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Preface

The goal of this thesis is to present a heuristic yet brilliant argument by Edward Witten that
recovers the celebrated Atiyah-Singer index formula for Dirac operator on spin manifold, using
the techniques of path integral localization. The idea is that the index of the Dirac operator can
be identified with the partition function of a supersymmetric quantum mechanical system on the
spin manifold. Computing the partition function using a localized functional integral over the
superspace of bosonic and fermionic paths to the manifold yields the integral of the A-class after
renormalization. Although this is not a rigorous proof, as the mathematical foundation of path
integrals in quantum field theory is still missing, the author thinks this topic is worth studying,
as similar techniques also allowed Witten to recover many other beautiful results from geometry
and topology, including his Fields medal winning work on Jones polynomials, and even inspire new
mathematics such as Gromov-Witten theory and mirror symmetry.

Chapter 1 is a short introduction to supermanifolds. These are appropriate backgrounds for
studying supersymmetric quantum mechanics and supersymmetric field theories. Supermanifold is
a deep and intriguing topic that is worth writing an thesis on, but we will only collect the most
relevant fact for our purposes.

Chapter 2 is really a lesson from quantum mechanics and quantum field theory. We introduce the
important notion of functional integrals over all paths into a space, and its fermionic generalization.
Path integral takes many forms, and they are central objects in quantum field theory. However, in
this thesis, we are only going to study Gaussian path integrals, since this is the only type that we
will need in Witten’s proof of the index theorem. Fortunately, these are also the only type of path
integrals that one can directly evaluate.

In Chapter 3, we study the mathematical aspects of the index theorem. Although the spirit



of this thesis is to primarily rely on physical intuitions and less on rigorous proofs, it would be a
pity if we miss the beautiful mathematical sides of the story. I'm sure the readers will appreciate
the mathematical richness of the Atiyah-Singer index theory after reading this chapter, as topology,
geometry, analysis, and algebra all merge together elegantly to form the backbone of the index
theory. We aim to present all the relevant mathematical background so that we can understand
the statement of the index theorem. A fully rigorous mathematical proof, however, is beyond the
scope of this thesis. Hence, we will just present the statement of the theorem, and see several nice
applications of it.

Finally, the real story starts in Chapter 4. We start off by introducing supersymmetric quantum
mechanics (SUSYQM) in flat and curved space. This will give us the correct Lagrangian for the
SUSYQM system on the spin manifold that Witten was motivated to consider. In the next section
we will reveal the connection between this SUSYQM system with supergeometry, where our prepa-
rations in Chapter 1 will turn out to be extremely useful. After that, we introduce the set up of the
problem. The last section identifies the index of the Dirac operator with the Witten index, which
can be calculated by the path integral technique, as we will see. The remaining part of this thesis
will be dedicated to the computation of the path integral, from which the index theorem follows

directly.
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Chapter 1

Supermanifolds

1.1 Basic Definitions

One can define a C'°°-manifold M in two ways: First is the usual way of defining to be a topological
space that is locally diffeomorphic to R™, and with a set of chart transition maps satisfying C'*°-
compatibility condition. However, one can also note that the smooth manifold M comes with a
sheaf of smooth functions Op; on M, which algebraic geometers like to refer to as the structure
sheaf. Then one can define a C*°-manifold to be a locally ringed space that is locally isomorphic
to the model space (R™, Ogn). The first approach is more intuitive, however the second approach

is easier to generalize to supermanifold, which we will define below.

Definition 1.1 (supercommutativity). A Zs-graded algebra A = Ay @ A; is said to be supercom-

mutative if af = (—1)1°173q.

Definition 1.2 (split supermanifold). Now let M be a manifold and V' a vector bundle over M.
Then we define the split supermanifold S := S(M,V) to be the locally ringed space (M, Og),
where Og := Oy @ \*V* is the sheaf of Op-valued sections of the exterior algebra A*V*. In other

words,

S(M, V) = (M, 0y & \°V*).

If we interpret V as a locally free sheaf of Op/-modules, then Og is simply A*V*. Then Og
is Zo-graded (as there is a natural notion of eveness and oddness in the exterior algebra), and

supercommutative, and its stalks are local rings.



Example 1.3 (examples of split supermanifolds). The affine superspace A™" ig defined by

(A", