but not
required. A good reference for such material will be [1], but this is too much.
For practical purposes, the first part of my notes [16] would suffice. Although
it could be very helpful, no previous knowledge of physics is assumed.

The idea to write this book came from a year long course on mathematical
physics that the author took in his first year graduate study taught by Prof.
Ron Donagi at the University of Pennsylvania. But there are many more
people to thank: The chapter on general relativity was based on the course
taught by Prof. Gary Horowitz. The chapter on quantum mechanics was
mostly based on a reading course with Prof. David Morrison, but I also
incorporated some notes from my quantum mechanics course with Prof. Gary
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Horowitz. Thank you all for being such amazing teachers and for constantly
inspiring me in my study. This book is dedicated to all of you.

Tianyi Wang1

Sep 2024, Philadelphia.

Figure 1: A drawing of me on a spaceship, explaining Yang-Mills theory
and Einstein’s general relativity to a robot. It is a good approximation of me
generated by ChatGPT as I used my actual photo as input.

1tywang9@sas.upenn.edu

3

tywang9@sas.upenn.edu
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Chapter 1

A Quick Review of Classical
Mechanics

1.1 Hamiltonian Formalism

In classical mechanics, the space that we use to describe physical systems that
we can observe is called the configuration space, which we denote by B. Say
one has a single particle moving in 3d space, then its position is completely
characterized by 3 coordinates, (q1(t), q2(t), q3(t)). The configuration space,
i.e., the set of all possible positions that the particle can go to, will then be
R3. If we have n particles, then their trajectory can be described by specifying
3n coordinates, hence the configuration space will be R3n.

The more interesting situation arises when the systems have some con-
straints: e.g. if some particles are attached to each other by rigid rods that
has fixed length. But since these constraints are usually given by algebraic
equations, we have that in general, the configuration space B will be some
submanifold of R3n. For now, let us assume that the configuration space is a
manifold B, with local coordinates q1, ...., qn.

The phase space, which describes all possible position and velocity of the
collection of particles, is defined to be M = T ∗B, the cotangent bundle of the
configuration space B. One might be confused why we did not use the tangent
bundle TB to define phase space, since we are talking about velocities. As it
turns out, on T ∗B, there is a natural symplectic structure, which leads us to
the following

Definition 1.1. A symplectic manifold is a pair (M,ω), where M is a
smooth manifold, and ω is a closed, nondegenerate 2-form on M , where:

• closed means dω = 0.

• non-degenerates means that the map ω : TpM → T ∗
pM given by Xp 7→

ω(Xp,−) is an isomorphism at every p ∈M .

Proposition 1.2. Given any manifold B, its cotangent space T ∗B is always
a symplectic manifold with a natural symplectic form.

Proof. We construct the natural symplectic form ω in local coordinates first:
Let q1, ..., qn be local coordinates on B, and let p1, ..., pn be fiber coordinates
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on T ∗B. Then consider the 1-form

α =

n∑
i=1

pidqi.

We then define a 2-form by

ω = dα =

n∑
i=1

dpi ∧ dqi.

Then one can check that α, ω can be globally defined, because we can define
them locally as above, and we may check that in the intersection of two charts,
their values agree. We claim that ω is symplectic. Closedness is easy since
dω = d2α = 0. Nondegeneracy is also easy to check.

In classical mechanics, the observables, i.e., quantities we may measure
through experiments, are smooth functions on the phase space, i.e., C∞(T ∗B).
Think of them as functions of positions and momentums. There is an observ-
able H ∈ C∞(T ∗B) that is of particular importance, called the Hamiltonian,
which corresponds to the energy of the system. The Hamiltonian is impor-
tant because it governs the evolution of all other physical observables. First,
there is an associated vector field XH , called Hamiltonian flow, defined as
follows:

Definition 1.3. Let H ∈ C∞(T ∗B) be the Hamiltonian of the system. The
Hamiltonian flow XH is defined as follows: Let ω−1

p : T ∗
pM → TpM be the

inverse isomorphism defined by the symplectic form ω, and let dH denote the
differential of H. Then

(XH)p = ω−1
p (dHp).

Proposition 1.4. In local coordinates p1, ..., pn, q1, ..., qn, the Hamiltonian
flow is given by

XH =

n∑
i=1

(
∂H

∂pi

∂

∂qi
− ∂H

∂qi

∂

∂pi

)
.

The basic axiom of Hamiltonian mechanics is that the trajectories of a
Hamiltonian system (M,ω,H) are the integral curves of XH . That is, if

(q1(t), ...., qn(t), p1(t), ..., pn(t))

denote the said trajectory in local coordinates, then they are governed by the
Hamilton equation

ṗi = −∂H
∂qi

q̇i =
∂H

∂pi
.

Lemma 1.5. The Hamiltonian flow preserves ω. In other words, let gt denote
the flow of XH , for some real t. Then g∗t ω = ω for all t.

Proof. Note that it suffices to prove g∗t ω = ω for small t, since for large t we
can compose flows with small t many times. Hence it suffices to prove that
d
dt

∣∣
t=0

(g∗t ω) = 0. But note that d
dt

∣∣
t=0

(g∗t ω) = LXHω is the Lie derivative of
ω with respect to XH .
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Now, using the fact that LX(df) = dX(f) and LXH (dp ∧ dq) = LX(dp) ∧
dq − dp ∧ LX(dq), and using the local coordinate expression of XH , we have
that

LXHω = LXH (dp ∧ dq)

= LXH (dp) ∧ dq − dp ∧ LXH (dq)
= − d(∂H/∂q) ∧ dq + dp ∧ d(∂H/∂p)

= −d2H = 0.

This proves the claim.

Definition 1.6. The form
1

n!
ωn ∈ Ω2n(T ∗B)

is called the Liouville volume form of (M,ω).

Theorem 1.7 (Liouville’s Theorem). Hamiltonian flow preserves the Li-
ouville volume form.

Proof. The Hamiltonian flow preserves ω, and pullback commutes with wedge
product.

Definition 1.8. Let S ⊂ (M,ω) be a submanifold. We say that S is isotropic
if ω|S = 0. A maximal isotropic submanifold in M is called a Lagrangian
submanifold.

Corollary 1.9. The Hamiltonian flow sends Lagriangian submanifolds to La-
grangian submanifolds.

Definition 1.10. A smooth manifoldM , together with a map {·, ·} : C∞(M)×
C∞(M) → C∞(M) is called a Poisson manifold, if {·, ·}

• gives a Lie algebra structure to C∞(M);

• is a derivation: {fg, h} = f{g, h}+ g{f, h};

• satisfies the Libniz condition: {f, ·} : C∞(M) → C∞(M) is a vector
field on M .

Proposition 1.11. Any symplectic manifold is Poisson.

Proof. Given any f ∈ C∞(M), we again define (Xf )p = ω−1
p (dfp). Then we

may define {f, g} = ω(Xf , Xg).

Definition 1.12. Let f : (M,ω) → (M ′, ω′) be a map between symplectic
manifolds. f is said to be symplectic if f∗ω′ = ω. If f is symplectic and a
diffeomorphism, then f is said to be a symplectomorphism.

Let G be the group of symplectomorphisms on M . Then there is a natural
action ρ : G × M → M given by (f, p) 7→ f(p). For each p ∈ M, ξ ∈ g,
the differential of the map ρ(−, p) : G → M evaluated at g gives an element
ρ(ξ) ∈ TpM . Do this for all p we get a vector field on M . Thus we get a
1-form ω(ρ(ξ)) ∈ Ω1(M).

Definition 1.13. A momentum map is a map µ : M → g∗ such that
d〈µ, ξ〉 = ω(ρ(ξ)). A G-action is called Hamiltonian if a momentum map
exists.
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1.2 Lagrangian Formalism
Let M be the configuration space. This time we consider the tangent bundle
TM . Let q1, ..., qn be coordinates on M , the base space. A path γ : [t0, t1] →
M has a natural lift to γ̃ : [t0, t1] → TM via t 7→ (γ(t), γ′(t)). In this case the
lifted path has coordinate representation

γ̃(t) = (q1(t), ..., qn(t), q̇1(t), ..., q̇n(t)).

The physics is specified by a Lagrangian L : TM ×R → R, or L(q, q̇, t).
Consider the space

P(M) = {γ : [t0, t1] →M : γ(t0) = q0, γ(t1) = q1}.

Generally, P(M) is a Fréchet manifold. For γ ∈ P(M), it is not hard to see
that TγP(M) is the set of vector fields on M along γ that vanishes at the
endpoints q0, q1. We formalize this idea below:

Definition 1.14. A variation of γ is a map Γ : [t0, t1] × [−ϵ, ϵ] → M such
that Γ(t0, a) = q0,Γ(t1, a) = q1, for all a ∈ [−ϵ, ϵ], and Γ(t, 0) = γ(t).

Definition 1.15. An action is a function S : P(M) → R, given by

S(γ) =

∫ t1

t0

L(γ(t), γ′(t), t)dt.

The fundamental axiom of Lagrangian mechanics is the principle of least
action, which says that the physical path is a minimum of S. In other words,
the physical path γ satisfies the following minimality condition: Let γϵ be any
variation of γ, then

d

dϵ

∣∣∣∣
ϵ=0

S(γϵ) = 0.

Theorem 1.16. The equation of motion is given by the following Euler-
Lagrange equation:

∂L

∂q
− d

dt

∂L

∂q̇
= 0.

Proof. By the condition d
dϵ

∣∣
ϵ=0

S(γϵ) = 0, we have that

0 =
d

dϵ

∣∣∣∣
ϵ=0

∫ t1

t0

L(q(t, ϵ), q̇(t, ϵ), t)dt

=
n∑
i=1

∫ t1

t0

(
∂L

∂qi
∂qi

∂ϵ
+
∂L

∂q̇i
∂q̇i

∂ϵ

)
dt

=
n∑
i=1

∫ t1

t0

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
∂qi

∂ϵ
dt+

n∑
i=1

∂L

∂q̇i
∂qi

∂ϵ

∣∣∣∣t1
t0︸ ︷︷ ︸

=0

where in the last equation, we performed integrated by part to the second
term of the integrand in the second equation, and the boundary term is zero
because variation fixes endpoints. Since the above calculation is true for any
variation, we get the Euler-Lagrange equation as desired.
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Next, we will do a lot of examples, applying Euler-Lagrange (EL) equation
to find the equation of motion (EOM).

Example 1.17. Let M = R3. Consider the situation where we just have a
free particle. The physics should be invariant under rotation and translation,
hence the symmetry group is G = O(3)⋉R3, i.e., the Gallilean group. Thus
the path should be invariant under the transformation

r 7→ gr + r0

for g ∈ O(3), r0 ∈ R. Thus the Lagrangian should be invariant under the
symmetry group, i.e., should be of the form

L =
1

2
mṙ2.

Applying EL equation gives the EOM:

r̈ = 0.

Example 1.18. Consider N particle interacting now, M = R3N . The La-
grangian is given by

L =
N∑
i=1

1

2
miṙi

2 − V (r) =: T − V (r).

The function V (r) = V (r1, ..., rN ) is called the potential of the system, and
the function T is called the kinetic energy of the system. The EOM is then

mir̈i = −∂V
∂ri

.

The term Fi := −∂V/∂ri is defined to be the force exerted on the ith particle.

Example 1.19. Usually we have pairwise interactions, i.e.,

V (r) =
∑

1≤a<b≤N
Vab(ra − rb).

Then

L =
1

2

N∑
i=1

miṙi
2 −

∑
1≤a<b≤N

Vab(ra − rb).

If now V is homogeneous of degree d, i.e., V (λr) = λdV (r), then

dT̄ =
1

τ

∫ τ

0

∑
i

miṙi
2dt

= −1

τ

∫ τ

0

∑
i

mir̈i
2 · ridt

= −1

τ

∫ τ

0

∑
i

Fi · ridt

=
1

τ

∫ τ

0

∑
i

ri ·
∂V

∂ri
dt

= dV̄ .

Hence T̄+V̄ is conserved. Note that in the second equation we used integration
by parts.
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Example 1.20 (Charged Particle in EM Field). The electromagnetic field
consists of a scalar potential ϕ(r), and a vector potential A(r) = (A1, A2, A3),
assuming they are all time independent for the moment. A particle is charac-
terized by its mass m and its charge e. The Lagrangian is given by

L =
1

2
mṙ2 + e

(
ṙ ·A
c

− φ

)
.

Then by the EL equation we get that the EOM is given by

mr̈ = e

(
ṙ

c
× (∇×A)− ∂ϕ

∂r

)
=: e

(
ṙ

c
×B + E

)
where

E = −∂ϕ
∂r

is the electric field, and it is to be understood component wise, i.e., E is a
vector field with components Ei = −∂ϕ/∂ri.

B = ∇×A

is the magnetic field. There is a 4-dimensional interpretation; Let M = R4.
Consider the 1-form

A1dx
1 +A2dx

2 +A3dx
3 + ϕdt

on M . Consider the connection on the trivial bundle M × R over M . The
curvature 2-form is going to be

F =
∑

i=1,2,3

Eidx
idt+

∑
abc={123,231,312}

Badx
bdxc.

Example 1.21 (Simple Harmonic Oscillator). Let M = R and V = ωr2. The
EOM of this system is

r̈ + ω2r = 0.

The solution is given by

r(t) = a cosωt+ b sinωt.

For a general potential V (r), Taylor expanding at minimum will give a quadratic
term approximation up to a constant shift, hence we can approximate any po-
tential by harmonic oscillators at the minimum.

Example 1.22. Consider a free particle traveling on a Riemannian manifold
(M, g). The Lagrangian is going to be

L =
1

2
〈γ̇, γ̇〉.

The equation of motion is going to be the geodesic equation in Riemannian
geometry: If γ(t) = xa(t) ∂

∂xa in local coordinates, then the EOM is given by

d2xa

dt2
+ Γabc

dxb

dt

dxc

dt
= 0

where Γabc are the associated christoffel symbols to the metric gab.

13



Example 1.23 (Rigid Body). For a rigid body, we have M = SO(3), and
L = 〈x, x〉, where the norm is any left-invariant metric on SO(3). Let Ω :=
(Lg−1)∗ġ ∈ so(3), where g ∈ SO(3). Then

L =
1

2
〈AΩ,Ω〉

for some matrix A, which physicists call inertial tensor. Diagonalizing A we
get a bunch of eigenvectors (principal axis), and a bunch of eigenvalues (fre-
quencies).
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Chapter 2

Special Relativity

In this chapter, we review some of the most important prerequisites for general
relativity. First, we will review the Newtonian equation for gravitation; Then,
we discuss what went wrong with Newtonian theory, and study its general-
ization in flat spacetime – special relativity. Finally, we will introduce some
classical field theory, inclduing Maxwell’s theory for electromagnetism.

2.1 Newtonian Gravity

Our first step toward the investigation of gravity is to derive the Poisson’s
equation, the field equation that governs Newton’s theory of gravity.

Imagine that we have some mass distribution throughout some space. And
at every point r (with some arbitrary origin chosen), the quantity ρ(r) gives
the mass density at that point. We let g(r) to be the gravitational field at the
point r. Then the effect of gravitational field g(r) at point r can be calculated
by adding all the contributions with source in an infinitesimal region dV .
Since the region dV can be approximated by point mass, we can use Newton’s
gravity formula to calculate the infinitesimal potential contribution at point
s:

dg = −G r− s

|r− s|3
ρ(s)dV

where G is Newton’s gravitational constant. Integrating all such contributions
we find

g(r) = −G
∫
ρ(s)

r− s

|r− s|3
dV.

We use the identity

∇ ·
(

r

|r|3

)
= 4πδ(r)

to derive that

∇ · g(r) = −4πG

∫
ρ(s)δ(r− s)dV = −4πGρ(r).

Since the gravitational field has zero curl (equivalently, gravity is a conserva-
tive force), it can be written as the gradient of a scalar potential, called the
gravitational potential:

g = −∇ϕ.
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Substitute this into the equation above and we get the Poisson’s equation

∇2ϕ = 4πGρ. (2.1)

Therefore, given any mass density distribution ρ(r) of matters, we can solve
(2.1) and find the gravitational potential ϕ(r) of this matter distribution. Then
any particle in the space will experience such a potential due to the presence
of the given matter.

Einstein’s field equation is a generalization of Poisson’s equation:

Rµν −
1

2
Rgµν = 8πGTµν .

We will discuss later what the terms above actually are and why this is a
generalization of Poisson’s equation.

2.2 Frame of Reference

Physical processes either directly or indirectly involve the dynamics of particles
or fields moving through space and time. Almost all important physical laws
involve position and time in some ways. For example, Newton’s second law
and the wave equation obtained from Maxwell’s equation:

F = ma ∇2E− 1

c2
∂2E

∂t2
= 0.

Implicit in these statements of these fundamental physical laws is the notion
that we have at hand some way of measuring or specifying or labelling each
point in space and and different instants in time. So, in order to describe in
a quantitative fashion the multitude of physical processes that occur in the
natural world, one of the important requirements is that we be able to specify
where and when events take place in space and time. By "event" we could be
referring to something that occurs at an instant in time at a point in space, or,
more colloquially, over a localized interval in time, and in a localized region
in space. Whatever the circumstance, we specify the where and when of an
event by measuring its position relative to some conveniently chosen origin,
and using a clock synchronized in some agreed fashion with all other clocks,
to specify the time. This combination of a means of measuring the position of
events, and the time at which they occur, constitutes what is referred to as a
frame of reference.

A frame of reference can be constructed in essentially any way, provided
it meets the requirements that it labels in a unique fashion the position and
the time of the occurrence of any event that might occur. A convenient way
of imagining how this might be done is to suppose that all of space is filled
with a three dimensional lattice or scaffolding something like a fishing net,
perhaps. The net need not be rigid, and the spacing between adjacent points
where the coordinate lines cross need not be the same everywhere.
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Figure 2.1: Three examples of frame of reference. Each intersection point
is labeled by a triplet of three real numbers, the usual coordinates of a point
in three dimensional space, with one arbitrary point on the net chosen as the
origin.

To complete the picture, we also imagine that attached to the net at each
intersection point is a clock. In the same way that we do not necessarily require
the net to be rigid, or uniform, we do not necessarily require these clocks to run
at the same rate (which is the temporal equivalent of the intersection points
on the net not being equally spaced). We do not even require the clocks to
be synchronized in any way. At this stage, the role of these clocks is simply
to provide us with a specification of the time at which an event occurs in the
neighbourhood of the site to which the clock is attached. Thus, if an event
occur in space, such as a small supernova flaring up, burn marks will be left
on the netting, and the clock closest to the supernova will grind to a halt, so
that it reads the time at which the event occurred, while the coordinates of the
crossing point closest to where the burn marks appear will give the position
of the event.

We can set up any number of such reference frames, each with its own
coordinate network and set of coordinate clocks. We have (almost) total free-
dom to set up a reference frame any way we like, including different reference
frames being in motion, or even accelerating, with respect to one another, and
not necessarily in the same way everywhere. But whichever reference frame we
use, we can then conduct experiments whose outcomes are expressed in terms
of the associated set of coordinates, and express the various laws of physics in
terms of the coordinate systems used. So where does the principle of relativity
come into the picture here? What this principle is saying, in its most general
form, is that any physical process taking place in space and time ought to
proceed in a fashion that takes no account of the reference frame that we use
to describe it.

In other words, it ought to be possible to write down the laws of
physics in terms of quantites that make no mention whatsoever of
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any particular reference frame.

As we have just seen, a reference frame can be defined in a mul- titude of
ways, but quite obviously it would be preferable to use the simplest possible,
which brings to mind the familiar Cartesian set of coordinate axes. Thus,
suppose we set up a lattice work of rods as illustrated in Fig. 2.2 in which the
rods extend indefinitely in all directions.

Figure 2.2

The question then arises: can we in fact do this for all of space? From
the time of Euclid, and perhaps even earlier, until the 19th century, it was
taken for granted that this would be possible, with the rods remaining paral-
lel in each direction out to infinity, even though attempts to prove this from
the basic axioms of Euclidean geometry never succeeded. Eventually it was
realized by the mathematicians Gauss, Riemann and Lobachevsky that this
idea about parallel lines never meeting, while intuitively plausible, was not
in fact necesssarily true. It was perfectly possible to construct geometries
wherein parallel lines could either meet, or diverge, when sufficiently far ex-
tended without resulting in any mathematical inconsistencies. Such behaviour
is indicative of space being intrinsically curved, and there is no apriori reason
why space ought to be flat as Euclid assumed, i.e. space could possess some
kind of curvature. Riemann, a student of Gauss, surmised that the curva-
ture of space was somehow related to the force of gravity, but he was missing
one important ingredient it is the curvature of space and time together that
gives rise to gravity, as Einstein was able to show. Gravitational forces are
thus rather peculiar forces in comparison to the other forces of nature such
as electromagnetic forces or the nuclear forces in that they are not due to the
action of some external influence exerting its effect within pre-existing space
and time, but rather is associated with the intrinsic properties of spacetime
itself.

Thus, we cannot presume that the arrangement of rods as indicated in
Fig. 2.2 can be extended indefinitely throughout all of space. However, over a
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sufficiently localized region of space it can be shown to be the case that such
an arrangement is possible, i.e. it is possible to construct frames of reference
of a particularly simple form: a lattice of mutually perpendicular rigid rods.
In the presence of gravity, it is not possible to extend such a lattice throughout
all space, essentially because space is curved. But for gravity free space, these
rods can be presumed to extend to infinity in all directions. In addition, it
is possible to associate with this lattice a collection of synchronized identical
clocks positioned at the intersection of these rods. We will take this simple
lattice structure as our starting point for discussing special relativity. That
this can be done is a signature of what is known as flat space-time.

First of all we can specify the positions of the particle in space by deter-
mining its coordinates relative to a set of mutually perpendicular axes x, y, z.
In practice this could be done by choosing our origin of coordinates to be some
convenient point and imagining that rigid rulers which we can also imagine
to be as long as necessary are laid out from this origin along these three mu-
tually perpendicular directions. The position of the particle can then be read
off from these rulers, thereby giving the three position coordinates (x, y, z) of
the particle.

By this means we can specify where the particle is. As discussed, in order
to specify when it is at a particular point in space we stretch our imagination
further and imagine that in addition to having rulers to measure position, we
also have at each point in space a clock, and that these clocks have all been
synchronized in some way. The idea is that with these clocks we can tell when
a particle is at a particular position in space simply by reading off the time
indicated by the clock at that position.

According to our common sense notion of time, it would appear sufficient
to have only one set of clocks filling all of space. Thus, no matter which
set of moving rulers we use to specify the position of a particle, we always
use the clocks belonging to this single vast set to tell us when a particle is
at a particular position. In other words, there is only one time for all the
position measuring set of rulers. This time is the same time independent of
how the rulers are moving through space. This is the idea of universal or
absolute time due to Newton. However, as Einstein was first to point out,
this idea of absolute time is untenable, and that the measurement of time
intervals (e.g. the time interval between two events such as two supernovae
occurring at different positions in space) will in fact differ for observers in
motion relative to each other. In order to prepare ourselves for this possibility,
we shall suppose that for each possible set of rulers including those fixed
relative to the ground, or those moving with a subatomic particle and so on,
there are a different set of clocks. Thus the position measuring rulers carry
their own set of clocks around with them. The clocks belonging to each set of
rulers are of course synchronized with respect to each other. Later on we shall
see how this synchronization can be achieved. The idea now is that relative
to a particular set of rulers we are able to specify where a particle is, and by
looking at the clock (belonging to that set of rulers) at the position of the
particle, we can specify when the particle is at that position. Each possible
collection of rulers and associated clocks constitutes what is known as a frame
of reference or a reference frame.
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2.3 Newton’s First Law and Inertial Frame

Having established how we are going to measure the coordinates of a particle
in space and time, we can now turn to considering how we can use these ideas
to make a statement about the physical properties of space and time. To this
end let us suppose that we have somehow placed a particle in the depths of
space far removed from all other matter. It is reasonable to suppose that a
particle so placed is acted on by no forces whatsoever.

The question then arises: What kind of motion is this particle undergoing?
In order to determine this we have to measure its position as a function of time,
and to do this we have to provide a reference frame. We could imagine all
sorts of reference frames, for instance one attached to a rocket travelling in
some complicated path. Under such circumstances, the path of the particle as
measured relative to such a reference frame would be very complex. However,
it is at this point that an assertion can be made, namely that for certain frames
of reference, the particle will be travelling in a particularly simple fashion a
straight line at constant speed. This is something that has not and possibly
could not be confirmed experimentally, but it is nevertheless accepted as a true
statement about the properties of the motion of particles in the absences of
forces. In other words we can adopt as a law of nature, the following statement:

There exist frames of reference relative to which a particle acted
on by no forces moves in a straight line at constant speed.

This essentially a claim that we are making about the properties of spacetime.
It is also simply a statement of Newtons First Law of Motion. A frame of
reference which has this property is called an inertial frame of reference,
or just an inertial frame.

2.4 Galilean Transformation

Figure 2.3

Now the question is: How to relate the coordinates of an event as observed
from the point-of-view of one inertial reference frame to the coordinates of the
same event as observed in some other? These transformation laws are essential
if we are to compare the mathematical statements of the laws of physics in
different inertial reference frames.
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Consider the case where we have two inertial reference frames, one frame
moving relative to the other in the x-direction with velocity v, as the Fig.2.3
illustrates.

Now, suppose the clocks in two reference frames are set such that when
the origin coincide, both clocks read zero, i.e. t = t′ = 0. If we accept the
"common sense", i.e. the absolute time concept, then t = t′ always. Suppose
now an event occurs at a point (x′, y′, z′, t′) in the green coordinate, then
translating it back to the black coordinate, we see that this event occurs at

x = x′ + vt′

y = y′

z = z′

t = t′.

These equations together are known as the Galilean Transformation, and
they tell us how the coordinates of an event in one inertial frame are related
to the coordinates of the same event as measured in another frame moving
with a constant velocity relative to the first. A simple exercise shows that we
can also translate the unprimed coordinate to primed coordinate, by

x′ = x− vt

y′ = y

z′ = z

t′ = t.

Having proposed the existence of a special class of reference frames, the in-
ertial frames of ref- erence, and the Galilean transformation that relates the
coordinates of events in such frames, we can now proceed further and study
whether or not Newtons remaining laws of motion are indeed consistent with
the principle of relativity. Perhaps it is better to illustrate this with an exam-
ple.

Consider a 1-dimensional problem where two particles are connected by
a spring. If the coordinate of the two particles are x1, x2 relative to some
reference frame S, then by Newton’s second law, the law of motion of the
particle at x1 is

m1
d2x1
dt2

= −k (x1 − x2 − l) (2.2)

where k is the spring constant and l is the natural length of the spring, and
m1 the mass of the particle. Now consider the same point mass, but relative
to a different reference frame S′, which travels with a velocity v relative to S.
Then we have

x1 = x′1 + vt′ x2 = x′2 + vt′.

So then
d2x1
dt2

=
d2x′1
dt′2

x2 − x1 = x′2 − x′1.

Substitute these into (2.2) we have that

m1
d2x′1
dt′2

= −k
(
x′1 − x′2 − l

)
.
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In Newtonian mechanics m1 = m′
1, so

m′
1

d2x′1
dt′2

= −k
(
x′1 − x′2 − l

)
.

This is exactly the same equation we obtained in the frame S, except now it’s
in S′ and everything is primed. Continuing with this example, we can show
that the momentum is conserved in all inertial reference frames. In frame S,
the momentum is given by

P = m1ẋ1 +m2ẋ2.

In S′, we have

P ′ = m′
1ẋ

′
1 +m′

2ẋ
′
2 = m1ẋ1 +m2ẋ2 − (m1 +m2) v = P − (m1 +m2) v

which is also conserved. Therefore, we conclude that Newtons Laws of motion
are identical in all inertial frames of reference.

The Newtonian principle of relativity had been successful until the advent
of Maxwells work in which he formulated a mathematical theory of electro-
magnetism which, amongst other things, provided a successful physical theory
of light. Not unexpectedly, it was anticipated that the equations Maxwell
derived should also obey the above Newtonian principle of relativity in the
sense that Maxwells equations should also be the same in all inertial frames
of reference. Unfortunately, it was found that this was not the case. Maxwells
equations were found to assume completely different forms in different inertial
frames of reference.

Maxwell’s equations in vaccum read

∇ ·E = 0 ∇×E = −∂B
∂t

∇ ·B = 0 ∇×B =
1

c2
∂E

∂t
.

We will show that Maxwell equations are not Galilean invariant. To simplify
the problem, let us consider the case where S′ is moving in the x direction
with velocity u relative to S. Further, we assume

B = B(x, t)k E = E(x, t)j.

That is, the electric field E only has nonzero component in y direction, and
the strength of E only depends on x and t. Similarly for B.

Now we explore how the field E′,B′ is like compared to E,B. Notice that
a particle with charge q moving with a velocity v in S frame experiences a
Lorentz force

F = q(E+ v ×B).

Assuming v = vi we get that the only nonzero component of F is:

Fy = q(E − vB).

Since the forces experienced by the particle in S and S′ are Galilean invariant,
we have that

q(E − vB) = q(E′ − v′B′).
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Now using v′ = v − u we have that

E′ − v′B′ = (E′ + uB′)− vB′ = E − vB.

Since v is arbitrary, setting v = 0 we find that

E = E′ + uB′ B = B′.

This is the rule of how the field transform in this case. Now we consider the
third Maxwell’s equation, ∇×B = 1

c2
∂E
∂t . In our case it becomes:

∂B

∂x
= − 1

c2
∂E

∂t
.

Now we want to transform this equation into the primed coordinate S′, and
see whether it remains the same form. Now, the chain rule gives

∂B

∂x
=
∂B

∂x′
∂x′

∂x
+
∂B

∂t′
∂t′

∂x

∂E

∂t
=
∂E

∂t′
∂t′

∂t
+
∂E

∂x′
∂x′

∂t
.

Since x′ = x− ut and t′ = t, we have that

∂x′

∂x
= 1

∂x′

∂t
= −u ∂t′

∂t
= 1

∂t′

∂x
= 0.

Therefore
∂B

∂x
=
∂B

∂x′
∂E

∂t
=
∂E

∂t′
− u

∂E

∂x′
.

Plugging everything into the Maxwell equation, we see that the transformed
equation is

∂B′

∂x′
= − 1

c2
∂E′

∂t′
+
u

c2

(
∂E′

∂x′
− ∂B′

∂t′
+ u

∂B′

∂x′

)
.

We thus conclude that Maxwells equations are not invariant under Galilean
transformations. This special frame S was assumed to be the one that defined
the state of absolute rest as postulated by Newton, and that stationary relative
to it was a most unusual entity, the ether. The ether was a substance that
was supposedly the medium in which light waves were transmitted in a way
something like the way in which air carries sound waves. Consequently it was
believed that the behaviour of light, in particular its velocity, as measured
from a frame of reference moving relative to the ether would be different from
its behaviour as measured from a frame of reference stationary with respect
to the ether. Since the earth is following a roughly circular orbit around the
sun, then it follows that a frame of reference attached to the earth must at
some stage in its orbit be moving relative to the ether, and hence a change in
the velocity of light should be observable at some time during the year. From
this, it should be possible to determine the velocity of the earth relative to the
ether. An attempt was made to measure this velocity. This was the famous
experiment of Michelson and Morley. Simply stated, they argued that if light
is moving with a velocity c through the ether, and the Earth was at some stage
in its orbit moving with a velocity v relative to the ether, then light should be
observed to be travelling with a velocity c′ = c− v relative to the Earth.

Needless to say, on performing their experiment which was extremely
accurate they found that the speed of light was always the same. Obviously
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something was seriously wrong. Their experiments seemed to say that the
earth was not moving relative to the ether, which was manifestly wrong since
the earth was moving in a circular path around the sun, so at some stage it
had to be moving relative to the ether. Many attempts were made to patch
things up while still retaining the same Newtonian ideas of space and time.
But all these attempts failed in various ways. It was Einstein who pointed
the way out of the impasse, a way out that required a massive revision of our
concepts of space, and more particularly, of time.

2.5 Special Relativity

Einsteins 1905 successful modification of Newtonian mechanics is called the
special theory of relativity, or special relativity for short. To formulate it,
Einstein assumed that the velocity of light had the same value c in all inertial
framesan assumption that from the present perspective is clearly motivated by
the MichelsonMorley experiment. The assumption that the velocity of light is
the same in every inertial frame requires a reexamination and ultimately the
abandonment of the Newtonian idea of absolute time. One can see this most
clearly by examining the idea of simul- taneity. Two events are simultaneous
if they occur at the same time. In Newtonian theory two events that are
simultaneous in one inertial frame are simultaneous in every other inertial
frame because there is a single absolute time. To see the im- pact on this
idea of assuming the constancy of the velocity of light, consider the thought
experiment illustrated by the following thought experiment:

Three observer A,B,O are riding a rocket of length L. Observer O is
halfway between A and B. Now, A and B each emit light signals directed
along the rocket toward O, and O recieved the signal simultaneously. Which
signal was emited first? The answer depends on the inertial frame if the
velocity of light is the same in all of them.

On the left of the figure above, the rocket is at rest. An observer at rest
in this frame reasons as follows: The rocket is at rest and the two observers A
and B are equal distances away from O. It therefore takes the same length of
time for a light signal to propagate from A to O as it does from B to O. Since
the signals reached O at the same instant, they were emitted simultaneously.

A different result is obtained in an inertial frame in which the rocket is
moving, such as that shown on the right of the figure above. An observer at
rest in this frame reasons as follows: The signals are received simultaneously
by O. At earlier times when the signals were emitted B was always closer to
Os position at reception than A. Since both signals travel with speed c, the
one from A was emitted earlier than the one from B because it has a longer
distance to travel to reach O at the same instant as the one from B.

Thus, two event simultaneous in one inertial frame are not simultaneous
in one moving with respect to the first if the velocity of light is the same in
both. The Newtonian idea of time must be abandoned.
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Figure 2.4

Spacetime

In view of the previous discussion of simultaneity, there is no reason to ac-
cept the assumption of Newtonian physics that the times of different inertial
frames will agree. Rather, there is generally a different notion of time and si-
multaneity for each inertial frame. The correct geometric arena for physics is,
therefore, not a separate space and absolute time but rather a four-dimensional
unification of space and time called spacetime. Therefore, inertial frames are
spanned by four Cartesian coordinates (t, x, y, z), and a different inertial frame
has a different set of four coordinates (t′, x′, y′, z′).

To describe four-dimensional spacetime we first introduce a tool, which is
so simple it appears trivial, but so powerful it is indispensable. This is the idea
of a spacetime diagram. A spacetime diagram is a plot of two of the coordinate
axes of an inertial frametwo coordinate axes of spacetime. Since there are four
axes and only two dimensions on a piece of paper, two or at most three of these
axes can be drawn. It is convenient to use ct rather than t as an axis, because
then both have the same dimension. A point P in spacetime can be called an
event because an event occurs at a particular place at a particular time, that
is, at a point in spacetime. A particle describes a curve in spacetime called a
world line. It is the curve of positions of the particle at different instants,
i.e., x(t). The slope of the world line gives the ratio c/V x for

d(ct)

dx
= c

dt

dx
= c

(
dx

dt

)−1

=
c

V x
.

Geometry of Spacetime

The central assumption of special relativity is a geometry for spacetime. A
geometry is specified by a line element that gives the distance between nearby
points. It would be appropriate to begin a discussion of special relativity by
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positing this line element. It would be appropriate to begin a discussion of
special relativity by positing this line element. However, before doing that,
consider a simple thought experiment that motivates the form of the line
element and connects that with Einsteins assumption that the velocity of light
is c in all inertial frames.

The thought experiment is illustrated in the figure below. Two parallel
mirrors separated by a distance L are at rest in an inertial frame in which
events are described by coordinates (t, x, y, z). We take y to be the vertical
direction between the mirrors and x the direction parallel to them. A light
signal bounces back and forth between the mirrors; the right hand part of the
figure below shows its world line in a spacetime diagram. A clock measures
the time interval ∆t between the event A of the departure of the light ray and
the event C of its return to the same point in space. These two events are
separated by coordinate intervals

∆t = 2L/c, ∆x = ∆y = ∆z = 0

in the inertial frame where the mirrors are at rest.

Figure 2.5

Analyze the same thought experiment in an inertial frame that is moving
with speed V with respect to the (t, x, y, z) inertial frame along the negative
x-direction parallel to the mirrors. Locate events in this frame by coordinates
(t′, x′, y′, z′) with x′ parallel to x. In this frame the mirrors are moving with
speed V along the positive x′-direction, as illustrated in the figure below.

Figure 2.6

the light ray travels a distance ∆x′ = V∆t′ in the x′-direction between
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between emission at A and return at C. The distance traveled in the y′-
direction is L, assuming that the transverse distances are the same in both
inertial frames. The total distance traveled between departure and return is,
therefore,

2[L2 + (∆x′/2)2]1/2.

Assuming with Einstein that the velocity of light is c in this inertial frame, the
time of travel, ∆t′, is this distance divided by c. Thus the coordinate intervals
between A and C in this frame are

∆t′ =
2

c

√
L2 +

(
∆x′

2

)2

, ∆x′ = V∆t′, ∆y′ = 0, ∆z′ = 0.

Then straightforward computation gives

−
(
c∆t′

)2
+

(
∆x′

)2
= −4

[
L2 +

(
∆x′/2

)2]
+
(
∆x′

)2
= −4L2 = −(c∆t)2.

Since ∆x = ∆y = ∆z = 0 and ∆y′ = ∆z′ = 0, we can judiciously add them
back into two sides of the equation above and find that

(∆s)2 ≡ −(c∆t)2 + (∆x)2 + (∆y)2 + (∆z)2

= −
(
c∆t′

)2
+
(
∆x′

)2
+
(
∆y′

)2
+
(
∆z′

)2
.

Therefore, we propose that the quantity

(∆s)2 ≡ −(c∆t)2 + (∆x)2 + (∆y)2 + (∆z)2

is the same in both frames. The quantity (∆s)2 is invariant under the change
in inertial frames. And since the distance between points defining spacetime
geometry must be the same in all systems of coordinates used to label points,
and the principle of relativity requires that the line element that defines the
distance should have the same form in all inertial frames, we are motivated to
posit the line element

ds2 = −c2dt2 + dx2 + dy2 + dz2 (2.3)

as defining the geometry of 4-dimensional spacetime and the statring point of
special relativity.

Light Cones

As we can see from (2.3), the geometry of spacetime is not 4-dimensional
Euclidean geometry (whose invariant line element is given by ds2 = dx2 +
dy2 + dz2). In particular, two points can be separated by distances whose
square is positive, negative, or zero. We say two points are

spacelike separated: (∆s)2 > 0

null separated: (∆s)2 = 0

timelike separated: (∆s)2 < 0.

The locus of points that are null separated from a point P in spacetime is its
light cone. Each point P in spacetime has a light cone. Light cones are an
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important feature of the geometry of spacetime. The points that are timelike
separated from P lie inside the light cone. Points that are spacelike separated
from P lie outside the light cone.

The paths of light rays are straight lines in spacetime with constant slope
cor- responding to the speed of light, that is, along null world lines. At every
point P along the world line of a light ray, the straight line is tangent to the
light cone of that point. The distance between two points along a light ray is
zero!

Particles with nonzero rest mass move along timelike world lines that are
al- ways inside the light cone of any point along their trajectory (see next
figure). That way their velocity is always less than the speed of light at that
point.

Figure 2.7: The 45o lines from point P are the set of points that are null
separated from it. They are the intersection of P s light cone with this slice.
Point A is timelike separated from P , as are all points in the shaded wedges.
The upper shaded wedge is the inside of the future light cone; the lower shaded
wedge is the inside of the past light cone. The unshaded area is the outside
of the light cone. Point B is spacelike separated from P as are all the points
in the unshaded wedges. The figure at right shows the same point P but
with one more spatial dimension. The light cone is the locus of points that
would be traced out by a pulse of light emitted at P or converging on it. The
surface of the pulse would be an expanding or contracting sphere in three
spatial dimensions. In this reduced number of dimensions, it appears as the
increasing circular cross section of the cone.

To measure the distance along a particles world line, it is convenient to
introduce

dτ2 = −ds
2

c2
.

Then dτ is real with units of time. Thus a clock moving along a timelike curve
measures the distance τ along it. An alternative name for this distance is
the proper time the time that would be measured by a clock carried along
the world line. To see this, notice that if the coordinate frame is at rest, i.e.
dx2 = dy2 = dz2 = 0, then dτ2 = dt2 hence dτ = dt. Therefore, in the
rest frame, proper times corresponds to the "usual" time measured by a clock
traveled along a world line. And since ds2 is invariant in any inertial frame,
so is dτ2.
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Figure 2.8: (a) The path of a light ray must be tangent to the light cone at
every point along its trajectory. (b) The timelike path of a particle must lie
inside the light cone at every point along its trajectory. These are the invariant
ways of saying that light rays move at speed c and particles move with speed
less than c in every inertial frame.

Lorentz Transformation

In this subsection we will derive Lorentz transformation, which relates two
inertial frames (t′, x′, y′, z′) and (t, x, y, z) in relative motion. We present two
methods, the first one is more intuitive, and the second one more mathemati-
cal.

Method I:

We stick with the idea of two inertial frames, S and S′, moving with relative
speed v. For simplicity, we will start by ignoring the directions y and z which
are perpendicular to the direction of motion. Both inertial frames come with
Cartesian coordinates: (x′, t′) for S and (x, t) for S. We want to know how
these are related. The most general possible relationship takes the form

x′ = f(x, t) , t′ = g(x, t).

But this is very general. Fortunately, there are several observations that allow
us to restrict the form of f, g immediately:

• The first is that the law of inertia holds; left alone in an inertial frame,
a particle will travel at constant velocity. Drawn in the (x, t) plane,
the trajectory of such a particle is a straight line. Since both S and S′

are inertial frames, the map (x, t) 7→ (x′, t′) must map straight lines to
straight lines; such maps are, by definition, linear. The functions f and
g must therefore be of the form

x′ = α1x+ α2t , t′ = α3x+ α4t

where αi can be functions of v.

• Secondly, we use the fact that S′ is travelling at speed v relative to S.
This means that an observer sitting at the origin, x′ = 0 of S′ moves
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along the trajectory x = vt in S. In other words, the points x = vt must
map to x′ = 0. Together with the requirement that the transformation
is linear, this restricts the transformation to be of the form

x′ = γ(x− vt) (2.4)

for some γ, which can be a function of v, which we denote by γv.

• Thirdly, we claim that γv must be an even function of v. That is, γv =
γ−v. Consider the frames S̃ and S̃′ which are exactly like S and S′

except that we measure x-coordinate the the negative direction. This
means that

x̃ = −x x̃′ = −x′ t̃ = t t̃′ = t′.

While S′ is moving with velocity +v relative to S, S̃′ is moving with
velocity −v with respect to S̃ simply because we measure things in the
opposite direction. That means that

x̃′ = γ−v(x̃+ vt̃).

Compare this with (2.4) and plugging in the relations in the previous
equation, we have γv = γ−v.

We can also look at things in the perspective of S, which moves with
velocity −v relative to S′. Same argument applies and we get

x = γ
(
x′ + vt′

)
. (2.5)

Finally, we used the assumption that the speed of light is the same in every
inertial frame. So in S, a light ray has trajectory x = ct, and in S′, we demand
it to have the trajectory x′ = ct′. Substitute these trajectories into (2.4) and
(2.5), we have

ct′ = γ(c− v)t and ct = γ(c+ v)t′.

Solving for γ gives

γ =

√
1

1− v2/c2
. (2.6)

Therefore S and S′ are related by

t′ = γ(t− vx/c2)

x′ = γ(x− vt)

y′ = y

z′ = z.

The inverse transformation is obtained just by changing v to −v′:

t = γ(t+ vx′/c2)

x = γ(x′ + vt′)

y = y′

z = z′.
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Method II: Lorentz Group

As discussed before, the line element (2.3) should be invariant under the trans-
formation that we are interested in, just like in Euclidean geometry the line
element ds2 = dx2 + dy2 + dz2 is invariant under a translation or a rotation.

We use greek letter µ, ν = 0, 1, 2, 3 as indices of coordinate, say xµ, where
x0 = ct and x1 = x, x2 = y, x3 = z. Usually instead of x, y, z we will let
x1, x2, x3 be spatial coordinates, and we use letters i, j, k = 1, 2, 3 to run
through spatial indices.

We further introduce the diagonal matrix

ηµν = diag(−1, 1, 1, 1) =


−1

1
1

1

 .

Then
∆s2 = (∆x)T η(∆x)

where ∆x = (c∆t,∆x,∆y,∆z). We could use the index notation, but here
we are more concerned with the matrix multiplication. Then since we have
seen that Lorentz transformation must be linear in Method I, the Lorentz
transformation corresponds to a matrix Λ such that

x′ = Λx.

Since the line element is invariant under Lorentz transformation, we must have

∆s2 = (∆x)T η(∆x′) = (∆x)T η(∆x′) = (∆x)TΛT ηΛ(∆x).

Therefore we have
η = ΛT ηΛ. (2.7)

The matrices Λ satisfying (2.7) are called Lorentz transformations (this
time formally). Lets try to understand the solutions to this. We can start by
counting how many we expect. The matrix Λ has 4 × 4 = 16 components.
Both sides of equation (2.7) are symmetric matrices, which means that the
equation only provides 10 constraints on the coefficients of Λ. We therefore
expect to find 16− 10 = 6 independent solutions.

The solution of (2.7) fall into 2 classes. The first class is very familiar. We
consider the solution of the form

Λ =


1 0 0 0

0
0 R
0


where R are 3 × 3 matrices. Thus these matrices leave the time component
intact and change the spatial component. The condition (2.7) reduces to

RTR = 1.
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We know that the Rs that satisfies this equation are precisely the spatial
rotations. The remaining three solutions to (2.7) are the Lorentz boosts that
we discussed in Method I. The boost along the x-axis is given by

Λ =


γ −γv/c 0 0

−γv/c γ 0 0

0 0 1 0
0 0 0 1

 .

Two remaining solutions are boosts in y, z directions.
It can be checked that the set of all Λs satisfying (2.7) form a group. This

is called the Lorentz group, denoted by O(3, 1). One can also check that
detΛ2 = 1, which implies detΛ = ±1. So O(3, 1) splits into two parts, the
part where detΛ = 1 are denoted by SO(3, 1).

We will now see how to use Lorentz group to derive the addition of veloci-
ties. For a boost with velocity v in x-direction, we can focus on the upper left
part:

Λ[v] =

(
γ −γv/c

−γv/c γ

)
.

Now if we combine two boosts, both in x-direction, we have that

Λ [v1] Λ [v2] =

(
γ1 −γ1v1/c

−γ1v1/c γ1

)(
γ2 −γ2v2/c

−γ2v2/c γ2

)
.

A little algebra shows

Λ [v1] Λ [v2] = Λ

[
v1 + v2

1 + v1v2/c2

]
. (*)

What does this piece of math tell us? Imagine now a particle moves with a
constant velocity u′ in the S′ frame, which moves with a constant velocity v
relative to the frame S. What is the velocity u of the particle in S? Newtonian
theory will simply give u = u′ + v, but this is wrong when u′ = c. This
situation, then, amounts to applying two boosts, with v1 = u′ and v2 = v.
Thus we get

u =
u′ + v

1 + u′v/c2
.

Notice that when u′ = c we get u = c, which is just what we want.
Is there a better way to arrive at (*)? There is, actually. Recall that when

we add rotations
R[θ] =

(
cos θ sin θ
− sin θ cos θ

)
we have

R [θ1]R [θ2] = R [θ1 + θ2] .

But the nice addition rule only worked because we were clever in parame-
terising our rotation by an angle. In the case of Lorentz boosts, there is a
similarly clever parameterisation. Instead of using the velocity v, we define
the rapidity φ by

γ = coshφ.
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Then
sinhφ =

√
cosh2 φ− 1 =

√
γ2 − 1 =

vγ

c
.

Therefore we can write a Lorentz boost by

Λ[φ] =

(
coshφ − sinhφ
− sinhφ coshφ

)
.

Now we have
Λ [φ1] Λ [φ2] = Λ [φ1 + φ2] .

Also, combining the two equation above we see that

tanhφ =
sinhφ

coshφ
=
vγ/c

γ
=
v

c

or v = c tanhφ.

Figure 2.9: A Lorentz boost as a change of coordinates (linear transforma-
tion) on a spacetime diagram. The rapidity θ is a measure of the velocity
between the two frames.

Time Dilation and the Twin Paradox

Just the few facts about the geometry of the spacetime of special relativity
can be put to work to derive some its most famous consequences. First is the
phenomenon of time dilation. The proper time, τAB, between any two points
A and B on timelike world line can be computed by integrating the differential
dτ :

τAB =

∫ B

A
dτ =

∫ B

A

[
dt2 −

(
dx2 + dy2 + dx2

)
/c2

]1/2
=

∫ tB

tA

dt

{
1− 1

c2

[(
dx

dt

)2

+

(
dy

dt

)2

+

(
dz

dt

)2
]}1/2

.

More compactly,

τAB =

∫ tB

tA

dt′
[
1− v2(t′)/c2

]1/2
.

Since the integrand [1− v2/c2]1/2 < 1, we have that

τAB <

∫ tB

tA

dt′ = tB − tA.
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This is the phenomenon of time dilation, summarized by the slogan "moving
clocks run slow". It will frequently be useful to consider the differential form

dτ = dt
√
1− v2/c2.

A curcial fact is that for more general trajectories, the proper time and the
coordinate time are different (although proper time is always that measured
by the clock carried by an observer along the trajectory).

Figure 2.10: the Twin Paradox.

Consider two trajectories between event O and B, one straightline crossing
a halfway point marked A, and another traveled by an observer moving away
from O at a constant velocity v to a point C then back at a constant velocity
−v to intersect at the event B. Suppose the coordinates are given by

A =

(
1

2
∆t, 0

)
C =

(
1

2
∆t,∆x

)
B = (∆t, 0)

with ∆x = 1
2v∆t. Then clearly

τOC =

√(
1

2
∆t

)2

− (∆x)2 =
1

2

√
1− v2∆t <

1

2
∆t.

Therefore
τOCB =

√
1− v2∆t < ∆t.

Even though two observers begin and end at the same points in spacetime, they
have aged different amounts. This is the famous "twin paradox". The truth is
straightforward: a nonstraight path in spacetime has a different interval than
a straight path, just as a nonstraight path in space has a different length than
a straight one.

Length Contraction

We will conclude this section with some relativistic effects. The first effect
is the length contraction. The length of any object in a moving reference
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frame will be contracted. To see this, notice that the length of a rod in a frame
is the distance between two events happening in the same time in that frame.
So say in a rest frame, the length of a rod is given by L = x2−x1. That is, two
ends of the rod are at coordinates (0, x1) and (0, x2) Then consider another
frame moving with velocity v relative to the rest frame, what is the length of
the same rod L measured in the moving frame? Well, L′ = x′2 − x′1 and

L′ = x′2 − x′1 = γ(x2 − vt2)− γ(x1 − vt1) = γ(x2 − x1) = γL.

The second step is just the formula for Lorentz transformation derived before,
and in the third step we used the fact that the two measurements in the rest
frame are made simultaneously: t1 = t2. Another way to write the formula
above is

L =
L′

γ
.

If v ≈ c then 1/γ ≈ 0. That is to say, that an object at rest might be measured
to be 200 feet long; yet the same object when moving at relativistic speeds
relative to the observer/measurer would have a measured length which is less
than 200 ft. See this link for an interesting demonstration.

2.6 Vector, Dual Vertors, and Tensors
In this section we will introduce the tensor language for relativity.

Vectors

We will start with vectors. In spacetime, vectors are 4-dimensional, and usu-
ally called 4-vectors. This turns out to make quite a bit of difference. For
example, there is no such thing as a cross product between two 4-vectors.

One of the most important things to emphasize is that each vector is
located at a given point in spacetime. In Rn one can slide vectors from point
to point. But once we introduce curvature, we lose the ability to mive vectors
uniquely around a manifold. Rather, to each point p in spacetime we associate
the set of all possible vectors located at p, called the tangent space at p, or
Tp. Each tangent space Tp is a vector space.

Let us imagine at each tangent space Tp we set up a basis of four vectors
eµ. Then any abstract vector V ∈ Tp can be written as

V = V µeµ

where V µ ∈ R are coefficients. They are called the components of the vector
V with respect to the basis eµ. An example of a vector in spacetime is the
tangent vector to a curve. A paramterized curve or path through spacetime is
specified by the coordinates as a function of the paramter, for example xµ(λ).
The tangent vector V (λ) has components

V µ =
dxµ

dλ
.

The entire vector is V = V µeµ. Under the Lorentz transformation the coordi-
nates changes by

xµ
′
= Λµ

′
νx

ν .
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Notice that we do the prime in the indices µ′, not (x′)µ, because the geometri-
cal object is the same, the only things that have changed are the components,
due to a change of coordinate. Taking derivatives on both sides gives the
vector transformation rule under the Lorentz transformation:

V µ′ = Λµ
′
νV

ν .

We have the component rule. But how does the basis vector change? Since
the vector V even when we changed the coordinates (components are changed,
but not the vector itself), we have

V = V µeµ = V ν′eν′ = Λν
′
µV

µeν′ .

But this relation must hold for every V µ, so we conclude

eµ = Λν
′
µeν′ .

To get the new basis eν′ in terms of the old one eµ, we should multiply the
inverse of Λν

′
µ. But the inverse of a Lorentz transformation from the un-

primed coordinate to the prime coordinate is itself a Lorentz transformation.
Therefore, we introduce the following notation for the inverse of Λν′µ, which
is the same symbol but with primed and unprimed indices switched. That is,
Λµ

′
ν has an inverse Λρσ′ . Or

Λµν′Λ
ν′
ρ = δµρ ,

Λσ
′
λΛ

λ
τ ′ = δσ

′
τ ′ .

Thus multiplying both sides of the previous equation by Λµν′ we get

eν′ = Λµν′eµ.

Dual Vectors

Let V be a finite dimensional vector space. Let V ∗ be its dual. If {eµ} ⊂ V is
a basis of the vector space, then there exists a natrually induced basis for the
dual space {eµ} ⊂ V ∗, defined by eµ(eν) = δµν . Notice that as vector space,
there is a natural isomorphism from V ∗∗ to V , given by the map

φ : V → V ∗∗ v 7→ Ev

where
Ev(ϕ) = ϕ(v)

for all ϕ ∈ V ∗. It is easy to verify that this map φ : v 7→ Ev is linear. Also, φ
is injective: Say Ev = Ew. Then

Ev(e
µ) = eµ(v) = vµ = wµ = eµ(w) = Ew(e

µ).

Hence v = w. And since dimV = dimV ∗ = dim(V ∗)∗, we see (by rank-nullity
theorem) that φ is also surjective. Hence φ is indeed an isomorphism. Since
V ∗∗ ∼= V , we shall make no distinction between v ∈ V and Ev ∈ V ∗∗, and we
simply denote v for Ev in V ∗∗. With this notation, we see that

eν(e
µ) := Eeν (e

µ) = eµ(eν) = δµν .
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Now let ω ∈ V ∗, or given a tangent space Tp, let ω ∈ T ∗
p . Then we can use

the same argument to see how dual vector transforms. The answer is

ωµ′ = Λνµ′ων .

And for basis dual vectors,
eρ

′
= Λρ

′
σe
σ.

This should come no surprise, since there is really no other way it can be
given how the indices are placed. In spacetime, the simplest example of a dual
vector is the gradient of a scalar function. This is the set of partial derivatives
with respect to the spacetime coordinate, which we denote by

dϕ =
∂ϕ

∂xµ
eµ.

You may think the notation dϕ is confusing, since it is the same notation we
use for a differential, or a line element. Turns out that they are really the
same thing. As we will see later. But for now bear with me for a moment.
The components transforms according to the chain rule:

∂ϕ

∂xµ′
=
∂xµ

∂xµ′
∂ϕ

∂xµ
= Λµµ′

∂ϕ

∂xµ
.

In the last step we have used the fact that since xµ = Λµµ′x
µ′ , the differential

must transform like dxµ = Λµµ′dx
µ′ . And by chain rule ∂xµ

∂xµ′
= Λµµ′ . We have

seen that dual vectors act on vectors in a natural way:

ω(V ) = ωµe
µ(V νeν) = ωµV

νeµ(eν) = ωµV
νδµν = ωµV

µ ∈ R.

Therefore gradient can act on tangent vector in the same way:

dϕ(V ) = ∂µϕ
∂xµ

∂λ
=
dϕ

dλ

by the chain rule.

Tensors

Now, a tensor T of rank (k, l) is just a multi-linear map

T : V ∗ × · · ·V ∗︸ ︷︷ ︸
k

×V × · · · × V︸ ︷︷ ︸
l

→ R.

We can add tensors of the same rank and multiply tensor by a scalar, in the
obvious ways. This makes tensors of rank (k, l) into a vector space. We can
also combine a tensor T of rank (k, l) and a tensor T ′ of rank (k′, l′) into a
new tensor T ⊗ T ′ of rank (k + k′, l + l′) by

(T ⊗ T ′)(ω1, ..., ωk, ωk+1, ..., ωk+k
′
, v1, ..., vl, vl+1, ..., vl+l′)

= T (ω1, ..., ωk, v1, ..., vl) · T ′(ωk+1, ..., ωk+k
′
, vl+1, ..., vl+l′).

We can also define the components of a tensor T of rank (k, l), after having
chosen a basis {eµ} for V .

T i1,...,ikj1,...,jl = T (ei1 , ..., eik , ej1 , ..., ejl).
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Notice that we can expand the tensor as a linear combination of basis elements:

T (ω1, ..., ωk, v1, ..., vl) = T (ω1
i1e

i1 , ..., ωkike
ik , vj11 ej1 , ..., v

jl
l ejl)

= ω1
i1 · · ·ω

k
ik
vj11 · · · vjll T (e

i1 , ..., ei
k
, ej1 , ..., ejl)

= T i1,...,ikj1,...,jl ei1 ⊗ · · · ⊗ eik ⊗ ej1 ⊗ · · · ⊗ ejl(ω1, ..., ωk, v1, ..., vl).

Here we used the identification of double dual vectors with vectors mentioned
above, and allowing vectors act on dual vectors. The element of the form

ei1 ⊗ · · · ⊗ eik ⊗ ej1 ⊗ · · · ⊗ ejl

constitute a basis for the vector space of rank (k, l) tensors. If our vector space
has dimension n, then this vector space of (k, l)-tensors has dimension nk+l.

Finally, the transformation of tensor components under Lorentz transfor-
mations can be derived by applying what we already know about transforma-
tion of basis vectors and dual vectors. The answer is just what you would
expect from index placement:

T
µ′1···µ′k

ν′1···ν′l
= Λ

µ′1
µ1 · · ·Λ

µ′k
µkΛ

ν1
ν′1
· · ·Λνl

ν′l
Tµ1···µkν1···νl .

This is why tensor is so good! Because they can make our equations inde-
pendent of coordinate transformation. Suppose we have a tensor equation,
say

Tµ1···µkν1···νl = Sµ1···µkν1···νl .

Then we move the RHS to the LHS and get

Tµ1···µkν1···νl − Sµ1···µkν1···νl = 0.

This difference is a tensor, which is zero in all of its component. How does
this tensor transform? We have

T
µ′1···µ′k

ν′1···ν′l
− S

µ′1···µ′k
ν′1···ν′l

= Λ
µ′1
µ1 · · ·Λ

µ′k
µkΛ

ν1
ν′1
· · ·Λνl

ν′l
(Tµ1···µkν1···νl − Sµ1···µkν1···νl )

= Λ
µ′1
µ1 · · ·Λ

µ′k
µkΛ

ν1
ν′1
· · ·Λνl

ν′l
(0) = 0.

Therefore, if a tensor equation holds in one frame, it holds in every frame.
Remember all those wonderful things that you first learned about in special
relativity: time dilation and length contraction and twins and spaceships so on.
Youll never have to worry about those again. From now on, you can guarantee
that youre working with a theory consistent with relativity by ensuring two
simple things:

• That you only deal with tensors.

• That the indices match up on both sides of the equation.

Its sad, but true. Its all part of growing up and not having fun anymore.
We can multiply two tensors to get a third tensor. For example,

Uµν = Tµρσ Sσρν

is a perfectly good (1,1) tensor. There is a particular type of tensor we want to
introduce, the (0,2) tensors. They are linear maps that take two vectors and
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give a real number. These are sometimes called inner product. For example,
the inner product in Euclidean space, which we denote by E(·, ·), is given by

E(V,W ) = V 1W 1 + V 2W 2 + V 3W 3 = δijV
iV j .

In Minkowski spacetime, this is the familar 4-vector inner product:

η(V,W ) = ηµνV
µW ν .

We refer to two vectors whose inner product vanishes as orthogonal. Since
inner products are scalars, which are invariant under Lorentz transformations,
the basis vector of any Cartesian inertial frame, which are chosen to be or-
thogonal, remains orthogonal after a Lorentz transformation.

We introduce the inverse metric ηµν , a type of (2,0) tensor defined as
the inverse of the metric:

ηµνηνρ = ηνρη
νµ = δµρ .

Operation of Tensors

One can contract a (k, l) tensor and make it into a (k − 1, l − 1) tensor by
summing over one upper and one lower index:

Sµρσ = Tµνρσν .

The inverse metric can be used to raise and lower indices of tensors. Given
a tensor Tαβγδ , we can use metric to define new tensors, which we choose to
denote by the same letter T :

Tαβµδ = ηµγTαβγδ

Tµ
β
γδ = ηµαT

αβ
γδ

Tµν
ρσ = ηµαηνβη

ργησδTαβγδ

Vµ = ηµνV
ν

ωµ = ηµνων .

And this gives us the right to simultaneously raise and lower a pair of indices
being contracted over:

AλBλ = ηλρAρηλσB
σ = δρσAρB

σ = AσB
σ.

A tensor is symmetric in any of its indices if it is unchanged under exchange
of those indices. For example, we say S is symmetric in its first two indices if

Sµνρ = Sνµρ.

And if
Sµνρ = Sµρν = Sρµν = Sνµρ = Sνρµ = Sρνµ,

we say S is symmetric in all of its indices. A tensor is antisymmetric in any
of its indices if it changes sign when those indices are exchanged. Thus

Aµνρ = −Aρνµ
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means A is antisymmetric in its first and third indices. Notice that it makes
no sense to exchange an upper and an lower indices, so do not think of δµν as a
symmetric tensor. Given any tensor, we can symmetrize any number of its
upper and lower indices: just take the sum of all permutations of the relevant
indices and divide by the number of terms:

T σ
(µ1µ2···µn)ρ =

1

n!

∑
τ∈Sn

T σ
τ(µ1···µn)ρ

where Sn denotes the symmetric group of n letters and τ ∈ Sn is a permutation
on n letters. The reason we divide by the factor n! is that if T is already
symmetric, then if we symmetrize it we want to get the same tensor. We can
also antisymmetrize a tensor by summing over alternatively:

T σ
[µ1µ2···µn]ρ =

1

n!

∑
τ∈Sn

sgn(τ)T σ
τ(µ1···µn)ρ

where sgn(τ) is 1 if τ is an even permutation, and is -1 if τ is an odd per-
mutation. A tensor that has been antisymmetrized is antisymmetric, in the
corresponding indices: If we switch two indices, then an even permutation will
become an odd permutation, and an odd permutation will become an even
permutation, so sgn(τ) will change sign for all τ ∈ Sn. Therefore this result
in a total of a minus sign.

Sometimes we want to (anti)symmetrize indices that are not next to each
other. In this case we use vertical bars to denote indices not included in the
sum:

T(µ|ν|ρ) =
1

2
(Tµνρ + Tρνµ) .

For a (1,1) tensor Xµ
ν , the trace is a scalar, often denoted by leaving off

the indices, which is simply the contraction

X = Xµ
µ .

For a (0,2) tensor Yλν , to compute the trace, we must first raise an index:

Y µ
ν = ηµλYλν

then we do the sum:
Y = Y λ

λ = ηµνYµν .

Gradient, Normal Vectors, and Flux

I want to conclude this section by pointing out the connection between gradi-
ent, differentials, one forms, normal vectors, and flux. First, given a choice of
coordinate xα (we can do this in flat spacetime, but it will be more difficult
on manifolds). Then consider the gradient dxµof the scalar function xµ, then
we have

dxµ =
∂xµ

∂xν
eν = δµνe

ν = eµ.

So it turned out that our basis for the covector are exactly dxµs. This turns
out to still be true on curved manifolds. Then the gradient of an arbitrary
scalar function ϕ now becomes

dϕ =
∂ϕ

∂xµ
eµ =

∂ϕ

∂xµ
dxµ.

40



Holy crap! This is the chain rule for differentiating ϕ, which we think of as
a infinitesimal change dϕ is given by the sum of infinitesimal dxµs times the
respective rate of change ∂µϕ. But really this is an informal notion of gradient
written as a linear combination of dual vector basis dxµ, where the coefficients
are given by exactly ∂µϕ.

Now the key point: The gradient dϕ defines a constant surface ϕ = c for
some constant c, since it defines uniquely the normal vector to this surface.
And the flux of a vector N on this normal surface is given by its contraction
with the gradient. To see this, we consider a level surface

ϕ(xµ) = c

for some constant c. Now let xµ(λ) be a parametrized curve on this level
surface ϕ = c. Clearly its tangent vector is given by

V µ =
dxµ

dλ
.

These are also the tangent vectors of this level surface. We can construct a
vector ∇ϕ, whose component is given by

(∇ϕ)µ = ηµν(dϕ)ν = ηµν∂νϕ.

We claim that ∇ϕ and V are orthogonal. Indeed,

ηµν(∇ϕ)µV ν = ηµν(η
µλ∂λϕ)V

ν = δλν∂λϕV
ν = ∂νϕV

ν .

But
∂νϕV

ν =
∂ϕ

∂xν
dxν

dλ
=
dϕ

dλ
=

d

dt
(c) = 0.

This completes the proof. Thus we can define a normal vector ∇ϕ of the
constant surface ϕ = c. Usually we want to normalize it, so define

n =
∇ϕ

|ηµν(∇ϕ)µ(∇ϕ)ν |1/2
.

Recall that when we study electrodynamic, to calculate the flux of a vector
field F on a surface S with unit normal n, we simply compute F · n and
integrate over the surface. Thus the flux is given by

Φ =

∫
S
F · ndS.

But sometimes F · n along will be sufficient to determine the flux, since all
we have to do is integrate this scalar over a given surface. In 4-dimensional
spacetime, we use the same notion. So suppose we have a 4-vector N. How
do we compute its flux in the xα direction? The normal vector of the constant
surface xα = c is ∇xα. It is already normalized, since

(∇xα)λ = ηλγ∂γx
α = ηλγδαγ = ηλα.

Thus
|ηµν(∇xα)µ(∇xα)ν | = |ηµνηµαηνα| = |ηαα| = 1.

So n = (∇xα). And we have

N · (∇xα) = ηµν(∇xα)µNν = ηµνη
µαNν = δανN

ν = Nα.

So the flux of N in xα direction is just Nα. Also notice that

dxα(N) = ∂µx
αNµ = δαµN

µ = Nα.

So the flux of N in xα direction can obtained by dxα(N).
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2.7 Relativistic Dynamics
From now on we set c = 1. Let us start with the world line of a single particle,
which we usually think of the path being a parametrized curve xµ(λ). Let us
take proper time τ as our paramter: λ = τ . And define the 4-velocity:

Uµ =
dxµ

dτ
.

The four velocity is normalized:

ηµνU
µUν = −1.

To see this, we notice that the line element is given by

ds2 = ηµνdx
µdxν .

Therefore (
ds

dτ

)2

= ηµν
dxµ

dτ

dxν

dτ
= ηµνU

µUν = −1.

The last step is simply by definition dτ2 = −ds2/c2 = −ds2 since c = 1. We
can give a more explicit form of 4-velocity. Since by chain rule,

Uµ =
dxµ

dτ
=
dxµ

dt

dt

dτ
=
dxµ

dt

(
dτ

dt

)−1

=
dxµ

dt

1√
1− v2

= γ
dxµ

dt
.

Therefore,
U = (γ, γV x, γV y, γV z) = (γ, γV).

Newtons first law of motion holds in special relativistic mechanics as well
as nonrelativistic mechanics. In the absence of forces, a body is at rest or
moves in a straight line at constant speed. This is summarized by

dU

dτ
= 0.

The objective of relativistic mechanics is to introduce the analog of Newtons
second law F = ma. There is nothing from which this law can be derived, but
plausibly it must satisfy certain properties: (1) It must satisfy the principle of
relativity, i.e., take the same form in every inertial frame; (2) It must reduces
to the equation above in the absence of forces; (3) it must reduce to F = ma in
any inertial frame when the speed of the particle is much less than the speed
of light. The choice

m
dU

dτ
= F

naturally suggests itself. Here m is the rest mass of the particle. This is
the correct law of motion for special relativistic mechanics and the special
relativistic generalization of Newtons second law. By introducing the four-
acceleration four-vector

a =
dU

dτ

we recover F = ma. We can also define the 4-momentum:

pµ = mUµ
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where m is the rest mass of the particle. One can see that

ηµνp
µpν = −m2.

Componentwise, we have that

p = (γm, γmV).

For small speeds v := |V| � 1, we have that

pt = p0 =
m

1− v2
≈ m+

1

2
mv2 +O(v2).

This reduces to the rest energy plus the momentum of the particle. Fixing the
dimension by adding c, we see that the rest energy is given by

E0 = mc2.

So p0 is nothing but the energy. We can rewrite ηµνpµpν = −m2 and get the
energy:

E =
√
m2 + p2.

2.8 Energy Momentum Tensor
Although pµ provides a complete description of the energy and momentum of
an individual particle, we often need to deal with extended systems with huge
numbers of particles. We instead describe this system as a fluid - a continuum
characterized by macroscopic quantities such as density, pressure, viscosity,
and so on.

Figure 2.11: An example of dust.

We will first start off with a simple example of dust. Dust may be defined
as a collection of particles that have mass and energy, and at rest with respect
to each other. In a dust cloud, different dust element may have different rest
frames (the frames with respect to which it is at rest), but for each individual
element we an define a rest frame. This is where we start to describe the
dust. How can we characterize dust? First we may want to know how many
dust particles are there per unit volume. We call this quantity the number
density. Let us define n0 to be the number density in the chosen rest frame
(which has dimension 1/m3). But we also want to know how to characterize
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the number density outside of the chosen rest frame, i.e. in some other in-
ertial frame. Let us consider a frame moving at speed v with respect to the
rest frame. The number of dust elements stays the same, but the volume is
contracted. So suppose the volume were originally ∆x∆y∆z, then contraction
will reduce this volume to ∆x∆y∆z

√
1− v2. So we conclude that

n = γn0.

Also, there will be a flow of the dust through space. We can define a flux that
describes the number of particles crossing unit area per unit time. This is a
three-vector, which can only be the number density times the 3-velocity:

n = nv = γn0v.

We can combine these two pieces together into a 4-vector N, by

N = (n, nv) = n0(γ, γv) = n0U.

Here U is the overall 4-velocity field of the dust (but this is also the constant
4-velocity of individual particles since they are at rest with respect to each
other). This is really cool, since now we have a geometrical object. Every
little element in the dust have a trajectory through spacetime, and we can
attach a 4-velocity to it. And if we know the number density of the dust in
some rest frame, we can describe the dust in other frames. By our previous
discussion on gradient and flux, we see that the flux of N in the x0 = t direction
is given by

(dt)βN
β = δ0βN

β = N0 = n.

So the flux of this vector through time is actually density. Now, the flux out
of a certain volume must come at the expense of the density of the dust inside
the volume. Mathematically, this is the conservation law given by

∂n

∂t
= −∇ · n

where on the right hand side we are just doing dot product of the 3-vectors.
Writing this in a different way, we see that

∂αN
α = 0.

Or we can integrate the equation of conservation and use divergence theorem
to get the integral form of conservation law:

∂

∂t

∫
V
ndV = −

∫
∂V

n · dS.

One important place where conservation law holds is in electromagnetism.
Recall that we can define a 4-current

J = (ρ, j)

where ρ is the charge density and j is the current density. Then the conserva-
tion of charge reads

∂ρ

∂t
= −∇ · j or ∂αJ

α = 0.
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Now, electric and magnetic field are difficult to describe using geometric object
perfect for spacetime. So if we want to describe electric and magnetic field
using a geometric object, the first thing we think of is a 4-vector. But a 4-
vector has only 4 components whereas E and B have a total of 6 component.
So a 4-vector is not enough. It does not make too much sense either to
make two 4-vectors and just ignore 2 redundant component. What about
a 2-tensor? It has 16 components. That’s too much. What if we make the
tensor symmetric? Then there are only 10 independent component. But that
is still too much. What about an antisymmetric tensor? An antisymmetric
tensor must have zeros in the diagonal entries since Tαβ = −T βα. Thus the
independent component are 10− 4 = 6, which is exactly the number we need.
Therefore, we can define an antisymmetric tensor Fµν that captures all the
information we need to know about the E and B fields:

Fµν =


0 Ex Ey Ez

−Ex 0 Bz −By
−Ey −Bz 0 Bx
−Ez By −Bx 0

 .

We can also lower the indices by

Fµν = ηµαηνβF
αβ .

Then Maxwell’s equations become

∂νF
µν = 4πJµ

∂[µFνλ] = 0.

Notice that Maxwell’s equation already implies that the current has zero di-
vergence:

4π∂µJ
µ = ∂µ∂νF

µν

= ∂ν∂µF
µν

= −∂ν∂µFµν = 0

= −∂µ∂νFµνFµν = 0.

This is actually a trick we will use from time to time: If S is a symmetric
tensor and A is an antisymmetric tensor, then

SαβA
αβ = 0.

Now, let us go back to the dust example. We can also consider the energy
and momentum of dust. Suppose each dust particle has a rest mass m. Then
in the chosen rest frame of a dust element we have its rest energy density:

ρ0 = mn0.

In a frame moving with speed v relative to the rest frame, we have the energy
density in this frame being

ρ = (γm)(γn0) = γ2mn0 = γ2ρ0.
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If this ρ were a component of a 4-vector, there is no way by a Lorentz transfor-
mation (which will only pick up a factor of γ) we pick up a factor of γ2. This
this is not a component of a 4-vector. Of course this is not a scalar, which is
invariant under Lorentz transformation. Conclusion: ρ is the component of a
tensor. What is this tensor? Well, we assembled ρ by combining energy, the
timelike component of p, and the number density, the timelike component of
N. Therefore, ρ = ptN t suggests that the tensor T such that T 00 = ρ is given
by

T = N⊗ p = n0mU⊗U = ρ0U⊗U.

Or in component form:
Tµν = ρ0U

µUν .

Actually there is a physical definition of this tensor T :

Tαβ = flux of 4-momentum p in the xβ direction.

This is the energy-momentum tensor . So for example: T 00 = ρ0U
0U0 =

γ2ρ0 = ρ. So this is the flux of momentum in the t direction. The flux of
energy in time direction is energy density. This should be no surprise, since
the flux of the vector N in time is given by

(dt)βN
β = N0 = n

which is the number density. We describe the flux of a thing in time as just
being its density.1 What about the other components? T 0i is the flux of pt
in xi direction, so this is energy flux. T i0 is the flux of pi in the t direction.
So this is momentum density, as we discussed. T ij is the flux of pi in the xj
direction, which is just momentum flux. If we write out these components, we
get

T 0i = γ2ρ0v
i T i0 = γ2ρ0v

i T ij = γ2ρ0v
ivj .

Thus the energy-momentum tensor for dust is symmetric. Actually, in all
physical cases, the energy-momentum tensors are always symmetric.[?]

Another example is the perfect fluid. A perfect fluid is such that there
exists a rest frame for some fluid element that no energy flow is present in the
rest frame (T 0i = 0), and no lateral stresses (T ij = 0 when i 6= j). Moreover,
the fluid is characterized completely by the energy density ρ of the fluid, and
its pressure p, which is an isotropic spatial stress (same in all direction). So
in this frame,

Tµν =


ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 = diag(ρ, p, p, p).

We would like, of course, a formula that is good in any frame. For dust we
have Tµν = ρ0U

µUν , so we might begin by guessing (ρ + p)UµUν . Then in

1This is not as trivial as it sounds. We define the flux to of something across a surface to
be the amount of something crossing a unit area of that surface in a unit time. And things
are more subtle when we discuss time flux. For detailed explanation, see [?] section 4.2-4.5,
where the time flux being the energy density is explained in section 4.3.

46



this rest frame, we get 
ρ+ p 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 .

This is not quite right, but not too bad. We see that all we need is to add
−p 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


to get the right answer. Fortunately, this has an obvious covariant general-
ization, namely pηµν . Thus, the general form of the energy-momentum tensor
for a perfect fluid is

Tµν = (ρ+ p)UµUν + pηµν .

We can have complete confidence in the result. Since this result reduces to
diag(ρ, p, p, p) in the rest frame, and this is a tensorial expression, we know
that Tµν above must be the right expression in any frame. This is the good
thing about tensor! If it is true in one frame, it is true in all frame.

Therefore, you can now recall the Newtonian equation of gravitation:

∇2ϕ = 4πGρ.

You can immediately see where the problem is: since ρ is just component of a
tensor, this is not a healthy theory. We have to make this equation tensorial.
So we say, since the component of the energy-momentum tensor plays a huge
role in gravity, we must replace the RHS of this equation by some constant
times Tµν . And on the LHS we have some sort of second order derivative,
which also needs a tensorial generalization. So our Einstein field equation
should be something like

[∇2(a potential like object)]µν ∝ Tµν .

And that potential like object turned out to be the metric of spacetime. We
will spend the next chapter developing the tools for generalizing the LHS.

One of the most important property of the energy-momentum tensor is
that it is conserved:

∂µT
µν = 0.

This is a set of 4 equations, one for each value of ν. When ν = 0, the equation
is just conservation of energy, and when ν = k for k = 1, 2, 3, the equation is
just conservation of momentum in the kth direction.
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Chapter 3

Geometry of Spacetime

Let us review what we have done so far. Einstein developed the theory of
special relativity based on two postulates:

1. The laws of physics are the same in all inertial frames.

2. The speed of light is the same in all inertial frames.

Because of postulate 2, we are forced to conclude that our spacetime has a
very different geometrical structure than that we used to think. Namely, a
line element takes the form ds2 = −dt2 + dx2 + dy2 + dz2, instead of the
intuitive Euclidean line element ds2 = dx2 + dy2 + dz2. This our spacetime
with this geometrical structure is called the Minkowski spacetime. Now,
according to postulate 1, all physical laws should be take the same form in all
inertial frames, meaning they should be invariant under Lorentz transforma-
tions. Therefore, it is natural to review all the physical laws that had been
previously developed and see if they fit into the relativistic framework. If yes,
then great; if not, we need to modify them.

The first physical theory that Einstein looked into was Maxwell’s theory
for electricity and magnetism. They are described by four beautiful equations:
Maxwell’s equations. We have seen that Maxwell’s equations are not invariant
under Galilean transformation. But luckily, they are invariant under Lorentz
transformations (For details see this link). Therefore, Maxwell’s theory of
electricity and magnetism fits perfectly into Einstein’s relativity framework.

The next thing Einstein looked into was Newtonian theory of motion, which
is governed by the law F = ma. Although this theory is not Lorentz invari-
ant, but as we seen in the previous chapter, we can define the 4-velocity
Uµ = dxµ/dτ and the acceleration to be a = dU/dτ . Then we can generalize
Newton’s second law into mdU/dτ = F, where F is the 4-force. Therefore,
We have successfully generalized Newtonian dynamics, which fits into rela-
tivistic framework. This is nice. And it shows that special relativity describes
accelerated motions just fine.

But there is one thing missing: gravity. As we have seen before, Newton’s
theory of gravity implies Poisson’s equation

∇2ϕ = 4πGρ.

And we have discussed in the last chapter that this theory does not work well
in relativistic framework. Therefore, a remedy of Newton’s theory of gravity
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is needed. You may think this is not very hard, since after all Newton’s
formulation of gravity looks almost the same as the Columb force:

Fgrav = G
m1m2

r2
er Fcolumb = k

q1q2
r2

er.

And you may think since Maxwell’s theory of electromagnetism fits perfectly
into special relativity, we may develop a theory of gravity that is similar to
the theory raised by Maxwell, and since they are of almost identical nature,
we can fit gravity into the picture with not much effort. Physicists tried
that, but failed, unfortunately. The reason is that the columb force depends
on charges of particles (positive or negative), while the mass of a particle is
always positive. And this seemingly tiny subtlety destroyed this attempt.

At last, it was Einstein who saved the day, once again. Einstein suggested
that if we could not fit gravity into the framework of special relativity, we
need to establish a new theory of gravity, which again revolutionized our un-
derstanding of spacetime. Einstein proposed that our spacetime is actually a
4-manifold instead of Minkowski spacetime. And the motivation behind this
revolutionary proposition was the Principle of Equivalence.

3.1 Principle of Equivalence

The principle of equivalence has different forms. The first one is the Weak
Equivalence Principle (WEP). Then Einstein generalized this to Einstein’s
Equivalence Principle (EEP). We first start with WEP and then move to
EEP.

To understand WEP, we must first understand the difference between in-
ertial mass and gravitational mass. So say we have two balls in deep space,
where the gravity is absent. How do we determine which one is heavier? We
can apply a force F = 1N to both balls. Then the ball accelerates, and we can
measure the magnitude of the acceleration. Then by using Newton’s second
law, we get that the mass of individual balls is equal to the ratio of force over
acceleration. This quantity that we calculated, the so called "mass", is the
inertial mass. It characterizes how a body will react to a given force, i.e.
how hard it is to make this body move. We denote this mass by mI . If we are
on earth, then there is a gravitational field, which is apprxoimately uniform,
g = 9.8m/s2, pointing towards the center of the earth. Then we have a nat-
ural intuition of how heavy the ball is: namely how much gravitational force
the ball experiences. If we can measure this gravitational force, and we divide
by g, we get the so called gravitational mass, which we denote by mG. It
characterizes how much gravitational force a certain object experiences. Now
since the gravitational force of an object with gravitationl mass mG is given
by F = mGg, and by Newton’s second law, we have F = mIa, then equat-
ing these two expressions (assuming the object only experience the force of
gravity) we have

a =

(
mG

mI

)
g.

One often compart gravity with the force of a particle with charge q experiences
in an electric field E, so we might as well cpmpare these two expressions. The
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acceleration that the charged particle experiences is

a =
( q
m

)
E

where m is the inertial mass of the particle. So somehow you can think of
mG as the gravitational charge, and the ratio mG/mI as the counterpart of
q/m in electromagnetic theory. Galileo long ago showed that (apocryphally by
dropping weights off the Leaning Tower of Pisa) that the response of matter
to gravity is universal - every object falls at the same rate in the gravitational
field, independent of the composition of the object. In other words, two objects
starting with the same initial state fall at the same rate. That is, mG/mI is
a constant. By adjusting the value of the gravitational constant G in F =
Gm1m2

r2
er we may assume mG/mI = 1, or

mG = mI .

But one should understand that mG and mI are of very different nature:
One is due to the effect of gravity, the other is observed due to acceleration.
Einstein suggested that these two masses are actually the same thing: They
have different causes, but they have the same effect. This is best characterized
by the following thought experiment.

Figure 3.1: An observer inside a closed laboratory cannot distinguish
whether they are in one situation or the other.

Consider an experimenter in a small, closed laboratory at rest on the sur-
face of the Moon or other source of gravitational force as illustrated in the
figure above. The laboratory is small enough that the gravitational field is
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uniform to any accuracy the experimenter can test. The experimenter can
carry out experiments with various objects. For example, if a cannonball and
a feather are dropped, they will fall to the floor of the laboratory with the
same acceleration the local acceleration of gravity g because of the equality of
gravitational and inertial mass. Consider the same laboratory in empty space,
far from any source of gravitational force, not at rest, but accelerated upward
with an acceleration g, as also illustrated in the figure. An experimenter inside
who drops a cannonball and a feather will observe that they fall to the floor
of the laboratory with equal accelerationsthe same result as for the laboratory
at rest in a gravitational field. By this, or any other mechanical experiment
with particles, the experimenter inside cannot tell whether the laboratory is
unaccelerated in a uniform gravitational field or accelerated in empty space.
The two laboratories are equivalent as far as these experiments are concerned.

The power of the equivalence principle derives from its assertion that it
applies to all laws of physics. As an example, if we accept the equivalence
principle, we must also accept that light falls in a gravitational field with
the same acceleration as material bodies. It is not obvious otherwise how to
calculate the effect of gravity on light. There is no Newtonian equation of
motion: no F = mIa. Here is how the equivalence principle forces one to the
conclusion that light falls in a gravitational field.

Figure 3.2: A light ray in a gravitational field must fall with the same
acceleration as other objects. Gravity bends light!

In empty space, a light ray will move on a straight line in an inertial frame.
Suppose a light ray is observed from a laboratory accelerating transversely to
its direction of propagation (Fig.3.2). In the laboratory frame, the light ray will
exit at a position below where it entered because the laboratory has accelerated
upward in the time the light ray crosses. Thus, in the laboratory frame the
light ray will accelerate downward with the acceleration of the laboratory.
From the equivalence principle, one can deduce that the same behavior occurs
in a uniform gravitational field; i.e., the light ray accelerates downward with
the local acceleration of gravity.

To be careful, we must limit our claims about the impossibility of dis-
tinguishing gravity from uniform acceleration by restricting our attension to
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small enough regions in spacetime (space and time). If the lab is big enough,
the gravitational field would change from place to place in an observable way,
while the effect of acceleration would always fall straight down. But when the
spacetime volume is small, then uniform acceleration over a small enough time
interval barely affects the moving speed of a reference frame (in this case the
lab). Therefore, this lab behaves almost like an inertial frame if the lab occu-
pies a small enough spatial volume and if we consider a small enough interval
of time. Therefore, the WEP can be stated as follows:

Weak Equivalence Principle (WEP). Experiments in a suffi-
ciently small freely falling laboratory, over a sufficiently short time,
give results that are indistinguishable from those of the same ex-
periments in an inertial frame in empty space.

Inertial frame is something we deal with a lot in SR. And we know what
physical laws would be like in inertial frames. So Einstein generalizes to WEP
to the following:

Einstein Equivalence Principle (EEP). In small enough re-
gions of spacetime, the laws of physics reduce to those of special
relativity; it is impossible to detect the existence of a gravitational
field by means of local experiments.

Guess what? We can actually do better than this. We can show that there
always exists a local Lorentz frame. That means given a set of coordinate
system xα, with metric gαβ (the component can vary from place to place, need
not be constant). Then there exists a set of coordinates xα′ , and a coordinate
transformation L : {xα} →

{
xα

′
}

, such that the spacetime is Lorentz in the
vicinity of some event p. By Lorentz we mean the metric in the coordinate
xα

′ has a representation close to ηαβ . So suppose that our old coordinate can
be written as functions of the new coordinate:

xα = xα(xα
′
).

And this gives rise to the coordinate transformation matrix, which is just the
Jacobian:

Lαµ′ =
∂xα

∂xµ′
.

The goal is to show that we can find a coordinate system such that

gµ′ν′ = Lαµ′L
β
ν′gαβ = ηµ′ν′ (3.1)

over a small region containing p. We can expand the second expression of the
equation above in a Taylor series centered at p. Since we are given the metric
g, and we are free to choose coordinate transformation and their derivatives
to be whatever we want, we can compare the degrees of freedom offered by
the coordinate transformation (which we select) to the constraints imposed by
the metric and its derivatives. If we expand the metric:

gαβ = gαβ(p)+ (xγ
′ −xγ′p )∂γ′gαβ(p)+

1

2
(xγ

′ −xγ′p )(xσ
′ −xσ′

p )∂γ′∂σ′gαβ(p)+ · · ·

And we also have

Lαµ′ = Lαµ′(p)+(xγ
′−xγ′p )∂γ′Lαµ′(p)+

1

2
(xγ

′−xγ′p )(xσ
′−xσ′

p )∂γ′∂σ′Lαµ′(p)+· · ·
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So now gαβ(p), ∂gαβ(p), ∂
2gαβ(p) are constraints, which we have no control

over. And Lαµ′ , ∂L
α
µ′ , ∂

2Lαµ′ are specifiable, so they are our degrees of free-
dom. Now let us start counting! Plug the expansions into (3.1), we have that
(very schematically):

Lαµ′L
β
ν′gαβ = Lαµ′(p)L

β
ν′(p)gαβ(p) + (xγ

′ − xγ
′
p )A(∂gαβ(p), ∂L

α
µ′) (3.2)

+ (xγ
′ − xγ

′
p )(x

σ′ − xσ
′
p )B(∂2gαβ(p), ∂

2Lαµ′). (3.3)

Here, A(∂gαβ(p), ∂Lαµ′) is some function involving the first derivatives of the
metric and L, and similarly for B. We want to make this expression look like
ηµ′ν′ as possible. Let us look at this at the 0th order: My constraints are
gαβ(p). Since g is a metric, it is a symmetric 4× 4 matrix, 1 thus we have 10
constraints to satisfy. And our degrees of freedom are:

Lαµ′(p) =
∂xα

∂xµ′
.

This is NOT symmetric. So we have 16 degrees of freedom to satisfy the 10
constraints. We can easily make the 0th order equal to ηµ′ν′ , and we still have
16 − 10 = 6 degrees of freedom. What about the 1st order? My constraints
are ∂γ′gαβ(p), where γ = 0, 1, 2, 3. So this gives me 4× 10 = 40 constraints to
satisfy. The things we are allowed to choose are

∂γ′L
α
µ′(p) =

∂2xα

∂xγ′∂xµ′
(p).

This is symmetric on µ′ and γ′, and α = 0, 1, 2, 3. So we have a total of
4× 10 = 40 degrees of freedom. This is a perfect match. So we can make the
first order equal to zero, since I have as many constraints as my degrees of
freedom! However, we are not so luck when we come to the 2nd order. The
constraints are:

∂γ′∂σ′gαβ(p).

This is symmetric on γ′, σ′, and symmetric on α, β. So we have a total of
10× 10 = 100 constraints to satisfy. And our degrees of freedom are:

∂γ′∂σ′Lαµ′(p) =
∂3xα

∂xγ′∂xσ′∂xµ′
(p).

The number of degrees of freedom turns out to be (combinatorics...)

4× n(n+ 1)(n+ 2)

3!

∣∣∣∣
n=4

= 80.

Thus we cannot make the second order derivative of (3.2) vanish. However, we
can make (3.2) equal to ηµ′ν′ in the 0th order (which means it is exactly ηµ′ν′

1A metric is always symmetric. For

gαβdx
αdxβ =

1

2

(
gαβdx

αdxβ + gβαdx
βdxα

)
=

1

2
(gαβ + gβα) dx

αdxβ .

So so only the symmetric part of gαβ would survive the sum. As such we may as well take
gαβ to be symmetric in its definition.
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at p), and make its first derivative vanish. But this is already good enough,
since this calculation implies that we can write

gµ′ν′ = ηµ′ν′ +O((∆x)2).

The term O((∆x)2) vanishes quickly when ∆x → 0. Therefore, just as the
EEP stated, we can find a local Lorentz frame in a sufficiently small region
around every event p in the spacetime. And the geometric in this small region
is effectively Minkowskian!

Now, when a gravitational field is present, in a sufficiently small region of
spacetime, we can construct locally inertial (Lorentz) frames. Thus to general-
ize the theory of gravity, the solution is to retain the notion of inertial frames,
but to discard the hope that they can be uniquely extended throughout space
and time. Instead, we can define locally inertial frames at every point. We
therefore need to invoke a mathematical framework in which physical theories
can be consistent with these conclusions. The solution will be to imagine the
spacetime has a curved geometry, and that gravitation is a manifestation of
this curvature. 2 The appropriate mathematical structure for this is that of a
differentiable manifold.

3.2 Smooth Manifolds
We assume the reader is familiar with basic point set topology. Here we quickly
review some definitions from topology. A topology on a set M is a collection
of subsets of M that includes ∅,M , and are closed under arbitrary unions and
finite intersections. These collection of subsets are called open sets of M .
The set M equipped with a topology is called a topological space. A map

f : M → N

between two topological spaces is called continuous, if for every open set U ⊆
N , the preimage f−1(U) ⊆ M of U under f is open in M . If f is bijective and
the inverse f−1 is also continuous, then f is called a homeomorphism. The
space M ,N are then called homeomorphic. Two space being homeomorphic
means that they are equivalent from the topological pointview. This is just like
when we say two sets are equivalent in the sense that there exists a bijective
between them, or two vector space being equivalent in the sense that they are
linearly isomorphic.

Suppose M is a Hausdorff, second countable space (that means for every
pair of distinct points there are disjoint open sets containing them, and there
exists a countable basis for the topology of M ). Then we call M a topological
manifold of dimension n if for every point p ∈ M we can find

• An open subset U ⊆ M containing p;

• An open subset V ⊂ Rn;
2Though this is very surprising, we can make some sense into it. Before we discussed

that the response of matter to gravity is independent of the composition of the object, and
they have the same acceleration provided they have the same initial state (e.g. where they
are released). This suggests that the effect of gravity does not depend on matters, but
on spacetime itself. So we may guess that gravity is actually an intrinsic property of the
spacetime, unlike other forces.
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• A homeomorphism φ : U → V .

The pair (U,φ) above is called a chart or coordinate system of M . A collec-
tion of charts A = {(Uα, φα)} of M is called an atlas if The set of Uα covers
M . When Uα∩Uβ 6= ∅, i.e. when two charts intersect, we can define the chart
transition map:

τα,β : φα (Uα ∩ Uβ) → φβ (Uα ∩ Uβ) τα,β = φβ ◦ φ−1
α .

Since τα,β is a composition of two homeomorphisms, it is a homeomorphism
itself.

Figure 3.3: Chart transition maps.

A map f : V → W , where V ⊆ Rm and W ⊆ Rn is called smooth if its
component functions are smooth, i.e. infinitely differentiable. If f is bijective
and the inverse f−1 is also smooth, then f is called a diffeomorphism. Then
V,W are called diffeomorphic. Two charts (Uα, φα) and (Uβ , φβ) are called
smoothly compatible if either Uα ∩ Uβ = ∅ or the transition map τα,β is
a diffeomorphism (which implies that τβ,α = (τα,β)

−1 is a diffeomorphism as
well). If any pair of charts in the atlas A of M is smoothly compactible, we
say M is a smooth manifold or a C∞ manifold.

Given a smooth manifold M , we can build local coordinates on M . Sup-
pose we have a chart (U,φ) with U ⊆ M . Then we claim that we can build
coordinate U by labeling the points in U uniquely (see the discussion on ref-
erence frames in the last chapter). We have a homeomorphism φ : U → V
where V ⊆ Rn is some open set in Rn. Then, since homeomorphism φ is a
bijective map, for every point p ∈ U there exists a unique n-tuple

φ(p) = (xµ) ∈ V ⊆ Rn µ = 1, 2, ..., n.

For different values of p we have different values of (xµ). Therefore, for each
µ, we can think of xµ as a function xµ : U ⊆ M → Rn by the rule xµ(p)
is the µth coordinate of the n-tuple φ(p). Or alternatively, we can think of
labeling the points p on U ⊂ M uniquely by the tuple (xµ). This gives the
local coordinates of a manifold M . Since U and V are homeomorphic, we
identify them sometimes, and think about coordinate lines xµ on manifolds
instead.
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Figure 3.4: Local coordinate system

3.3 Tangent Vectors
Having constructed this groundwork, we can now proceed to introduce various
kinds of structure on manifolds. We begin by vectors and tangent spaces. We
mentioned these concepts in the last chapter. One point we stressed was the
notion of a tangent space Tp at a point p ∈ M , which is the set of all vectors
at a single point on our (spacetime) manifold M .

Let us think about how to construct the tangent space Tp at a point p ∈ M ,
using only things that are intrinsic to M . We want to define tangent vectors in
an intrinsic way because in relativity often we are given a manifold M where
the embedding of M into larger Euclidean space is not avilable. So there is no
way we can get aid from anything other than the manifold itself. The first thing
we may consider is the tangent vector to a curve γ : R → M passing through
p at the point p. Then we may want to define Tp to be the collection of all
tangent vectors to these curves at the point p. But this is obviously cheating,
since we do not have a notion of what a "tangent vector" to a curve means. But
we are on the right track, we just have to make this coordinate independent.
Since each curve defines a directional derivative on the set of smooth functions3

f : M → R, namely every curve γ(λ) maps f → d(f ◦ γ)/dλ(λp), we can sort
of identify these operation of directional derivatives to a tangent vector. So
let us think about what directional derivatives need to satisfy in general.

To this end, we define F to be the set of all smooth functions f : M → R.
We define a tangent vector v at point p ∈ M to be a map v : F → R such
that

1. v is linear: For all f, g ∈ F and a, b ∈ R we have v(af + bg) = av(f) +
bv(g).

2. v obeys the Leibniz rule: v(fg) = f(p)v(g) + g(p)v(f).

It is clear that the set of all tangent vectors Tp at point p form a vector
space, since addition and scalar multiplication are well-defined: (v1+v2)(f) =

3A function f : M → R is called smooth if for every p ∈ M , there exists a smooth chart
(U,φ) such that p ∈ U and the composite map f ◦ φ−1 : V → R is smooth.
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v1(f) + v2(f) and (av)(f) = av(f). Now we claim that

dimTp = dimM = n.

We will show this claim by finding a suitable basis for Tp. Let (O,ψ) be
a coordinate chart such that p ∈ O. For µ = 1, 2, ..., n, define the partial
derivative operator ∂µ : F → R by

∂µf =
∂

∂xµ
(f ◦ ψ−1)

∣∣∣∣
ψ(p)

.

Here, (x1, ..., xn) are the Cartesian coordinates of Rn. Then it is easy to verify
that

• ∂µ are indeed tangent vectors (satisfying 1 and 2 above);

• ∂µ are linearly independent.

We left this easy exercise to the reader. To show that they span Tp, we use the
following result from calculus: If F : Rn → R is smooth (C∞), then for each
a = (a1, ..., an) ∈ Rn there exists C∞ functions Hµ such that for all x ∈ Rn

we have

F (x) = F (a) + (xµ − aµ)Hµ(x) Hµ(a) =
∂F

∂xµ

∣∣∣∣
x=a

.

This is just a generalized version of the chain rule dF = ∂µFdx
µ. Now, we

apply the result here, letting F = f ◦ ψ−1 and a = ψ(p). Then, for all q ∈ O,
we have that

f(q) = f(p) + [xµ(ψ(q))− xµ(ψ(p))]Hµ(ψ(q)).

Let v ∈ Tp, we wish to show that v is a linear combination of ∂µs. To do this,
apply v to f , using the equation above, the linearity, the Leibniz rule, and the
fact that v applied to a constant such as f(p) vanishes. We obtain

v(f) = v[f(p)] + [xµ(ψ(q))− xµ(ψ(p))] q=p v(Hµ ◦ ψ) + (Hµ ◦ ψ(p))v[xµ(ψ(q))− xµ(ψ(p))]

= [Hµ ◦ ψ(p)]v(xµ ◦ ψ).

But by our definition, we have that

Hµ ◦ ψ(p) =
∂F

∂xµ
(ψ(p))

∂

∂xµ
(f ◦ ψ−1)

∣∣∣∣
ψ(p)

= ∂µf.

Therefore, we have
v(f) = vµ∂µ(f)

where
vµ = v(xµ ◦ ψ).

Since this is true for any f ∈ F , we have that

v = vµ∂µ.

This proves the claim. Therefore, indeed we have dimTp = dimM = n and the
basis of Tp is given by the partial derivatives ∂µs defined on local coordinates.
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Given a new basis xµ′ , each of them is a function of the old coordinates,
xµ

′
(xµ), and the transformation rule of the basis tangent vectors is simply

∂µ′ =
∂xν

∂xµ′
∂ν .

Given a vector V , we can write it in terms of two different set of basis:

V µ∂µ = V µ′∂µ′ = V µ′ ∂x
µ

∂xµ′
∂µ

Thus

V µ′ =
∂xµ

′

∂xµ
V µ.

Notice that ∂xµ′/∂xµ is the inverse of the matrix ∂xµ/∂xµ
′ . Observe that

this rule is compatible with the Lorentz transformation rule of vectors that we
derived earlier, but much more general. So how exactly are derivations related
to the tangent vectors of curves? Say we have a curve γ : R → M . And say
λp ∈ R such that γ(λp) = p ∈ M . Let (U,φ) be a chart containing p and
let f ∈ F . Then we can identify the tangent vector of γ at p with a tangent
vector T ∈ Tp, such that

T (f) =
d

dλ
(f ◦ γ)

∣∣∣∣
λ=λp

.

The map φ ◦ γ : R → Rn is a curve in Rn, with components xµ(λ). Then by
the chain rule (see the figure below), we have

T (f) =
d

dλ
(f ◦ γ)

∣∣∣∣
λ=λp

=
dxµ

dλ

∣∣∣∣
λ=λp

· ∂

∂xµ
(f ◦ φ−1)

∣∣∣∣
φ(p)

=
dxµ

dλ
∂µf.

Therefore, the tangent vector T is a linear combination of the partial deriva-
tives with coefficients dxµ/dλ. This is very easy to remember. So what are the
partial derivatives ∂µ anyway? Given an arbitrary curve, its tangent vector is
of the from

T =
dxν

dλ
∂ν .

We see that
∂µ = δνµ∂ν .

Therefore, if we have a curve, with the condition

dxν

dλ
= δνµ ,

then its tangent vector should be the vector ∂µ. Clearly, a curve γ that
satisfies the condition above is the curve whose image φ ◦ γ that is constant
in all the components xν(λ) for all ν 6= µ, and xµ(λ) is varying (actually, it is
parametrized by λ itself). Recalling from our discussion on local coordinate
in the last section, we can think of this curve on M as the one fixing all the
grids xν for ν 6= µ. So this curve is a grid line in the µ-direction, as the figure
below suggests.
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γ

x1

x2

φ ◦ γ

M

U

φ(U)

p
φ(p)

(
∂
∂x1

)
p

x1

x2

φ

Figure 3.5: A curve γ on M having (∂/∂x1)p as its tangent vector at p, with
φ : U → φ(U) ⊂ Rn a diffeomorphism between open sets.

Since a vector v ∈ Tp is a map F → R by taking derivative, it should be
clear that a vector field defines a map F → F by taking derivatives. Given
two vector fields X,Y , we can define their commutator [X,Y ] by

[X,Y ](f) = X(Y (f))− Y (X(f)).

It is easy to check that the commutator is linear and obeys the Libniz rule. So
the commutator of two vector fields gives a third vector field. The components
can be written as

[X,Y ]µ = Xλ∂λY
µ − Y λ∂λX

µ.

This is actually a well-defined tensor. The commutator is sometimes called the
Lie bracket. Note that since partial derivatives commutes, the commutator
of the vector fields given by the partial derivatives of the coordinate functions
∂µ always vanishes.

3.4 Tensors
Now we follow the steps we took in the last chapter, and study dual vectors.
Given a tangent space Tp, the cotangent space T ∗

p , which is dual to Tp, is the
collection of linear maps Tp → R. In the last chapter, we defined the gradient
of a function f . But now our function f is a map M → R. There is a natural
way to let the gradient df act on a vector v and give a real number, so the
definition is

df(v) = v(f).

It is easy to check that df is linear. Thus df ∈ T ∗
p . We know that dimT ∗

p =
dimTp = n, so we want to find a basis for T ∗

p . Clearly the natural basis is the
set of dual vectors ωµ(∂ν) = δµν . But notice that

dxµ(∂ν) = ∂νx
µ =

∂xµ

∂xν
= δµν .

Therefore the gradient dxµ are an appropriate set of basis dual vectors (you
should check spanning and linear independence). The transformation law is
just what you would expect:

dxµ
′
=
∂xµ

′

∂xν
dxν .
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It follows immediately that if ω = ωµdx
µ ∈ T ∗

p , then the transformation rule
is given by

ωµ′ =
∂xν

∂xµ′
ων .

The definition of a tensor is exactly the same as that in a flat space: a (k, l)
tensor is a linear map that takes k dual vectors and l vectors to R. The
component of a tensor in a coordinate basis can be obtained by

Tµ1···µkν1···νl = T (dxµ1 , . . . , dxµk , ∂ν1 , . . . , ∂νl) .

This is equivalent to

T = Tµ1···µk1 ν1···νl∂µ1 ⊗ · · · ⊗ ∂µk ⊗ dxν1 ⊗ · · · ⊗ dxνl .

Again we have the transformation rule as expected:

T
µ′1···µ′k

v′1···ν′l
=
∂xµ

′
1

∂xµ1
· · · ∂x

µ′k

∂xµk
∂xν1

∂xν
′
1
· · · ∂x

νl

∂xνl′
Tµ1···µkν1···νl .

However, it is usually easier to transform a tensor by taking the identity of
basis vectors and basis dual vectors as partial derivatives and gradients at face
value, and simply substitute in the coordinate transformation. For example.
let our coordinate system be x1 = x and x2 = y and the tensor be

Sµν =

(
1 0
0 x2

)
.

So we write
S = Sµν(dx

µ ⊗ dxν) = (dx)2 + x2(dy)2.

Now suppose our coordinate transformation is

x′ =
2x

y
y′ =

y

2
.

Then we have

x = x′y′ y = 2y′.

Differentiating, we get

dx = y′dx′ + x′dy′ dy = 2dy′.

Plugging in:

S =
(
y′
)2 (

dx′
)2

+ x′y′
(
dx′dy′ + dy′dx′

)
+
[(
x′
)2

+ 4
(
x′y′

)2] (
dy′

)2
.

Therefore,

Sµ′v′ =

(
(y′)2 x′y′

x′y′ (x′)2 + 4 (x′y′)2

)
.

For the most part, the various tensor operations we defined in flat space are
unaltered in a more general setting: contraction, symmetrization, and so on.
There are three important exceptions: partial derivatives, the metric, and the
Levi-Civita tensor. Let us look at the partial derivative first.
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In general, the partial derivative is not a tensor. We can see that by
considering the partial derivative of a dual vector, ∂µWν . If we change to a
new coordinate we have

∂

∂xµ′
Wν′ =

∂xµ

∂xµ′
∂

∂xµ

(
∂xν

∂xν′
Wν

)
=
∂xµ

∂xµ′
∂xν

∂xν′

(
∂

∂xµ
Wν

)
+Wν

∂xµ

∂xµ′
∂

∂xµ
∂xν

∂xν′
.

The second term in the last line should not be there if ∂µWν were to transform
as a (0,2) tensor. This is because the derivative of the transformation matrix
does not vanish, as it did for Lorentz transformations in flat space. Since
differentiation is obviously important in physics, we will have to invent new
tensorial operation to make place of the partial derivative. In fact we will
invent several: the exterior derivative, and covariant derivative, and the Lie
derivative.

One of the most important tensors is the metric tensor . A metric tensor
gµν is a symmetric, nondegenerate (0,2) tensor. Nondegenerate means the
determinant g = |gµν | does not vanish. This allows us to define the inverse
metric gµν via

gµνgνσ = gλσg
λµ = δµσ .

In our discussion of path lengths in special relativity, we introduced the
line element

ds2 = ηµνdx
µdxν .

Of course now we know that dxµ os really a basis dual vector, it becomes
natural to use the term metric and line element interchangeably, and write

ds2 = gµνdx
µdxν .

Usually there is a set of equivalent expressions for inner product of two vectors
V µ and W ν :

gµνV
µW ν = g(V,W ) = ds2(V,W ).

As we will see, the metric tensor contains all the information we need to
describe the curvature of the manifold. And we will also see that the constancy
of the metric components is sufficient for a space to be flat. Although this
is not the case when our spacetime manifold M is curved, we can always
construct locally inertial coordinates, as we discussed in the first section. The
associated basis vectors then consitute a local Lorentz frame. This is the
rigorous statement of the fact that small enough regions os spacetime look
like flat (Minkowski) spacetime.

3.5 Differential Forms and Integration on Manifolds
As we mentioned before, there are three important non-tensorial objects. Now
we study the second one, the Levi-Civita symbol. This is defined as

ϵµ1µ2···µn =


+1 if µ1µ2 · · ·µn is an even permutation of 012 · · · (n− 1)

−1 if µ1µ2 · · ·µn is an odd permutation of 012 · · · (n− 1)

0 otherwise.
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By definition, the Levi-Civita symbol has components specified above in any
coordinate system. So this is not a tensor, which is why we call it a symbol,
for it does not change under coordinate transformation. But its behavior can
be related to that of an ordinary tensor by noting that given any n×n matrix
Mµ

µ′ , the determinant |M | = detM obeys

ϵµ′1µ′2···µ′n |M | = ϵµ1µ2···µnM
µ1
µ′1
Mµ2

µ′2
· · ·Mµn

µ′n
.

This is just equivalent to the usual formula in terms of matrices of cofactors,
as you should check. Now if we let Mµ

µ′ = ∂xµ/∂xµ
′ , we have

ϵµ′1µ′2···µ′n =

∣∣∣∣∣∂xµ
′

∂xµ

∣∣∣∣∣ϵµ1µ2···µn ∂xµ1∂xµ
′
1

∂xµ2

∂xµ
′
2
· · · ∂x

µn

∂xµ′n
.

We have used the fact that ∂xµ
′

∂xµ is the inverse of the matrix ∂xµ

∂xµ′
. And

|M−1| = |M |−1. So the Levi-Civita symbol transforms similar to the ten-
sor transformation, except for the determinant factor in the front. How can
we make a tensor out of this? Consider how the metric transforms:

gµ′ν′ =
∂xµ

∂xµ′
∂xν

∂xν′
gµν .

If we take the determinant on both sides, we find

|g′| =

∣∣∣∣∣∂xµ
′

∂xµ

∣∣∣∣∣
−2

|g|.

So the determinant of the metric is not a tensor either. "You are not a tensor?
Neither am I! Maybe we can hook up and be a tensor!" Therefore, we can
define the Levi-Civita tensor as

ϵµ1µ2···µn =
√
|g|ϵµ1µ2···µn .

This is now a real tensor. Now let us shift gears and study a special class
of tensors, called differential forms. A differential p-form is a complete
antisymmetric (0, p) tensor. Thus, scalars are automatically 0-forms, and dual
vectors are automatically 1-forms. We also have the 4-form ϵµνρσ. The space
of all p-forms are denoted by Λp. The space of all p-form over a manifold
M are denoted by Λp(M ). It can be shown that the number of linearly
independent p-forms on a n-dimensional vector space is n!

p!(n−p)! . Also, there
are no p-forms for p > n, since all the components will automatically be zero
by antisymmetry.

Given a p-form A and a q-form B, we cam form a (p+q) form by the oper-
ation of wedge product A ∧B by taking the antisymmetric tensor product:

(A ∧B)µ1···µp+q =
(p+ q)!

p!q!
A[µ1···µpBµp+1···µp+q ].

Fir example, the wedge product of two 1-forms is

(A ∧B)µν = 2A[µBν] = AµBν −AνBµ.
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Note that
A ∧B = (−1)pqB ∧A.

So you can alter the order of a wedge product, if you are careful with signs.
You are free to suppress indices when using forms, since we know that all the
indices are downstairs, and the tensors are completely antisymmetric.

The exterior derivative operator d allows us to differentiate a p-form
field and get a (p+1)-form field. This is defined as an appropriately normalized,
antisymmetrized partial derivative:

(dA)µ1···µp+1 = (p+ 1)∂[µ1Aµ2···µp+1].

The simplest example is the gradient, which is the exterior derivative of a
0-form:

(dϕ)µ = ∂µϕ.

Exterior derivatives obey a modified version of the Leibniz rule when applied
to the product of a p-form ω and a q-form η:

d(ω ∧ η) = (dω) ∧ η + (−1)pω ∧ (dη).

There are so many interesting things we can say about differential froms: [10]
mentioned closed and exact forms, and Hodge duality. But this is not the main
point right now. We will turn to integration after mentioning the interesting
observation that the Maxwell’s equation ∂[µFνλ] = 0 can be written neatly
into

dF = 0.

The other Maxwell’s equation can be written as

d(∗F ) = ∗J.

Now, integration. In Rn, the change of variable formula tells us that∫
Rn

dnx′ =

∫
Rn

∣∣∣∣∣∂xµ
′

∂xµ

∣∣∣∣∣dnx.
There is a beautiful explanation of this formula from the pointview of differen-
tial forms, which arises from the following fact: On a n-dimensional manifold
M , the integrand is properly understood as an n-form. In other words, an in-
tegral over an n-dimensional region is a map from an n-form to real numbers:∫
Σ : ω → R.

The realization that the integrand is actually an n-form is not as trivial as
it might seem. We have to explain that in what sense is the integrand anti-
symmetric, and why it is a (0, n) tensor. Integrals can be written as

∫
f(x)dµ,

where f(x) is a scalar function and dµ is the volume element or volume mea-
sure. The volume element assign every region a real number, namely the
volume of that region. For an infinitesimal region, we can approximate it by
parallelepipeds, specified by n vectors that defines its edge. One volume el-
ement then, should be a map from n vectors to real numbers. Linearity is
obvious from the geometry. Therefore our volume element dµ is a (0, n) ten-
sor. It is antisymmetric because we are taking the orientation of the volume
into consideration.
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Now the idea is to identify the volume element dnx as an antisymmetric
tensor density constructed with wedge products:

dnx = dx0 ∧ · · · ∧ dxn−1.

But this is a density, not a tensor! You may be confused, since forms are
tensors. Well, certainly if we have two functions f, g ∈ F , then df, dg are 1-
forms and df∧dg is a 2-form. But then function appearing above are coordinate
functions themselves. When we change coordinates, we replace the one form
dxµ with a new set dxµ′ . You see the funny business - ordinarily a coordinate
transformation changes components, not one forms themselves. The RHS of
the equation above is coordinate dependent. Let us see this in action. We can
write according to the definition of wedge product:

dx0 ∧ · · · ∧ dxn−1 =
1

n!
ϵµ1···µn dxµ1 ∧ · · · ∧ dxµn (3.4)

since both the wedge product and the Levi-Civita symbol are completely an-
tisymmetric. The factor 1/n! takes care of the overcounting introduced by
summing over the permutations of the indices. Undr a coordinate transforma-
tion ϵ remains the same, while the one form transforms according to the chain
rule, leading to

ϵµ1···µn dxµ1 ∧ · · · ∧ dxµn = ϵµ1···µn
∂xµ1

∂xµ
′
1
· · · ∂x

µn

∂xµ′n
dxµ

′
1 ∧ · · · ∧ dxµ

′
n

=

∣∣∣∣ ∂xµ∂xµ′

∣∣∣∣ ϵµ′1···µ′ndxµ′1 ∧ · · · ∧ dxµ
′
n .

Multiplying by the Jacobian on both sides and using (3.4) gives

dnx′ =

∣∣∣∣∣∂xµ
′

∂xµ

∣∣∣∣∣dnx.
Therefore, we indeed have that the volume element dnx transforms as a density,
not a tensor. The integral of a function over a certain volume should not
change if we change coordinates (think about integrating f : R3 → R over
a volume. The value of the integral should not depend on whether we use
spherical coordinates or anything else). And we want to define integrals using
only the intrinsic properties of the manifold, with no embeddings. But again
we know how to construct a tensor out of this. The quantity√

|g|dnx =
√
|g|dx0 ∧ dx1 · · · ∧ dxn−1

is a well-defined tensor. Therefore, given a scalar function ϕ over an n-
manifold, its integral is defined to be∫

ϕ(x)
√

|g|dnx.

Given explicit forms for ϕ(x) amd
√

|g|, such an integral can be evaluated by
the usual methods of mutivariable calculus. The metric determinant serves to
automatically take care of the correct transformation properties.
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3.6 Covariant Derivatives
In the previous discussion, we have seen that the partial derivative operator
∂µ is not a tensor. However, equations like ∂µTµν = 0 must be generalized to
curved space somehow. So we would like to have a covariant derivative opera-
tor, which reduces to partial derivative in flat space with inertial coordinates,
but transforms as a tensor on an arbitrary manifold.

In flat space in inertial coordinates, the partial derivative operator ∂µ is
a map from (k, l) tensor fields to (k, l + 1) tensor fields. It acts linearly on
its components and obeys the Leibniz rule on tensor products. These are the
properties we still want to be true for a covariant derivative. In addition to
that there are other useful assumptions that we want to make (as we will see).
So let us define the covariant derivative operator ∇ to be a map from (k, l)
vector fields to (k, l + 1) vector fields such that

1. It is linear: ∇(T + S) = ∇T +∇S;

2. It obeys Leibniz rule: ∇(T ⊗ S) = (∇T )⊗ S + T ⊗ (∇S);

3. It commuts with contractions: ∇µ(T
λ
λρ ) = (∇T ) λ

µ λρ;

4. It reduces to partial derivative on scalars: ∇µϕ = ∂µϕ.

So let us investigate how this operator should look like. If ∇ is going to
obey the Leibniz rule, it can always be written as the partial derivative plus
some linear transformation (as a correction). We are not going to prove this
statement, for that we refer to the method shown in [?]. Thus given a vector
V ν , the covariant derivative of this vector on the µth direction is given by the
partial derivative plus a set of n × n matrix coefficient (Γµ)

ρ
σ, known as the

connection coefficients, which is simply denoted by Γρµσ. That is,

∇µV
ν = ∂µV

ν + ΓνµλV
λ.

The first term accounts for the change in the component of the vector V ν ,
and the second term ΓνµλV

λ accounts for the fact that the coordinates may
change (not the vector components) from place to place, and this effect is a
linear transformation in the first order.

Since we demand this object to be a tensor, it must change according to
tensor transformation rules:

∇µ′V
ν′ =

∂xµ

∂xµ′
∂xν

′

∂xν
∇µV

ν .

The LHS can be expanded (since we know how partial derivative transforms,
see discussions before) as

∇µ′V
ν′ = ∂µ′V

ν′ + Γν
′
µ′λ′V

λ′

=
∂xµ

∂xµ′
∂xν

′

∂xν
∂µV

ν +
∂xµ

∂xµ′
V ν ∂

∂xµ
∂xν

′

∂xν
+ Γν

′
µ′λ′

∂xλ
′

∂xλ
V λ.

Meanwhile, the RHS is given by definition

∂xµ

∂xµ′
∂xν

′

∂xν
∇µV

ν =
∂xµ

∂xµ′
∂xν

′

∂xν
∂µV

ν +
∂xµ

∂xµ′
∂xν

′

∂xν
ΓνµλV

λ.
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If we equate these two expressions, the first terms on both sides cancel out,
and we change the dummy index ν → λ:

Γν
′
µ′λ′

∂xλ
′

∂xλ
V λ +

∂xµ

∂xµ′
V λ ∂

∂xµ
∂xν

′

∂xλ
=
∂xµ

∂xµ′
∂xν

′

∂xν
ΓνµλV

λ.

Since this must be true for any vector V λ, we can eliminate that on both sides
and multiply on both sides by ∂xλ/∂xσ′ and relabel σ′ → λ′, which gives

Γν
′
µ′λ′ =

∂xµ

∂xµ′
∂xλ

∂xλ′
∂xν

′

∂xν
Γνµλ −

∂xµ

∂xµ′
∂xλ

∂xλ′
∂2xν

′

∂xµ∂xλ
.

This is not the tensor transformation law. But that’s okay, since the con-
nection coefficients are not components of a tensor. They are purposefully
constructed to be nontensorial, but in such a way that the combination ∇µV

ν

transforms as a tensor. The extra terms in the transformation of the partials
and the connection coefficients exactly cancel.

We now investigate how the covariant derivative operator acts on 1-forms
ων . Once again this can be written as

∇µων = ∂µων + Γ̃λµνωλ.

We can find what the connection coefficient is by computing

∇µ

(
ωλV

λ
)
= (∇µωλ)V

λ + ωλ

(
∇µV

λ
)

= (∂µωλ)V
λ + Γ̃σµλωσV

λ + ωλ

(
∂µV

λ
)
+ ωλΓ

λ
µρV

ρ.

But since ωλV λ is a scalar, this must also be given by the partial derivative:

∇µ

(
ωλV

λ
)
= ∂µ

(
ωλV

λ
)

= (∂µωλ)V
λ + ωλ

(
∂µV

λ
)
.

These two expressions are equal (since both ωσ and V λ are arbitrary) if and
only if

Γ̃σµλ = −Γσµλ.

Thus the covariant derivative on a 1-form is given by

∇µων = ∂µων − Γλµνωλ.

Now we can deduce how the covariant derivative acts on a tensor. For each
upper index we introduce a term with a single +Γ and for each lower index
with a term −Γ:

∇σT
µ1µ2···µk

ν1ν2···νl = ∂σT
µ1µ2···µk

ν1ν2···νl+

+ Γµ1σλT
λµ2···µk

ν1ν2···νl + Γµ2σλT
µ1λ···µk

ν1ν2···νl + · · ·
− Γλσν1T

µ1µ2···µk
λν2···νl − Γλσν2T

µ1µ2···µk
ν1λ···νl − · · · .

To define a covariant derivative, then, we need to put a connection on our
manifold, which is specified in some coordinate system by a set of coefficients
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Γλµν . So there are a total of n3 = 64 of them. Evidently, we can define a large
number of connections on any manifold, and each of them implies a distinct
notion of covariant differentiation. But in GR it turns out that every metric
defined a unique connection, which we will stick to. Let us see how that works.

The first thing to notice is that the difference of two connections

Sλµν = Γλµν − Γ̂λµν

is a tensor. To see this, notice that

∇µV
λ − ∇̂µV

λ = ∂µV
λ + ΓλµνV

λ − ∂µV
λ − Γ̂λµνV

λ

= SλµνV
ν .

The LHS is a tensor, and V ν is arbitrary. So the claim follows. Next, given a
connection Γλµν , we can immediately form another connection simply by per-
muting the lower indices. These coefficients also transforms like they should,
since the derivatives appeared in the last term of the connection transforma-
tion equation can be permuted. There is thus a tensor we can associate with
any given connection, known as the torsion tensor , defined by

T λµν = Γλµν − Γλνµ = 2Γλ[µν].

A connection that is symmetric on its lower indices is known as torsion-
free, i.e. the torsion with respect to this connection vanishes. We can now
define a unique connection on a manifold with a metric gµν by introducing
two additional properties:

• It is torsion-free: Γλµν = Γλ(µν);

• It is metric compatible: ∇ρgµν = 0.

This implies a couple of nice properties. First, we have

∇λϵµνρσ = 0 ∇ρg
µν = 0.

Second, a metric compatible covariant derivative commutes with raising and
lowering of indices:

gµλ∇ρV
λ = ∇ρ

(
gµλV

λ
)
= ∇ρVµ.

The claim is that there is exactly one torsion-free connection on a given man-
ifold that is compatible with some given metric on that manifold. We show
this by deriving a unique expression of the connection coefficients in terms of
the metric. To this end, we expand out the equation of metric compatibility
for three different permutation of the indices:

∇ρgµν = ∂ρgµν − Γλρµgλν − Γλρνgµλ = 0

∇µgνρ = ∂µgνρ − Γλµνgλρ − Γλµρgνλ = 0

∇νgρµ = ∂νgρµ − Γλνρgλµ − Γλνµgρλ = 0.

Subtracting the second and third of these from the first, and use the symmetry
of the connection to obtain

∂ρgµν − ∂µgνρ − ∂νgρµ + 2Γλµνgλρ = 0.
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This gives

Γσµν =
1

2
gσρ (∂µgνρ + ∂νgρµ − ∂ρgµν) .

This formula is one of the most important in this subject. Commit it to
memory. You can check the RHS of this equation transfroms like a connection.
This is called the Levi-Civita connection.

You see that when gµν = δµν , the connection vanishes and the covariant
derivative reduces to the ordinary partial derivative. It is worth mentioning
that the coefficients of the Levi-Civita connection in flat space vanishes in
Cartesian coordinates, but not in curvilinear coordinate systems. The example
of polar coordinates are given in [10]. Conversely, even in a curved space it is
still possible to make the Levi-Civita connection vanish at a given point. This
is because, as we argued in the beginning of this chapter, the first derivative
of the metric can always made to be equal to zero at a point.

We also need to note that converting partial derivatives into covariant
derivatives is not always necessary to construct a well-defined tensor. In par-
ticular, the exterior derivative and the commutator are both well-defined ten-
sors in terms of the partial derivatives, essentially because both involve an
antisymmetrization that cancels the nontensorial piece of the partial deriva-
tive transformation law. The same feature implies that they could ve equally
well-defined in terms of (torsion-free) covariant derivatives. Thus, we have,
for a 1-form ωµ and vector fields Xµ, Y µ, that

(dω)µν = ∂[µων] = ∇[µων]

[X,Y ]µ = Xλ∂λY
µ − Y λ∂λX

µ = Xλ∇λY
µ − Y λ∇λX

µ. (3.5)

3.7 Parallel Transport and Geodesics
Now that we know how to take covariant derivatives, let us think about what
it means. We think of a derivative as a way of quantifying how fast something
is changing. An ordinary function defines a number at each point in spacetime,
and it is straightforward to compare two different numbers, so we shouldn’t
be surprised that the partial derivative of functions remain valid on arbitrary
manifolds. But in the case of tensors, it is a map from vectors and dual
vectors to real numbers, and it is not immediately clear how to compare such
maps on different points. Can we think of covariant derivative as somehow
measuring the rate of change of tensors? And if so, with respect to what? The
answer is, the covariant derivative quantifies the instantaneous rate of change
of a tensor field in comparison to what the tensor would be if it were "parallel
transported". In other words, a connection defines a specific way of keepong a
tensor constant along some path, on the basis of which we can compare nearby
tensors. Parallel transport is supposed to be the curved-space generalization
of the concept of "keeping the vector constant" as we move along a path,
similarly for a tensor of arbitrary rank. Given a curve xµ(λ), the requirement
of constancy of a tensor Tµ1µ2···µkν1ν2···νl along this curve in flat space is simply
that the components be constant:

d

dλ
Tµ1µ2···µkν1ν2···νl =

dxµ

dλ

∂

∂xµ
Tµ1µ2···µkν1ν2···νl = 0.
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Figure 3.6: Parallel-transport a vector in flat and curved space along a path.
The vector can change, and this is due to the intrinsic property of the curved
space, known as the curvature, as we will see.

To make this properly tensorial we simply replace the partial derivative by a
covariant one, and define the directional covariant derivative to be

D

dλ
=
dxµ

dλ
∇µ.

This is a map, defined only along the path, from (k, l) tensors to (k, l) tensors.
We then define the parallel transport of the tensor T along the path xµ(λ) to
be the requirement that the covariant derivative of T along the path vanishes:(

D

dλ
T

)µ1µ2···µk
ν1ν2···νl

≡ dxσ

dλ
∇σT

µ1µ2···µk
ν1ν2···νl = 0.

This is a well-defined tensor equation, known as the equation of parallel trans-
port. For a vector it takes the form

d

dλ
V µ + Γµσρ

dxσ

dλ
V ρ = 0.

This is a first-order differential equation. Given an intial value (i.e. the vector
at some point along the path), there will be a unique continuation of the vector
to other points along the path that solves the equation above. We say such a
vector is parallel-transported (and of course this generalizes to tensors).

Obviously parallel transport depends on the connection, and different con-
nections lead to different answers. If the connection is metric-compatible, the
metric is always parallel transported with respect to it:

D

dλ
gµν =

dxσ

dλ
∇σgµν = 0.

It follows that the inner product of two parallel-transported vectors is pre-
served. If V µ and W ν are parallel-transported along a curve xσ(λ), we have

D

dλ
(gµνV

µW ν) =

(
D

dλ
gµν

)
V µW ν+gµν

(
D

dλ
V µ

)
W ν+gµνV

µ

(
D

dλ
W ν

)
= 0.

Thus parallel transport with respect to a metric-compatible connection pre-
serves the norm of vectors, the sense of orthogonality, and so on.

Next, we discuss geodesics. A geodesic is the curved-space generalization
of the notion of a straight line in Euclidean space. We all know that a straight
line is the path of the shortest distance between two points. But there is an

69



equally good definition: it is a path that parallel-transports its own tangent
vector. It will turn out that these two definition coincide if and only if the
connection is the Levi-Civita connection.

We will start with this definition that a geodesic is a path that parallel-
transports its own tangent vector. The tangent vectors to a path xµ(λ) is
dxµ/dλ. The condition that it be parallel-transported is thus

D

dλ

dxµ

dλ
= 0.

Alternatively, we can write

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0. (3.6)

This is the geodesic equation This is another equation you should memorize.
We can see that in flat space with gµν = δµν this reduces to d2xµdλ2 = 0, which
is the equation for a straight line.

There is also a second definition. We define the geodesic connecting two
points to be the curve that extremizes the distance between two points. Let
us do the case for a timelike path, without loss of generality. We therefore
consider the proper time functional,

τ =

∫ (
−gµν

dxµ

dλ

dxν

dλ

)1/2

dλ

where the integral is over the path. The integral is of the form τ =
∫ √

−fdλ,
so the variation looks like

δτ =

∫
δ
√

−fdλ = −
∫

1

2
(−f)−1/2(δf)dλ.

So it makes things easier if we paramtrize the path using proper time τ itself.
So that the tangent vector is the 4-velocity Uµ, and

f = gµν
dxµ

dτ

dxν

dτ
= gµνU

µUν = −1.

Then we have
δτ = −1

2

∫
δfdλ.

So finding the stationary points of proper time functional is equivalent to
finding the stationary points of the simpler integral

I =
1

2

∫
fdτ =

1

2

∫
gµν

dxµ

dτ

dxν

dτ
dτ.

Stationary points of I will of course obey the Euler-Lagrange equations. But
it would be simpler to consider directly the change in the integral under in-
finitesimal variations of path

xµ → xµ + δxµ

gµν → gµν + (∂σgµν)δx
σ.
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The second line comes from the Taylor expansion in curved spacetime, which
uses partial derivatives, not the covariant derivative, since we are simply think-
ing of the component gµν as functions on spacetime in some specific coordinate
system. Then we see that

δI =
1

2

∫ [
∂σgµν

dxµ

dτ

dxν

dτ
δxσ + gµν

d (δxµ)

dτ

dxν

dτ
+ gµν

dxµ

dτ

d (δxν)

dτ

]
dτ.

The last two terms can be integrated by path. For example:

1

2

∫ [
gµν

dxµ

dτ

d (δxν)

dτ

]
dτ = −1

2

∫ [
gµν

d2xµ

dτ2
+
dgµν
dτ

dxµ

dτ

]
δxνdτ

= −1

2

∫ [
gµν

d2xµ

dτ2
+ ∂σgµν

dxσ

dτ

dxµ

dτ

]
δxνdτ.

The boundary term vanishes since we require δxµ to vanish at the endpoints of
the path. Then after some rearranging dummy indices, we find the variation
to be

δI = −
∫ [

gµσ
d2xµ

dτ2
+

1

2
(∂µgνσ + ∂νgσµ − ∂σgµν)

dxµ

dτ

dxν

dτ

]
δxσdτ.

We want δI to vanish for any variation δxσ, since we are searching for station-
ary points, this implies

gµσ
d2xµ

dτ2
+

1

2
(∂µgνσ + ∂νgσµ − ∂σgµν)

dxµ

dτ

dxν

dτ
= 0.

Multiplying by the inverse metric gρσ finally gives

d2xρ

dτ2
+

1

2
gρσ (∂µgνσ + ∂νgσµ − ∂σgµν)

dxµ

dτ

dxν

dτ
= 0.

This is precisely the geodesic equation, but with the specific choice of Levi-
Civita connection. Thus, on a manifold with metric, extremals of the length
functional are curves that parallel transport their tangent vector with respect
to the Levi-Civita connection associated with that metric.

3.8 The Riemann Curvature Tensor
In a curved space, the parallel transport of a vector around a closed loop will
result in a transformation of the vector. The resulting transformation depends
on the intrinsic nature of the curved space, called the curvature. In flat space,
if we parallel-transport a vector around a closed loop, the resulting vector will
be exactly the same as the vector that we started with. This is not the case if
we consider, say, the sphere S2. The picture below shows that this action will
result in a transformation of the vector.

So how to characterize this transformation on vectors? Since spacetime
looks flat in sufficiently small regions, our loop will be specified by two in-
finitesimal vectors δxµ and δxν . We imagine parallel- transporting a vector
V µ along this closed loop, as Fig.3.8 suggests. We know the acton of parallel
transport is independent of coordinates, so there should be some tensor that
tells us how the vector changes when it comes back to its starting point. It
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Figure 3.7: Parallel-transport a vector along the closed loop A→ B → N →
A, will result in a deviation by an angle α compared to what the vector was
before at the point A.

will be a linear transformation on a vector, and therefore involve one upper
and one lower index. But it will also depend on the two vectors δxµ and δxν .
Therefore the tensor we want should involve two additional lower indices to
contract with δxµ and δxν . Furthermore, the tensor should be antisymmet-
ric in these two indices, since interchanging the vectors corresponds to travel
along the loop in the opposite direction. We therefore expect the change δV ρ

experienced by this vector when parallel-transported around the loop should
be of the form

δV ρ = RρσµνV
σδxµδxν

where Rρσµν is a (1,3) tensor known as the Riemann curvature tensor or
simply curvature tensor. It is antisymmetric in the last two indices:

Rρσµν = −Rρσνµ.

We would like to know what Rρσµν is in terms of the intrinsic properties
of the space, possibly involving the metric, and the connection (by the way,
usually the connection coefficients Γρνσ are called the Christoffel symbol).
Using some very schematic notation, we have that

δV = VA − VA′ = [(VC − VD)− (VB − VA)]− [(VC − VB)− (VD − VA′)].

This notation of course makes no sense, since in curved space subtracting two
vectors is simply not defined. But here the idea is that subtracting really means
comparing. Since the covariant derivative of a tensor in a certain direction
measures how much the tensor changes relative to what it would have been
if it had been parallel transported (for the covariant derivative of a tensor in
a direction along which it is parallel-transported is zero), we can write the
equation above into a form that makes sense:

δV ρ = δxµδxν∇µ∇νV
ρ − δxνδxµ∇ν∇µV

ρ = δxµδxν [∇µ,∇ν ]V
ρ.
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Figure 3.8: We parallel-transporting a vector V along this infinitesimal
closed loop. The path is given by A → B → C → D → A. In the start-
ing point the vector is labeled to be VA, and similarly for other endpoints.
The transformed vector after the entire trip back at A is labeled by VA′ .

Now the goal is clear. The last term on the RHS is really just RρσµνV σδxµδxν .
So we want to compute the expression [∇µ,∇ν ]V

ρ. Our calculation below
works under the assumption that the connection is torsion-free. The result is
slightly different if this is not the case, see [10] for details. We proceed:

[∇µ,∇ν ]V
ρ

= ∇µ∇νV
ρ −∇ν∇µV

ρ

= ∇µ [∂νV
ρ + ΓρνσV

σ]− (µ↔ ν)

= ∂µ [∂νV
ρ + ΓρνσV

σ]− Γλµν
[
∂λV

ρ + ΓρλσV
σ
]
+ Γρµλ

[
∂νV

λ + ΓλνσV
σ
]
− (µ↔ ν)

= ∂µ∂νV
ρ + ∂µ (Γ

ρ
νσ)V

σ + Γρνσ∂µV
σ︸ ︷︷ ︸

∂µ(ΓρνσV σ)

−Γλµν∂λV
ρ − ΓλµνΓ

ρ
λσV

σ + Γρµλ∂νV
λ + ΓρµλΓ

λ
νσV

σ

− ∂ν∂µV
ρ − ∂ν

(
Γρµσ

)
V σ − Γρµσ∂νV

σ︸ ︷︷ ︸
∂ν(ΓρµσV σ)

+Γλνµ∂λV
ρ + ΓλνµΓ

ρ
λσV

σ − Γρνλ∂µV
λ − ΓρνλΓ

λ
µσV

σ

=
[
∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ

]
V σ.

This gives
Rρσµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ.

Notice that the antisymmetry of Rρσµν in the last two indices is immediate
from this formula. Now, as usual, it is straightforward to compute the action
of the commutator on a tensor of arbitrary rank. This is given by

[∇µ,∇ν ]T
µ1µ2···µk

ν1ν2···νl =R
µ1
λρσT

λµ2···µk
ν1ν2···νl +Rµ2λρσT

µ1λ···µk
ν1ν2···νl + · · ·

−Rλν1ρσT
µ1µ2···µk

λν2···νl −Rλν2ρσT
µ1µ2···µk

ν1λ···νl + · · · .

Now we give a criterion to determine whether a space is flat or not. We know
that even for a flat space, the metric gµν can take horrible forms depending
on the coordinate chosen. Also, as we have seen, the Christoffel symbol is not
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a good indicator of the flatness of the space, since in curved space we can also
make the Christoffel symbol vanish. But not we have the following result:

Theorem 3.1. If a coordinate system exists in which the component of the
metric are constant, the Riemann curvature tensor will vanish. Conversely, if
the Riemann curvature tensor vanishes, we can always construct a coordinate
system in which the metric components are constant.

The proof is given in [10], though not very rigorous. For a rigorous version,
you can check [2]. We will omit the proof here. But the punchline is, given
a metric gµν , we can calculate the riemann curvature tensor associated with
that metric, and if the curvature vanishes, then the space is flat; otherwise, it
has curvature.

The Riemann curvature tensor has lots of symmetries. This reduces the
independent component of the Riemann curvature tensor. Since the tensor
is of the from Rρσµν , you may guess at first that there are n4 independent
components. But there are a lot of symmetry and antisymmetry going on
here, as we will see.

We define
Rρσµν = gρλR

λ
σµν .

Let us consider the component of this tensor in locally inertial coordinates,
which exists by our previous argument in the beginning of this chapter. Then
at the origin of the coordinates, since ∂αgβγ = 0 for all α, β, γ in this co-
ordinate, the Christoffel symbols vanishes. We have, in the locally inertial
coordinate centered at the point p ∈ M , that

Rρσµν(p) = gρλ(∂µΓ
λ
νσ − ∂νΓ

λ
µσ)

=
1

2
gρλg

λτ (∂µ∂νgστ + ∂µ∂σgτν − ∂µ∂τgνσ − ∂ν∂µgστ − ∂ν∂σgτµ + ∂ν∂τgµσ)

=
1

2
gρλg

λτ (∂µ∂σgτν − ∂µ∂τgνσ − ∂ν∂σgτµ + ∂ν∂τgµσ)

=
1

2
(∂µ∂σgρν − ∂µ∂ρgνσ − ∂ν∂σgρµ + ∂ν∂ρgµσ).

For this expression we can notice immediately several properties of Rρσµν : It
is antisymmetric in its first two indices:

Rρσµν = −Rσρµν . (3.7)

It is antisymmetric on its last two indices, which we already know:

Rρσµν = −Rρσνµ. (3.8)

It is invariant under interchange of the first pair of indices with the second:

Rρσµν = Rµνρσ. (3.9)

We can also show that the sum of cyclic permutations of the last three indices
vanishes (just plug in the result above):

Rρσµν +Rρµνσ +Rρνσµ = 0.
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Using (3.8), we see that this is equivalent to

Rρ[σµν] = 0.

An immediate consequence of the equation above is that

R[ρσµν] = ±Rρ[σµν] ±Rσ[ρµν] ±Rµ[ρσν] ±Rν[ρσµ] = 0.

These equations are derived in a very special reference frame. But that’s okay.
Since they are all perfectly valid tensor equations, if they are true in one frame,
then they are true in every frame. Thus we can have full confidence in the
generality of the equations above.

How do these symmetries afftect the number of independent components of
the Riemann tensor? Some arguments of combinatorics, which can be found
in [10], shows that the number of independent components of the Riemann
tensor Rρσµν is

n2(n2 − 1)

12
.

Here n = dimM . So when n = 1, there is no curvature. When n = 4, the
number of independent components is 20. But if you go back to the argument
before when we were showing the existence of locally inertial coordinates, this
is exactly the degrees of freedom in the second derivatives of the metric that we
could not set to zero. This should reinforce your confidence that the Riemann
tensor is an appropriate measure of curvature.

We now show an important identity, called the Bianchi identity, which
says that

∇[λRρσ]µν = 0. (3.10)

To show this, we once again go back to the locally inertial frame, and we see
that by substituting our previous calculation, we have that

∇λRρσµν = ∂λRρσµν =
1

2
∂λ(∂µ∂σgρν − ∂µ∂ρgνσ − ∂ν∂σgρµ + ∂ν∂ρgµσ).

Then we find that

∇λRρσµν +∇ρRσλµν +∇σRλρµν = 0

simply by plugging in. Then by antisymmetry in the first two indices of
the Riemann tensor (3.7), we find that the expression above is equivalent to
2∇[λRρσ]µν = 0. This proves the claim.

Now, we define the Ricci tensor as:

Rµν = Rλµλν .

The Ricci tensor is symmetric, which can be shown by rewritting its expres-
sions:

Rµν = ∂αΓ
α
µν − ∂νΓ

α
αµ + ΓααβΓ

β
νµ − ΓανβΓ

β
αµ

= ∂αΓ
α
µν − ∂ν∂µ(ln |g|1/2) + ΓααβΓ

β
νµ − ΓανβΓ

β
αµ
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and this is symmetric under the change of indices µ↔ ν. To justify the second
expression in the second step, we find have that

Γααµ =
1

2
gαρ(∂αgµρ + ∂µgρα − ∂ρgαµ) =

1

2
gαρ∂µgρα.

The first and the third term in the sum cancels after the exchange of indices
µ↔ ρ on the third term. Next, we use Jacobi’s formula

∂µ ln(detA) = tr(A−1∂µA)

which gives

∂µ det g = (det g) tr(g−1∂µg) = (det g)gαλ∂µgαλ.

Then finally by chain rule we have

∂µ ln
(√

det g
)
=

1√
det g

1

2

1√
det g

∂µ det g = tr(g−1∂µg) =
1

2
gαλ∂µgαλ = Γααµ.

Thus
Rµν = Rνµ.

The trace of the Ricci tensor is the Ricci scalar :

R = Rµµ = gµνRµν .

The Ricci tensor and scalar contain all of the information about traces of the
Riemann tensor, leaving the trace-free parts. These are captured by the Weyl
tensor, which is discussed in [10].

An especially useful form of Bianchi identity (3.10) comes from contracting
twice on the cyclic sum:

0 = gνσgµλ(∇λRρσµν +∇ρRσλµν +∇σRλρµν)

= ∇µRρµ −∇ρR+∇νRρν .

This can be simplified into

∇µRρµ =
1

2
∇ρR. (3.11)

We define the Einstein tensor as

Gµν = Rµν −
1

2
Rgµν .

We see that the Bianchi identity (3.11) is equivalent to

∇µGµν = 0.
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3.9 Geodesic Deviation
The Riemann tensor shows up as a consequence of curvature in one more wany:
geodesic deviation. We known in flat geometry parallel lines remain parallel
forever. This need not be true when the space is curved (for example, on a
sphere parallel geodesics can meet at the north and south pole). We would
like to quantify this behavior for an arbitrary curved space.

Consider a one-parameter family of geodesics, γs(t). That is, for each
s ∈ R, γs is a geodesic parametrized by t. The collection of these curves
defines a smooth 2-dimensional submanifold Σ. Let xµ(s, t) denote the set of
points of Σ on M . The map (s, t) → γs(t) is smooth with a smooth inverse.
Thus we can let s, t as coordinates of the submanifold Σ. The vector field

Tµ =
∂xµ

∂t
=
dxµs (t)

dt

are tangent vectors to the geodesics. The deviation vectors

Sµ =
∂xµ

∂s

is another vector field that we can define. This name derives from the informal
notion that Sµ points from one geodesic toward the neighboring ones.

Figure 3.9

The idea that Sµ points from one geodesic to the next inspires us to define
the relative velocity of geodesics, given by

V µ = (∇TS)
µ = T ρ∇ρS

µ

and the relative acceleration of geodesics, given by

Aµ = (∇TV )µ = T ρ∇ρV
µ.

Since S, T are basis vectors adapted to a coordinate system, their commutator
vanishes (since in a coordinate system the basis vector will simply be ∂s = S
and ∂t = T ):

[S, T ] = 0
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which we discussed in section 2.3. We then have from (3.5) that

Sρ∇ρT
µ = T ρ∇ρS

µ.

Now, we compute

Aµ = T ρ∇ρ(T
σ∇σS

µ)

= T ρ∇ρ(S
σ∇σT

µ)

= (T ρ∇ρS
σ)(∇σT

µ) + T ρSσ∇ρ∇σT
µ

= (T ρ∇ρS
σ)(∇σT

µ) + T ρSσ(∇σ∇ρT
µ +RµνρσT

ν)

= (T ρ∇ρS
σ)(∇σT

µ) + Sσ∇σ(T
ρ∇ρT

µ)− (Sσ∇σT
ρ)∇ρT

µ +RµνρσT
νT ρSσ

= RµνρσT
νT ρSσ.

In the last step, the first term and the third term cancels out under the change
of indices ρ ↔ σ on the third term, and the second term vanishes because
T ρ∇ρT

µ = 0, for Tµ is the tangent vectors to a geodesic, which parallel-
transports its tangent vector. The result,

Aµ =
D2

dt2
Sµ = RµνρσT

νT ρSσ

is called the geodesic deviation equation It says that the relative acceler-
ation between two neighboring geodesics is proportional to the curvature.
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Chapter 4

Einstein’s Field Equation

The study of gravity falls naturally into two pieces: how the gravitational field
influences the behavior of matter, and how matter determines the gravitational
field. In Newtonian gravity, these two elemeents consists of the expression for
acceleration of a body in a gravitational potential ϕ, and Possion’s differential
equation for potentials in terms of matter density ρ and Newton’s gravitational
constant G:

a = −∇ϕ (4.1)
∇2ϕ = 4πGρ. (4.2)

In general relativity, the analogous statements will describe how the curvature
of spacetime acts on matter to manifest itself as gravity, and how energy and
momentum influence spacetime to create curvature.

In the previous chapter, we motivated our discussion of manifolds by in-
troducing EEP: "In small enough regions of spacetime, the laws of physics
reduce to those of special relativity; it is impossible to detect the existence of
a gravitational field by local experiments." The EEP arises from the idea that
gravity is universal; it affects all particles in the same way. This feature of
universality led Einstein to propose that what we experience as gravity is a
manifestation of the curvature of spacetime. The idea is simply that something
so universal as gravitation could be most easily described as a fundamental
feature of the background on which the matter fields propagate, as opposed
to as a conventional force. Also, this is supported by the similarity between
the undetectability of gravity in local regions and our ability to find locally
inertial coordinates (gµν(p) = ηµν(p), ∂µgµν = 0) on a manifold.

4.1 Physics in Curved Spacetime

The abstract philosophizing above translates directly into a simple recipe for
generalizing laws of physics to curved spacetime, which may be stated as
follows:

1. Take a law of physics, valid in inertial coordinates in flat spacetime.

2. Write it in a coordinate-invariant (tensorial) form.

3. Assert that the resulting law remains true in curved spacetime.
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Operationally, this recipe usually amounts to taking an agreed-upon law in
flat space and replacing the Minkowski metric ηµν to the more general metric
gµν , and replacing partial derivatives ∂µ by covariant derivatives ∇µ.

As our first example, we consider the motion of free-falling particles. In
flat space such particles move in straight lines; in equations, this is expressed
as the vanishing of the second derivative of the parametrized path xµ(λ):

d2xµ

dλ2
= 0.

This is not, in general, a tensor equation. Although dxµ/dλ are the compo-
nents of a vector, the second derivative are not. But we note that

d2xµ

dλ2
=
dxν

dλ
∂ν
dxµ

dλ
.

Therefore the generalization of the equation above in curved spacetime is sim-
ply

dxν

dλ
∇ν

dxµ

dλ
= 0.

We see that this is the geodesic equation:

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0.

In general relativity, therefore, free particles move along geodesics. We have
mentioned this before, but now you have a better idea why it is true. Another
easy example is the law of energy-momentum conservation in flat spacetime:

∂µT
µν = 0.

We can easily generalize this to the following law in curved spacetime:

∇µT
µν = 0.

It is one thing to generalize an equation from flat to curved spacetime; it is
something altogether different to argue that the result describes gravity. To
do so, we can show how the usual results of Newtonian gravity fits into the
picture. We can define the Newtonian limit by three requirement:

• The particles are moving slowly (with respect to the speed of light), that
is dxi

dτ � dt
dτ ;

• The gravitational field is weak: So that it can be considered as a per-
turbation of flat space, or we can write the metric as gµν = ηµν + hµν
where |hµν | � 1;

• The field is static, i.e. not changing with time. That is, ∂0gµν = 0.

Since the particle is moving slowly, the geodesic equation becomes

d2xµ

dτ2
+ Γµ00

(
dt

dτ

)2

= 0. (4.3)
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Since the field is static (∂0gµν = 0), the Christoffel symboll Γµ00 simplify:

Γµ00 =
1

2
gµλ (∂0gλ0 + ∂0g0λ − ∂λg00) = −1

2
gµλ∂λg00.

And since the metric is of the form

gµν = ηµν + hµν |hµν | � 1

We can easily compute 1 that the inverse metric is of the form

gµν = ηµν − hµν

to the first order in h. Here hµν = ηµρηνσhρσ. Putting it all together, to first
order in h we find that

Γµ00 = −1

2
ηµλ∂λh00.

The geodesic equation (4.3) therefore becomes

d2xµ

dτ2
=

1

2
ηµλ∂λh00

(
dt

dτ

)2

.

Using ∂0h00 = 0, the µ = 0 component is just

d2t

dτ2
= 0.

That is, dt/dτ is a constant. This makes sense since dt/dτ = (1−v2)−1/2 with
v2 � 1. To examine the spacelike components of the geodesic equation, recall
that the spacelike component of ηµν are just those of a 3× 3 identity matrix.
Thus

d2xi

dτ2
=

1

2

(
dt

dτ

)2

∂ih00.

Dividing both sides by (dt/dτ)2 gives

d2xi

dt2
=

1

2
∂ih00.

This begins to look a great deal like Newton’s theory of gravitation. Notice
that we can recover (3.1) if we make

h00 = −2ϕ g00 = −(1 + 2ϕ). (4.4)
1Let δ(·) denote an infinitesimal variation of something. Note that δ

(
g−1g

)
= δ

(
g−1

)
g+

g−1δg = 0. This gives that
δ
(
g−1) = −g−1(δg)g−1.

Now since δgµµ = hµν , and gµν = hµν + δgµν , substitute everything into the equation above
gives

δgµν = − (ηµα + δgµα)hαβ
(
ηβν + δgβν

)
= −ηµαhαβηβν = −hµν

to the first order. Therefore gµν = ηµν − hµν .
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4.2 Einstein’s Equation
Now let us generalize the Possion’s equation (3.2) to the curved spacetime,
which is known as the Einstein’s field equation. In (3,2), we have ∇2 = δij∂i∂j
is the Laplacian in space and ρ the mass density. We now informally guess
what the Einstein field equation looks like (in fact this is more or less what
Einstein did). When we were discussing energy-momentum tensor, we said
that the RHS of the Poisson’s equation must be replaced by a term involving
Tµν . And the LHS of Poisson’s equation should be the second derivative of a
potential-like object. We now guess that this potential like object should be
replaced by the metric gµν of spacetime, since in (4.4), we have related ϕ with
a component of gµν . The field equation then, informally, should take the form

[∇2g]µν ∝ Tµν .

So what exactly should be on the LHS? One may consider □gµν = ∇λ∇λgµν .
But this is automatically zero by metric compatibility. Thus Tµν would be zero,
so no. A second guess is that since Rρσµν is constructed from the Christoffel
symbols and their derivatives, and the Christofeel symbols are constructed
from the metric and its first derivatives, so Riemann curvature tensor contains
the second derivatives if gµν . It doesn’t have the right number of indices,
but we can contract it to form the Ricci tensor Rµν , which does, and this is
symmetric, just like Tµν . So it is tempting to guess that our field equation is

Rµν = κTµν

for some constant κ. But conservation of energy requires

∇µTµν = 0.

But Bianchi’s identity (3.11) gives

∇µRµν =
1

2
∇νR.

But our proposed field equation implies R = κgµνTµν = κT . So we have

∇µT = ∂µT = 0.

So this would imply T is constant throughout spacetime. This is highly un-
likely, since T 6= 0 in matter. We have to try harder. A third guess: Einstein’s
tensor

Gµν = Rµν −
1

2
Rgµν

contains the second derivative of the metric, has the right index, and always
obeys ∇µGµν = 0, as we discussed. Therefore, we propose

Gµν = κTµν . (4.5)

Now it remains to fix the constant κ, and see whether the result reproduces
gravity as we know it. Notice that contracting both sides of (4.5) gives

R = −κT.
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Using this we can rewrite (4.5) as

Rµν = κ(Tµν −
1

2
Tgµν). (4.6)

This is the same equation as (4.5), we just write it this way so that it simplifies
our following computations a little bit. We would like to see if it predicts New-
tonian gravity in the weak-field, time-independent, slowly-moving-particles
limit. To this end we consider a perfect fluid source of energy-momentum,
which are used to model idealized distributions of matter, such as the interior
of a star or an isotropic universe. The energy momentum tensor is therefore

Tµν = (ρ+ p)UµUν + pgµν .

Here Uµ is the 4-velocity and ρ, p are the rest-frame energy and momentum
densities. If we fix the unit by plugging in c, we see that Tµν = ρc2UµUν+ · · · ,
and clearly the ρ term dominates as we are considering the slowly-moving-
particle limit. So it suffices to consider the energy-momentum tensor of dust:

Tµν = ρUµUν .

Thus the "fluid" we are considering is some massive body, such as the Earth
or the Sun. We will work in the fluid rest frame, in which

Uµ = (U0, 0, 0, 0).

The timelike component can be fixed by appealing to the normalization con-
dition gµνU

µUν = g00(U
0)2 = −1 where the weak-field limit implies

g00 = −1 + h00

g00 = −1− h00

as we discussed before. Then to the first order of hµν we get

U0 = 1 +
1

2
h00.

Then we have

T00 = ρU0U0 = ρ

(
−1 +

1

2
h00

)2

≈ ρ(1 + h00) ≈ ρ

and since U0 = −U0, we have

T = gµνTµν = gµνρUµUν = ρUµUµ = ρU0U0 = −ρ
(
1 +

1

2
h00

)2

≈ −ρ(1+h00) ≈ −ρ.

Then we plug this into the 00 component of (4.6), and we get

R00 =
1

2
κρ.

To find the explicit expression involving metric, we need to evaluate R00 =
Rλ0λ0. In fact we only need Ri0i0, for R0

000 = 0 by antisymmetry.

Ri0j0 = ∂jΓ
i
00 − ∂0Γ

i
j0 + ΓijλΓ

λ
00 − Γi0λΓ

λ
j0.
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The second term is a time derivative, which vanishes for static fields. The
third and forth terms are of the form Γ2 ≈ O(h2), thus can be neglected. We
are left with Ri0i0 = ∂jΓ

i
00, from which we have

R00 = Ri0i0 = ∂i

[
1

2
giλ (∂0gλ0 + ∂0g0λ − ∂λg00)

]
= −1

2
δij∂i∂jh00 = −1

2
∇2h00.

And this is equal to 1
2κρ. We see that in the Newtonian limit the field equation

reduces to
∇2h00 = −κρ.

Since in (4.4) we set h00 = −2ϕ, it seems that if we set

κ = 8πG

then we can reproduce Poisson’s equation (3.2). Therefore, the Einstein’s
field equation is given by Gµν = 8πGTµν , or

Rµν −
1

2
Rgµν = 8πGTµν .

You may think, is this really it? Well, we will derive this equation again by an
action principle later, which is more rigorous. But it is good to know how to
guess. But this is not the end of the story. You can add any divergence free
tensor to the LHS of the equation above and still have a good field equation.
In particular we can add gµν to the LHS. But the unit is a little bit off so we
have to insert a constant Γ to make everything comes out right. That is,

Gµν + Λgµν = 8πTµν .

This Λ is called the cosmological constant. But we can also move the term
Λgµν to the RHS and think of this term as an additional source of energy. So
let us define

TΛ
µν = − Λ

8πG
gµν .

Then we have Gµν = 8πG(Tµν − TΛ
µµ), and TΛ

µµ is just a perfect fluid with

ρ =
Λ

8πG
p = − Λ

8πG
.

Such a energy-momentum tensor actually arises from quantum field theories.
This represents a form of zero point energy.

4.3 *Einstein-Hilbert Action

4.4 Linearized Gravity

In the previous section we derived Einstein’s field equation (EFE), which has
the form

Gαβ = 8πGTαβ .
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This is a set of differential equations for the spacetime given a source2. Unfor-
tunately, this is hard to solve, as we can think of Gαβ = D2

αβ(gµν), where D2
αβ

is some very complicated second order nonlinear operator. Even with the per-
fect fluid source Tαβ = (ρ+p)UαUβ+pgαβ , the EFE can be extremely hard to
solve in general. We also have the constraint of normalization gµνUµUν = −1
to satisfy. There are three major ways we can solve EFE, which we list below:

1. We consider weak field limit, where gαβ ∼ ηαβ so we can work in nearly
flat space, which is the topic of this chapter.

2. We consider symmetric solutions, which is considered in [10]

3. We solve EFE numerically. This will not be discussed in this notes.

In linearized gravity theory, we are assuming the gravity is weak such that
the metric takes the following form:

gµν = ηµν + hµν |hµν | � 1

and ηµν = diag(−1, 1, 1, 1) is in the canonical form. This gives us the freedom
to throw away all terms of the form O(h2) since they are small. We discussed
in the last chapter that the inverse metric takes the form

gµν = ηµν + hµν .

We first discuss several properties of such "nearly Lorentz" spaces. We consider
a coordinate transformation:

gµ′ν′ = Lαµ′L
β
ν′gαβ Lαµ′ =

∂xα

∂xµ′
.

In flat space, the Lorentz transformation Λαµ′ plays a special role. So let us
see (just for fun) how the Lorentz transformation acts on the metric. We apply
Lorentz transformation in nearly flat spacetime, we get

gµ′ν′ = Λαµ′Λ
β
ν′(ηαβ + hαβ)

= Λαµ′Λ
β
ν′ηαβ + Λαµ′Λ

β
ν′hαβ

= ηµ′ν′ + Λαµ′Λ
β
ν′hαβ

= ηµ′ν′ + hµ′ν′ .

So the Lorentz transformation applied to the nearly flat spacetime leaves the
metric of the flat space unchanged, and the pertubration of the background
transforms just as any tensor would transform in flat space. But we are not
working in flat space: Two geodesics that are initially parallel may not remain
parallel. But in many way it’s close enough that we can borrow many mathe-
matical tools used in flat spacetime. In particular, in this framework, we can
regard hαβ as an ordinary tensor field living in the ηαβ metric. Fundamentally
it is not, but we can imagine this sometimes, as many mathematical tools just
work perfectly in this fiction.

2By source we mean the form of the energy-momentum tensor Tαβ will be given. However,
we will need to solve Tαβ and the metric together.

85



Another thing to notice is how we raise indices:

hαβ = gαµgβνhµν = ηαµηβνhµν

to the first order of h. One final detail comes when we consider a coordinate
shift

xα
′
= xα + ξα(xβ)

where ξα(xβ) is a little offset that is a function of coordinates. Then our
coordinate tranformation matrix will be

Lα
′
β =

∂xα
′

∂xβ
= δα

′
β + ∂βξ

α.

We require
|∂βξα| � 1.

So the transformation above is an infinitesimal coordinate transformation.
Then it is not hard to recover from the relation Lα

′
βL

β
γ′ = δα

′
γ′ that

Lβγ′ = δβγ − ∂γξ
β .

Then

gµ′ν′ = Lαµ′L
β
ν′gαβ = (δαµ − ∂µξ

α)(δβν − ∂νξ
β)(ηαβ + hαβ)

= ηµν + hµν − ∂µξν − ∂νξµ +O(h · ∂ξ)
= ηµ′ν′ + hµ′ν′ .

Then we see that ηµ′ν′ = ηµν and

hµ′ν′ = hµν − ∂µξν − ∂νξµ. (4.7)

We call an infinitesimal coordinate transformation xα → xα+ξα of this kind a
gauge transformation in linearized gravity. We want to find the equations
of motion obeyed by perturbations hµν , which come by examining EFE to the
first order. The Christoffel symbols are given by

Γρµν =
1

2
gρλ (∂µgνλ + ∂νgλµ − ∂λgµν)

=
1

2
ηρλ (∂µhνλ + ∂νhλµ − ∂λhµν) .

Since the connection coefficients are first-order quantities, the only contribu-
tion to the Riemann tensor will come from the derivatives of Γ’s, not O(Γ2).
Lowering an index for convenience, we obtain

Rµανβ =
1

2
(∂α∂νhµβ + ∂µ∂βhαν − ∂α∂βhµν − ∂µ∂νhαβ).

The Ricci tensor comes from contracting over µ and ρ, giving

Rαβ = ηµνRµαγβ =
1

2
(∂α∂

µhµβ + ∂β∂
µhµα − ∂α∂βh−□hαβ)

which is manifestly symmetric in α and β. In this expression we defined
h = ηµνhµν = hµµ, and the d’Alembertian is simply the one from flat space,

□ = ηµν∂µ∂ν = −∂2t + ∂2x + ∂2y + ∂2z .
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Contracting again gives
R = ∂µ∂νh

µν −□h.
Notice that the gauge transformation leaves the linerized Riemman tensor
unchanged:

δRµνρσ =
1

2
(∂ρ∂ν∂µξσ + ∂ρ∂ν∂σξµ + ∂σ∂µ∂νξρ + ∂σ∂µ∂ρξν

−∂σ∂ν∂µξρ − ∂σ∂ν∂ρξµ − ∂ρ∂µ∂νξσ − ∂ρ∂µ∂σξν)

=0.

Putting it all together we obtain the Einstein tensor:

Gαβ = Rαβ −
1

2
ηαβR

=
1

2
(∂α∂

µhµβ + ∂β∂
µhµα − ∂α∂βh−□hαβ + ηαβ□h− ηαβ∂

µ∂νhµν).

This is already a mess. So let us clean up a little bit. We define

hαβ = hαβ −
1

2
ηαβh.

Then the trace is given by

h = ηαβhαβ = h− 1

2
h(ηαβηαβ) = −h.

Therefore, we call hαβ the trace-reversed metric perturbation. This is
useful because if we insert hαβ = hαβ+

1
2ηαβh, we see that the Einstein tensor

simplifies to

Gαβ =
1

2

(
∂α∂

µhµβ + ∂β∂
αhµα − ηαβ∂

µ∂νhµν −□hαβ
)
.

In the above expression, the first three terms contains the form ∂µhµν , and
if we can set ∂µhµν = 0, which is equivalent to divergence free condition
∂µh

µν
= 0 as you may check, then the Einstein tensor will be simplified into

only one term. These are 4 conditions to satisfy, and the gauge generators ξν
are 4 free functions. This suggest we can do it. Given (4.7), it is not hard to
arrive at

hµ′ν′ = hµν − ∂µξν − ∂νξµ + ηµν∂
αξα.

This suggests that

∂µ
′
hµ′ν′ = ∂µhµν −□ξν − ∂µ∂νξµ + ∂ν∂

αξα = ∂µhµν −□ξν

where the last two terms cancel. Therefore, if we choose our gauge generator
just right, we can adjust the perturbed metric such that ∂µ′hµ′ν′ = 0. In
particular, this can be done if we choose

□ξν = ∂µhµν . (4.8)

But (4.8) is a simple wave equation, whose solution is gauranteed to exist.
The gauge that satisfies (4.8) is called the Lorentz gauge in linearized gravity.
Therefore the Einstein tensor in this frame becomes

Gαβ = −1

2
□hαβ .
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Thus the EFE is simply
□hαβ = −16πGTαβ . (4.9)

(4.9) can be solved with radiative Green’s function. We will do this in the
next section. But now let us look at the solution to (4.9) in Newtonian limit.
This means that the source to be a static nonrelativistic perfect fluid. Then
∂0h = 0, and ρ� p, therefore we can write

Tαβ = ρUαUβ ∼


ρ

0
0

0

 .

Then our equation now becomes

∇2h00 = −16πGρ

where □ = ∇2 simply because ∂0h00 = 0. But since the Newtonian potential
ϕ solves ∇2ϕ = 4πGρ, we immediately have

h00 = −4ϕ

and all the remaining hµν = 0. Then since

hµν = hµν −
1

2
ηµνh,

and we have h = ηµνhµν = −h00 = 4ϕ, this leads to

hµν =


−2ϕ

−2ϕ
−2ϕ

−2ϕ

 .

Therefore the perturbed metric for static Newtonian sources is given by

ds2 = −(1 + 2ϕ)dt2 + (1− 2ϕ)(dx2 + dy2 + dz2). (4.10)
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Part II

Quantum Mechanics
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Chapter 5

Quantum Theory and
Representations

5.1 Introduction and Overview

5.1.1 Axioms of Quantum Mechanics

• The state of a quantum mechanical system is given by a nonzero vector
in a complex vector space H with Hermitian inner product 〈·, ·〉 . States
are usually denoted by |ψ〉 ∈ H .

• The observables of a quantum mechanical system are given by self-
adjoint linear operators on H .

• Time evolution of states |ψ(t)〉 ∈ H is given by the Schrödinger equation

iℏ
d

dt
|ψ(t)〉 = H |ψ(t)〉

where H is a distinguished observable called the Hamiltonian. H has
eigenvalues that are bounded below.

• States for which the value of an observable can be characterized by a
well-defined number are the eigenstates for the corresponding self-adjoint
operator. The value of the observable in such a state will be a real
number, the eigenvalue of the operator.

• Given an observable O and two unit-norm states |ψ1〉 , |ψ2〉 that are
eigenstates of O with distinct eigenvalues λ1, λ2, the complex linear com-
bination

c1 |ψ1〉+ c2 |ψ2〉

will not have a well-defined value for the observable O. If one attempts
to measure this observable, one will get either λ1 or λ2, with probability

|c1|2
|c1|2+|c2|2 and |c2|2

|c1|2+|c2|2 respectively.

5.1.2 Group Action and Representation

Given a group G acting on a space M , the space of all functions F (M) on M
comes with a natural G-action: Let f ∈ F (M), g ∈ G, x ∈ M , this action is
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defined by
(g · f)(x) = f(g−1 · x).

One can verify that this is a group action.

Definition 5.1. A representation (π, V ) if a group G is a homomorphism

π : G→ GL(V ).

This means that π(gh) = π(g)π(h) ∈ GL(V ).

The trivial representation is given by π(g) = I ∈ GL(V ) for all g ∈ G.

Definition 5.2. Let (π, V ) be a representation on a vector space V with
Hermitian inner product. We say π is unitary if it preserves inner product,
i.e.,

〈π(g)v, π(g)w〉 = 〈v, w〉

for all g ∈ G, v, w ∈ V.

5.1.3 Representations and Quantum Mechanics

The big idea is: whenever we have a physical quantum system with a group
G acting on it, the state space H will carry a unitary representation of G.
To see this intuitively (this will be discussed in greater detail later), for a
representation π and g ∈ G that are close to identity, exponentiation can be
used to write

π(g) = eA

for some A close to the zero matrix (in fact what we have is π(etX) = etπ
′(X)

where π′ is the differential map of π). It turns out that if π(g) is unitary, then
A will be skew-adjoint:

A† = −A.

Taking B = iA we find
B† = B.

Therefore B is a self-adjoint operator that corresponds to some observable of
the quantum system, which we obtain purely from the representation π itself!
On the other hand, knowing the observable B will give us A, which we may
then exponentiate to reconstruct the representation π(g).

5.2 U(1) and its Representations

5.2.1 Irreducible Representations

Definition 5.3. A representation π is called irreducible if it has no subrep-
resentation, i.e., no nonzero proper subspaces W ⊂ V such that (π|W ,W ) is
a representation.

Definition 5.4. Given (π1, V ), (π2,W ) representations , we can define the
direct sum representation (π1 ⊕ π2, V ⊕W ), which is given by

g ∈ G
π−→ π(g) =

(
π1(g) 0
0 π2(g)

)
.

91



Theorem 5.5. Any unitary representation can be written as a direct sum

π = π1 ⊕ · · · ⊕ πn

where each πj is irreducible.

Theorem 5.6 (Schur’s Lemma). If (π, V ) is irreducible, then the only linear
map T : V → V commuting with all π(g) are of the form T = λI, for some
λ ∈ C.

Theorem 5.7. All irreducible representations of an Abelian group is one-
dimensional.

5.2.2 U(1) and Its Representation

Definition 5.8. The group U(1) is the unit circle in C, i.e.,

U(1) = {eiθ : θ ∈ R}.

The group multiplication is the usual complex multiplication.

By previous theorem, all irreducible representations of U(1), which is
abelian, will be 1-dimensional. Thus they will be given by differentiable maps

π : U(1) → GL(1,C).

Theorem 5.9. All irreducible representations of the group U(1) are unitary
and given by

πk : e
iθ 7→ eikθ

where k ∈ Z.

Proof. See [3] pg 20-21.

5.2.3 The Charge Operator

By the previous theorems, for a general U(1) representation, we can decompose
the state space as

H = Hq1 ⊕ · · · ⊕ Hqn

for some integers q1, ..., qn, where n = dimH and each Hqj is a copy of C,
with U(1) acting by the πqj representation.

Choosing a basis element for each Hqj , define the charge operator by

Q =


q1 0 · · · 0
0 q2 · · · 0
· · · · · ·
0 0 · · · qn

 .

Since πN (eiθ) = eiNθ, through some calculation we find its derivative to be
π′N (θ) = iNθ. We mentioned previously that the representation can be recov-
ered by exponentiating the derivatives. Therefore, this motivates us to find
that

π(eiθ) = eiQθ =


eiq1θ 0 · · · 0
0 eiq2θ · · · 0
· · · · · ·
0 0 · · · eiqnθ

 ∈ U(n) ⊂ GL(n,C).
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The standard physics terminology is that Q is the generator of the U(1) action
by unitary transformations on the state space H . In fact one can further see
the relation by calculating the derivative of π, and in this case

π′ : T1U(1) = iR → Tπ(1)GL(n,C) =M(n,C),

iθ 7→ iQθ.

5.2.4 Conservation of Charge and U(1) Symmetry

Recall that the evolution of a state |ψ(t)〉 is determined by the Schrödinger
equation

d

dt
|ψ(t)〉 = −iH |ψ(0)〉

where we set ℏ = 1. The solution to this equation is given by the propagator
operator U(t) where

U(t) = e−itH

and
|ψ(t)〉 = U(t) |ψ(0)〉 .

Suppose now
[Q,H ] = 0,

then we also have [Q,U(t)] = 0 for all t. Therefore, suppose a state has a
well-defined charge q at t = 0, i.e., Q |ψ(0)〉 = q |ψ(0)〉 then it will also have a
well-defined charge at any time t, which is again q, for

Q |ψ(t)〉 = QU(t) |ψ(0)〉 = U(t)Q |ψ(0)〉 = qU(t) |ψ(0)〉 = q |ψ(t)〉 .

Therefore, when [Q,H ] = 0, the charge Q is conserved. Then the group U(1)
is said to act as a symmetry group of the system, with π(eiθ) the symmetry
transformations.

5.3 Lie Groups and Lie Algebras

5.3.1 Lie Groups

Definition 5.10. A group G is a Lie group if it is also a differentiable
manifold.

Definition 5.11. Here are some important Lie groups:

1. GL(n,F) = {L ∈M(n,F) : detL 6= 0}.

2. SL(n,F) = {L ∈ GL(n,F) : detL = 1}.

3. O(n) =
{
L ∈ GL(n,R) : L−1 = LT

}
.

4. SO(n) = {L ∈ O(n) : detL = 1}.

5. U(n) =
{
L ∈ GL(n,C) : L−1 = L†}.

6. SU(n) = {L ∈ U(n) : detL = 1}.
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Remark 5.12. Let L : V → V be the a linear operator on a complex vector
space V that preserves inner product, i.e., for all v, w ∈ V we have 〈Lv, Lw〉 =
〈v, w〉. This is equivalent to 〈L†Lv,w〉 = 〈v, w〉 for all v, w ∈ V , i.e.,

L† = L−1.

Therefore, we see that the set of linear maps on V that preserves inner product
is given by exactly U(n), up to isomorphism (since we have an isomorphism
V ∼= Cn). When V is a real vector space, we see that L† = LT , and the the
set of linear maps on V that preserves inner product is given by exactly O(n),
again up to isomorphism.

Remark 5.13. With some work one can show that in the case n = 2, any
matrix element in SU(2) will have the form(

α β

−β α

)
|α|2 + |β|2 = 1, α, β ∈ C.

One can show then that SU(2) is diffeomorphic to the 3-sphere S3, by viewing

S3 ⊂ R4 ∼= C2, and use the diffeomorphic map φ :

(
α β

−β α

)
7→ (α, β) ∈ C2.

5.3.2 Lie Algebras

Definition 5.14. Let G be a Lie group and e ∈ G be the identity element.
Then the Lie algebra g of G is defined to be its tangent space at identity,
i.e.,

g = TeG.

Definition 5.15. When G is a matrix Lie group of n× n invertible matrices,
the Lie algebra g of G is, equivalently, the space of n×n matrices X such that
etX ∈ G for all t ∈ R.

Proposition 5.16 (Lie algebras of important Lie groups). The following
statements are true:

1. gl(n,R) =M(n,F), the set of all n× n matrices with entries in F

2. sl(n,F) = {X ∈M(n,F) : trX = 0}.

3. o(n) =
{
X ∈M(n,R) : XT = −X

}
.

4. so(n) = o(n).

5. u(n) =
{
X ∈M(n,C) : X† = −X

}
.

6. su(n) =
{
X ∈M(n,C) : X† = −X, trX = 0

}
.

Proof. To prove (1), notice that for every X ∈ M(n,F), the matrix Ω = etX

is invertible, hence in GL(n,F). Thus the claim follows from definition.
To prove (2), notice that etX will have determinant 1 if and only if tr(tX) =

t tr(X) = 0, which implies trX = 0. Here we use the formula

det
(
eX

)
= etrX .
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To prove (5), notice that if Ω ∈ U(n), then ΩΩ† = I. Using (XY )T =

Y TXT , we can deduce that (etX)† = etX
†
. Now writing Ω = etX , the condition

that ΩΩ† = I becomes

etX(etX)† = etXetX
†
= I.

Taking the derivative of this equation gives

etXX†etX
†
+XetXetX

†
= 0.

Evaluating at t = 0 gives
X +X† = 0.

This proves (5). In the real case, X† = XT , hence (3) also follows immediately.
(6) is obvious.
To prove (3), note that any skew-symmetric real matrix has vanishing

trace. That is, if XT = −X, then clearly Xii = 0 for all i, therefore all
diagonal elements are zero. This concludes the proof.

5.3.3 Lie Group and Lie Algebra Representations

Definition 5.17. A Lie algebra representation (ϕ, V ) of a Lie algebra on a
complex n-dimensional vector space V is given by a real linear map ϕ : g →
gl(V ) ∼=M(n,C) such that

[ϕ(X), ϕ(Y )] = ϕ([X,Y ])

for all X,Y ∈ g. Such a representation is called unitary if the image of ϕ is
in u(n), i.e., ϕ(X)† = −ϕ(X). We say ϕ is irreducible if there is no proper
nonzero subspaces of V that is invariant under ϕ.

We can define the adjoint representation and check that indeed [X,Y ] is
an well-defined element in g for X,Y ∈ g. This is done in pg 57-58 in [3]. I
will not go through the detail.

Given a Lie group homomorphism π : G → GL(V ), one can consider the
differential π′ : TeG → Tπ(e)GL(V ) of this map. This is then a map between
Lie algebras: π′ : g → gl(V ). To see explicitly what π′ is, we recall the
definition of the differential map. For every X ∈ TeG = g, there exists (at
least in a small neighborhood of the identity) a unique curve γX such that
γX(0) = e and γ′X(0) = X. Then the differential map π′ takes X to the
tangent vector to the curve π(γX(t)) at t = 0.

Figure 5.1: An illustration of how π′ works.
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In the case where G is a matrix group, note that γ(t) = etX is a curve in
G with the property that γ(0) = e and γ′(0) = X. Therefore, we may take
γX(t) = etX . Then the differential map can be readily written as

π′(X) =
d

dt
π(etX)|t=0.

Now comes the key result in this section (the proof is given again on page
65 of [3], and I am going to skip it). This theorem tells us that a Lie group
representation naturally gives a Lie algebra representation, and one can use
this Lie algebra representation to recover the Lie group representation.

Theorem 5.18. Let π : G→ GL(n,C) be a Lie group homomorphism. Then
π′ : g → gl(n,C) =M(n,C) given by

π′(X) =
d

dt

(
π(etX)

)
|t=0

satisfies

1. π(etX) = etπ
′(X).

2. For g ∈ G, we have

π′(gXg−1) = π(g)π′(X)π(g)−1.

See pg 57 of [3] for a proof that gXg−1 ∈ g when X ∈ g.

3. π′([X,Y ]) = [π′(X), π′(Y )], i.e., π′ is a Lie algebra homomorphism.

5.4 Irreducible Representations of SU(2)

The goal of this chapter is to classify all irreducible representations of the
group SU(2). Recall that this is the group of 2 × 2 complex matrices with
L−1 = L† and determinant 1. We explained that any such matrix can must
be of the form (

α β

−β α

)
|α|2 + |β|2 = 1, α, β ∈ C.

In this section, we shall classify all the irreducible representations of SU(2),
and construct them explicitly. It will turn out that irreducible representations
of SU(2) are classified by a nonnegative integer n = 0, 1, 2, 3, ..., which we will
denote by πn. And each πn acts on a vector space of dimension n+ 1.

To classify irreducible representations of SU(2), we first linearize the prob-
lem by classifying irreducible representations of its Lie algebra su(2), and then
we exponentiate these irreducible representations of Lie algebras to get irre-
ducible representation of Lie group, by using the following theorems:

Theorem 5.19. Let G be a connected matrix Lie group with Lie algebra g.
Let π : G → GL(V ) be a representation of G, and let π′ : g → gl(V ) be its
associated representation of Lie algebra. Then π is irreducible if and only if
π′ is irreducible.
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A rigorous proof can be found in [5], proof of Proposition 16.39. Here we
give an intuitive proof that is not very rigorous.

Proof. Suppose π is irreducible, then clearly π′ is irreducible. To prove the
converse, suppose π′ is irreducible. Let W ⊂ V be a G-invariant subspace.
Then W is invariant under π(etX), where t ∈ R and X ∈ g. Then we claim
that W is also invariant under

π′(X) =
d

dt
π(etX)|t=0.

To see this, let p be the projection map onto W⊥. Since p is a linear and
continuous map, we deduce that

p

(
d

dt
π(etX)|t=0w

)
=

d

dt
|t=0 ◦ p

(
π(etX)w

)
= 0

for w ∈W . But this contradicts the irreduciblity of π′.

Theorem 5.20. If G is a simply connected matrix Lie group, then every
representation ϕ of g can be constructed from some Lie group representation
Φ of G, via

ϕ(X) =
d

dt
Φ(etX)|t=0.

The proof of Theorem 5.20 can be found in almost any basic Lie theory
text, such as [4]. Since we have discussed previously that there is a diffeomor-
phism SU(2) ∼= S3, which is simply connnected, the previous theorems imply
that it suffices to classify all irreducible representations of su(2).

5.4.1 Structure of su(2)

Consider the 2× 2 matrices

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
.

These are called Pauli matrices, which satisfies the commutation relations
[σj , σk] = 2i

∑3
l=1 ϵjklσl. It can be shown that these matrices form a basis of

su(2). Sometimes, people also define

Xj = − i

2
σj

and consider them as a basis, for they satisfy a simpler commutation relation
[Xj , Xk] =

∑3
l=1 ϵjklXl. Therefore, any group element Ω ∈ SU(2) near the

identity matrix satisfies

Ω ' I + ϵ1X1 + ϵ2X2 + ϵ3X3

for small real numbers ϵj . However, most physicists prefer another set of
self-adjoint operators as their basis, which are

Sj = iXj =
1

2
σj .

They corresponds to the spin of a particle. One can check that

[S1, S2] = iS3, [S2, S3] = iS1, [S3, S1] = iS2.
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5.4.2 The Highest Weight Theorem

We first provide a motivation of classifying irreducible representations of su(2).
We start from our original problem: classify irreducible representation of
SU(2). Notice that there is a natural inclusion U(1) → SU(2), given by

eiθ 7→
(
eiθ 0
0 e−iθ

)
∈ SU(2).

We identify U(1) with this isomorphic copy in SU(2). Now let (π, V ) be an
irreducible representation of SU(2). By restricting π to the subgroup U(1) ⊂
SU(2), we can decompose our representation as

(π|U(1), V ) = (πq1 ,C)⊕ (πq2 ,C)⊕ · · · ⊕ (πqm ,C)

Therefore, we may choose a basis of V such that

π

(
eiθ 0
0 e−iθ

)
=


eiθq1 0 · · · 0
0 eiθq2 · · · 0
· · · · · ·
0 0 · · · eiθqm

 .

Theorem 5.21. If q is in the set {qj}, then so is −q.

Proof. See pg 105 of [3].

Now notice that
ei2θS3 =

(
eiθ 0
0 e−iθ

)
.

Therefore,

π(ei2θS3) =


eiθq1 0 · · · 0
0 eiθq2 · · · 0
· · · · · ·
0 0 · · · eiθqm

 .

Using the formula π′(X) = d
dθ

(
eθX

)
|θ=0, we have that

π′ (i2S3) =
d

dθ


eiθq1 0 · · · 0
0 eiθq2 · · · 0
· · · · · ·
0 0 · · · eiθqm


|θ=0

=


iq1 0 · · · 0
0 iq2 · · · 0
· · · · · ·
0 0 · · · iqm

 .

Since π′ is a linear map1, we end up getting

π′ (S3) =


q1
2 0 · · · 0
0 q2

2 · · · 0
· · · · · ·
0 0 · · · qm

2

 .

Therefore, we are motivated to make the following definition:
1A rigorous argument would involve complexification of Lie algebra, which is introduced

in section 5.5 of [3]. We will not go into such complication, and will just assume that π′ is
linear even with respect to complex coefficents.
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Definition 5.22. If π′(S3) has an eigenvalue k
2 , we say that k is a weight

of the representation (π, V ). The subspace Vk ⊂ V of the representation V
is called the kth weight space of the representation if for all v ∈ Vk we have
π′(S3)v = k

2v.
We call dim(Vk) the multiplicity of the weight k in the representation

(π, V ).

Now we make one important definition:

Definition 5.23 (Raising and Lowering Operators). We define

S+ = S1 + iS2 =

(
0 1
0 0

)
, S− = S1 − iS2 =

(
0 0
1 0

)
.

S± are elements in sl(2,C). One can easily check that (S±)
† = S∓, and

similarly π′(S±)† = π′(S∓). To see why these two operators are called raising
and lowering operators, notice that

[S3, S+] = [S3, S1 + iS2] = iS2 + i (−iS1) = S1 + iS2 = S+.

Since π′ is a Lie algebra homomorphism, we have that

π′ (S3)π
′ (S+)− π′ (S+)π

′ (S3) = π′ ([S3, S+]) = π′ (S+) .

So for any v ∈ Vk, we have

π′ (S3)π
′ (S+) v = π′ (S+)π

′ (S3) v + π′ (S+) v =

(
k

2
+ 1

)
π′ (S+) v.

Therefore, v ∈ Vk implies that π′(S+)v ∈ Vk+2. A similar calculation shows
that π′(S−) takes Vk to Vk−2. Therefore π′(S+) takes a vector with a well-
defined weight k to a vector with weight k + 2, i.e., raising the weight, and
similarly π′(S−) lowers the weight by 2.

Since V is finite dimensional, and eigenvectors of π′(S3) with distinct eigen-
values are linearly independent, there must exists an integer n, and a nonzero
vector v ∈ Vn ⊂ V , such that

π′(S+)v = 0.

Such a vector v is called a highest weight vector, with highest weight n.
Now we prove the key results in this section:

Theorem 5.24 (Higherst weight theorem). Finite dimensional irreducible
representations of SU(2) have weights of the form

−n,−n+ 2, · · · , n− 2, n

for n a nonnegative integer, each with multiplicity 1, with n a highest weight.

Proof. Suppose (π, V ) is an irreducible representation of SU(2). Then (π′, V )
is an irreducible representation of su(2) by Theorem 5.19. Choose a highest
weight vector vn ∈ Vn and a highest weight n (existence of n and vn are
gauranteed by finite-dimensionality of V ). Define

vn−2j = π′(S−)
jvn ∈ Vn−2j .
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Consider the subspace of V defined by

W = span{vn−2j : j ≥ 0}.

W is n + 1-dimensional with v−n being a nonzero lowest weight vector (i.e.
π′(S−)v−n = 0). Otherwise by Theorem 5.21, n will not be a highest weight.
We claim that W = V , thus proving π is n + 1-dimensional with weight
−n,−n+ 2, · · · , n− 2, n, each with multiplicity 1.

If we could show that W is an invariant subspace under π′, then irreducib-
lity of π′ would imply W = V , and we are done. Note that since

su(2) = spanC{S3, S−, S+},

it suffices to check that W is invariant under π′(S3), π′(S−), π′(S+). Clearly
W is invariant under π′(S−) by definition, and W is obviously invariant under
π′(S3) since W is the span of eigenvectors of π′(S3). One can show inductively
that

π′ (S+) vn−2j = j(n− j + 1)vn−2(j−1).

To see this, for j = 0 we have the highest weight condition on vn. Assuming
validity for j, validity for j + 1 can be checked by

π′ (S+) vn−2(j+1) = π′ (S+)π
′ (S−) vn−2j

=
(
π′ ([S+, S−]) + π′ (S−)π

′ (S+)
)
vn−2j

=
(
π′ (2S3) + π′ (S−)π

′ (S+)
)
vn−2j

=
(
(n− 2j)vn−2j + π′ (S−) j(n− j + 1)vn−2(j−1)

= ((n− 2j) + j(n− j + 1))vn−2j

= (j + 1)(n− (j + 1) + 1)vn−2((j+1)−1)

where we have used the commutation relation [S+, S−] = 2S3. This completes
the proof of the theorem.

Therefore, we have shown that every irreducible representation (πn, V
n+1)

of SU(2) can be characterized by a nonnegative interger n, namely the highest
weight, and is n+ 1-dimensional.

5.4.3 Irreducible Representations of SU(2)

Although the highest weight theorem gives a characterization of irreducible
representations of SU(2), there is no clue how to construct such representa-
tions. This section will give an explicit construction of (πn, V

n+1) for every
n, following mostly pg 82-84 of [4]. Now, let n be fixed, and let V n+1 be the
vector space of homogeneous polynomials with two variables of total degree
n, i.e., the space of polynomials of the form

f (z1, z2) = a0z
n
1 + a1z

n−1
1 z2 + · · ·+ an−1z1z

n−1
2 + anz

n
2 . (5.1)

A basis for such a space is given by zn1 , z
n−1
1 z2, ..., z1z

n−1
2 , zn2 . Hence this is

indeed an n+ 1-dimensional vector space.
For simplicity we denote πn by π. Now viewing (z1, z2) ∈ C2, the repre-

sentation π : SU(2) → V n+1 is defined by

π(g)f(z) = f(g−1z).

100



Explicitly, if f(z1, z2) are given by (5.1), then the action is explicitly given by

π(g)f(z1, z2) =

n∑
k=0

ak(g
−1
11 z1 + g−1

12 z2)
m−k(g−1

21 z1 + g−1
22 z2)

k

where gij are the entries of the element g ∈ SU(2). By expanding the right-
hand side of this formula, we see that π(g)f is again a homogeneous polynomial
of degree n, hence π(g) maps V n+1 to V n+1. It is easy to check that π is a
homomorphism. Therefore, π is a well-defined representation.

Now we compute π′. We have

π′(X)f(z) =
d

dt
π(etX)f(z)|t=0 =

d

dt
f(e−tXz)|t=0.

Now let z(t) = (z1(t), z2(t)) be the curve in C2 defined as z(t) = e−tXz. By
chain rule, we have that

π′(X)f =
∂f

∂z1

dz1
dt

|t=0 +
∂f

∂z2

dz2
dt

|t=0.

Since dz/dt|t=0 = −Xz, we obtain that

π′(X)f = − ∂f

∂z1
(X11z1 +X12z2)−

∂f

∂z2
(X21z1 +X22z2).

Now plugging in the entries of S3, S±, we find that

π′(S3) =
1

2

(
−z1

∂

∂z1
+ z2

∂

∂z2

)
π′(S+) = −z2

∂

∂z1

π′(S−) = −z1
∂

∂z2
.

Applying these operators to a basis element zn−k1 zk2 for V n+1 gives

π′(S3)(z
n−k
1 zk2 ) =

−n+ 2k

2
zn−k1 zk2

π′(S+)(z
n−k
1 zk2 ) = −(n− k)zn−k−1

1 zk+1
2

π′(S−)(z
n−k
1 zk2 ) = −kzn−k+1

1 zk−1
2 .

Thus, zn−k1 zk2 is an eigenvector of π′(S3) with weight −n + 2k. Therefore,
zn2 will be an explicit highest weight vector for the representation (πn, V

n).
π′(S+) shift the weight of an eigenvector by 2, and π′(S−) shift the weight of
an eigenvector down by 2.

Proposition 5.25. For each n ≥ 0, the representation πn is irreducible.

Proof. See Proposition 4.11 of [4].
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5.4.4 Unitarity of the Representation

We conclude this section with a discussion of unitarity of the irreducible rep-
resentations (πn, V

n+1) of SU(2). To discuss unitarity of representation, we
need a notion of inner product on V n+1. Usually we can define the inner
product on L2(C2) by setting 〈f, g〉 =

∫
C2 fg. However, this is a useless inner

product for f, g homogeneous polynomials, since they diverge. The trick is to
define

〈f, g〉 = 1

π2

∫
C2

f̄(z1, z2)g(z1, z2)e
−(|z1|2+|z2|2) dx1 dy1 dx2 dy2.

Then one can check that the polynomials

zj1z
k
2√

j!k!

will be an orthonormal basis of the space of polynomial functions with respect
to this inner product, and the operators π′(X) will be skew-adjoint for any
X ∈ su(2). This shows that πn is unitary with respect to this inner product.

5.5 Irreducible Representations of SO(3)

In this chapter, we follow mostly Chapter 16-17 of [5] and classify irreducible
representations of the group SO(3). It turns out that our previous work in clas-
sifying irreducible representations of SU(2) is of great help: We will develop an
analogous result for the highest weight theorem of irreducible representations
of SO(3), using the exact same idea of defining raising and lowering operators,
and we will connect representations of SO(3) with representations of SU(2).
But first, let us study some properties of SO(3) group itself.

5.5.1 Properties of SO(3) and so(3)

Recall that SO(3) consists of the set of real matrices R with

RTR = RRT = I.

Let e1, e2, e3 denote the standard basis in R3. Then rotations about coordi-
nate axis by an angle θ are given by

R (θ, e1) =

 1 0 0
0 cos θ − sin θ
0 sin θ cos θ



R (θ, e2) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ



R (θ, e3) =

 cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 .
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It turns out that any element R ∈ SO(3) can be written as a composition
of rotations along the axis parallel to these basis vectors. Therefore, we can
choose 3 real numbers ϕ, θ, ψ (called the Euler angles) and write

R(ϕ, θ, ψ) = R (ψ, e3)R (θ, e1)R (ϕ, e3) .

The infinitesimal picture on so(3) is in fact much easier to understand. Recall
that so(3) is the set of all real 3× 3 anti-symmetric matrices. A basis of so(3)
can be given by

l1 =

 0 0 0
0 0 −1
0 1 0

 l2 =

 0 0 1
0 0 0
−1 0 0

 l3 =

 0 −1 0
1 0 0
0 0 0


which satisfies the commutation relation

[l1, l2] = l3, [l2, l3] = l1, [l3, l1] = l2.

Definition 5.26. Let g, h be two Lie algebras. A map ϕ : g → h is called a
Lie algebra homomorphism if it is linear and

ϕ([X,Y ]) = [ϕ(X), ϕ(Y )]

for all X,Y ∈ g. A Lie algebra homomorphism is called a Lie algebra isomor-
phism if it is bijective.

With the definition above, it can be shown that su(2) is isomorphic to
so(3). The map ϕ is in fact very easy to construct. Consider the following
basis for su(2):

E1 =
i

2
σ3 E2 =

i

2
σ2 E3 =

i

2
σ1.

It can be shown that [E1, E2] = E3 and relations obtained from this by cyclic
permutation of the indices holds. Therefore, E1, E2, E3 satisfies the exact same
commutation relation as l1, l2, l3. So set ϕ(Ej) = lj for j = 1, 2, 3, and extend
by linearity.

Unfortunately, just because g, h are isomorphic does not imply that their
Lie groups G,H are isomorphic (It is true though if both groups are connected
and simply connected). For a counterexample, SU(2) is not isomorphic to
SO(3) despite their isomorphic Lie algebras. The reason is because SO(3) is
not simply connected. In fact π1(SO(3)) = Z/2.

Definition 5.27. Suppose G is a connected matrix Lie group with Lie algebra
g. A universal cover of G is an ordered pair (G̃,Φ) consisting of a simply
connected matrix Lie group G̃ and a Lie group homomorphism Φ : G̃→ G such
that the associated Lie algebra homomorphism ϕ : g̃ → g is an isomorphism.

Now we cite the following theorem without proving it:

Theorem 5.28. Suppose G,H are matrix Lie groups with Lie algebras g, h.
And suppose ϕ : g → h is a Lie algebra homomorphism. If G is connected
and simply connected, then there exists a unique Lie group homomorphism
Φ : G→ H such that Φ′ = ϕ.
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This theorem implies that if G is connected and simply connected, then ev-
ery representation of G can be obtained by exponentiating some representation
of the Lie algebra g. The proof requires the application of the Baker-Campbell-
Hausdorff formula. For a detailed proof, consult Section 3.6 of [4]. If we set
G = SU(2), then since SU(2) ∼= S3 which is connected and simply connected,
the Lie algebra isomorphism ϕ defined by ϕ(Ej) = lj above can be extended
to a unique Lie group homomorphism Φ. Then one can show

Theorem 5.29. (SU(2),Φ) is a universal cover of SO(3) with kerΦ = ±I,
where Φ is the unique homomorphism such that Φ′ = ϕ, and ϕ(Ej) = lj.

Proof. This is shown on pg 349, example 16.34 of [5].

We will not go into the detail of the proof. It is sufficient for us to realize
what Φ : SU(2) → SO(3) looks like. Since Φ′ = ϕ, we have that

Φ(etX) = etϕ(X).

And since SU(2) is simply connected, any element in SU(2) can be written as
etX for some real t and X ∈ su(2). Therefore, we know everything about the
map Φ already. One can also realize Φ through quaternions, which is explained
in Chapter 6 of [3]. However, all we really need here is to know that there is
a covering map Φ : SU(2) → SO(3).

5.5.2 Irreducible Representation of so(3)

Recall that in the classification of irreps of SU(2), we first look at its Lie
algebra and deduce the highest weight theorem. We will use the same strategy
and look at irreps of so(3) first. We continue to use the basis l1, l2, l3 for so(3).

Theorem 5.30 (Highest Weight Theorem). Let π : so(3) → gl(V ) be a finite-
dimensional irreducible representation of so(3) on V . We define operators
L±, L3 on V by

L+ = iπ(l1)− π(l2)

L− = iπ(l1) + π(l2)

L3 = iπ(l3).

Let l = 1
2(dimV − 1), so that dimV = 2l + 1. Then there exists a basis

v0, v1, ..., v2l of V such that

L3vj = (l − j)vj

L−vj =

{
vj+1 j < 2l

0 j = 2l

L+vj =

{
j(2l + 1− j)vj−1 j > 0

0 j = 0.

Thus, the number l completely determines the structure of an irrep of
so(3). Since dimV must be a nonnegative integer, l can only be one of the
following values: l = 0, 12 , 1,

3
2 , ...
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Proof. Since π is a Lie algebra homomorphism, then π(lj)s satisfy the same
commutation relations as ljs. So we have

[L3, L+] = L+ [L3, L−] = −L− [L+, L−] = 2L3.

Since over C, the operator L3 has at least one eigenvector v with eigenvalue
λ, consider L+v. Using the commutation relation, we have

L3L+v = (L+L3 + L+)v = (λ+ 1)L+v.

So either L+v = 0 or L+v is an eigenvector of L3 with eigenvalue λ + 1.
We call L+ raising operator for this reason. Since L3 only has finitely many
eigenvalues, there exists k ≥ 0 such that (L+)

kv 6= 0 but (L+)
k+1v = 0.

Clearly (L+)
kv is an eigenvector of L3 with eigenvalue λ+ k.

Now let us introduce new Notation v0 = (L+)
kv and µ = λ+k. Then v0 is

a nonzero eigenvector of L3 with eigenvalue µ and L+v0 = 0. We now forget
about v, λ and consider only v0, µ. We define

vj = (L−)
jv0 j = 0, 1, 2, ...

By similar arguments using commutation relation, we see that L− has the
effect of lowering eigenvalue of L3 by 1 or giving zero vector. Thus

L3vj = (µ− j)vj .

Next, one can check by induction that

L+vj = j(2µ+ 1− j)vj−1 j = 0, 1, 2, 3, ...

When j = 0 this is the highest weight condition. Since L3 has only finitely
many eigenvectors, vj must eventually be zero. Thus there exists some N ≥ 0
such that vN 6= 0 but vN+1 = 0. Since vN+1 = 0, apply the previous equation
with j = N gives

0 = L+vN+1 = (N + 1)(2µ−N)vN .

Now vN 6= 0 and N + 1 > 0. So we must have 2µ−N = 0, i.e., µ = N/2.
Now we set l = N/2 and putting µ = N/2 = l, we have all the formulas in

the statement of the theorem. Since vjs are eigenvectors of L3 with distinct
eigenvalues, they are linearly independent. Furthermore, the span of vjs are
invariant under L±, L3, which is easy to check. Since V is assumed to be
irreducible, vjs must be a basis of V . Then

dimV = #{vj} = N + 1 = 2l + 1.

This completes the proof.

Theorem 5.31. For any l = 0, 12 , 1,
3
2 , ... there exists an irreducible represen-

tation of so(3) of dimension 2l+1, and any two irreducible representations of
so(3) of dimension 2l + 1 are isomorphic.
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Proof. We construct V simply by difining a space V with basis v0, v1, ..., v2l
and defining action of so(3) by the formulas in the previous theorem. It is
easy to check that L±, L3 defined in this way, have the correct commutation
relation. Hence (π, V ) defined this way is indeed a representation of so(3).

Now we show that V is irreducible. Suppose that W is a nonzero invariant
subspace of V . Take a nonzero vector w =

∑2l
j=0 ajvj ∈ W . Let j0 be the

largest index for which aj is nonzero. According to the formula in the previous
theorem, (L+)

j0w will be a nonzero multiple of v0. This means v0 ∈ W .
Repeatedly applying L− to v0, we see that vj ∈W for all j. Hence W = V .

Finally, the previous theorem tells us that any two irreducible represen-
tations of so(3) has a basis as in the formulas of the theorem. Then we
can construct an isomorphism between any two irreducible representations
by mapping this basis in one space to the corresponding basis in the other
space.

5.5.3 Irreducible Representations of SO(3)

Having classified irreducible representation of the Lie algebra so(3), we now
classify irreducible representation of SO(3). It can be shown that SO(3) is
connected. Therefore, by Theorem 5.19, a representation Π of SO(3) is irre-
ducible if and only if its associated Lie algebra representation Π′ = π is irre-
ducible. It can be shown that Π1,Π2 of SO(3) are isomorphic if and only if
π1, π2 are isomorphic (see [5], Proposition 16.39). Thus, to classify irreducible
representations of SO(3) up to isomorphism, one only need to determine which
irreducible representations of so(3) come from a representation of the group
SO(3).

Theorem 5.32. Let πl : so(3) → gl(V ) be an irreducible representation of
so(3), with l = 1

2(dimV − 1). If l is an integer, i.e., if dimV is odd, then
there is a representation Πl : SO(3) → GL(V ) such that Π′

l = πl. If l is a
half-integer, i.e., if dimV is even, then no such representation Πl exists.

Proof. If L is a half-integer, then L3 is diagonal in the basis {vj} with eigen-
value being half-integers. Therefore e−2πiL3 = −I. Then

e2ππl(l3) = e−2πiL3 = −I.

Simple calculation shows that e2πl3 = I. Thus if a corresponding representa-
tion Πl of SO(3) existed, then we would have

Πl(I) = Πl(e
2πl3) = e2ππl(l3) = −I

which is a contradiction.
If l is an integer, let ϕ : su(2) → so(3) be the isomorphism such that

ϕ(Ej) = lj , j = 1, 2, 3. We obtain a representation π′l of su(2) by π′l(X) =
πl(ϕ(X)). Since SU(2) is simply connected, there is a representation Π′

l whose
derivative is π′l. Then we compute

Π′
l(−I) = Π′

l(e
2πE1) = e2ππ

′
l(E1) = e2ππl(l1) = e2πiL3 = I

since the eigenvalues of L3 are now integers.
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Now, as we have discussed, there is a surjective homomorphism Φ : SU(2) →
SO(3) for which Φ′ = ϕ and kerΦ = ±I. Since kerΠ′

l contains ±I, the map Π′
l

factors through SO(3), i.e., for every U ∈ SU(2), define Πl : SO(3) → GL(V ),
where GL(V ) is the codomain if Π′

l, by

Πl(Φ(U)) = Π′
l(U)

for every U ∈ SU(2). Since Φ is surjective and kerΦ ⊂ kerΠ′
l, the map Πl is

well-defined. One can check that Πl is the desired irreducible representation of
SO(3), for its Lie algebra is exactly πl, an irreducible representation of so(3).
This is because the relation Π′

l = Πl ◦ Φ, hence this induces the differential
relation π′l = σl ◦ϕ, where σl is the derivative of Πl. Therefore, σl = π′l ◦ϕ−1 =
πl, since we defined π′l = πl ◦ ϕ.

Consult Proposition 17.10 of [5] for details.

5.5.4 Spherical Harmonics

We will now construct irreducible representations of SO(3) explicitly. First,
recall that in the case of SO(3), there is an irreducible representation Πl
of dimension 2l + 1 for every l = 0, 1, 2, ... We will now provide an explicit
construction of Πl and the corresponding vector space V 2l+1.

Now, fix an integer l, and denote the irreducible representation of SO(3)
simply by (Π, V ). Since SO(3) acts on R3, then as discussed previously, we
have an induced representation on F (R3), all complex functions on R3, by

(Π(g)f)(x) = f(g−1x).

However, the space of all complex functions on R3 is far to large for our vector
space V , which is only 2l+1-dimensional. We need to find a proper subspace
V ⊂ F (R3), on which the representation Π defined above is irreducible. Since
SO(3) is connected, Π is irreducible if and only if Π′ is irreducible. Therefore,
a natural strategy of finding V is to compute L+, and use the highest weight
condition to find the highest weight vector (which, as you will see, is equivalent
to solving a PDE), and apply L− to this higest weight vector repeatedly and
get the whole list of 2l + 1 vectors, which will then be the basis for V .

Now, we remember that

Π′(X)f =
d

dt
Π(etX)f |t=0 =

d

dt
f(e−tXx)|t=0

for X ∈ so(3). Recall that a basis of so(3) is given by

l1 =

 0 0 0
0 0 −1
0 1 0

 l2 =

 0 0 1
0 0 0
−1 0 0

 l3 =

 0 −1 0
1 0 0
0 0 0

 .

They satisfy the commutation relation

[l1, l2] = l3, [l2, l3] = l1, [l3, l1] = l2.

To be consistent with physics literatures, we define

Lj = iΠ′(lj) j = 1, 2, 3.
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Then one can check that

[L1, L2] = iL3, [L2, L3] = iL1, [L3, L1] = iL2.

We also define
l± = l1 ± il2 L± = iΠ′(l±).

It turns out that Lj will correspond to angular momentum of a particle in 3
directions, respectively. Now using the formula for calculating Π′(X) above
(see [3], section 8.3 for detailed calculation), we get that

Π′ (l1) = x3
∂

∂x2
− x2

∂

∂x3

Π′ (l2) = x1
∂

∂x3
− x3

∂

∂x1

Π′ (l3) = x2
∂

∂x1
− x1

∂

∂x2
.

Now, we realize that when SO(3) acts on R3, it keeps the distance r to the
origin of a vector x fixed. The inate rotational symmetry of SO(3) action
motivates us to restrict our attention to functions on the unit sphere S2, i.e.,
function of the form f(θ, ϕ), and change our coordinate system from x1, x2, x3
to spherical coordinates (r, θ, ϕ).

We have to figure out the form of Π′(lj) with respect to this coordinate
system, instead of the coordinate system x1, x2, x3. The coordinate transfor-
mation is given by

x1 = r sin θ cosϕ
x2 = r sin θ sinϕ
x3 = r cos θ.

The harder part is to transform the derivative operators into spherical co-
ordinates. But essentially this is just a straightforward change of basis of
tangent vectors. See, for example, p.63 of [1] or section 8.3 of [3]. After some
calculation, we get

L1 = iΠ′ (l1) = i

(
x3

∂

∂x2
− x2

∂

∂x3

)
= i

(
sinϕ

∂

∂θ
+ cot θ cosϕ

∂

∂ϕ

)
L2 = iΠ′ (l2) = i

(
x1

∂

∂x3
− x3

∂

∂x1

)
= i

(
− cosϕ

∂

∂θ
+ cot θ sinϕ

∂

∂ϕ

)
L3 = iΠ′ (l3) = i

(
x2

∂

∂x1
− x1

∂

∂x2

)
= −i ∂

∂ϕ

which then gives

L+ = iΠ′ (l+) = eiϕ
(
∂

∂θ
+ i cot θ

∂

∂ϕ

)
L− = iΠ′ (l−) = e−iϕ

(
− ∂

∂θ
+ i cot θ

∂

∂ϕ

)
.

Now, as mentioned before, we first find the highest weight vector v0 in the
previous section. Then we will apply L− to v0 repeatedly to obtain a basis of
our vector space. We will call our highest weight vector v0 a function Y l

l (θ, ϕ),
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which is a function defined on a unit sphere. It satisfies L3Y
l
l (θ, ϕ) = lY l

l (θ, ϕ),
and L+Y

l
l (θ, ϕ) = 0. Therefore, we get two PDEs:

L3Y
l
l (θ, ϕ) = −i ∂

∂ϕ
Y l
l (θ, ϕ) = lY l

l (θ, ϕ)

L+Y
l
l (θ, ϕ) = eiϕ

(
∂

∂θ
+ i cot θ

∂

∂ϕ

)
Y l
l (θ, ϕ) = 0.

The first equation suggests that

Y l
l (θ, ϕ) = eilϕFl(θ)

for some function Fl(θ) that depends only on θ, and using the second equation
we get (

∂

∂θ
− l cot θ

)
Fl(θ) = 0.

This has the solution
Fl(θ) = Cll sin

l θ

for some constant Cll. So finally we get our highest weight vector

Y l
l (θ, ϕ) = Clle

ilϕ sinl θ.

Repeatedly applying the lowering operator L− gives the rest of the basis:

Y m
l (θ, ϕ) = Clm (L−)

l−m Y l
l (θ, ϕ)

= Clm

(
e−iϕ

(
− ∂

∂θ
+ i cot θ

∂

∂ϕ

))l−m
eilϕ sinl θ

for m = l, l − 1, ...,−l + 1,−l. Therefore, our 2l + 1 dimensional vector space
V is given by the span of the functions Y m

l (θ, ϕ) on the unit sphere S2, for
m = l, l − 1, ...,−l + 1,−l.

We still need to show that representation (Π, V ) is irreducible. But this
is very easy. We know that Π is irreducible if and only if Π′ is irreducible.
Since we know that l±, l3 form a basis of so(3), we only need to check that
V = span{Y m

l (θ, ϕ)}m=l,...,−l is closed under the action of L±, L3. Using
similar argument as we did in the proof of Theorem 5.31, one can show that
V is indeed invariant under L±, L3. Therefore, (Π, V ) is indeed irreducible.

The functions Y m
l (θ, ϕ) are called spherical harmonics. They belong to

the set of square integrable functions on the unit sphere, denoted by L2(S2).
This space can be given an inner product by

〈f, g〉 =
∫
S2

f̄g sin θ dθ dϕ =

∫ 2π

ϕ=0

∫ π

θ=0
f̄(θ, ϕ)g(θ, ϕ) sin θ dθ dϕ.

Then one can define the L2-norm in this space by

‖f‖L2(S2) = 〈f, f〉1/2.

Then, by some nontrivial functional analysis technique, one can show that
Y m
l (θ, ϕ) form a basis for L2(S2), where l = 0, 1, 2, ... and −l ≤ m ≤ l. In

other words, any f(θ, ϕ) ∈ L2(S2) can be written as a series expansion

f(θ, ϕ) =

∞∑
l=0

l∑
m=−l

aml Y
m
l (θ, ϕ)
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in the sense that the infinite series on the right hand side converges to f in
L2-norm. In fact, this is an orthonormal basis, in the sense that

〈Y m
l (θ, ϕ), Y m′

l′ (θ, ϕ)〉 = δmm′δll′ .

Therefore, we see that

aml = 〈Y m
l (θ, ϕ), f(θ, ϕ)〉.

Conventionally, the constant Cml in the function Y m
l (θ, ϕ) is chosen such that

this basis is orthonormal, i.e., such that ‖Y m
l (θ, ϕ)‖L2(S2) = 1.

5.5.5 The Casimir operator

One can define the Casimir operator on SO(3) to be the second order differ-
ential operator

L2 ≡ L2
1 + L2

2 + L2
3.

One can show that for any X ∈ so(3), we have

[L2,Π′
l(X)] = 0.

Knowing this, a version of Schur’s lemma says that L2 will act on an irre-
ducible representation as a scalar (i.e., all vectors in the repre- sentation are
eigenvectors of L2, with the same eigenvalue). This eigenvalue can be used to
characterize the irreducible representation. To compute its eigenvalue, note
that

L−L+ = (L1 − iL2) (L1 + iL2)

= L2
1 + L2

2 + i [L1, L2]

= L2
1 + L2

2 − L3.

So
L2 = L2

1 + L2
2 + L2

3 = L−L+ + L3 + L2
3.

Let f be the highest weight vector of the irreducible representation Πl. Then

L+f = 0, L3f = lf

with solution f ∝ Y l
l (θ, ϕ). Therefore,

L2f = L−L+f +
(
L3 + L2

3

)
f =

(
0 + l + l2

)
f = l(l + 1)f.

We have thus shown that our irreducible representation Πl can be character-
ized as the representation on which L2 acts by the scalar l(l + 1). We will
reencounter this operator in as the angular part of the Laplace operator on
R3. Finally, an explicit calculation shows that

L2 =L2
1 + L2

2 + L2
3

=

(
i

(
sinϕ

∂

∂θ
+ cot θ cosϕ

∂

∂ϕ

))2

+

(
i

(
− cosϕ

∂

∂θ
+ cot θ sinϕ

∂

∂ϕ

))2

+

(
−i ∂
∂ϕ

)2

=−
(

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

)
.
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5.6 Tensor Products
Let V,W be two vector spaces over C, with basis {e1, ..., em}, {f1, ..., fn} re-
spectively. Then the direct sum V ⊕ W gives a vector space of dimension
m + n with basis {e1, ..., em, f1, ..., fn}. The tensor product V ⊗W gives a
vector space with dimension mn with basis

ei ⊗ fj i = 1, ...,m j = 1, ..., n.

We require ⊗ to be a bilinear operation. This is, of course, not a rigorous
definition of the tensor product, since we haven’t check that this definition is
independent of the choice of basis. However, we will not do a formal definition
of tensor products, which is quite abstract and can be found in standard
abstract algebra textbooks.

There are natural isomorphisms

V ⊗W ∼=W ⊗ V U ⊗ (W ⊗W ) ∼= (U ⊗ V )⊗W.

Also, given linear operators A on V and B on W , naturally we can define a
linear operator A⊗B on V ⊗W by

(A⊗B)(v ⊗ w) = Av ⊗Bw.

If one writes out the matrix representation carefully, A⊗B will be an mn×mn
matrix.

One more thing we shall say about tensor product is the following. Let
L(V,W ) denote linear maps from V to W . Then there is an isomorphism

V ∗ ⊗W ∼= L(V,W )

which is given by the correspondence

l ⊗ w ↔ (v 7→ l(v)w).

5.6.1 Tensor Products in Quantum Mechanics: Pauli Exclu-
sion and Entanglement

The application of tensor products in quantum mechanics is the following: Let
H1,H2 be two quantum systems. One can consider the composite quantum
system corresponding to considering the two systems as a single one, with no
interaction between them, by taking a new state space

H = H1 ⊗ H2

with operators of the form

A⊗ IB + IA ⊗B A ∈ L(H1,H1), B ∈ L(H2,H2).

If one consider a state space H as a system describing a single particle, then
a system of n such particles is described by the state space H ⊗n.

One has a representation (π,H ⊗n) of the symmetric group Sn given by

π(σ)(v1 ⊗ v2 ⊗ · · · ⊗ vn) = vσ(1) ⊗ vσ(2) ⊗ · · · ⊗ vσ(n).

A fundamental axiom of quantum mechanics is that if H ⊗n describes n iden-
tical particles, then all physical states are either symmetric (bosons) or anti-
symmetric (fermions).
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Definition 5.33. A state v ∈ H ⊗n is called

• symmetric, or bosonic if for all σ ∈ Sn, one have π(σ)v = v. The space
of such states is denoted Sn(H ).

• antisymmetric, or fermionic if for all σ ∈ Sn, one have π(σ)v =
(−1)|σ|v, where |σ| is the minimal number of transpositions that by
composition give σ. The space of such states is denoted Λn(H ).

Note that in the fermionic case, let σ ∈ S2 be the nontrivial transposition.
Then π(σ) acts on H ⊗ H by interchanging two vectors. Thus it takes
w⊗w ∈ H ⊗H to itself. Antisymmetry requires π(σ) takes this state to its
negative. So the state cannot be nonzero. As a result, we have proven

Pauli Exclusion Principle. One cannot have nonzero states in
H ⊗n describing two identical fermions in the same state w ∈ H .

Definition 5.34. A vector in V ⊗W is called decomposable if it is of the
from v⊗w for some v ∈ V,w ∈W . If it cannot be put in this form, it is called
indecomposable.

Clearly, basis ei ⊗ fj are all decomposable. However, their linear combi-
nations are in general indecomposable. In the physics literature, the language
used is

Definition 5.35. An indecomposable state in the tensor product state space
H1 ⊗ H2 is called an entangled state.

5.6.2 Tensor Products of Representations

Definition 5.36. Let (πV , V ), (πW ,W ) be representations of a group G.
There is a tensor product representation (πV⊗W , V ⊗W ) of G, defined by

(πV⊗W (g))(v ⊗ w) = πV (g)v ⊗ πW (g)w.

One can easily check that πV⊗W (gh) = πV⊗W (g)πV⊗W (h), hence this is
indeed a representation.

To see what happens to the Lie algebra representation, we first have to
figure out what v⊗w looks like in the coordinate form. Suppose with respect
to the ordered basis e1, ..., em of V and f1, ..., fn of W , one has

v =

 v1
...
vm

 w =

w1
...
wn


where m,n are not necessarily equal. Then using the linearity of ⊗, one can
see that v ⊗ w with respect to the ordered basis

e1 ⊗ f1, ..., e1 ⊗ fn, e2 ⊗ f1, ..., e2 ⊗ fn, ..., em ⊗ f1, ..., em ⊗ fn
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is given by

v ⊗ w =



v1w1
...

v1wn
v2w1

...
v2wn

...
vmw1

...
vmwn



∈ V ⊗W.

Then by the chain rule, if v, w are vector-valued functions of t, one can see
that

d

dt
v ⊗ w =

dv

dt
⊗ w + v ⊗ dw

dt
.

Therefore, we have that

π′V⊗W (X)(v ⊗ w) =
d

dt
πV⊗W

(
etX

)
(v ⊗ w)t=0

=
d

dt

(
πV

(
etX

)
v ⊗ πW

(
etX

)
w
)
t=0

=

((
d

dt
πV

(
etX

)
v

)
⊗ πW

(
etX

)
w

)
t=0

+

(
πV

(
etX

)
v ⊗

(
d

dt
πW

(
etX

)
w

))
t=0

=
(
π′V (X)v

)
⊗ w + v ⊗

(
π′W (X)w

)
.

Therefore, one has

π′V⊗W (X) =
(
π′V (X)⊗ 1W

)
+
(
1V ⊗ π′W (X)

)
.

5.6.3 Clebsch-Gordan Decomposition

Theorem 5.37 (Clebsch-Gordan Decomposition Theorem). Let (Πk, V k)
denote the k + 1-dimensional irreducible representations of SU(2). Then ten-
sor product (ΠV n1⊗V n2 , V n1⊗V n2) decomposes into irreducible representations
as

(Πn1+n2 , V
n1+n2)⊕ (Πn1+n2−2, V

n1+n2−2)⊕ · · · ⊕ (Π|n1−n2|, V
|n1−n2|).

To prove this theorem, we need to first make a

Definition 5.38. The character of a representation (π, V ) of a group G is
a function χV : G→ C, defined by

χV (g) = tr(π(g)).

One can easily check the following properties of the character:

Proposition 5.39. We have:
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• χV⊕W = χV + χW

• χV⊗W = χV · χW

• χV (ghg
−1) = χh.

To prove the last claim, use tr(AB) = tr(BA). Therefore, we see that
the character is a function on conjugacy classes. Namely, if two elements
g, h ∈ G are conjugates of each other, then χV (g) = χV (h). In the case where
G = SU(2), we have the following result:

Lemma 5.40. Let A ∈ SU(2), then there exists Q ∈ SU(2) and Λ ∈ U(1)
such that A = QΛQ−1. That is, every element in SU(2) is conjuagte to some
element in U(1) ⊂ SU(2).

Proof. The spectral theorem for normal operators (i.e., operators such that
[A,A†] = 0) says that for normal operator A we have A = QΛQ−1 where Q is
unitary and Λ is diagonal. Since if A ∈ SU(2), then AA† = A†A = I, so A is
clearly normal, we want to show that Q can be chosen to be in SU(2), i.e., we
can chooseQ with determinant 1. SinceQ is unitary, we haveQQ† = Q†Q = I,
hence (detQ)(detQ†) = 1. Let d = detQ. Then det

(
Q†) = det

(
Q
)
= d since

transpose does not change determinant. Thus dd = 1. Hence d is on the
unit circle. Let s be the square root of d. Consider Q′ = sQ. We have
det(Q′) = (s)2 detQ = dd = 1. So Q′ ∈ SU(2). Now A′ = Q′Λ(Q′)† is
diagonal, and it differs with A by a scalar multiple. This proves our claim.

Now suppose A = QΛQ−1 with A,Q ∈ SU(2) and Λ diagonal. Then
Λ = Q−1AQ ∈ SU(2) as well. Since Λ ∈ SU(2), we can write

Λ =

(
α β

−β α

)
|α|2 + |β|2 = 1.

Since Λ is diagonal, β = 0 and |α|2 = 1. Therefore Λ ∈ U(1).

Corollary 5.41. Let (ΠV , V ) and (ΠW ,W ) be two representations of SU(2).
Then if χV = χW on U(1), we must have χV = χW on the entire group SU(2).

Proof. Immediate by the previous lemma, and the fact that character is in-
variant under conjugation.

Proof of the Clebsch-Gordan Decomposition Theorem. We know that the irre-
ducible representation (Πn, V

n) acts on U(1) by

Πn

(
eiθ 0
0 e−iθ

)
=


einθ

ei(n−2)θ

. . .
ei(−n+2)θ

ei(−n)θ

 .

Therefore, we have that

χV n

(
eiθ 0
0 e−iθ

)
= einθ + ei(n−2)θ + · · ·+ e−inθ =

ei(n+1)θ − e−i(n+1)θ

eiθ − e−iθ
.

114



To see this, one only need to use the identity(
einθ + ei(n−2)θ + · · ·+ e−i(n−2)θ + e−inθ

)(
eiθ − e−iθ

)
= ei(n+1)θ − e−i(n+1)θ.

Suppose now that n2 > n1, then we have that on U(1),

χV n1⊗V n2 = χV n1χV n2

= (ein1θ + ei(n1−2)θ + · · ·+ e−in1θ)
ei(n2+1)θ − e−i(n2+1)θ

eiθ − e−iθ

=
(ei(n1+n2+1)θ − e−i(n1+n2+1)θ) + · · ·+ (ei(n2−n1+1)θ − e−i(n2−n1+1)θ)

eiθ − e−iθ

= χV n1+n2 + χV n1+n2−2 + · · ·+ χV n2−n1 .

But since character is invariant under conjugation, the equality must hold
on all of SU(2). Finally, we use the fact that SU(2) ∼= S3 is compact. For
a compact Lie group, one can always decompose any representation Π into
the direct sum of irreducible ones (up to equivalence), with Π ∼

⊕
n cnΠn,

where cn 6= 0 for only finitely many n, and cn = 〈χΠn , χΠ〉. Therefore, any
representation of SU(2) is completely determined by its character. Since we
have the equality of the character above, equality of representation must also
follow.

Remark 5.42. The inner product of character mentioned above can be de-
fined as

〈χΠ1 , χΠ2〉 =
∫
SU(2)

χΠ1(g)χΠ2(g)dµ(g)

where dµ is some invariant volume-measure. Then it can be shown that under
this inner product, irreducible representations are mutually orthogonal:

〈χΠn , χΠm〉 = δnm,

and every representation on a compact Lie group is completely reducible. This
is almost exactly the same as in the finite group representation theory case. For
a detailed treatment of representation theory of compact Lie group, consult
[4].

5.6.4 Complexification of Vector Space

We conclude with a disucssion of complexifying vector spaces. Let V be an
R-vector space. Then intuitively by complexification, we mean that we al-
low complex coefficents in scalar multiplication, making V a C-vector space.
Formally, we can identify the complexification of V with

V ⊗R C.

Suppose that as a real vector space, V has basis e1, ..., en. Then intuitively,
complexifying V will make it a 2n-dimensional R-vector space, with basis
elements e1, ..., en, ie1, ..., ien. But this is an n-dimensional C-vector space
with basis e1, ..., en, but over C. Now consider the identification

VC 3 ej ↔ ej ⊗ 1 ∈ V ⊗C.

115



One can show that this is an isomorphism. Then the scalar multiplication by
a complex number α ∈ C is now given by the identification

αv = α

 n∑
j=1

vjej

 ↔
n∑
j=1

ej ⊗ (αvj).

5.7 Representation of the Group (R,+)

Theorem 5.43. Irreducible representations of (R,+) are all given by

πc(a) = eca ∈ GL(C), c ∈ C.

Proof. This follows exactly from the proof of irreducible representation of U(1)
in pg 20-21 of [3], except we forget about the priodicity condition.

The Lie group (R,+) gives some of the most fundamental symmetries in
nature. For example, for a function ψ : R → C, it is said to be translational
symmetric if ψ(q + a) = ψ(q) for all a ∈ R. In fact, if we consider the Lie
group (R,+) acting on itself by translation

q → a · q = a+ q,

this induces a representations on functions taking real values, given by the
usual

π(a)ψ(q) = ψ(a−1 · q) = ψ(q − a).

On L2 functions, this representation is clearly unitary, for

〈π(a)f, π(a)g〉 =
∫ ∞

−∞
f̄(q − a)g(q − a)dq =

∫ ∞

−∞
f̄(q)g(q) = 〈f, g〉.

And we have seen, many times, that given a unitary representation, its induced
Lie algebra representation is skew-symmetric, from which we can obtain a self-
adjoint operator, which corresponds to some physical observable. Therefore,
we want to find π′ of the representation above.

What we get is:

π′(a)f(q) =
d

dt
π(eta)f(q)|t=0 =

d

dt
f(q − eta)|t=0 =

d

dt
f(q − ta)|t=0

= −a d

dq
f(q).

Note that in this case we have eta = ta. This is because the exponential func-
tion here is quite different from the exponential function in the real analysis
case. A detailed discussion can be found here. But to be concise, this is be-
cause an element a in the Lie group G = R can be identified with the matrix
group H element

a↔
(
1 a
0 1

)
∈ H.

By definition, the Lie algebra h of this matrix group H is all the matrices
whose exponential is in the group, and we find that

exp

(
0 a
0 0

)
=

(
1 a
0 1

)
. (5.2)
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Therefore, the Lie algebra of this matrix Lie group H which we identify as R
is given by the set of matrices of the form

h =

{(
0 a
0 0

)
: a ∈ R

}
∼= R h 3

(
0 a
0 0

)
↔ a ∈ R.

Therefore (5.2) can be written, counter-intuitively, as

ea = a a ∈ R.

In conclusion, we get that
π′(a) = −a d

dq

which is a skew-adjoint operator. Multiplying by i we get a self-adjoint oper-
ator

−ia d

dq
.

5.7.1 Hamiltonian and Momentum Operator

Hamiltonian and Time Translation

One of the axiom of QM, the Schrödinger equation, says that for all state |ψ〉,
we have

iℏ
d

dt
|ψ〉 = H |ψ〉 .

Therefore
H = iℏ

d

dt
.

Indeed, we see that the self-adjoint operator π′(a) is proportional to H up to
some scaling by some real constant (which doesn’t matter) if we consider the
time coordinate q = t. This suggests that the Hamiltonian is the generator of
the time-translation operator. Indeed, one has

Π(a)ψ(t) = ψ(t− a) =

∞∑
n=0

1

n!
(−a)n dn

dtn
ψ(t) =

∞∑
n=0

1

n!

(
−a
iℏ
H

)n
ψ(x),

which suggests that

Π(a) = exp

(
i

ℏ
aH

)
.

But by changing a to t, one see that we covered exactly the propagator

Π(−t) = U(t) = e−
i
ℏ tH

that solves the Schrödinger equation with |ψ(t)〉 = U(t) |ψ(0)〉 .

Momentum and Space Translation

Similarly, if now we choose our coordinate q = x to be spatial, then the
operator π(a) = −a d

dx will correspond to spatial translation. One can define
the momentum operator

P = −iℏ ∂
∂x
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which is just the self-adjoint iπ(a) up to some real constant multiple. Similar
to the derivative above, we find that

π(a) = exp

(
− ia

ℏ
P

)
.

We say that momentum is the generator of translations. In more than 1
dimensions, the momentum operator can be defined componentwise by Pj =
−iℏ ∂

∂xj
, hence the total momentum operator can is given by −iℏ∇.

The Schrödinger Equation for Free Particles

For a free particle described by a state ψ(x, t), the energy momentum relation
reads

H =
|P |2

2m

with no potentials. Therefore, the Schrödinger equation can be written as
follows by plugging in H = iℏ ∂

∂t and P = iℏ∇:

iℏ
∂

∂t
ψ(x, t) = − ℏ2

2m
∇2ψ(x, t). (5.3)

This is the Schrödinger equation of a free particle. By separation of variable,
one can find that the solution to this equation is given by

ψ(x, t) = ψE(x)e
− i

ℏ tE

where ψE(x) satisfies

HψE(x) = − ℏ2

2m
∇2ψE(x) = EψE(x).

The solution is given by

ψE(x) = ei(k1x1+k2x2+k3x3) = eik·x

where
ℏ2|k|2

2m
= E.

Therefore, we have found the stationary solutions to (5.3), which are labeled
by a vector |k〉 = eik·x, satisfying

Pj |k〉 = ℏkj |k〉 H |k〉 = ℏ2|k|2

2m
|k〉 .

Then a general time-dependent state Ψ(x, t) satisfying (5.3) will therefore be
a linear combination of stationary states:

Ψ(x, t) =

∫
d3k ϕ(k)eik·xe−itℏ

|k|2
2m . (5.4)

where ϕ(k) is some function depending smoothly on k. Actually, (5.4) poses
a much more severe problem than you think, so severe that we have to rede-
fine the spaces in which our quantum theory takes place. To find a suitable
explanation of (5.4), we have to invoke a lot of nontrivial functional analysis,
which will be discussed in the next section.
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5.8 Free Particles
In the previous chapter, we have solved the Schrödinger equation for a free
particle (5.3). To simplify our discussion, we will consider only 1-dimensional
case, but the 3-dimensional case can be generalized quite straightforwardly.
In 1-dimension (5.3) reads

iℏ
∂

∂t
ψ(x, t) = − ℏ2

2m

∂2

∂x2
ψ(x, t).

The stationary solutions are given by plane waves

|k〉 = eikx.

To be a physically realizable state, it has to be normalizable, since the ampli-
tude |ψ(x, t)|2 of a physically realizable state ψ(x, t) is the probability density
function of particle. However,

〈k|k〉 =
∫

dx e−ikxeikx =

∫
dx = ∞.

The non-normalizable nature of the eigenfunctions |k〉 of P,H suggests the
following problems:

• Physically, this means that a free particle cannot have stationary mo-
mentum and energy.

• Mathematically, this means the eigenvectors of the operator P,H are
not in L2(R). Therefore, it suggests that we have to define quantum
theory on a broader space than L2(R).

To solve this problem, there are two ways to go. First is to pose periodicity
condition ψ(x + 2π) = ψ(x) for all x, thus reducing problem to continuous
functions on S1, which will have convergent L2(S1) norm. Detailed treatment
using Fourier analysis on S1 can be found in Chapter 11 of [3]. A somewhat
equivalent treatment of this topic is given in section 2.2 of [6], which is more
commonly known as the infinite square well problem. We will not be discussing
this case despite its important physical interests. The main issue we will focus
on is resolving the difficulties that present on the entire R.

5.8.1 Schwartz Space and Tempered Distributions

The solution to the difficult problem that the momentum operator P does not
have eigenvalue in L2(R) is to consider a slightly more general class than just
L2-functions, called the space of tempered distributions, in which P will have
eigenvectors.

Definition 5.44. The Schwartz space S(R) consists of smooth functions f :
R → C such that the function f itself and its β-th derivative Dβf fall off
faster than any polynomial functions. Formally speaking, f ∈ S(R) if and
only if

sup
x∈R

|xαDβf | <∞ ∀α, β.

Proposition 5.45. We have S(R) ⊂ Lp(R) for 1 ≤ p ≤ ∞.
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Proof. Take f ∈ S(R). Denote ‖f‖αβ = supx∈R |xαDβf |. Then we have∫
|f(x)|p =

∫ ((
1 + x2

)
|f(x)|

)p 1

(1 + x2)p
.

Since f is a Schwartz function, (1+x2)f is bounded, and 1
(1+x2)p

≤ 1
1+x2

∈ L1

for p ≥ 1. Hence we have that∫
|f(x)|p ≤

∥∥(1 + x2
)
f(x)

∥∥p
∞

∫
1

1 + x2
≤ π (‖f‖0,0 + ‖f‖2,0)p <∞.

This concludes the proof. In particular, we have S(R) ⊂ L2(R).

Now, let V ∗ denote the dual space of a vector space V , which are all linear
functionals on V . Then L2(R) ∼= (L2(R))∗ since L2(R) is a Hilbert space. To
see more detailed treatment one can refer to [7]. But the basic idea is, there
is a conjugate-linear isomorphism from L2 to its dual given by

f 7→
∫
f(·) ∈ (L2)∗.

In Dirac notation, this is simply written as

|f〉 7→ 〈f | .

Then identifying L2 with its dual, there is a natural inclusion

S(R) ⊂ L2(R) ⊂ S ′(R) (5.5)

where S ′(R) = S(R)∗, and the inclusion L2(R) ⊂ S ′(R) are given precisely
by |f〉 7→ 〈f |. And this inclusion is essentially a consequence of the Hölder’s
inequality, which is explained in [7]:

Proposition 5.46. We have a natural inclusion Lp(R) ⊂ S ′(R), for p ≥ 1.

Proof. Identifying f ∈ Lp with
∫
f̄ϕdµ where ϕ ∈ S(R), we have that∣∣∣∣∫ f̄(x)ϕ(x)dµ

∣∣∣∣ ≤ ‖f‖Lp · ‖
(
1 + |x|2

)−1 ‖Lp′ ·
∥∥(1 + |x|2

)
ϕ
∥∥
∞ <∞

since ϕ ∈ S(R). In fact, this is even true in the Rn case, where we have∣∣∣∣∫
Rn

f(x)ϕ(x)dµ

∣∣∣∣ ≤ ‖f‖Lp · ‖
(
1 + |x|2

)−n ‖Lp′ · ∥∥(1 + |x|2
)n
ϕ
∥∥
∞ <∞.

This proves the claim.

Now that we have verified (5.5), we consider a quantum theory defined not
on L2(R), but on S ′(R). We make the following definition:

Definition 5.47. Let F ∈ S ′(R) and A be an operator on S(R). We say that
F is a generalized eigenvector of A with eigenvalue λ if and only if

(AF )(φ) := F (A†φ) = (λF )(ϕ) ∀φ ∈ S(R).
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Now we consider the plane wave solution |k〉 = eikx. It sits naturally in
S ′(R), which is given by 〈k| (|ϕ〉) =

∫
e−ikxϕ(x) dx. It can be shown that

P (S(R)) ⊂ S(R). Hence the restriction of the momentum operator P on
S(R) gives an operator on S(R). Now we verify that |k〉 (which is really 〈k|
identified) is a generalized eigenvector of P .

(P 〈k|) |φ〉 = 〈k|P †|φ〉 =
∫ ∞

−∞
e−ikx

(
−iℏ ∂

∂x
φ

)
dx

= −iℏ
(∫ ∞

−∞

∂

∂x

[
e−ikxφ(x)

]
dx−

∫ ∞

−∞
φ
∂

∂x
e−ikx dx

)
= ℏk〈k|φ〉.

Note that we have used P = P †. This shows that we can indeed think of |k〉
as eigenvectors of P , sitting inside S ′(R). Sometimes, it is more convinient to
write

|k〉 = 1√
2π
eikx

and write
ϕ̂(k) = 〈k|ϕ〉 = 1√

2π

∫ ∞

−∞
e−ikxϕ(x) dx.

One sees that this is nothing but the Fourier transform of the Schwarz function
ϕ.

There is another important linear functional in S ′(R), which we write δy.
It is defined by

δy(f) = f(y).

Motivated by the beauty of the Dirac notation, we want to write δy as some
function that we can integrate against any Schwarz function, i.e., some func-
tion g such that δy(f) = f(y) = 〈g|f〉. Unfortunately, there is no measurable
function g that will make this work. However, we can still write (notationally)

f(y) =

∫ ∞

−∞
δ(x− y)f(x) dx.

But it is important to note that δ(x− y) is not a function. Notationally, one
can write 〈δy|. We claim that this is a generalized eigenvector with eigenvalue
y of the position operator X defined by

Xφ(x) = xφ(x)

which is multiplication by the function x. The proof is straightforward:

(X 〈δy|)(|ϕ〉) = 〈δy|X†|ϕ〉 = 〈δy|xϕ(x)〉 = yϕ(y) = y〈δy|ϕ〉.

Therefore, we see that although P,X does not have eigenvectors in L2 space,
we can extend the space to generalized distributions in which they do have
eigenvalues, and in which L2 naturally sits.

In general, given a Hilbert space H and an algebra of operators A on H ,
there exists a maximal subspace S ⊂ H on which A acts. Then we have the
natural inclusion S ⊂ H ⊂ S∗. Although A ∈ A won’t have eigenvectors in
H if it has continuous spectra, it will have eigenvectors in S∗. A triple

(S,H,S∗)

is called a rigged Hilbert space. It turns out that rigged Hilbert space is a
natural place in which quantum mechanics takes place. A detailed survey can
be found in [8].
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5.8.2 Fourier Transform

Definition 5.48. The Fourier transform of a function ψ ∈ S(R) is given by
a function ψ̂, where

ψ̂(k) =
1√
2π

∫ ∞

−∞
e−ikxψ(x) dx.

One can show that ψ̂ ∈ S(R), and define the inverse Fourier transform by

ψ(x) =
1√
2π

∫ ∞

−∞
ψ̂(k)eikxdk.

Remark 5.49. One can consider the Fourier transform and its inverse trans-
form using the following analogy: In a finite dimensional vector space V , any
vector can be written as |v〉 =

∑
j v(j) |ej〉 where |ej〉 is an orthonormal basis:

〈ei|ej〉 = δij . The coefficents v(j) can be obtained by v(j) = 〈ej |v〉. In the
continuous case where V is infinite dimensional, the set of functions |k〉 = eikx

forms an orthonormal basis (we’ll explain later) with 〈k|k′〉 = δ(k − k′).
Then we can view ψ̂(k) = 〈k|ψ〉 just as v(j) in the discrete case. And
the inverse Fourier transform is just the continuous version of reconstruct-
ing |v〉 =

∑
j v(j) |ej〉 with the knowledge of the coefficents v(j).

Proposition 5.50. The Fourier transform convert differential operator D into
multiplication. More specifically,

D̂ψ(k) = ikψ̂(k).

Proof. This is simply proven by

D̂ψ(k) =
1√
2π

∫ ∞

−∞
e−ikx

d

dx
ψ dx

=
1√
2π

∫ ∞

−∞

(
d

dx

(
e−ikxψ

)
−
(

d

dx
e−ikx

)
ψ

)
dx

= ik
1√
2π

∫ ∞

−∞
e−ikxψ dx = ikψ̂(k).

We used the fact that ψ(±∞) = 0 and |eikx| = 1.

Proposition 5.51. Let Ta be the translation operator defined by Taψ(x) =
ψ(x+ a). Then

T̂aψ(k) = eikaψ̂(k).

Proof. We have

T̂aψ(k) =
1√
2π

∫ ∞

−∞
e−ikxψ(x+ a) dx =

1√
2π

∫ ∞

−∞
e−ik(x

′−a)ψ(x′) dx′

= eikaψ̂(k).

This concludes the proof.

Theorem 5.52 (Plancherel). The Fourier transform and inverse Fourier
transform extends to unitarity isomorphisms of L2(R) with itself. In par-
ticular,

‖ψ(x)‖L2 = ‖ψ̂(k)‖L2 .
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Proof. Refer to any standard textbook in Fourier analysis.

Definition 5.53 (Fourier transform on S ′(R)). Since the Fourier transform is
defined on Schwartz function space S(R), we can also define Fourier transform
on the space of tempered distributions S ′(R). Let T ∈ S ′(R) and ϕ ∈ S(R).
We define

(T̂ )(ϕ) = T (ϕ̂).

If we write T (ϕ) = 〈T, ϕ〉, then the Fourier transform T̂ of T is defined by

〈T̂ , ϕ〉 = 〈T, ϕ̂〉.

Example 5.54. One of the most important examples of Fourier transforma-
tion of distributions is that of δ0. We have that

〈δ̂0, ϕ〉 = 〈ϕ, ϕ̂〉 = ϕ(0).

From the formula of the Fourier transform, we have that

ϕ̂(0) =
1√
2π

∫ ∞

−∞
ϕ(x) dx =

1√
2π

〈1, ϕ〉

where 1 is understood as the functional ϕ 7→
∫
ϕ dx. Therefore, the Fourier

transform of δ0 is the constant function

δ̂0 =
1√
2π
.

Using the formula for the inverse transform, one gets

δ(x) =
1

2π

∫ ∞

−∞
eikx dk.

Replacing x→ x− x′, we have

δ(x− x′) =
1

2π

∫ ∞

−∞
eik(x−x

′) dk.

Then we consider the eigenvectors of the momentum operation P :

|k〉 = 1√
2π
eikx.

We have that

〈k′|k〉 =
∫ ∞

−∞

(
1√
2π
e−ik

′x

)(
1√
2π
eikx

)
dx =

1

2π

∫ ∞

−∞
ei(k−k

′)x dx = δ(k − k′).

5.8.3 Dirac Notation, Position and Momentum Space

We have been seeing Dirac notation a lot. But there is still something worth
mentioning about it. Suppose in a finite dimensional vector space with an
orthonormal basis |ej〉, one can write |v〉 =

∑
j v(j) |ej〉. Since v(j) = 〈ej |v〉,

one can actually write

|v〉 =
∑
j

〈ej |v〉 |ej〉 =

∑
j

|ej〉〈ej |

 |v〉 .
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Hence, we get that ∑
j

|ej〉〈ej | = 1

if |ej〉 is an orthonormal basis. In the infinite dimensional case, things are more
subtle. If a self-adjoint operator Q has continuous spectra, then one can derive
an analogous version of the finite-dimensional case through some hard work.
For a rigorous treatment, see [5], [8], and [7]. But the idea is straightforward,
define eigenvector |q〉 of the operator Q such that Q |q〉 = q |q〉. Then spectral
theorem for unbounded operator says that one can find a set of eigenvectors
|q〉 that form an orthonormal basis of our state space. Then replacing the sum
by an integral, we get ∫

dq |q〉〈q| = 1.

Let us study the case where our state space is S ′(R), and the self-adjoint
operators are position and momentum oeprators. Then a state |ψ〉 can be
written as2

|ψ〉 =
(∫

dx |x〉〈x|
)
|ψ〉 =

∫
dx〈x|ψ〉 |x〉 .

Defining 〈x|ψ〉 = ψ(x), this boils down to the equality

ψ(y) =

∫
dx ψ(x)δ(y − x).

Therefore, what we refer to as wave function ψ(x) is really just the component
of the abstract state |ψ〉 with respect to the basis |x〉, which are eigenvectors
of the operator X. Similarly, one can consider the case of operator P and
write

|ψ〉 =
(∫

dk |k〉〈k|
)
|ψ〉 =

∫
dk 〈k|ψ〉 |k〉 . (5.6)

Let us look at (5.6) more carefully. The coefficients 〈k|ψ〉 are exactly the
Fourier coefficents, since

ψ̂(k) := 〈k|ψ〉 = 1√
2π

∫
e−ikxψ(x) dx.

Therefore, the Fourier transform formula is written compactly inside 〈k|ψ〉!
Now expanding (5.6) into a more familiar form, we find that (5.6) is nothing
but

ψ(x) =
1√
2π

∫
ψ̂(k)eink dk

which is the inverse Fourier transform! Therefore, given a state |ψ〉 in state
space, its components ψ(x) with respect to |x〉 basis is different from its com-
ponent ψ̂(k) with respect to |k〉 basis. But ψ(x), ψ̂(k) refer to the same vector
|ψ〉. This is just a consequence of a change of basis. Therefore, we have
the elegant correspondence between position space and momentum space of
wave functions as the Fourier transform from signal space to frequency space.

2The reason we can conclude
∫
dx |x⟩⟨x| = 1 is not because |x⟩ is an orthonormal basis.

In fact, there is no inner product on S ′(R). The reason we can do this is simply because of
the definition of the Dirac delta function, and its corresponding integral representation in
the next line.
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Therefore, we call functions ψ̂(k) to be in momentum space, and ψ(x) to be
in position space.

In the position space, operators X,P are given by

Xψ(x) = xψ(x) Pψ(x) = −iℏ ∂
∂x
ψ(x).

But in the momentum space, we are now taking the basis to be |k〉, so X,P
will also change. Assuming our state space H is nice enough, the Fourier
transform provides an isomorphism F : H → Ĥ = H , where we label the
hat to suggest that we are working in the momentum space. Then we have
the commutaive diagram

Ĥ Ĥ

H H
P

F−1 F

P̂

Hence we have P̂ = F ◦ P ◦ F−1. Therefore, in the momentum space, the
action of momentum operator is given by

P̂ψ(k) = (F ◦ P ◦ F−1)(ψ̂(k))

= F ◦ P (ψ(x))
= F (−iℏDψ(x))

= (−iℏ)(ik)ψ̂(k)

= ℏkψ̂(k)

where we have used D̂ψ(k) = ikψ̂(k). Therefore, we conclude that in the
momentum space

P̂ = ℏk.

Similarly we have a commutaive diagram

Ĥ Ĥ

H H
X

F−1 F

X̂

Therefore we have that

X̂ψ(k) = (F ◦X ◦ F−1)(ψ̂(k))

= F ◦X(ψ(x))

= F (xψ(x))

=
1√
2π

∫ ∞

−∞
e−ikxxψ(x) dx

=

(
i
d

dk

)
1√
2π

∫ ∞

−∞
e−ikxψ(x) dx

=

(
i
d

dk

)
ψ̂(k).
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Therefore, we conclude that in the momentum space, the position operator
acts as

X̂ = i
d

dk
.

There is a derivation of the position operator in momentum space in [6] using
the Dirac notation.

5.9 Representations of Euclidean Group
In this chapter, we will first explore the solution to the Schrödinger equation
of a free particle using Fourier transform, and then we will digress a little bit
to study Euclidean groups E(2). After that, we will show that the time inde-
pendent solutions to the SDE of free particles are the elements of irreducible
representations of the Euclidean group E(2). We will finally generalize this
situation to the 3-dimensional case.

5.9.1 Solution to the Free Particle SDE in Momentum Space

Recall that the Schrödinger equation of the free particle in 2-dimension is
given by

iℏ
∂

∂t
ψ(q, t) = − ℏ2

2m
∇2ψ(q, t). (5.7)

We have seen that Fourier transform takes the derivative operator to multi-
plication by k in one dimension. Similarly, in three dimension, after Fourier
transforming (5.7), one gets (setting ℏ = 1 and replacing coordinate k1, k2, k3
with p1, p2, p3)

i
∂

∂t
ψ̂(p, t) =

1

2m
(p21 + p22)ψ̂(p, t).

This equation can then be solved using separation of variable, giving solutions

ψ̂(p, t) = e−i
1

2m
|p|2tψ̂(p, 0).

We want to find states that not only obeys the Schrödinger equation, but is also
the momentum eigenstate. The momentum eigenstate ψ̂(p, t) at t = 0 obeys
pjψ̂(p, 0) = p′jψ̂(p, 0) acted by each momentum component Pj . Therefore, the
solution is given by a delta distribution

ψ̂(p, 0) = δ(p− p′) = δ(p1 − p′1)δ(p2 − p′2).

The position space wave function can be recovered from the Fourier inversion
formula

ψ(q, t) =
1

2π

∫
d2p eip·qψ̂(p, t).

5.9.2 Semidirect Products and The Euclidean Group

Definition 5.55 (Semidirect Products). Let N,K be two Lie groups. Suppose
for every k ∈ K, there is an automorphism (isomorphism from a group to itself)
Φ(k) = Φk : N → N . Then one can define the semidirect product

N ⋊Φ K
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of N and K to be the group with elements (n, k) ∈ N ×K with the group law

(n1, k1)(n2, k2) = (n1Φk1(n2), k1k2).

One can check that this is indeed a group, with inverse element

(n, k)−1 = (Φk−1(n−1), k−1).

Definition 5.56 (Euclidean Group). The Euclidean group E(d) is the semidi-
rect product

E(d) = Rd ⋊Φ SO(d)

where the automorphism is given by the identity map

Φ(R) = R : Rd → Rd.

More specifically, the multiplication is given by

(a1, R1)(a2, R2) = (a1 +R1a2, R1R2).

There is a natural action of E(d) on Rd, given by

(a, R) · v = a+Rv.

One can check that this is indeed a group action. Note that we can identify
an element in E(d) with a (d+1)× (d+1) matrix, making E(d) a matrix Lie
group by

(a, R) ↔
(
R a
0 1

)
.

The matrix multiplication is consistent with group multiplication of E(d),
since (

R1 a1
0 1

)(
R2 a2
0 1

)
=

(
R1R2 a1 +R1a2
0 1

)
.

Given a semidirect product of two Lie groups, a natural question is to find its
corresponding Lie algebra. This turns out to be quite a difficult question in
general. But in the case of E(d), we can do it. Recall that the Lie algebra
consists of matrices Y ∈ e(d), such that when we exponentiate, we have etY ∈
E(d). In this case, we have that

e(d) =

{(
X a
0 0

)
: X ∈ so(d),a ∈ R2

}
.

And one can compute the commutator and find that[(
X1 a1
0 0

)
,

(
X2 a2
0 0

)]
=

(
[X1, X2] X1a2 −X2a1

0 0

)
.

Hence, in simple Lie algebra pair, one has that e(d) = Rd ⊕ so(d), with Lie
bracket

[(a1, X1), (a2, X2)] = (X1a2 −X2a1, [X1, X2]).

In fact, this relation can be generalized, as we will see in later sections.
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Now we turn to the case where d = 2 and study the Lie algebra e(2) of
E(2). Since any element R ∈ SO(2) is of the form

R =

(
cos θ sin θ
− sin θ cos θ

)
,

and (
cos θ sin θ
− sin θ cos θ

)
= exp

(
0 θ
−θ 0

)
,

we see that the matrix
(

0 1
−1 0

)
is a basis for so(2). Therefore, we see that

l =

0 −1 0
1 0 0
0 0 0

 p1 =

0 0 1
0 0 0
0 0 0

 p2 =

0 0 0
0 0 1
0 0 0


form a basis of e(2). Notice that we call these matrices l, p1, p2 not by coinci-
dent: They satisfy the commutation relation

[l, p1] = p2 [l, p2] = −p1 [p1, p2] = 0.

If we identify the matrix l with the angular momentum function l = q1p2−q2p1
on the phase space of (q1, q2, p1, p2), using the Poisson bracket, we see that
exactly the same relation is satisfied:

{l, p1} = p2 {l, p2} = −p1 {p1, p2} = 0.

Therefore, e(2) ∼= span{l, p1, p2}, which is a sub-Lie algebra of the homo-
geneous polynomials of degree at most 2 in phase space. Therefore, the
Schrödinger representation will provide us a representation of Lie algebra e(2)
on the state space H of functions of the position variable q1, q2.

5.9.3 Irreducible Representations of E(2)

As we have discussed in the previous section, e(2) is isomorphic to the Lie
algebra with basis l = q1p2 − q2p1 and p1, p2 as a Lie sub-algebra of functions
on phase space R4 = (q1, q2, p1, p2). Using the canonical quantization, the
Schrödinger representation Π′

S gives us a Lie algebra representation of e(2) on
the state space H of functions of the position variable q1, q2 given by

Π′
S(p1) = −iP1 = − ∂

∂q1

Π′
S(p2) = −iP2 = − ∂

∂q2

Π′
S(l) = −iL = −i(Q1P2 −Q2P1) = −

(
q1

∂

∂q2
− q2

∂

∂q1

)
.

Now, we want to look for subspaces of L2(R2) such that they are invariant un-
der Π′

S(p1),Π
′
S(p2),Π

′
S(l), and no proper subspace of them are invariant under

these operators, hence irreducible. Since E(2) = R2 ⋊ SO(2) is topologically
just R2 × SO(2), which are connected since both components are, exponen-
tiating these irreducible representations of Lie algebra e(2) gives irreducible
representations of E(2).
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The trick is to define the Casimir operator and raising/lowering operator
again. Here we follow mostly [15] and define

P 2 = P 2
1 + P 2

2 P± = P1 ± iP2.

Then one can verify that

[L,P±] = P±

P 2 = P 2
1 + P 2

2 = P−P+ = P+P−

[P 2, L] = [P 2, P±] = 0.

Since [P 2, L] = 0, we can diagonalize them simultaneously by finding a set of
normal eigenvectors |p,m〉 of both of them, say

P 2 |p,m〉 = p2 |p,m〉 L |p,m〉 = m |p,m〉 .

Since P 2, L are self-adjoint (as you can check), we can assume |p,m〉 to be
orthonormal. Note that p2 ≥ 0, since we have

〈p,m|P 2|p,m〉 = p2 = 〈p,m|P−P
+|p,m〉 = 〈p,m|P †

+P+|p,m〉

so p2 is the square of the norm of the vector P+ |p,m〉 . Now consider P+ |p,m〉.
Using the relation [L,P±] = ±P±, we have that

J(P+ |p,m〉) = (LP+ − P+L+ P+L) |p,m〉
= P+ |p,m〉+ P+(m |p,m〉)
= (m+ 1)(P+ |p,m〉).

Using [P 2, P±] = 0, we have

P 2(P+ |p,m〉) = P+P
2 |p,m〉 = p2(P+ |p,m〉).

Using P 2 = P−P+ and P †
± = P∓, we find that

(〈p,m|P †
+)(P+ |p,m〉) = 〈p,m|P−P+|p,m〉 = 〈p,m|P 2|p,m〉 = p2

where we have used the orthonormality condition 〈p,m|p,m〉 = 1. Therefore,
we found that P+ |p,m〉 has norm p, and is an eigenvector of L with eigenvalue
m+1, and is an eigenvector of P 2 with eigenvalue p2. Hence we conclude that

P+ |p,m〉 ∝ p |p,m+ 1〉

up to a phase factor. Similarly, one can show that

P± |p,m〉 ∝ p |p,m± 1〉

up to a phase factor.

Theorem 5.57. Let p > 0 be given. The vector space

V p = spanC{|p,m〉}m=0,±1,±2,...

is invariant under Π′
S(p1),Π

′
S(p2),Π

′
S(l), hence is an irreducible Lie algebra

representation of e(2).
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Proof. Clearly V p is invariant under P±, L. Hence it is also invariant under
P1, P2, L. This proves the claim. Consequently, (Π′

S , V
p) is an irreducible

representation of e(2). Hence (ΠS , V
p) is an irreducible representation of E(2).

Now, it remains to find explicit expressions of the eigenvectors |p,m〉 for a
given p. This amounts to solving a system of PDEs

P 2 |p,m〉 = p2 |p,m〉 L |p,m〉 = m |p,m〉 .

Or explicitly, writting |p,m〉 = ψp,m(q), and introducing p2 = 2ME, the PDEs
above reads

− 1

2M

(
∂2

∂q21
+

∂2

∂q22

)
ψp,m(q) = Eψ(q)

−i
(
q1

∂

∂q2
− q2

∂

∂q2

)
ψp,m(q) = mψ(q).

Notice that the first equation is exactly the solution to the time independent
SDE of a free particle with mass M and energy E, whose solution in the
momentum space after Fourier transform is given by

ψ̂p,m(p, t) = e−i
1

2M
|p|2tψ̂(p, 0)

where we define ψ̂(p) = ψ̂(p, 0). These will have well-defined momentum p0

when
ψ̂(p) = δ(p− p0).

The position space wave functions can be recovered from the Fourier inversion
formula

ψp,m(q, t) =
1

2π

∫
d2p eip·qψ̂p,m(p, t).

Since in the momentum space, the momentum operator becomes the multipli-
cation operator

Pψ̂(p) = pψ(p)

an eigenfunction for the Hamiltonian with eigenvalue E will satisfy(
|p|2

2M
− E

)
ψ̂p,m(p) = 0.

Therefore, ψ̂p,m(p) can only be nonzero on E = |p|2/2M . That is, to say
the free particle solutions with energy E will thus be parametrized by the
distributions that are supported on the circle

|p|2 = 2ME.

Going to polar coordinates p = (p cos θ, p sin θ), such solutions are given by
distributions of the form

ψ̂p,m(p) = ψ̂E(θ)δ(p
2 − 2ME) (5.8)

130



depending on both θ, p. Since one has equality of distribution3

δ(p2 − 2ME) =
1

2
√
2ME

δ(p− 2ME)

One has that (setting t = 0)

ψp,m(q) =
1

2π

∫
d2p eip·qψ̂p,m(p)

=
1

2π

∫∫
eip·qψ̂E(θ)δ(p

2 − 2ME)p dp dθ

=
1

2π

∫∫
eip·qψ̂E(θ)

1

2
√
2ME

δ(p−
√
2ME)p dp dθ

=
1

4π

∫ 2π

0
ei
√
2ME(q1 cos θ+q2 sin θ)ψ̂E(θ) dθ.

To determine what ψ̂E(θ) is, we need to use the second PDE, which is Lψp,m(q) =
mψp,m(q). One can show that in the momentum space, the angular momentum
operator becomes

L = −i
(
p1

∂

∂p2
− p2

∂

∂p1

)
F−→ L̂ = −i ∂

∂θ
.

Therefore, after Fourier transforming,

L̂ψp,m = mψ̂p,m

together with (5.8) gives that

ψ̂E(θ) = eimθ.

Plugging this back to the integral equation of ψp,m(q), we find that the wave
function along the q2 direction is given by

ψp,m(0, q) =
1

4π

∫ 2π

0
ei
√
2ME(q sin θ)eimθ dθ =

1

2
J−m(

√
2MEq) =

1

2
J−m(pq)

where Jn is the n’th Bessel function.
Therefore, we have studied the solution to (5.7) in two dimensional case,

and found that time independent solutions ψp,m(q) = |p,m〉 with energy
2ME = p2 correspond to elements in the irreducible representations (ΠS , V

p)
of the Euclidean group E(2).

3See [3] pg 249 for detailed discussion. Refer to (11.10) of [3] and the proof given by this
Stackexchange post.
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Chapter 6

The Schrödinger Equations

In this chapter, we study some of the most common and important quantum
mechanical systems by explicitly solving Schrödinger equations with various
potentials.

6.1 Schrödinger Equation in Position Space
The Schrödinger equation in position space reads

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
+ VΨ. (6.1)

Now our task is to solve Ψ(x, t) with various potential function V (x). The
first attempt is to guess a solution of the form

Ψ(x, t) = ψ(x)φ(t). (6.2)

This gives
∂Ψ

∂t
= ψ

dφ

dt
,

∂2Ψ

∂x2
=
d2ψ

dx2
φ.

Substitute above into the Shrondinger Equation we get

iℏψ
dφ

dt
= − ℏ2

2m

d2ψ

dx2
φ+ V ψφ.

Divide both sides by ψφ gives

iℏ
1

φ

dφ

dt
= − ℏ2

2m

1

ψ

d2ψ

dx2
+ V. (6.3)

Now, the left hand side is a function of t alone whereas the right hand side is
a function of x alone. We conclude that both sides must be equal to a constant
E in order for this equation to hold. Otherwise by varying t we can change
the left hand side without changing the right hand side, and the equation will
no longer be true.

This gives
iℏ

1

φ

dφ

dt
= E,

− ℏ2

2m

1

ψ

d2ψ

dx2
+ V = E.
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The first equation is easy to solve:

φ(t) = e−iEt/ℏ. (6.4)

The second equation is called the time independent Schrödinger equation
(TISE):

− ℏ2

2m

d2ψ

dx2
+ V ψ = Eψ. (6.5)

Now recall we defined the energy or hamiltonian operator:

Ĥ =
p̂2

2m
+ V = − ℏ2

2m

∂2

∂x2
+ V

Hence the TISE can also be written as

Ĥψ = Eψ. (6.6)

Note that Ĥ is an operator on a vector ψ (the set of all continuous functions
defined on the real line forms a vector space). On the right hand side we have
a constant E times that vector ψ. This should remind you of something: if
Ĥ were a matrix, then E would be an eigenvalue of Ĥ. Solution functions
ψ(x) (if there exists any) like this are called stationary states or eigenstates.
Although the wave function itself is dependent on time:

Ψ(x, t) = ψ(x)e−iEt/ℏ,

the probability density does not:

|Ψ(x, t)|2 = Ψ̄Ψ = ψ̄e+iEt/ℏψe−iEt/ℏ = |ψ(x)|2.

Hence it is stationary. Also the expectation value of any quantity 〈Q〉 reduces
to

〈Q(x, p)〉 =
∫
ψ̄

[
Q

(
x,−iℏ d

dx

)]
ψdx,

which is independent of time. Hence every expectation value stays constant.
In particular, since Ĥψ = Eψ, we have

〈H〉 =
∫
ψ̄Ĥψdx = E

∫
|ψ|2dx = E

∫
|Ψ|2dx = E.

〈
H2

〉
=

∫
ψ̄Ĥ2ψdx = E2

∫
|ψ|2dx = E2.

σ2H =
〈
H2

〉
− 〈H〉2 = E2 − E2 = 0.

Hence the expectation value of the Hamiltonian is the constant E, and
it has zero variance (spread). But zero spread implies every member of the
sample has the same value. Thus a separable solution (stationary states) has
the property that every measurement of the total energy is certain to return
to the value E.

Finally, depending on our choice of the constant E, we have different so-
lutions to the SE:

Ψ1(x, t) = ψ1(x)e
−iE1t/ℏ, Ψ2(x, t) = ψ2(x)e

−iE2t/ℏ, . . . .
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But stationary states form a complete basis in Hilbert space, hence any wave
function Ψ(x, t) can be expressed as a linear combination of the stationary
states:

Ψ(x, t) =

∞∑
n=1

cnψn(x)e
−iEnt/ℏ. (6.7)

In particular, setting t = 0 gives

Ψ(x, 0) =
∞∑
n=1

cnψn(x).

We know that each coefficient cn is the projection of Ψ(x, 0) onto the corre-
sponding stationary state ψn. or

cn = 〈Ψ(x, 0), ψn〉 =
∫

Ψ(x, 0)ψndx.

This inner product is a measurement of how close two vectors are in vector
space since it is related to the angle between two vectors. It is a measurement
of how possible it is for a state Ψ(x, 0) to collapse into another state ψn. Since
we defined the probability to be the square of wave function:

|Ψ(x, t)|2 = 〈Ψ(x, t),Ψ(x, t)〉 = Ψ̄(x, t)Ψ(x, t),

we also expect cn to be related to the probability of a state Ψ(x, 0) to collapse
into another state ψn. But since we are doing inner product of two different
vectors and the probability always needs to be positive, we define |cn|2 to be
the probability of a state Ψ(x, 0) to collapse into another state ψn, or that of
a measurement of the energy would return the value En. This implies that

∞∑
n=1

|cn|2 = 1 〈H〉 =
∞∑
n=1

|cn|2En.

6.2 Infinite Square Well

Suppose now we have a square well with width 0 < x < a (dimension a). The
potential outside the well is infinite and the potential inside the well is zero.

V (x) =

{
0, 0 ≤ x ≤ a
∞, otherwise .

Outside the well, ψ(x) = 0 since an infinite force prevent the particle from
escaping. Inside the well where V = 0, the TISE reads

− ℏ2

2m

d2ψ

dx2
= Eψ.

Now, assuming E > 0 (if E < 0, we have an exercise showing that it will not
work), we can write

d2ψ

dx2
= −k2ψ, where k ≡

√
2mE

ℏ
.
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Then the solution is of the form

ψ(x) = A sin kx+B cos kx.

The continuity of ψ(x) requires that

ψ(0) = ψ(a) = 0.

Hence
ψ(0) = A sin 0 +B cos 0 = B

implies B = 0 and we have ψ(x) = A sin kx. since ψ(a) = 0 and A 6= 0
(otherwise we have the trivial solution), we have

ka = 0,±π,±2π,±3π, . . . .

Throwing away k = 0 (otherwise ψ(x) = 0 again) gives

kn =
nπ

a
, with n = 1, 2, 3, . . . .

Thus by the definition of k we can arrive at the allowed energy

En =
ℏ2k2n
2m

=
n2π2ℏ2

2ma2
. (6.8)

We now determine A by normalizing the wave function:∫ a

0
|A|2 sin2(kx)dx = |A|2a

2
= 1.

This gives A =
√

2/a. The inside the well, the solutions are

ψn(x) =

√
2

a
sin

(nπ
a
x
)
. (6.9)

We immediately notice that ψ forms an orthonormal basis:∫
ψ̄m(x)ψn(x)dx = δmn.

Since this orthonormal basis is complete, any function f can be written as a
linear combination of them:

f(x) =
∞∑
n=1

cnψn(x) =

√
2

a

∞∑
n=1

cn sin
(nπ
a
x
)
.

In order to determine the coefficients cn, we use fourier’s trick:∫
ψ̄m(x)f(x)dx =

∞∑
n=1

cn

∫
ψ̄m(x)ψn(x)dx =

∞∑
n=1

cnδmn = cm.

This gives
cn =

∫
ψ̄n(x)f(x)dx.
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Thus, the stationary states of the infinite square well are

Ψn(x, t) =

√
2

a
sin

(nπ
a
x
)
e−i(n

2π2ℏ/2ma2)t. (6.10)

We said before that any state can be written as a linear combination of sta-
tionary states:

Ψ(x, t) =

∞∑
n=1

cn

√
2

a
sin

(nπ
a
x
)
e−i(n

2π2ℏ/2ma2)t. (6.11)

Now our task is to determine the coefficients cn. We utilize the initial condition
(which is usually given)

Ψ(x, 0) =

∞∑
n=1

cnψn(x).

Now by fourier’s trick

cn =

√
2

a

∫ a

0
sin

(nπ
a
x
)
Ψ(x, 0)dx. (6.12)

Now it is a good time to check whether our previous claim that |cn|2
represents probability and their sum is 1 holds:

1 =

∫
|Ψ(x, 0)|2dx =

∞∑
m=1

∞∑
n=1

c∗mcn

∫
ψ̄m(x)ψn(x)dx

=
∞∑
n=1

∞∑
m=1

c∗mcnδmn =
∞∑
n=1

|cn|2 .
(6.13)

So this is indeed true. Also, since for stationary states we have Ĥψn = Enψn,
we can calculate the expectation value of the Hamiltonian.

〈H〉 =
∫

Ψ̄ĤΨdx =
∑
m

∑
n

c∗mcnEn

∫
ψ̄mψndx =

∑
n

|cn|2En. (6.14)

Thus our proposition holds in the infinite square well problem, I hope this
convince you that |cn|2 are indeed probabilities.

6.3 The Harmonic Oscillator
In this chapter we study the single most important quantum model: the sim-
ple harmonic oscillator . In this senario our quantum harmonic oscillator
has the potential

V (x) =
1

2
mω2x2.

So the TISE reads
− ℏ2

2m

d2ψ

dx2
+

1

2
mω2x2ψ = Eψ. (6.15)

There are two ways of solving (6.15). One via algebraic method and the other
is analytic, which we will not get into and refer the curious readers to [6]. Let
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us look at the more elegant algebraic method, first proposed by Dirac. We
write (6.15) in operator form:

Ĥψ =
1

2m

[
p̂2 + (mωx)2

]
ψ = Eψ. (6.16)

Recall the factorization u2 + v2 = (iu+ v)(−iu+ v). Hence we define

â± ≡ 1√
2ℏmω

(∓ip̂+mωx). (6.17)

Then this gives

â−â+ =
1

2ℏmω
(ip̂+mωx)(−ip̂+mωx)

=
1

2ℏmω
[
p̂2 + (mωx)2 − imω(xp̂− p̂x)

]
.

(6.18)

Hence
â−â+ =

1

2ℏmω
[
p̂2 + (mωx)2

]
− i

2ℏ
[x, p̂].

Simple calculations give
[x, p̂] = iℏ.

Hence we conclude that
â−â+ =

1

ℏω
Ĥ +

1

2
.

Or
Ĥ = ℏω

(
â−â+ − 1

2

)
. (6.19)

Similarly we have
â+â− =

1

ℏω
Ĥ − 1

2
.

In particular we have this wonderful relationship

[â−, â+] = 1. (6.20)

Hence the Hamiltonian can also be written as

Ĥ = ℏω
(
â+â− +

1

2

)
.

Now the TISE (6.16) becomes

ℏω
(
â±â∓ ± 1

2

)
ψ = Eψ. (6.21)

The key observation is that if ψ solves the TISE Ĥψ = Eψ with energy E,
then (â+)ψ solves the TISE with energy E + ℏω. This is because

Ĥ (â+ψ) = ℏω
(
â+â− +

1

2

)
(â+ψ) = ℏω

(
â+â−â+ +

1

2
â+

)
ψ

= ℏωâ+
(
â−â+ +

1

2

)
ψ = â+

[
ℏω

(
â+â− + 1 +

1

2

)
ψ

]
= â+(Ĥ + ℏω)ψ = â+(E + ℏω)ψ = (E + ℏω) (â+ψ) .

(6.22)
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This concludes the proof. Similarly (â−)ψ solves the TISE with energy E−ℏω.
Because

Ĥ (â−ψ) = ℏω
(
â−â+ − 1

2

)
(â−ψ) = ℏωâ−

(
â+â− − 1

2

)
ψ

= â−

[
ℏω

(
â−â+ − 1− 1

2

)
ψ

]
= â−(Ĥ − ℏω)ψ = â−(E − ℏω)ψ

= (E − ℏω) (â−ψ) .
(6.23)

We call â+ the rising operator, which allows us to climb up the energy by
generating a new solution with energy differ by +ℏω. Similarly we call â− the
lowering operator, which allows us to climb down the energy by generating a
new solution with energy differ by −ℏω.

But if we apply the lowering operator repeatedly, we will eventually reach
a state with energy less than zero, which cannot happen since then the wave
function will no longer be normalizable (by Griffiths Problem 2.2, E must
exceed the minimum value of V (x), which is zero in the infinite square well
case. But this does not mean that E cannot be smaller than zero. It’s just
that in this case it cannot. In fact, in section 2.6 we will see such situation
where E < 0, called the bound state). Thus we conclude that there must exist
a ground state ψ0 such that

â−ψ0 = 0.

This gives
1√

2ℏmω

(
ℏ
d

dx
+mωx

)
ψ0 = 0.

Or,
dψ0

dx
= −mω

ℏ
xψ0.

The solution to this equation is

ψ0(x) = Ae−
mω
2ℏ x

2
.

We normalize it:

1 = |A|2
∫ ∞

−∞
e−mωx

2/ℏdx = |A|2
√

πℏ
mω

.

Hence we have our ground state

ψ0(x) =
(mω
πℏ

)1/4
e−

mω
2ℏ x

2
. (6.24)

The TISE for this ground state is ℏω (â+â− + 1/2)ψ0 = E0ψ0. Knowing that
â−ψ0 = 0 we immediately arrive at

E0 =
1

2
ℏω. (6.25)

Now that we have the ground state, we can repeatedly apply the raising
operator to achieve all possible states.

ψn(x) = An (â+)
n ψ0(x), with En =

(
n+

1

2

)
ℏω. (6.26)
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But the difficult things to do now is to determine the normalization constant
An. Now we turn to this problem. From (6.26) we see that â±ψn differs from
ψn±1 by a constant. Hence we may assume that

â+ψn = cnψn+1, â−ψn = dnψn−1. (6.27)

Now we need the following result:

Lemma 6.1. For any functions f, g we have∫ ∞

−∞
f̄ (â±g) dx =

∫ ∞

−∞
(â∓f)gdx. (6.28)

Proof. This is because∫ ∞

−∞
f̄ (â±g) dx =

1√
2ℏmω

∫ ∞

−∞
f̄

(
∓ℏ

d

dx
+mωx

)
gdx.

Suppose the integral exists, then f, g → 0 at x = ±∞. Integrate by part will
throw away the boundary terms, which gives∫ ∞

−∞
f̄ (â±g) dx =

1√
2ℏmω

∫ ∞

−∞
(±ℏf ′ +mωxf)gdx

=

∫ ∞

−∞
(â±f)gdx.

This proves the claim.

In particular, now we have∫ ∞

−∞
(â±ψn) (â±ψn) dx =

∫ ∞

−∞
(â∓â±ψn)ψndx.

Now, (6.21) says

ℏω
(
â±â∓ ± 1

2

)
ψn = Enψn

and we have (6.26). Hence

â+â−ψn = nψn, â−â+ψn = (n+ 1)ψn. (6.29)

Hence now we have∫ ∞

−∞
(â+ψn) (â+ψn) dx = |cn|2

∫
|ψn+1|2 dx = (n+ 1)

∫ ∞

−∞
|ψn|2 dx,∫ ∞

−∞
(â−ψn) (â−ψn) dx = |dn|2

∫
|ψn−1|2 dx = n

∫ ∞

−∞
|ψn|2 dx.

Since ψn and ψn±1 are normalized, we have |cn|2 = n+ 1 and |dn|2 = n. This
implies

â+ψn =
√
n+ 1ψn+1, â−ψn =

√
nψn−1.

This means that
ψ1 = â+ψ0,
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ψ2 =
1√
2
â+ψ1 =

1√
2
(â+)

2 ψ0,

ψ3 =
1√
3
â+ψ2 =

1√
3 · 2

(â+)
3 ψ0,

ψ4 =
1√
4
â+ψ3 =

1√
4 · 3 · 2

(â+)
4 ψ0...

Then clearly
ψn =

1√
n!

(â+)
n ψ0. (6.30)

Hence we have figured out the normalization coefficient

An =
1√
n!
.

It can be checked that the stationary states for harmonic oscillator is also
orthonormal: ∫ ∞

−∞
ψ̄mψndx = δmn.

This is because∫ ∞

−∞
ψ̄m (â+â−)ψndx = n

∫ ∞

−∞
ψ̄mψndx

=

∫ ∞

−∞
(â−ψm) (â−ψn) dx =

∫ ∞

−∞
(â+â−ψm)ψndx

= m

∫ ∞

−∞
ψ̄mψndx.

Unless m = n, the integral must be zero. Thus we can again use fourier’s trick
to determine cn.

6.4 The Uncertainty Principle
In this section we prove what is arguably one of the most important results in
quantum mechanics, the Heisenberg’s uncertainty principle. The state-
ment is as follows:

Theorem 6.2. (Generalized Uncertainty Principle) For two observables Â, B̂,
we always have

σ2Aσ
2
B ≥

(
1

2i
〈[Â, B̂])

)2

.

Since the commutator [Â, B̂] carries its own factor of i, the right hand side is
positive.

Proof. For any observable Â we have

σ2A = 〈(Â− 〈A〉)Ψ|(Â− 〈A〉)Ψ〉 = 〈f |f〉,

where f ≡ (Â− 〈A〉)Ψ. Likewise, for an observable B̂, we have

σ2B = 〈g|g〉, where g ≡ (B̂ − 〈B〉)Ψ.
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Schwarz inequality says that

σ2Aσ
2
B = 〈f |f〉〈g|g〉 ≥ |〈f |g〉|2.

Now, for any complex number z, we have

|z|2 = [Re(z)]2 + [Im(z)]2 ≥ [Im(z)]2 =

(
1

2i

)2

(z − z̄)2 .

Therefore, let z = 〈f |g〉,

σ2Aσ
2
B ≥

(
1

2i

)2

(〈f |g〉 − 〈g|f〉)2.

Now, since Â− 〈A〉 is Hermitian,

〈f |g〉 = 〈(Â− 〈A〉)Ψ|(B̂ − 〈B〉)Ψ〉
= 〈Ψ|(Â− 〈A〉)(B̂ − 〈B〉)|Ψ〉
= 〈Ψ|ÂB̂ − Â〈B〉 − B̂〈A〉+ 〈A〉〈B〉|Ψ〉
= 〈ÂB̂〉 − 〈B〉〈A〉 − 〈A〉〈B〉+ 〈A〉〈B〉
= 〈ÂB̂〉 − 〈A〉〈B〉.

Note that 〈A〉, 〈B〉 are numbers. So they commute. Similarly we have

〈g|f〉 = 〈B̂Â〉 − 〈A〉〈B〉.

Hence
〈f |g〉 − 〈g|f〉 = 〈ÂB̂ − B̂Â〉 = 〈[Â, B̂]〉.

Therefore,

σ2Aσ
2
B ≥

(
1

2i
〈[Â, B̂])

)2

.

This concludes the proof.

As an easy corollary, let Â = X̂ and B̂ = P̂ . And since [X̂, P̂ ] = iℏ, we
have

σ2Xσ
2
P ≥

(
1

2i
iℏ
)2

=

(
ℏ
2

)2

.

Then the uncertainty principle immediately follows. This can also be explained
in experiemental physics. Suppose you first measure the position of the par-
ticle. Then once you measure the position, the wave function collapses into a
spike. But then since p = h/λ = 2πℏ/λ, with wavefunction collapsing into a
spike, there is no clear notion of the wavelength λ.

There is, in fact, an uncertainty principle for every pair of observables
whose operators do not commute. We call them incompatible observables.
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6.5 Quantum Mechanics in Three Dimensions
Before going into 3D, let us consider a simple case, where the particle lives in
2D. Then the generalization of Hamiltonian is simple:

Ĥ =
p̂x

2

2m
+
p̂y

2

2m
+ V (x, y) = − ℏ

2m

(
∂2

∂2x
+

∂2

∂2y

)
+ V (x, y)

Further, let us assume the potential is seperable. This means that

V (x, y) = V1(x) + V2(y).

This is rarely the case in actual situations. But let’s just consider this for
simplicity. Then the Hamiltonian becomes

Ĥ =

(
p̂x

2

2m
+ V1(x)

)
+

(
p̂y

2

2m
+ V2(y)

)
= Ĥx + Ĥy.

Now, suppose that ψx(x) solves the 1D T.I.S.E. Ĥxψ(x) = Exψ(x) and ψy(y)
solves the 1D time independent Schrödinger equation (T.I.S.E.) Ĥyψ(y) =
Eyψ(y), then I claim the solution to this 2D problem Ĥψ(x, y) = Eψ(x, y) is
just

ψ(x, y) = ψx(x)ψy(y) with E = Ex + Ey.

The proof is a simple computation, which is left to the reader as exercise. Thus
in this case, probability multiplies, and energy adds. You will also notice that
in this case, we can have degeneracy, which does not appear in 1D situation.

The schrodinger equation iℏ∂tΨ = ĤΨ still holds. But now the 3D mo-
mentum becomes p = −iℏ∇. And also potential V (x, y, z) is a function of
three coordinates. Now, the Hamiltonian becomes

Ĥ =
1

2m

(
p̂x

2 + p̂y
2 + p̂z

2
)
+ V = − ℏ2

2m
∇2 + V,

where
∇2 =

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
= ∇ · ∇

And the Shrodinger equation becomes

iℏ
∂Ψ

∂t
= − ℏ2

2m
∇2Ψ+ VΨ.

And now the normalization condition becomes∫
d3r|Ψ|2 =

∫
Ω
dxdydz|Ψ(x, y, z)|2 = 1.

Here, Ω is the region where the particle is allowed, or where the wave function
is defined. We write the differential dxdydz = d3r and the triple integral as
just one integral for convinience. The probability of finding the particle in a
small region with volume dxdydz = d3r centered at r = (x, y, z) now becomes
|Ψ|2d3r. Still, the stationary state that evolve with time with be of the form
Ψn(r, t) = ψn(r)e

−iEnt/ℏ, where ψn solves the T.I.S.E

− ℏ2

2m
∇2ψ + V ψ = Eψ.
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And then we can express any general state by a sum:

Ψ(r, t) =
∞∑
n=0

cnψn(r)e
−iEnt/ℏ.

The generalization seems straightforward for now. Also notice that now if we
lable r = (r1, r2, r3) = (x, y, z) and p = (p1, p2, p3) = (px, py, pz), we have the
commutator relations

[ri, pj ] = − [pi, rj ] = iℏδij , [ri, rj ] = [pi, pj ] = 0.

Also, the familiar relation between momentum and position and the uncer-
tainty principle still hold:

m
d〈r〉
dt

= 〈p〉, σriσpi ≥
ℏ
2
.

Sometimes it is easier to do things in spherical coordinates. In spherical
coordinates, the Laplacian becomes

∇2 =
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

(
∂2

∂ϕ2

)
.

The TISE in spherical coordinate reads

− ℏ2

2m

[
1

r2
∂

∂r

(
r2
∂ψ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1

r2 sin2 θ

(
∂2ψ

∂ϕ2

)]
+V ψ = Eψ.

We try to separate the wave function into products

ψ(r, θ, ϕ) = R(r)Y (θ, ϕ).

We substitute this back into the TISE and get

− ℏ2

2m

[
Y

r2
d

dr

(
r2
dR

dr

)
+

R

r2 sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

R

r2 sin2 θ

∂2Y

∂ϕ2

]
+V RY = ERY.

Dividing by ψ = RY and multiply by −2mr2/ℏ2 gives{
1

R

d

dr

(
r2
dR

dr

)
− 2mr2

ℏ2
[V (r)− E]

}
+

1

Y

{
1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1

sin2 θ

∂2Y

∂ϕ2

}
= 0.

The first term is a function of only r and the second term is a function of
only ϕ and θ. This suggests us to use a separation constant ℓ(ℓ+ 1):

1

R

d

dr

(
r2
dR

dr

)
− 2mr2

ℏ2
[V (r)− E] = ℓ(ℓ+ 1),

1

Y

{
1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1

sin2 θ

∂2Y

∂ϕ2

}
= −ℓ(ℓ+ 1).

We will justify the choice of the separation constant in due course. The first
equation is called the radial equation and the second one is called the angular
equation.

However, one deceptively simple question to ask is: Is this really legal?
How are we allowed to divide ψ on both sides for ψ can be zero at some point?
Then aren’t we dividing by zero? This question should have been asked way
before when we derived TISE in 1D. To justify this we need the following
lemma:
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Lemma 6.3. Let I, J be intervals on x, y axis respectively. Assume that

a(x)b(y) = c(x)d(y) ∀x ∈ I, ∀y ∈ J (6.31)

with both sides not equal to 0 for at least one point (x0, y0). Then there exists
a constant µ 6= 0 with

c(x) = µa(x) x ∈ I,

b(y) = µd(x) y ∈ J.

This means that we can sort of "cheat" and pretend a(x)
c(x) = b(y)

d(y) = µ.

Proof. Put x = x0 in (6.31) to obtain

b(y) =
c(x0)

a(x0)
d(y) y ∈ J.

And therefore b(y) = µd(y) with µ = c(x0)/a(x0) 6= 0. Now put y = y0 in
(6.31) and get

a(x)µd(y0) = c(x)d(y0) x ∈ I.

This implies c(x) = µa(x), as desired.

One can see without too much work that this lemma justifies the dividing
by ψ step. This is cheating, of course, but it actually is very intuitive, and
even better: it is correct!

6.5.1 The Angular Equation

We now try to solve the angular equation:

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+
∂2Y

∂ϕ2
= −ℓ(ℓ+ 1) sin2 θY.

We use separation of variables again:

Y (θ, ϕ) = Θ(θ)Φ(ϕ).

We plug this in and divide by Y = ΘΦ again (justified!) and get{
1

Θ

[
sin θ

d

dθ

(
sin θ

dΘ

dθ

)]
+ ℓ(ℓ+ 1) sin2 θ

}
+

1

Φ

d2Φ

dϕ2
= 0.

This time let the separation constant be m2:

1

Θ

[
sin θ

d

dθ

(
sin θ

dΘ

dθ

)]
+ ℓ(ℓ+ 1) sin2 θ = m2,

1

Φ

d2Φ

dϕ2
= −m2.

Instantly we can find the solution to the second equation be Φ(ϕ) = eimϕ.
This time we write it as a complex exponential instead of a combination of
trig functions for convinience. As ϕ advances by 2π we get to the same point.
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Thus the boundary condition requires Φ(ϕ + 2π) = Φ(ϕ). This suggests that
m = 0,±1,±2, . . . The other equation is harder to solve:

sin θ
d

dθ

(
sin θ

dΘ

dθ

)
+

[
ℓ(ℓ+ 1) sin2 θ −m2

]
Θ = 0.

The solution is
Θ(θ) = APmℓ (cos θ),

where Pmℓ is the associated Legendre function defined by

Pmℓ (x) ≡ (−1)m
(
1− x2

)m/2( d

dx

)m
Pℓ(x)

and Pℓ(x) is the ℓ−th Legendre polynomial, defined by

Pℓ(x) ≡
1

2ℓℓ!

(
d

dx

)ℓ (
x2 − 1

)ℓ
.

Notice that ℓ ≥ 0 so this definition makes sense. If m > ℓ, then the
definition says that Pmℓ = 0. Hence for any given ℓ, we have 2ℓ+ 1 choices of
m:

m = −ℓ,−ℓ− 1 · · · ,−1, 0, 1, · · · , ℓ− 1, ℓ.

The volume element in spherical coordinate is

d3r = r2 sin θdrdθdϕ = r2drdΩ, where dΩ ≡ sin θdθdϕ.

The normalization condition becomes∫
|ψ|2r2 sin θdrdθdϕ =

∫
|R|2r2dr

∫
|Y |2dΩ = 1.

We normalize R and Y separately:∫ ∞

0
|R|2r2dr = 1 and

∫ 2π

0

∫ π

0
|Y |2 sin θdθdϕ = 1

Notice that Griffiths actually made a mistake in his book. θ goes from 0 to π
and ϕ goes from 0 to 2π, not the other way around!

The normalized angular wave function is

Y m
ℓ (θ, ϕ) =

√
(2ℓ+ 1)

4π

(ℓ−m)!

(ℓ+m)!
eimϕPmℓ (cos θ).

And they are mutually orthogonal:∫ 2π

0

∫ π

0
Y
m
ℓ (θ, ϕ)Y

m′
ℓ′ (θ, ϕ) sin θdθdϕ = δℓℓ′δmm′ .
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6.5.2 The Radial Equation

If we use variable u(r) ≡ rR(r), the radial equation simplifies to

− ℏ2

2m

d2u

dr2
+

[
V +

ℏ2

2m

ℓ(ℓ+ 1)

r2

]
u = Eu.

We can write
− ℏ2

2m

d2u

dr2
+ Veffu = Eu,

where the effective potential is defined to be

Veff = V +
ℏ2

2m

ℓ(ℓ+ 1)

r2
.

Now the normalization condition reads∫ ∞

0
|u|2dr = 1.

6.6 Hydrogen Atom

Our task is to solve the TISE:

− ℏ2

2m
∇2ψ(r) + V (r)ψ(r) = Eψ(r).

In the problem we are interested in, we only consider radial potential:

V (r) = V (r) where r = ‖r‖.

Thus it makes sense to consider solving TISE in spherical coordinate. Here
we denote the coordinate system as (r, ϕ, θ), where

0 ≤ ϕ ≤ 2π 0 ≤ θ ≤ π.

Then the Laplacian ∇2ψ becomes

∇2ψ = (
∂2ψ

∂r2
+

2

r

∂ψ

∂r︸ ︷︷ ︸
1
r2

∂
∂r (r2

∂ψ
∂r )

+
1

r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1

r2 sin2 θ

∂2ψ

∂ϕ2
).

We may consider a seperation of variable: ψ(r, ϕ, θ) = R(r)Y (ϕ, θ). Fur-
ther, we let the separation constant be ℓ(ℓ+1). Then the DE involving Y (ϕ, θ)
becomes the well-known angular equation:

sin θ
∂

∂θ

(
sin θ

∂Y

∂θ

)
+
∂2Y

∂ϕ2
= −ℓ(ℓ+ 1) sin2 θY.

The solution to the angular equation is

Y m
ℓ (θ, ϕ) =

√
(2ℓ+ 1)

4π

(ℓ−m)!

(ℓ+m)!
eimϕPmℓ (cos θ).
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They are called the spherical harmonics. What we are interested now is to
solve the radial part:

d

dr

(
r2
dR

dr

)
− 2mr2

ℏ2
[V (r)− E]R = ℓ(ℓ+ 1)R

with a given radial potential V (r).
For the Hydrogen atom, we plug in the Columb potential:

V (r) = − e2

4πϵ0r
.

Simplifying the radial equation, we get

− ℏ2

2mr2
d

dr

(
r2
dR

dr

)
+

[
− e2

4πϵ0

1

r
+

ℏ2

2m

ℓ(ℓ+ 1)

r2

]
R = ER.

And this is the equation that we are aiming to solve. There are two methods
to solve this equation: one algebraic (involving defining rising and lowering
operators), and one analytic (involving asymptotic analysis and infinite series).
We will only present the algebraic method here since it is more interesting,
and refer interested readers to check [6] for the analytical method.

We wish to simplify the radial equation to the form ĤrR = ER. Thus we
need to define a radial Hamiltonian

Ĥr =
p2r
2m

+ Veff.

pr is the radial momentum and Veff is the effective potential:

Veff = − e2

4πϵ0

1

r
+

ℏ2

2m

ℓ(ℓ+ 1)

r2
.

Our first attempt to define pr is by

r̂ · p = r̂ · −iℏ∇ = r̂ · −iℏ
(
r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ ϕ̂

1

r sin θ

∂

∂ϕ

)
= −iℏ ∂

∂r
.

But unfortunately, this expression is not Hermitian. Why? Because in spher-
ical coordinates (

∂

∂r

)†
6= − ∂

∂r
.

However, we can make it Hermitian by adding a symmetric component:

pr ≡
1

2
(r̂ · p+ p · r̂) = − iℏ

2

(
1

r
r · ∇+∇ ·

(r
r

))
.

The first term is just 1/r(r · ∇) = r∂r by the definition of ∇ in spherical
coordinate (last page). We need to be careful with the second term:

∇ ·
(r
r

)
f = f(r)∇ · r

r
+
(r
r
· ∇

)
f(r) =

(
2

r
+

∂

∂r

)
f.

Plugging in and we find that

pr = −iℏ
(
∂

∂r
+

1

r

)
.

We now prove that
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Proposition 6.4. pr is Hermitian.

Proof. This is just a simple calculation:

〈ψ|prψ〉 =
∫ ∞

0

∫ 2π

0

∫ π

0
ψ̄

[
−iℏ

(
∂

∂r
+

1

r

)]
ψr2 sin θdθdϕdr

=

(∫ ∞

0
R∗

[
−iℏ

(
∂

∂r
+

1

r

)]
Rr2dr

)(∫ 2π

0

∫ π

0
|Y |2dΩ

)
︸ ︷︷ ︸
=1 by normalization

= iℏ
∫ ∞

0

(
2

r
+

∂

∂r
− 1

r

)
R∗Rr2dr

=

∫ ∞

0

∫ 2π

0

∫ π

0

([
−iℏ

(
∂

∂r
+

1

r

)]
ψ

)∗
ψr2 sin θdθdϕdr

= 〈prψ|ψ〉.

In the third step we expand two terms, integrate by part on the first term,
and merge them together. This concludes the proof.

Here are two useful commutation relations that are easy to check:

[r, pr] = iℏ [pr, 1/r] =
iℏ
r2
.

Next we verify

p2r = −ℏ2

r2
∂

∂r

(
r2
∂

∂r

)
.

Thus
ĤrR =

[
p2r
2m

− e2

4πϵ0

1

r
+

ℏ2

2m

ℓ(ℓ+ 1)

r2

]
R = ER.

Then for each ℓ we can define the corresponding radial Hamiltonian:

Hℓ =
p2r
2m

− ℏ2

ma0r
+

ℏ2

2m

ℓ(ℓ+ 1)

r2
.

We introduce a constant

a0 ≡
4πϵ0ℏ2

me2
= 0.529× 10−10 m.

Define the raising operator

aℓ ≡
a0

ℏ
√
2

(
ipr −

(ℓ+ 1)ℏ
r

+
ℏ

(ℓ+ 1)a0

)
.

The lowering operator is just a†. You can check that

aℓ ≡
a0

ℏ
√
2

(
−ipr −

(ℓ+ 1)ℏ
r

+
ℏ

(ℓ+ 1)a0

)
.

Then the Hamiltonian can be written as

Hℓ =
ℏ2

ma20

(
a†ℓaℓ −

1

2(ℓ+ 1)2

)
.
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The algebra is messy. So we omit the verification. One very important com-
mutation relation is[

aℓ, a
†
ℓ

]
=

(ℓ+ 1)a20
r2

=
ma20
ℏ2

(Hℓ+1 −Hℓ) .

With the result [aℓ, a
†
ℓ], we can now actually calculate

[aℓ,Hℓ] = (Hℓ+1 −Hℓ) aℓ.

This can also be written as aℓHℓ = Hℓ+1aℓ. Suppose now Rℓ is a solution to
HℓRℓ = ERℓ. Then

aℓHℓRℓ = Hℓ+1aℓRℓ = EaℓRℓ.

which means that the state aℓRℓ is an eigenstate of Hℓ+1, lets call it Rℓ+1,
with the same eigenenergy E.

Can we do this infinitely many times, getting eigenstates Rℓ+2, Rℓ+3, ...?
Lets think of the consequences. As ℓ increases, the positive part of the effective
potential is increasing, with respect to a fixed negative potential. You can take
a derivative of Veff with respect to r to find that it has a minimum at

Vmin = − ℏ
2ma20

1

ℓ(ℓ+ 1)
.

What this means is that with a fixed E (remember were not raising the
energy by operating with aℓ), as ℓ increases, theres a point where Vmin > E
and no more bound states exist.

Thus, there must be a maximum value of ℓ, say L, such that aLRL = 0.
The energy of this solution is

HLRL =
ℏ2

ma20
a†L(aLRL︸ ︷︷ ︸

=0

)− ℏ2

2ma20 (L+ 1)2
RL = − ℏ2

2ma20 (L+ 1)2
RL.

So now define n ≡ L+ 1 we see the highest energy is given by

En = − ℏ2

2ma20n
2
= − e2

8πϵ0a0n2
= −E1

n2
≈ −13.6

n2
eV

where E1 is the Bohr energy.
Now we can generate all the other states with the same energy by acting

with the lowering operator, a†ℓ, down to ℓ = 0. Since we know that L = n− 1,
then for a given n,

0 ≤ ℓ ≤ n− 1 − ℓ ≤ m ≤ ℓ.

Therefore, the degeneracy of a given En, denoted by d(n), is given by

n−1∑
ℓ=0

m=ℓ∑
m=−ℓ

1 =
n−1∑
l=0

(2ℓ+ 1) = n2.

By using three quantum numbers: n, ℓ,m, we can completely specify the sys-
tem:

ψn,ℓ,m(r, θ, ϕ) = Rn,ℓ(r)Y
m
ℓ (θ, ϕ).
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The important thing to note here is that by choosing n, we automatically
determine a maximal energy En, and hence L. Why did I change the notation
from Rℓ(r) to Rn,ℓ(r) here? It is because that previously we assumed that
Rℓ satisfy the equation ĤℓRℓ = ERℓ for a given E. But this E is completely
determined by n. So what I really should have said is that Rn,ℓ is the solution
to the equation

ĤℓRn,ℓ = EnRn,ℓ.

So how should I determine the ground state? Well, the ground state cor-
responds to the energy E1, so n = 1. By choosing n = 1 and by the restriction
0 ≤ ℓ ≤ n − 1, we force ℓ = 0. Then by −ℓ ≤ m ≤ ℓ we force m = 0. So the
ground state has no degeneracy. And it is given by

ψ1,0,0(r, θ, ϕ) = R1,0(r)Y
0
0 (θ, ϕ).

But what is this ground state anyway? We know that for a given n, there
exists L = n− 1 such that aLRn,L = 0. That is,

an−1Rn,n−1 = 0.

We use the definition of the raising operator a and get

a0

ℏ
√
2

(
ℏ
d

dr
+ ℏ

1

r
− nℏ

r
+

ℏ
na0

)
Rn,n−1 = 0.

The solution is given by

Rn,n−1 = Crn−1e−r/na0 .

Substitute in n = 1 we get

R1,0 = Ce−r/a0 .

Now we normalize R1,0 to find C.

1 =

∫ ∞

0
|R1,0|2 r2dr =

∫ ∞

0
|C|2r2e−2r/a0dr.

This suggests that C = 2/a
3/2
0 . By the table of spherical harmonics we know

Y 0
0 = 1/

√
4π. Thus the ground state of the Hydrogen atom is given by

ψ1,0,0(r, θ, ϕ) =
1√
πa30

e−r/a0 .
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Figure 6.1: Density plot: We can do the density plot of the Hydrogen atom.
The brightness of the cloud is proportional to |ψ|2. We use the following
representation of the wave function: (n, ℓ,m) = Rn,ℓ(r)Y

m
ℓ (θ, ϕ). For example,

(4, 2, 0) = R4,2(r)Y
0
2 (θ, ϕ). The brighter the color in a particular region, the

more probable it is to find the electron in that particular region.
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Figure 6.2: 3D plot: We can also do a 3D visualization. each dot of the cloud
represents a possible result of a measurement of the position of the electron
in an individual atom. By imagining that the measurement is repeated many
times (here we do 10,000 times) in different atoms at the same quantum state,
you can get a plot representing the probability density function associated
with that state.
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Chapter 7

Operator Theory in Quantum
Mechanics

Now we come to the analysis side of quantum mechanics. Since observables
are self-adjoint operators in quantum mechanics, it is no surprise that the
theory of operators is extensively used in quantum mechanics if one wants
to do rigorous math related to quantum theory. However, most operators in
quantum mechanics are unbounded, like the position and momentum operator.
To fully study the theory of unbounded operators will take a whole book.
Therefore, in this chapter we only include a rapid introduction to theory of
bounded operators to give interested reader a taste of the subject, and refer
curious readers who wants to specialize in this direction any functional analysis
textbook like [7]. Although this chapter contains only less than 30 pages of
material, it is extremely technical. For readers who are not that interested in
formal mathematics, it is safe to skip this chapter.

7.1 Basic Theory of Bounded Operators
We assume basic knowledge of Banach space and bounded operators. In what
follows, we will use the result that if T : X → Y is an operator between Banach
spaces, then it is continuous iff it is bounded (Note that in finite dimensional
case, a linear operator is always continuous, however this is not always true
for infinite dimensional case). A proof of this is given in Prop 7.7. Another
result we will assume is the Baire category theorem. We refer the readers to
any functional analysis textbooks for details, such as [5].

We use Cl[U ] to denote the closure of a set U , and we use B(x, r) to denote
an open ball centered at x of radius r. Finally, we use B(X) to denote the set
of bounded operators T : X → X.

The first result we want to discuss is the open mapping theorem, the proof
of which, however, requires the following lemma:

Lemma 7.1. Let T : X → Y be a continous bounded operator between Banach
spaces, and is onto. Then there exists δ > 0 such that B(0, δ) ⊂ T (B(0, 1)).
That is, image of the unit ball under T contains an open ball around the origin.

Proof. Since T is surjective, we can write Y =
⋃
nCl[T (B(0, n))]. Then by

the Baire category theorem, there exists some n0 such that Cl[T (B(0, n0))]
contains an open ball. But since Cl[B(0, n0)] = n0Cl[T (B(0, 1))], this says
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that we have an open ball inside Cl[T (B(0, 1))]. We choose r > 0, v0 ∈ Y ,
such that B(v0, 4r) ⊂ Cl[T (B(0, 1)].

But we still want to remove the closure condition and prove the claim in
the lemma. We will divide this into several steps:

(1) Choose v1 = Tu1 ∈ T (B(0, 1)) such that ‖v0 − v1‖ < 2r. This can
be done since points in Cl[T (B(0, 1))] is arbitrarily close to points in
T (B(0, 1)). Thus now we have

B(v1, 2r) ⊂ B(v0, 4r) ⊂ Cl[T (B(0, 1))].

(2) We now show that Cl[T (B(0, 1))] contains an open ball centered at 0,
getting one step closer to what we want.
Note for any ‖v‖ < r, we have

1

2
(2v + v1) ∈

1

2
B(v1, 2r) ⊂

1

2
Cl[T (B(0, 1))] = Cl[T (B(0, 1/2))].

Therefore (recall our choice of u1 in step 1),

v = −T (u1/2) +
1

2
(2v + v1)

is an element in −T (u1/2) + Cl[T (B(0, 1/2))]. By linearity, this means
that

v ∈ Cl[T (−u1/2 +B(0, 1/2))].

Since by our choice ‖u1‖ < 1, we must have −u1/2+B(0, 1/2) ⊂ B(0, 1).
Hence by above v ∈ Cl[T (B(0, 1))]. Therefore, we have shown that
B(0, r) ⊂ Cl[T (B(0, 1))].

(3) Finally, we prove B(0, r/2) ⊂ T (B(0, 1)), which we conclude the proof
of the lemma.
Note thatB(0, 2−nr) = 2−nB(0, r) ⊂ 2−nCl[T (B(0, 1))] = Cl[T (B(0, 2−n))]
by step 2.
Now take ‖v‖ < r/2. Put n = 1 in above we get v ∈ Cl[T (B(0, 1/2))].
Hence there exists b1 ∈ B(0, 1/2) such that ‖v − Tb1‖ < r/4, again, be-
cause points in the closure are arbitrarily close to points in the actual set.
Now take n = 2 in the last paragraph, since v − Tb1 ∈ Cl[T (B(0, 1/4)],
there exists b2 ∈ B(0, 1/4) such that ‖v−Tb1−Tb2‖ < r/8. Now iterate
this procedure with n = 3, 4, ... and we get a sequence (bk)

∞
k=1 ⊂ X such

that ‖bk‖ < 2−k and

‖v −
n∑
k=1

Tbk‖ < 2−n−1r.

Since the series
∑∞

k=1 bk is absolutely convergent, and X is a Banach
space, so the series is convergent. Put b =

∑∞
k=1 bk. Now since

‖b‖ = lim
n→∞

‖
∞∑
k=1

bk‖ ≤ lim
n→∞

n∑
k=1

‖bk‖ =

∞∑
k=1

‖bk‖ <
∞∑
k=1

2−k = 1.
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Hence we have b ∈ B(0, 1). Furtheremore, since T is a bounded contin-
uous operator, we have

Tb = lim
n→∞

T (
n∑
k=1

bk) = lim
n→∞

n∑
k=1

Tbk = v

because by our construction ‖v−Tb1−Tb2− · · ·−Tbk‖ → 0 as k → ∞.
Therefore, we conclude that v ∈ T (B(0, 1)). This shows that B(0, r/2) ⊂
T (B(0, 1)), as desired.

Choosing δ = r/2 concludes the proof of the lemma.

Now we use the lemma above to prove the important result we promised:

Theorem 7.2 (Open Mapping Theorem). If T : X → Y is a continous
bounded operator between Banach spaces, and is onto, then T is an open map-
ping.

Proof. Now we use the lemma above to conclude the proof of the open mapping
theorem. Let U ⊂ X be open, and y = Tx is an arbitrary point in T (U). Since
U is open, there exists ϵ > 0 such that B(x, ϵ) ⊂ U . By the lemma above,
there exists some δ > 0 such that B(0, δ) ⊂ T (B(0, 1)). So this gives

B(y, ϵδ) = y+ϵB(0, δ) ⊂ b2+ϵT (B(0, 1)) = Tx+ϵT (B(0, 1)) = T (x+B(0, ϵ))

which is equal to T (B(x, ϵ)) ⊂ T (U).This concludes the proof.

Using the open mapping theorem, we can deduce several interesting results:

Theorem 7.3 (Inverse Mapping Theorem). Let T : X → Y a continuous
bijective operator between Banach spaces, then T−1 is continuous.

Proof. This follows trivially from the result that T is open, therefore for any
M ⊂ X open, we have (T−1)−1(M) = T (M) is open.

Theorem 7.4 (Closed Graph Theorem). If T : X → Y is a linear operator
between Banach space, and the graph

Γ(T ) = {(x, Tx) : x ∈ X} ⊂ X × Y

is closed, then T is bounded.

Proof. Note Γ(X) ⊂ X × Y is a Banach space with the norm ‖(x, Tx)‖ =
‖x‖ + ‖Tx‖. This is because if (xn, Txn) is a Cauchy sequence then both xn
and Txn are Cauchy. So xn → x and Txn → y. But since the graph is closed,
y = Tx and (xn, Txn) → (x, y).

Define P1 : Γ(T ) → X the projection to X, which is clearly a bijection.
Therefore by the inverse mapping theorem, P−1

1 is continuous. So if xn → x
then P−1

1 xn → P−1
1 x, in other words (xn, Txn) → (x, Tx). Hence Txn → Tx,

showing that T is continuous. Hence T is bounded by Prop 7.7.

Corollary 7.5 (Hellinger-Toeplitz). Let A : H → H be an operator and H a
Hilbert space. Suppose (x,Ay) = (Ax, y) for all x, y ∈ H, then A is bounded.
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Proof. We show that Γ(A) is closed. Suppose (xn, Axn) → (x, y). Then for
all z ∈ H, we have (z, y) = limn(z,Axn) = limn(Az, xn) = (Az, x) = (z,Ax).
Therefore y = Ax. Now apply the closed graph theorem, and the fact that
continuity is equivalent to boundedness in a Banach space.

In general, we denote D(T ) the domain of an operator T from a subspace
of a Banach space to another Banach space, i.e., T : D(T ) ⊂ X → Y .

Definition 7.6. We say that T is bounded if there exists constant M > 0
such that ‖Tx‖ ≤M‖x‖ for all x ∈ D(T ).

A simple observation is

Proposition 7.7. The following statements are equivalent:

1. T is continuous;

2. T is continuous at 0;

3. T is bounded.

Proof. 1 and 2 are equivalent by linearity of T . Suppose 2, then for all ϵ > 0,
there exists δ > 0 such that ‖x‖ < δ implies ‖Tx‖ < ϵ. For all x ∈ D(T ), we
write y = r · x

∥x∥ where r < δ is fixed, then ‖Ty‖ < ϵ, so ‖Tx‖ · r
∥x∥ < ϵ, which

implies ‖Tx‖ < ϵ
r‖x‖. Then M = ϵ/r. Hence T is bounded. So 2 implies 3.

Finally, every bounded linear operator is continuous, so 3 implies 1.

Clearly, for a bounded operator, T can be extended continuously to Cl[D(T )].
From now on, we will always assume that

Cl[D(T )] = X.

We define the operator norm

‖T‖ := sup
∥ψ∥=1

‖Tψ‖.

It is easy to see that

• ‖Tψ‖ ≤ ‖T‖ · ‖ψ‖ for any ψ ∈ X.

• The triangle inequality: ‖T + S‖ ≤ ‖T‖+ ‖S‖.

• The space of linear bounded operators in a Banach space is itself a
Banach space, with the operator norm.

Definition 7.8. Let T : X → Y be a linear operator, where X is a normed
space. We can define the dual space X∗ of X to be the set of all continuous
linear maps x∗ : X → C.

Exercise: X∗ is always a Banach space even if X is just a normed space
(not necessarily Banach).

Definition 7.9. We can define the adjoint T ∗ : Y ∗ → X∗ of T as follows:
T ∗(y∗) : x 7→ y∗(Tx), for any y∗ ∈ Y ∗.
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Theorem 7.10 (Hahn-Banach). If V is a subspace of a linear space X, and
we have a sublinear function p : X → R, i.e., p(x + y) ≤ p(x) + p(y). Then
if T : V → C is linear such that |Tx| ≤ p(x), there exists a linear extension
T ′ : X → C of T such that |T ′(x)| ≤ p(x).

Proof. Omitted. Check any functional analysis text for details. The proof is
an application of Zorn’s lemma.

Corollary 7.11. Given x ∈ X, there exists y∗ ∈ X∗ with norm 1, such that
y∗(x) = ‖x‖.

Proposition 7.12. T ∗ : Y ∗ → X∗ is a bounded operator.

Proof. By definition, we have ‖T ∗y∗(x)‖ = ‖y∗(Tx)‖ ≤ ‖y∗‖ · |Tx| ≤ ‖y∗‖ ·
‖T‖ · ‖x‖. Taking the sup over all x with norm 1, we see ‖T ∗y∗‖ ≤ ‖y∗‖ · ‖T‖.
In other words, ‖T ∗‖ ≤ ‖T‖.

Definition 7.13. Given T : X → X a linear bounded operator. We define
the resolvent set ρ(T ) of T , as

ρ(T ) = {λ ∈ C | λI − T : X → X has a bounded inverse}.

Note that this definition makes sense for a linear operator defined on D(T ) ⊂
X. We define for λ ∈ ρ(T ), the resolvent of T at λ to be

Rλ(T ) = (λI − T )−1.

We define the spectrum σ(T ) of T to be σ(T ) = C \ ρ(T ). In other words,

σ(T ) = {λ ∈ C | λI − T : X → X has NO bounded inverse}.

There are 3 possibilities, in all situations λI − T fails to have a bounded
inverse:

1. If ker(λI − T ) 6= 0, we define σp(T ) := {λ ∈ C : ker(λI − T ) 6= 0}. Thus
this is the set of eigenvalues of T .

2. If ker(λI − T ) = 0, but im(λI − T ) is dense in X. Then the inverse
(λI − T )−1 : im(λI − T ) → X is NOT bounded. Because if it were
bounded, we can extend Rλ(T ) to a continuous map, which will be the
inverse of λI − T . Then λ will be in the continuous spectrum of T ,
denoted by σc(T ).

3. If ker(λI − T ) = 0, but im(λI − T ) is NOT dense in X. Then λ will be
in the residue spectrum of T , denoted by σr(T ).

Therefore, we can write σ(T ) as a disjoint union of these three things:

σ(T ) = σp(T ) ∪ σc(T ) ∪ σr(T ).

In the finite dimensional case, by the rank-nullity theorem, case 2 and 3 cannot
happen. Hence the spectrum σ(T ) for a finite-dimensional operator is the same
as its eigenvalues.
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Remark 7.14 (Discrete and Essential Spectrum). There is another decompo-
sition of σ(T ): we have the discrete spectrum σd(T ), which is the set of eigen-
values λ of T such that there exists δ > 0 so that B(λ, δ) ∩ σ(T ) = {λ}; and
there is the essential spectrum σe(T ), which is defined as σe(T ) := σ(T )\σd(T ).

Remark 7.15 (Bounded and Scattering States). We denote BR := B(0, R)
and Bc

R its complement, for R > 0.

Let H be a Hilbert space, and T : D(T ) ⊂ H → H a closed operator. We
can decompose H into two parts: first we have bound states Hb, where Hb is
the set of eigenvectors of T , and continuous space Hc := (Hb)

⊥. Therefore

H = Hb ⊕Hc.

Bound states in physics will correspond to elements in Hb. These are the
states ψ0 ∈ Hb, such that for all ϵ > 0, there exists R > 0, so that we have

1

L

∫ L

0
‖eiT tψ0‖L2(BcR)

< ϵ

for all L. The scattering states in physics are characterized by states ψ0 ∈ Hc,
where given ϵ > 0, for all R > 0 we have

lim
L→∞

1

L

∫ L

0
‖eiT tψ0‖L2(BR) < ϵ.

Example 7.16. Define ℓ1 := {(xn)n :
∑

j |xj | <∞}. Define the left shift and
right shift via

L(x1, x2, ...) = (x2, x3, ...)

and
R(x1, x2, ...) = (0, x1, x2, ...).

Then one can show R = L∗, and ℓ∗1 = ℓ∞. This example is worked out in
detail in [5] p.192-194.

Now we study some properties of the resolvent.

Proposition 7.17 (1st Resolvent Identity). We have

Rλ(T )−Rµ(T ) = −(λ− µ)Rλ(T )Rµ(T )

and
Rλ(T )Rµ(T ) = Rµ(T )Rλ(T ).

Proof. The second identity comes from the fact that (λ − T )(µ − T ) = (µ −
T )(λ−T ) by expansion, hence take the inverse we get the equation. The first
identity also comes from straight computation:

Rλ(T )−Rµ(T ) = (λ− T )−1 − (µ− T )−1

= (λ− T )−1[(µ− T )− (λ− T )](µ− T )−1

= Rλ(T )(µ− λ)Rµ(T ).
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Proposition 7.18 (Von-Neumann Series). Given T ∈ B(X) (recall that this
is the set of bounded linear operator from X to itself) where X is Banach.
Then if ‖T‖ < 1, then I − T is invertible, and

(I − T )−1 =
∞∑
n=0

Tn =: S.

Proof. Since ‖T‖ < 1, we claim that I − T is injective: If x ∈ X such that
x = Tx, then

‖x‖ = ‖Tx‖ ≤ ‖T‖ · ‖x‖ < ‖x‖

which would imply x = 0. Hence ker(I − T ) = 0, as desired. Now denote

Sn :=

n∑
j=0

T j .

Then by the triangle inequality, (Sn)∞n=1 is a Cauchy sequence, and Sn → S.
Then

(I − T )Sn =

n∑
j=0

T j −
n∑
j=0

T j+1 = I − Tn+1.

which converges to I as n→ ∞, and note that (I − T )Sn = Sn(I − T ), hence
we have

(I − T )S = S(I − T ) = I.

This concludes the proof.

The first application of the proposition above is

Theorem 7.19. Let T ∈ B(X) where X is a Banach space. Then ρ(T ) is
open and ρ(T ) 6= ∅. Also we have σ(T ) 6= ∅.

Proof. To show that ρ(T ) 6= ∅, take λ such that |λ| > ‖T‖. Then λI − T =
λ(I−T/λ). Since ‖T/λ‖ < 1 by assumption, by the previous proposition, I−
T/λ is invertable, hence λ ∈ ρ(T ). Hence ρ(T ) 6= ∅, and σ(T ) ⊂ Cl[B(0, ‖T‖)].

Now assume that λ0 ∈ ρ(T ). Then for any λ ∈ C, we have

λI − T = (λ− λ0)I + (λ0I − T )︸ ︷︷ ︸
invertible

= (λ0I − T )[−(λ0 − λ)Rλ0(T ) + I].

If |λ− λ0| · ‖Rλ0(T )‖ < 1, then I − (λ0 − λ)Rλ0 is invertible. Hence λI − T is
invertible, i.e., λ ∈ ρ(T ). And we have

Rλ(T ) = [I + (λ− λ0)Rλ0(T )]
−1Rλ0(T ) = Rλ0(T )[I + (λ− λ0)Rλ0(T )]

−1.

This implies B(λ0, ϵ) ⊂ ρ(T ) for ϵ < 1/‖Rλ0(T )‖. Hence ρ(T ) is open.
Now it remains to show σ(T ) 6= ∅. From the 1st resolvent identity, we

have that the map Rλ(T ) : ρ(T ) → B(X) is analytic, in the sense that the
derivative exists:

lim
λ→µ

Rλ(T )−Rµ(T )

λ− µ
= Rλ(T )Rµ(T ) → Rµ(T )

2.
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If σ(T ) = ∅, then ρ(T ) = C. Define, for fixed y∗ ∈ X∗, x ∈ X, the map

f : C → C

λ 7→ y∗(Rλ(T )x).

If |λ| > ‖T‖, we have

‖Rλ(T )‖ =
1

|λ|
‖(I − T/λ)−1‖ ≤ 1

|λ|
· 1

I − ‖T‖/λ
λ→∞−−−→ 0.

Hence f is analytic in C and goes to zero for large λ. Thus f is bounded, so
f is constant by Liouville’s theorem, which is a contradiction.

Proposition 7.20 (2nd Resolvent Identity). We have

Rλ(T )−Rλ(S) = Rλ(T )(T − S)Rλ(S).

Proof. Straightforward calculation:

Rλ(T )−Rλ(S) = (λI−T )−1[(λI−S)−(λI−T )](λI−S)−1 = Rλ(T )(T−S)Rλ(S).

This concludes the proof.

Definition 7.21. Given a subspaceM ⊂ X, we defineM⊥ = {x∗ ∈ X∗ :M ⊂ kerx∗}.

This notation is begging us to relate it with the orthogonal complement
of a subspace in linear algebra. Indeed: If V is a finite-dimensional inner
product space, and W ⊂ V is a subspace, then W⊥ = {x∗ ∈ V :W ⊂ kerx∗}
by definition. By the Riesz representation theorem, x∗ can be identified with
the linear functional 〈y, ·〉 : V → C for some y ∈ X, and by definition y is in
the orthogonal complement of W . Therefore there is an isomorphism between
W⊥ and the orthogonal complement of W in V .

Proposition 7.22. Let T ∗ be defined as in Definition 7.9. Then we have

ker(T ∗) = im(T )⊥.

Proof. We have T ∗y∗ = 0 iff T ∗y∗(x) = 0 for all x, iff y∗(Tx) = 0 for all x, iff
y∗ ∈ im(T )⊥.

Proposition 7.23. Show that if V ⊂ X is a subspace of a Banach space, then
Cl[V ] = X iff V ⊥ = 0.

Proof. (⇐) If Cl[V ] 6= X, then there exists y ∈ X, y ∈ Cl[V ]. So exists
y∗ ∈ X∗ such that y∗(y) = 1 and y∗(V ) = 0. Hence y∗ ∈ V ⊥.

(⇒) If there exists y∗ ∈ V ⊥ nonzero, then y∗(V ) = 0, so y∗(x) = 0 for all
x ∈ Cl[V ]. But since y∗ is not identically zero by assumption, there must exist
x ∈ X such that y∗(x) 6= 0. Thus Cl[V ] 6= X.

Remark 7.24 (Banach Space adjoint and Hilbert space adjoint). If T ∈
B(X,Y ) and X,Y Banach, then

(λ− T )∗y∗(x) = y∗((λ− T )x) = λy∗(x)− y∗(Tx) = (λ− T ∗)y∗(x).

Hence
(λ− T )∗ = λ− T ∗.
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That is, the adjoint of the operator λ−T is actually λ−T ∗ in a Banach space.
But this is somehow inconsistent with our intuition in quantum mechanics,
where if T : H → H is a bounded operator between Hilbert spaces, then
we should have (λ − T )† = λ∗ − T † where T † denote the Hermitian adjoint
of T . The reason is the following: Given a Hilbert space H, by the Riesz
representation theorem on Hilbert space, there is an embedding of H onto its
dual H∗, given by Φ : H → H∗, where Φ(x) = (x, ·) : H → C. Note that
this is an antilinear map. Then the Hermitian adjoint T † : H → H is actually
defined such that the following diagram commute:

H∗ H∗

H H

Φ

T ∗

Φ

T †

In other words, T † := Φ−1T ∗Φ. Now let x, y ∈ H. Then we have

(T †y, x) = (Φ−1T ∗Φy, x) = Φ(Φ−1T ∗Φy)(x) = (T ∗Φy)x = Φ(y)(Tx) = (y, Tx).

Hence, we see that indeeed T † : H → H as the usual property in quantum
mechanics. Now using this property, one can show that

(λ− T )† = λ∗ − T †

because the inner product (·, ·) : H × H → C is antilinear in the 1st slot.
Sometimes, we abuse the notation a little bit and do not distinguish between
T ∗ and T †.

Note that if T is unbounded, then self-adjoint is different from the operator
having the property (Tu, v) = (u, Tv) for all u, v ∈ H (for bounded operators
on a Hilbert space two notions are equivalent). The latter property is called
symmetric.

Theorem 7.25. Let T ∈ B(H) where H is a Hilbert space, and T ∗ = T , then
σr(T ) = ∅, and σ(T ) ⊂ R.

Proof. Given λ = α+ iβ ∈ C, β 6= 0 and x ∈ H. Then

‖(T − λ)x‖2 = ‖(T − α)x− iβx‖2

= ‖(T − α)x‖2 + β2‖x‖2. (*)

The second equality is just straightforward computation using inner product,
using the (anti)linearity of the inner product and the assumption that T ∗ = T .

Now, if β 6= 0, we claim that T−λ is injective: If x ∈ ker(T−λ), then since
‖(T − λ)x‖2 = 0, we must have β2‖x‖2 = 0 hence x = 0, proving injectivity.

Also, note that if β 6= 0, then λ∗ = α− iβ also has nonzero imaginary part.
Hence by the same argument, we know ker(T − λ∗) = 0. By Proposition 7.22,
we conclude then im(T − λ)⊥ = 0 for (T − λ)∗ = T − λ∗ by the remark above
and self-adjointness. Then by Proposition 7.23, we conclude that im(T − λI)
is dense in H. Hence T −λI : H → H is injective and has a dense image, thus
we can define its inverse (T − λ)−1.

By (*) we have ‖(T − λ)x‖2 ≥ β2‖x‖2. Now replacing x by (T − λ)−1x,
we have

‖(T − λ)−1x‖ ≤ 1

β
‖x‖.
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This shows that (T − λ)−1 is bounded. Therefore, we have proven that if
λ ∈ C is not real, then T − λ has a bounded inverse, thus λ /∈ σ(T ). This
shows that σ(T ) ⊂ R.

Finally, we show that σr(T ) = ∅. We argue by contradiction: If not, then
pick λ ∈ σr(T ) ⊂ R, as the spectrum must be a real subset. Then (λ− T )−1

exists, but its domain, i.e., im(λ− T ) is not dense in H. Then by Proposition
7.23, we must have im(λ− T )⊥ 6= 0. But again by Proposition 7.22, we must
have ker(λ− T ) 6= 0. Hence λ ∈ σp(T ) by definition, which is a contradiction,
since σp(T ) ∩ σr(T ) = ∅.

Proposition 7.26. If T = T ∗ then for λ, µ ∈ σp(T ) distinct reals, the corre-
sponding eigenvectors of T are orthogonal.

Proof. Let Tx = λx and Ty = µy. Since (y, Tx) = λ(y, x) and (Ty, x) =
µ(y, x). So we have (λ− µ)(y, x) = 0.

Definition 7.27. For T : D(T ) ⊂ H → H bounded (or unbounded), and if
D(T ) is dense in H, then we define D(T ∗) ⊂ H as follows:

D(T ∗) = {y ∈ H : x 7→ (y, Tx), x ∈ D(T ) is bounded}.

Proposition 7.28. Let T ∈ B(H) such that D(T ) is dense in H. Then
T = T ∗ (i.e., T is self-adjoint) iff D(T ) = D(T ∗).

Proof. Note that D(T ) ⊂ D(T ∗) follows directly from the Cauchy-Schwarz
inequality even without the condition T = T ∗: |(y, Tx)| ≤ ‖y‖ · ‖Tx‖ ≤
‖y‖ · ‖T‖ · ‖x‖. Hence the map x 7→ (y, Tx) has norm at most |y| · ‖T‖ < ∞,
for T is bounded.

Now suppose D(T ) = D(T ∗). Then by denseness of D(T ), the map x 7→
(y, Tx) extends to the whole H. Again this map is a bounded linear functional
on H by the previous paragraph, hence by the Riesz representation theorem,
there exists an element T ∗y ∈ H such that (T ∗y, x) = (y, Tx), and T ∗y is
uniquely determnined by this condition since D(T ) is dense. It is not hard to
show that T ∗ defined this way agrees with Definition 7.9.

The Proposition above motivates us to make the following definition of
adjoint for unbounded operator:

Definition 7.29. When T : H → H is unbounded, and D(T ∗) is dense, the
operator T ∗ with domain D(T ∗) defined by

(T ∗y, x) = (y, Tx)

is called the adjoint of T .

7.2 Spectral Theorem for Bounded Operators
Now we start to set up the tools to prove the spectral theorem for bounded
operators. The first result we need is

Theorem 7.30 (Spectral theorem for Polynomials). Let P (z) = a0 + a1z +
· · · + anz

n be a polynomial, and T : X → X an arbitrary bounded operator.
Define P (T ) = a0I + a1T + · · ·+ anT

n. Then we have

P (σ(T )) = σ(P (T )).
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Proof. Let λ ∈ σ(T ). Since z = λ is a root of the polynomial P (z)−P (λ), we
have P (z) − P (λ) = (z − λ)Q(z) for some polynomial Q. So P (T ) − P (λ) =
(T − λ)Q(T ). Since T − λ has no inverse, neither does P (T )− P (λ). That is,
P (λ) ∈ σ(P (T )). This proves one inclusion.

Conversely, let µ ∈ σ(P (T )) and let λ1, ..., λn be roots of P (z)−µ, that is,
we have the factorization

P (z)− µ = a

n∏
k=1

(z − λk)

for some nonzero complex number a. If λ1, ..., λn /∈ σ(T ), then we have

(P (T )− µ)−1 = a−1
n∏
k=1

(T − λk)
−1.

So we conclude that there exists at least one k such that λk ∈ σ(T ). That is,
µ = P (λk) ⊂ P (σ(T )). This concludes the proof.

Our first goal is to extend the above result to continuous functions, not
just polynomials. Along the way, we need a few results:

Theorem 7.31. If T ∈ B(X), then we define the spectral radius of T to be

r(T ) = sup
λ∈σ(T )

|λ|.

Then we have
r(T ) = lim

n→∞
‖Tn‖1/n.

Proof. By spectral theorem for polynomials, σ(Tn) = σ(T )n. Note that for
any S ∈ B(X), we have r(S) ≤ ‖S‖ (otherwise suppose r(S) > ‖S‖. Then
there exists µ ∈ σ(T ) such that µ > ‖S‖. But then µ− S would be invertible
with the inverse given by the von Neumann series, a contradiction). Hence
r(Tn) ≤ ‖Tn‖. But since σ(Tn) = σ(T )n, by definition of spectral radius,

r(T )n = r(Tn) ≤ ‖Tn‖.

Hence r(T ) ≤ ‖Tn‖1/n for all n. Therefore,

r(T ) ≤ lim inf
n

‖Tn‖1/n ≤ lim sup
n

‖Tn‖1/n.

We now want to prove that lim supn ‖Tn‖1/n ≤ r(T ), which would show that
r(T ) = limn ‖Tn‖1/n. Pick A ≥ ‖T‖ ≥ r(T ). So A ∈ ρ(T ). And we have

Rλ(T ) = (λ− T )−1 =

∞∑
n=0

Tn

λn+1

for all |λ| > A, λ ∈ C. Now for all y∗ ∈ X∗, and for all x ∈ X, we define

f(λ) = y∗(Rλ(T )x) =
∞∑
n=0

y∗(Tnx)

λn+1
.
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Clearly f is analytic in C \D(0, r(T )), since it follows from the 1st resolvent
formula that f is complex differentiable in C \D(0, r(T )). This shows that

f(λ) =
∞∑
n=0

y∗(Tnx)

λn+1

for all |λ| > r(T ) by the uniqueness of Laurent series. This means that the
sequence y∗(Tnx)/λn+1 → 0 as n→ ∞ for all |λ| > r(T ). In particular,

|y∗(Tnx)| ≤ Cλ|λ|n+1

for some constant Cλ > 0 and for all n. But since |y∗(Tnx)| = (T ∗)n(y∗)(x),
this shows that (T ∗)n(y∗)(x) is bounded for all x. By the uniform bound-
edness theorem, this means there exists M such that (T ∗)n(y∗) ≤ M |λ|n+1

for all y∗ ∈ X∗ and for all n. Thus ‖(T ∗)n‖ ≤ C|λ|n+1. And since T = T ∗,
we have limn ‖Tn‖1/n ≤ limnC

1/n|λ|1+1/n = |λ| for all |λ| > r(T ). Thus
lim supn ‖Tn‖1/n ≤ |λ| for all |λ| > r(T ). Thus lim supn ‖Tn‖1/n ≤ r(T ). This
proves the theorem.

We now show that if it happens that T ∈ B(H) is a bounded self-adjoint
operator on a Hilbert space, then the formula for spectral radius above reduces
to r(T ) = ‖T‖. To prove this result we first need a

Lemma 7.32. If A ∈ B(H), then ‖A∗‖ = ‖A‖ and ‖A∗A‖ = ‖A‖2.

Proof. Recall that the operator norm is computed as ‖A‖ := sup∥ψ∥=1 ‖Aψ‖.
Furthermore, for any ϕ ∈ H, one has ‖ϕ‖ = sup∥χ∥=1 |(χ, ϕ)|. Thus we have

‖A‖ = sup
∥ϕ∥=∥ψ∥=1

|(ϕ,Aψ)|.

From this, we get that

‖A∗‖ = sup
∥ϕ∥=∥ψ∥=1

|(ϕ,A∗ψ)| = sup
∥ϕ∥=∥ψ∥=1

|(Aϕ,ψ)| = sup
∥ϕ∥=∥ψ∥=1

|(ψ,Aϕ)| = ‖A‖.

Meanwhile, we have ‖A∗A‖ ≤ ‖A∗‖‖A‖ = ‖A‖2. On the other hand, we have

‖A∗A‖ = sup
∥ϕ∥=∥ψ∥=1

|(ϕ,A∗Aψ)| = sup
∥ϕ∥=∥ψ∥=1

|(Aϕ,Aψ)| ≥ sup
∥ψ∥=1

|(Aψ,Aψ)| = ‖A‖2.

This proves the lemma.

Theorem 7.33. If T ∈ B(H) and if T = T ∗, then we have r(T ) = ‖T‖.

Proof. Applying the previous lemma repeatedly and using T ∗ = T , we see
that ‖T 2n‖ = ‖T‖2n for all n. Then the claim follows immediately from the
spectral radius formula (Theorem 7.31), since

r(T ) = lim
n

‖Tn‖1/n = lim
n

‖T 2n‖1/2n = lim
n

‖T‖2n/2n = ‖T‖.

This concludes the proof.
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Theorem 7.34. Suppose T ∈ B(H) is self adjoint: T ∗ = T . Then there
exists a unique bounded linear map Ψ : C (σ(T ),R) → B(H) from the space
of continuous real functions on σ(T ) to B(H), defined by Ψ : f 7→ f(T ),
such that when f(λ) = λm is a polynomial, we have f(T ) = Tm. The map
Ψ is called the (real-valued) functional calculus for T . The continuous
functional calculus also satisfies the following properties:

(1) Multipilicativity: For all f, g we have (fg)(T ) = f(T )g(T ).

(2) The map Ψ : f 7→ f(T ) is an isometry.

(3) For all f ∈ C (σ(T ),R), the operator f(T ) is self-adjoint.

(4) If f ≥ 0 on σ(T ), then f(T ) ≥ 0, i.e., (ψ, f(T )ψ) ≥ 0 for all ψ ∈ H.

(5) σ(f(T )) = f(σ(T )).

Proof. Note that if T is self-adjoint, and p a real-valued polynomial, then p(T )
is also self-adjoint, where p(T ) is defined as in Theorem 7.30. Therefore, we
may define Ψ as follows: First, for a polynomial p ∈ C (σ(T ),R), we define
Ψ : p 7→ p(T ) as in Theorem 7.30. Now, using Theorem 7.30 and Theorem
7.33, we have that

‖p(T )‖ = r(p(T )) = sup
λ∈σ(p(T ))

|λ| = sup
λ∈σ(T )

|p(λ)| = ‖p‖∞.

That is, the map Ψ : p 7→ p(A) is an isometry from the space of polynomials on
σ(T ) (with supremum norm) to the space of bounded operators on H. Since T
is bounded, σ(T ) is compact (for it is closed and bounded by Theorem 7.19).
Now, by the Stone Weierstrass theorem, polynomials are dense in C (σ(T ),R).
Hence the map Ψ : p 7→ p(T ) extends uniquely to a bounded linear map
Ψ : C (σ(T ),R) → B(H).

Now we prove the listed properties:

(1) Since the statement holds for polynomials, by taking limits, then the
statement also holds for all f, g ∈ C (σ(T ),R). The detailed proof is an
simple application of triangle equality and is left as an exercise.

(2) Clearly Ψ is linear. If pn → f uniformly, on one hand we have ‖pn(T )‖ =
‖pn‖∞ by the previous discussions, but since ‖fn(T ) − pn(T )‖ → 0, we
have ‖pn(T )‖ → ‖f(T )‖ by the reversed triangle inequality. Since we
also have ‖pn‖∞ → ‖f‖∞, we have that ‖f(T )‖ = ‖f‖∞.

(3) Since for any real polynomial p, the operator p(T ) is self-adjoint because
T ∗ = T , the statement also follows by taking limits: Take a sequence pn
of polynomials such that pn → f in supremum norm. Then by (2) we
have f(T ) = limn pn(T ). Therefore

(f(T )ϕ, ψ) = lim
n
(pn(T )ϕ, ψ) = lim

n
(ϕ, pn(T )ψ) = (ϕ, f(T )ψ).

Hence we conclude that f(T ) is self-adjoint.
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(4) If f ≥ 0 on σ(T ), that means f : σ(T ) → R is continuous and nonnega-
tive. Then there exists g ∈ C (σ(T ),R) such that f = g2 (just take the
square root of f). Then by multiplicativity, f(T ) = g(T )2, with g(T )
self-adjoint. Then

(ψ, f(A)ψ) = ‖g(T )ψ‖2 ≥ 0

for all ψ ∈ H, as desired.

(5) Postponed. This is proved in Theorem 7.36.

Theorem 7.35. If T : D(T ) ⊂ H → H self-adjoint, closed, and bounded,
then λ ∈ σ(T ) iff there exists a sequence ψn ∈ D(T ), ‖ψn‖ = 1, such that
‖(T − λ)ψn‖ → 0.

Proof. If λ ∈ σ(T ) = σp(T ) ∪ σc(T ), then either there exists ψ 6= 0 such
that (T − λ)ψ = 0 or there exists (T − λ)−1 : im(T − λ) → H that is not
bounded. In the first case, pick ψn = ψ/‖ψ‖ to be the constant sequence,
done. In the latter case, since there exists ψn ∈ im(T − λ) with ‖ψn‖ = 1
such that ‖(T − λ)−1ψn‖ ≥ n, or ‖(T − λ)−1ψn‖ ≥ n‖ψn‖. Now define
ϕn := (T − λ)−1ψn ∈ D(T ). Then

‖(T − λ)ϕn‖ = ‖ψn‖ ≤ 1

n
‖ϕn‖.

Now let un := ϕn/‖ϕn‖. We see that ‖un‖ = 1 and ‖(T − λ)un‖ → 0.
Conversely, if λ /∈ σ(T ), then (T − λ)−1 is bounded. If there exists a

sequence (ψn) such that ‖ψn‖ = 1, and (T − λ)ψn → 0 by assumption, then
on one hand by continuity of the resolvent ‖(T − λ)−1(T − λ)ψn‖ → 0, but
clearly this is just the sequence ‖ψn‖, which is constantly 1, contradiction.

Theorem 7.36. Let T ∗ = T and T ∈ B(H). Then for any f ∈ C (σ(T ),R),
we have σ(f(T )) = f(σ(T )).

Proof. We first show σ(f(T )) ⊂ f(σ(T )). If λ /∈ f(σ(T )), then consider g =
(f−λ)−1 ∈ C (σ(T ),R). We can define g(T ). Since g ·(f−λ) = (f−λ) ·g = id
on C (σ(T ),R), we have by multiplicativity that g(T )(f(T ) − λ) = (f(T ) −
λ)g(T ) = I. Thus g(T ) = (f(T )− λ)−1. Thus λ ∈ ρ(f(T )).

Conversely, let λ ∈ f(σ(T )). Then there exists µ ∈ σ(T ) such that f(µ) =
λ. Since f is continuous, given any n there exists δn > 0 such that |f(x)−λ| <
1/n for all x ∈ (µ− δn, µ+ δn) ∩ σ(T ). Hence we may construct (see Fig.7.1)
a continuous function gn ∈ C (σ(T ),R), with 0 ≤ gn ≤ 1, where

gn =

{
1 x ∈ (µ− δn/2, µ+ δn/2)

0 |x− µ| ≥ δn.

Then ‖(f − λ)gn‖∞ ≤ 1/n. Hence

‖(f(T )− λ)gn(T )‖ ≤ 1

n
.
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Since ‖gn(T )‖ = ‖gn‖∞ = 1, there exists un ∈ H, ‖un‖ = 1, such that
‖gn(T )un‖ ≥ 1/2. Thus define ψn = gn(T )un/‖gn(T )un‖. Then we have

‖(f(T )− λ)ψn‖ =
‖(f(T )− λ)gn(T )un‖

‖gn(T )un‖
≤ ‖(f(T )− λ)gn(T )‖

‖gn(T )un‖
≤ 2

n
→ 0.

Hence by the previous theorem, we have λ ∈ σ(f(T )). Thus σ(f(T )) =
f(σ(T )).

gn

µµ− δn
2

µ+ δn
2

µ− δn µ+ δn

Figure 7.1: The construction of the function gn.

One can also develop the complex-valued continuous functional calculus
for T , i.e., we can consider functions f ∈ C (σ(T ),C). But this requires little
additional efforts, since for any complex valued continuous function f : σ(T ) →
C, we can always write f = u + iv with functions u, v ∈ C (σ(T ),R). Then
we simply define

f(T ) := u(T ) + iv(T )

where u(T ), v(T ) are defined as above. Note that f(T )∗ = u(T )− iv(T ) since
u(T ), v(T ) are both self-adjoint. From here we can develop the complex-valued
functional calculus theory for T similarly to what we did above, and it will
not make much difference.

Remark 7.37 (Power Series Expansion and Residue Theorem). If f is ana-
lytic on Ω and σ(A) ⊂ Ω. Then if we write f(z) =

∑∞
n=0 an(z− z0)

n where R
is the radius of convergence of the power series, then we may define

f(A) :=

∞∑
n=0

an(A− z0I)
n.

This definition of f(A) coincides with our definition of f(A) in Theorem 7.34.
In fact, one can even show that if γ is a closed cycle in Ω with σ(A) contained
in the interior part of the complex plane separated by γ (by Jordan curve
theorem), then we have a version of the residue theorem:

f(A) =
1

2πi

∫
γ
f(z)(zI −A)−1dz.

Note that since γ does not touch σ(A), for every point z ∈ γ, the residue
Rz(A) = (zI − A)−1 is well-defined. Below, we shall first prove the case for
a polynomial function, the general statement will be a consequence of the
spectral theorem (proof here).

Proposition 7.38 (Residue Theorem for Polynomials). Let γ be a closed cycle
in Ω with σ(A) contained in the interior part of the complex plane separated
by γ. Then for any polynomial p, we have that

p(A) =
1

2πi

∫
γ
p(z)(z −A)−1dz.
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Proof. By linearity of integral, it suffices to assume that p(z) = zn. Note that
for n ≥ 1, we have

1

2πi

∫
γ
zn(z −A)−1dz =

1

2πi

∫
γ
zn−1(z −A+A)(z −A)−1dz

=
�������1

2πi

∫
γ
zn−1dz +A

1

2πi

∫
γ
zn−1(z −A)−1dz

= · · ·

= An
1

2πi

∫
γ
(z −A)−1dz.

Hence it suffices to show that 1
2πi

∫
γ(z − A)−1dz = I. Now take R > ‖A‖.

Then since integral of a closed form is homotopy invariant (for a more specific
proof, see Fig.7.2), and using von Neumann series, we have

1

2πi

∫
γ
(z −A)−1dz =

1

2πi

∫
∂B(0,R)

(z −A)−1dz =
1

2πi

∞∑
n=0

∫
∂B(0,R)

dz

zn+1
An.

Note that when n ≥ 1, the integral
∫
∂B(0,R) dz/z

n = 0 since the integrand
1/zm for m ≥ 2 is holomorphic. When n = 0, we have 1

2πi

∫
∂B(0,R) dz/z = 1

by standard computation. Thus the only term survived in the summand above
is just the n = 0 term, which is exactly the identity operator I, as desired.

σ(A) γ

∂B(0, R)

Figure 7.2: A standard argument in complex analysis as suggested in the
figure, shows that integral along γ of a holomorphic operator valued function
is the same as integral along ∂B(0, R). The argument can be made precise
by arguing that the integration along the pass suggested in the figure is zero
by Cauchy integral theorem, and we can make the width of the bridge arbi-
trarily small, then the result will be the integral along γ minus integral along
∂B(0, R).

Definition 7.39. Let B(R) denote the Borel sets of R. A map P : B(R) →
B(H) satisfying (i)-(iv) is called a projection-valued measure:

(i) P (Ω) is an orthogonal projection for any Ω ∈ B(R).

(ii) P (Ω1 ∩ Ω2) = P (Ω1)P (Ω2)

(iii) P (∪∞
n=1Ωn) =

∑∞
n=1 P (Ωn) if Ωm ∩ Ωn = ∅ for all m 6= n. Here, the

limit is to be understood as the strong limit. 1

1Recall that Tn → T strongly if Tnψ → Tψ for all ψ ∈ X for Tn, T ∈ B(X).
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(iv) P (∅) = 0 and P (R) = I.

Example 7.40 (Finite-Dimensional Case). Given a projective valued measure
P , one can write an operator A as

A =

∫
R
λdPλ.

We will in fact show that P is supported in σ(A), so the integral is really
an integral on σ(A). In finite dimensional case, for a self-adjoint operator
A = A∗, the spectrum σ(A) is discrete, so the integral above becomes a sum,
and for each λ ∈ σ(A), we know Pλ is an orthogonal projection by (i). In fact,
Pλ is the projection onto the eigenspace PEλ . Thus for a self-adjoint operator
we have

A =
∑

λ∈σ(A)

λPEλ .

In physicist’s dirac notation, this is simply

A =
∑

λ∈σ(A)

λ |λ〉〈λ| .

Construction 7.41 (The measure µψ,ϕ). Recall that we defined a map (real
functional calculus for A)

Ψ : C (σ(A),R) → B(H) f 7→ f(A).

For any ψ ∈ H, we define a continuous linear form ℓψ : C (σ(A),R) → C given
by

ℓψ(f) = (ψ, f(A)ψ).

By definition, it is easy to see that ‖ℓψ‖ = ‖ψ‖2, and ℓψ(idC (σ(A),R)) = ‖ψ‖2.
By Riesz representation theorem, for a compact set K, we have C (K)∗ ∼=
m(K), where m(K) is the set of Borel, regular, complex measures.2 Therefore,
for any ψ ∈ H, there exists a unique such measure µψ, such that

(ψ, f(A)ψ) =

∫
σ(A)

f(λ)dµψ(λ) =

∫
R
fdµψ.

Note that in the last inequality, we abused the notation and extended µψ to
the whole line by defining a new measure µ′ψ with µ′ψ(Ω) = µψ(Ω ∩ σ(A))
and still call µ′ψ the old measure µψ. Note that for any f ≥ 0, by Theorem
7.34 part (4), we have (ψ, f(A)ψ) ≥ 0. Hence by definition µψ is a positive
measure.

Now, we define, for Ω ∈ B(R),

(ψ, P (Ω)ψ) :=

∫
χΩdµψ = µψ(Ω).

In the above expression, the domain of the integration is on the real line. From
now on, any integral with no integration domain specified is assumed to be an
integral over the entire real line.

2More specifically to our situation, the statement is that the isomorphism is given by ℓψ
to µψ, where µψ is the unique measure satisfying ℓψ(f) =

∫
K
fdµψ. The full statement is in

Theorem 8.5, p.158 of [7].
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Now we wish to define (ϕ, P (Ω)ψ) for any ϕ, ψ ∈ H. This can be done
using the polarization identity:

Re(ψ, ϕ) =
1

4
(‖ψ + ϕ‖2 − ‖ψ − ϕ‖2)

Im(ψ, ϕ) =
1

4
(‖ψ + iϕ‖2 − ‖ψ − iϕ‖2).

In other words, we define a complex measure µψ,ϕ to be

Reµψ,ϕ =
1

4
(µψ+ϕ − µψ−ϕ) Imµψ,ϕ =

1

4
(µψ+iϕ − µψ−iϕ).

Then we may define

(ϕ, P (Ω)ψ) :=

∫
χΩdµϕ,ψ = µϕ,ψ(Ω).

Viewing the equation above as a map ϕ 7→ ψϕ,ψ(Ω) for fixed ψ ∈ H and
Ω ∈ B(R), by the Riesz representation theorem, this uniquely determines an
element P (Ω)ψ ∈ H. Thus the above definition determines P (Ω) completely.
Now it remains to check that P (Ω) has the desired properties.

Remark 7.42. Given any projection-valued measure P , there exists a unique
self-adjoint operator A ∈ B(H) associated to it. Again we define a complex
valued measure µψ,ϕ to be µψ,ϕ(Ω) = (ψ, P (Ω)ϕ). Then we define

(ψ,Aϕ) :=

∫
R
λdµψ,ϕ.

This completely determines A by the Riesz representation theorem, and one
can show that A = A∗.

Theorem 7.43. For all A ∈ B(H) self-adjoint, there exists a unique projection-
valued measure PA on B(R) that is supported on σ(A).

Proof. If f is bounded, Borel function on σ(A), we define f(A) to be the
unique operator in B(H) such that

(ψ, f(A)ϕ) :=

∫
σ(A)

f(λ)dµψ,ϕ(λ).

Now we define a new measure µ′ψ,ϕ such that µ′ψ,ϕ(Ω) = µψ,ϕ(Ω∩σ(A)). Thus
this is an extension of µψ,ϕ that is supported on σ(A). And we identify this
new measure with µψ,ϕ. Therefore, we may write

(ψ, f(A)ϕ) :=

∫
R
fdµψ,ϕ

for any continuous complex valued function defined on R. Define, for all
Ω ∈ B(R), the operator P (Ω) such that

(ψ, P (Ω)ϕ) =

∫
R
χΩdµψ,ϕ.

Now we verify that P : B(R) → B(H) constructed this way satisfies (i)-(iv).
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(i) Note that for any f, g ∈ C (σ(A),C), we have

(ψ, f(A)g(A)ϕ) =

∫
fgdµψ,ϕ =

∫
fdµψ,g(A)ϕ

(f(A)∗ψ, g(A)ϕ) =

∫
gdµf(A)∗ψ,ϕ =

∫
dµf(A)∗ψ,g(A)ϕ.

Therefore, by uniqueness of Riesz representation theorem, we have that

dµf(A)ψ,g(A)ψ = f∗(λ)g(λ)dµψ,ϕ.

That is, dµ is antilinear with respect to the first slot, and linear with
respect to the second slot. Now, recall that

(ψ, P (Ω)ϕ) =

∫
χΩdµψ,ϕ.

Hence

(ψ, P (Ω)2ϕ) =

∫
χ∗
ΩχΩdµψ,ϕ =

∫
χ2
Ωdµψ,ϕ =

∫
χΩdµψ,ϕ = (ψ, P (Ω)ϕ).

Since ψ, ϕ are arbitrary, this shows that P (Ω)2 = P (Ω). Hence P (Ω) is
a projection. It is also clear that

(ψ, P (Ω)∗ϕ) = (P (Ω)ψ, ϕ) =

∫
dµP (Ω)ψ,ϕ =

∫
χ∗
Ωdµψ,ϕ =

∫
χΩdµψ,ϕ = (ψ, P (Ω)ϕ).

Hence P (Ω) = P (Ω)∗. This in fact implies that P (Ω) is orthogonal. For
details, see Proposition A.57 on p.541 of [7].

(iii) Let Ω = ∪nΩn with Ωm ∩ Ωn = ∅ for m 6= n. Noe that for all bounded
complex-valued continuous function f , we have

‖f(A)ψ‖2 = (f(A)ψ, f(A)ψ) = (ψ, f(A)∗f(A)ψ) =

∫
|f |2dµψ,ψ.

Thus for any ψ ∈ H we have

‖P (Ω)ψ −
n∑
j=1

P (Ωj)ψ‖2 =
∫

|χΩ −
n∑
j=1

χΩj |2dµψ

=

∫
χΩ\∪nj=1Ωj

dµψ

=

∫
Ω\∪nj=1Ωj

dµψ

= µψ(Ω \ ∪nj=1Ωj)

= µψ(Ω)−
n∑
j=1

µψ(Ωj)

which converges to zero. Here we identify dµψ,ψ with dµψ. This proves
(iii).
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(iv) Since (ψ, P (∅)ψ) =
∫
χ∅dµψ = 0, and (ψ, P (R)ψ) =

∫
R dµψ = (ψ,ψ)

for all ψ ∈ H by the first equation in the proof of (iii). This shows that
P (∅) = 0 and P (R) = I.

(ii) P (Ω1 ∩ Ω2) = P (Ω1)P (Ω2) is clear since χΩ1χΩ2 = χΩ1∩Ω2 . To be more
specific, recall that

(ψ, P (Ω)ϕ) =

∫
χΩdµψ,ϕ.

But since by (iv) we already know P (R) = I, hence

(ψ, P (Ω)ϕ) = (ψ, P (R)P (Ω)ϕ) =

∫
χRdµψ,P (Ω)ϕ =

∫
dµψ,P (Ω)ϕ.

Therefore, by the uniqueness part of Riesz representation theorem as we
did in (i), one sees that

χΩdµψ,ϕ = dµψ,P (Ω)ϕ.

Then it follows that for any ψ, ϕ ∈ H, we have

(ψ, P (Ω1 ∩ Ω2)ϕ) =

∫
χΩ1∩Ω2dµψ,ϕ

=

∫
χΩ1χΩ2dµψ,ϕ

=

∫
χΩ1dµψ,P (Ω2)ϕ

= (ψ, P (Ω1)P (Ω2)ϕ).

Hence it follows that P (Ω1 ∩ Ω2) = P (Ω1)P (Ω2).

This concludes the proof.

We have showned that given any self-adjoint operator A ∈ B(H) self-
adjoint, there exists a unique projection-valued measure P such that (using
formal notation):

(ψ, f(A)ϕ) =

∫
σ(A)

f(λ)d(ψ, Pϕ).

Now we prove the converse:

Theorem 7.44. Given P a projection-valued measure, there exists a unique
A ∈ B(H) self-adjoint, such that

A =

∫
R
λdP.

Proof. Define, for any simple function f =
∑n

j=1 αjχf−1(αj) the integral

∫
R
fdP =

n∑
j=1

αjP (f
−1(αj)).
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Note: We are defining
∫
R χΩdP = P (Ω) and extending linearly. Before difining∫

fdP for general f , we first make a quick observation: For any ψ ∈ H, we
have

‖
∫
R
fdPψ‖2 =

(∫
R
fdPψ,

∫
R
fdPψ

)
=

∑
j,k

α∗
jαk(P (f

−1(αj))ψ, P (f
−1(αk))ψ)

=
∑
j,k

α∗
jαk(ψ, P (f

−1(αj))P (f
−1(αk))ψ)

=
∑
j,k

α∗
jαk(ψ, P (f

−1(αj) ∩ f−1(αk))ψ)

=
∑
j

|αj |2(ψ, P (f−1(αj))ψ)

=

∫
|f |2dµψ

where the second to last step is because P (f−1(αj)∩f−1(αk)) is zero if j 6= k,
for P (∅) = 0. Thus we know that

‖
∫
fdPψ‖2 =

∫
|f |2dµψ ≤ ‖f‖2∞µψ(R) = ‖f‖2∞‖ψ‖2.

Also, if f = g a.e. µψ for some ψ, then
∫
fdPψ =

∫
gdPψ. Now since, every

bounded measurable function f is the uniform limit of simple functions (φn)n,
then by our previous calculation, we have

‖
∫
φndPψ −

∫
φmdPψ‖2 =

∫
|φn − φm|2dµψ → 0

we can define ∫
fdPψ = lim

n→∞

∫
φndPψ

and it is well-defined. Since P ((−a, a)) = I for some a > 0, it follows that

A :=

∫
λdP

is a bounded operator. Since (−a, a) ⊂ R, it is easy to see that A∗ = A, and
by construction, ∫

f(λ)dµPψ = (ψ, f(A)ψ) =

∫
f(λ)dµAψ

for every f continuous. Thus the projective-valued measure µPψ = µAψ , in other
words, the spectral valued measure P is exactly the spectral valued measure
µAψ associated to A given by our previous construction.

The two theorems above shows that there is a bijection between bounded
self-adjoint operators in H and projection-valued measures. Now we study
some applications of this consequence:

Lemma 7.45. Assume A ∈ B(H), A = A∗. Then λ ∈ σ(A) iff PA(B(λ, ϵ)) 6=
0 for all ϵ > 0.
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Proof. Assume λ ∈ σ(A), and there exist ϵ > 0 such that PB(λ, ϵ) = 0. Then
consider the function

f(x) =
1

x− λ
χB(λ,ϵ)c(x).

Then f is a bounded Borel function on R. Thus

(x− λ)f(x) = χB(λ,ϵ)c

implies
(A− λ)f(A) = χB(λ,ϵ)c(A) = f(A)(A− λ).

But
χB(λ,ϵ)c(A) =

∫
χB(λ,ϵ)cdP = P (B(λ, ϵ)c) = P (R) = I

since by assumption PB(λ, ϵ) = 0. Therefore, we have

(A− λ)f(A) = I = f(A)(A− λ).

Moreover,
‖f(A)‖ ≤ ‖f‖∞ = sup

|x−λ|≥ϵ

1

|x− λ|
≤ 1

ϵ
.

Hence f(A) = (A−λ)−1 is a bounded operator, so λ ∈ ρ(A), which contradicts
our assumption that λ ∈ σ(A).

Conversely, suppose PB(λ, ϵ) 6= 0 for any ϵ > 0. If λ ∈ ρ(A), then since
ρ(A) is open, there exists δ > 0 such that (λ − δ, λ + δ) ∩ σ(A) = ∅. But
then P (λ − δ, λ + δ) = 0 since P is supported on σ(A), which is again a
contradiction.

Definition 7.46 (Essential and Discrete Spectrum). We define

σe(A) = {λ ∈ σ(A) : dim imP (B(λ, ϵ)) = ∞ for all ϵ > 0}.

and

σd(A) = σ(A) \ σe(A) = {λ ∈ σ(A) : exists ϵ > 0 s.t. dim imP (B(λ, ϵ)) <∞}

Lemma 7.47. σe(A) is closed.

Proof. Let λ /∈ σe(A), then there exists ϵ > 0 such that PB(λ, ϵ) is finite
dimensional. If µ ∈ B(λ, ϵ), then there eixst δ > 0 such that B(µ, δ) ⊂ B(λ, ϵ),
so P (B(µ, δ))H ≤ P (B(λ, ϵ))H. Thus P (B(µ, δ)) is finite-dimensional. Thus
µ /∈ σe(A). Hence B(λ, ϵ) ⊂ σe(A)

c. Hence σe(A) is closed.

Remark 7.48. σd(A) is not necessarily closed, an example is when A =
−∆ − 1/|x| (Hydrogen atom), where σd(A) = (λn)

∞
n=1, with λn increasingly

converging to zero, and σe(A) = [0,+∞). But clearly 0 /∈ σd(A).

Theorem 7.49. λ ∈ σd(A) iff both the following conditions are satisfied:

(i) λ ∈ σ(A) is isolated: i.e., there exist ϵ > 0 such that B(λ, ϵ) ∩ σ(A) =
{λ}.

(ii) λ is an eigenvalue of finite multiplicity, i.e., dimker(A− λ) <∞.
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Proof. Assume first λ ∈ σd(A).
Then exists ϵ > 0 such that PB(λ, ϵ) 6= 0 is finite dimensional. If λ

is not isolated, then there exists a sequence (λn) ⊂ σ(A) converging to λ,
and λn 6= λm for n 6= m, and for all n we have λn 6= λ. So there exist
ϵn → 0 such that B(λn, ϵn) ⊂ B(λ, ϵ) for all n, and B(λn, ϵn)∩B(λm, ϵm) = ∅.
Therefore P (B(λn, ϵn)) 6= 0 for any n. Thus there exists ψn 6= 0, such that
ψn ∈ im(P (B(λn, ϵn))). But since these balls are disjoint, we know (ψn) are
orthogonal. WLOG we may assume ‖ψn‖ = 1 for all n. Hence P (B(λ, ϵ))
contains all ψn, which means it cannot have a finite-dimensional image. This
is a contradiction. Hence λ has to be isolated. This proves (i).

To show λ is an eigenvalue, there exist ϵ > 0 such that B(λ, ϵ)∩σ(A) = {λ}.
Let ψ ∈ P (B(λ, ϵ))H nonzero. For every 0 < δ < ϵ, we have ψ = P (B(λ, δ))ψ.
Then

‖(A−λ)ψ‖2 = ‖(A−λ)P (B(λ, δ))ψ‖2 =
∫
B(λ,δ)

|x−λ|2dµψ → |λ−λ|2µψ({λ}) = 0

as δ → 0 by the dominated convergence theorem. This shows that λ is an
eigenvalue of A with ψ a corresponding eigenvector.

The prove that dim(A − λ) = P (B(λ, ϵ))H is finite dimensional is left as
an exercise.

Conversely, if λ ∈ σ(A) is an isolated eigenvalue with finite multiplicity,
then there exists ϵ > 0 such that B(λ, ϵ)∩σ(A) = {λ}. And if ψ ∈ ker(A−λ) =
P (B(λ, ϵ))H (check this equality!) is finite-dimensional, then λ ∈ σd(A).

Corollary 7.50. λ ∈ σe(A) iff λ is an eigenvalue of infinite multiplicity or λ
is an accumulation point of σ(A).

Theorem 7.51 (Weyl’s Criterion). Let A ∈ B(H), A = A∗. Then λ ∈ σ(A)
iff there exists (ψn) ⊂ D(A) such that ‖ψn‖ = 1 for all n, and ‖(A−λ)ψn‖ →
0.

Furthermore, λ ∈ σe(A) iff the condition above is satisfied, and furthermore
we may choose (ψn) to be orthonormal.

Proof. The first part of the statement is proven in Theorem 7.35.
Suppose λ ∈ σe(A). Then for all ϵ > 0, we have P (B(λ, ϵ)) infinite dimen-

sional. Pick ϵn → 0, such that ψn ∈ P (B(λ, ϵn)) and ψn ⊥ ψm for n 6= m.
Then

‖(A− λ)ψn‖2 =
∫
|x−λ|<ϵn

|x− λ|2dµψ ≤ ϵ2n‖ψn‖2 = ϵn

which tends to zero. Conversely, if P (B(λ, ϵ)) were finite dimensional for some
ϵ, then there exists n0 such that ψn ⊥ imP (B(λ, ϵ)) for all n ≥ n0. Then

‖(A− λ)ψn‖2 = ‖(A− λ)(I − P (B(λ, ϵ)))ψn‖2 ≥ ϵ2‖ψn‖2 = ϵ2.

So ‖(A− λ)ψn‖2 cannot tend to zero. This concludes the proof.

Theorem 7.52 (Stone’s Formula). Let A ∈ B(H), A = A∗. Then

lim
ϵ→0

1

2πi

∫ b

a
(A− λ− iϵ)−1 − (A− λ+ iϵ)−1dλ =

1

2
P ([a, b]) +

1

2
P (a, b)

where the limit is to be understood as strong limit.
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Proof. Take ψ ∈ H. Then

1

2πi

∫ b

a
[(A− λ− iϵ)−1 − (A− λ+ iϵ)−1dλ]ψ

=
1

2πi

∫ b

a

∫
R

(
1

x− λ− iϵ
− 1

x− λ+ iϵ

)
dPψdλ

=
1

2πi

∫
R

∫ b

a

(
1

x− λ− iϵ
− 1

x− λ+ iϵ

)
dλdPψ

where the last step is by Fubini’s theorem since the integrand is square inte-
grable. Our next task is to calculate the integral inside the last line above.

Note that

1

2πi

∫ b

a

(
1

x− λ− iϵ
− 1

x− λ+ iϵ

)
dλ =

1

π

∫ b

a

ϵ

(x− λ)2 + ϵ2
dλ

=
1

π
arctan

(
λ− x

ϵ

)∣∣∣∣b
a

=
1

π

[
arctan

(
b− x

ϵ

)
− arctan

(
a− x

ϵ

)]
which goes to

1

2
(χ(a,b) + χ[a,b]) =


0 x /∈ [a, b]

1 x ∈ (a, b)
1
2 x = a, b

as ϵ→ 0. Now note that

(*) If fϵ → f pointwise for ϵ > 0, and |fϵ| ≤ M for some constant
M , then we have

‖
∫
fϵdPψ −

∫
fdPψ‖2 =

∫
|fϵ − f |2dµψ → 0

by the dominated convergence theorem.

Using (*), and put fϵ(x) = 1
2πi

∫ b
a

(
1

x−λ−iϵ −
1

x−λ+iϵ

)
dλ and f(x) = 1

2(χ(a,b) +

χ[a,b]). Then we have that

lim
ϵ→0

1

2πi

∫ b

a
[(A− λ− iϵ)−1 − (A− λ+ iϵ)−1dλ]ψ =

∫
1

2
(χ(a,b) + χ[a,b])dPψ

which is equal to
1

2
(P [a, b] + P (a, b))ψ.

This concludes the proof.

Definition 7.53. We say ψ ∈ H is cyclic for A if span {Anψ : n = 0, 1, 2, ...} =
H.

Theorem 7.54 (Multiplicative Form of the Spectral Theorem). Let A ∈
B(H), A = A∗, then there exists a sequence of measures (µn)

∞
n=1, and a

unitary operator

U : H →
∞⊕
n=1

L2(R, dµn)
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such that
(UAU−1ψ)n = λψn

and
(Uf(A)U−1ψ)n = f(λ)ψn.

Proof. Define U : span {Anψ} → L2(R, dµn) as follows: For a given polyno-
mial pk, define U(pk(A)ψ) = pk. Note that U is an isometry since

‖Upk(A)ψ‖2 =
∫

|pk|2dµψ = ‖pk(A)ψ‖2.

Therefore U is an isometry. This is well-defined, since if p(A)ψ = q(A)ψ, then

0 = ‖p(A)ψ − q(A)ψ‖2 =
∫

|p− q|2dµψ.

This shows that p = q a.e. dµψ. Now extend U to Cl[span {Anψ}]. Then by
construction

(UAU−1p)(λ) = UA(p(A)ψ) = U(Ap(A)ψ) = λp(λ)

and
UAU−1 = λI.

Now we claim that given H separable, we have H =
⊕∞

n=1Hn, where Hn are
cyclic subspaces, i.e., there exists ψn such that Hn = Cl[span

{
Akψn

}
]: First

we take any ψ ∈ H nonzero, and set H1 = span
{
Akψ

}
≤ H. Then clearly

AH1 ≤ H1. Since A is self-adjoint, we have A : H⊥
1 → H⊥

1 . Then since
H = H1 ⊕H⊥

1 , and repeat this construction on H⊥
1 . Then the decomposition

of H into Hn’s follows.
For every n, we define Un : H → L2(R, dµn) as above, with µn = µψn

where each ψn is chosen as in the last paragraph.. Then take U =
⊕∞

n=1 Un :
H →

⊕∞
n=1 L

2(R, dµn).
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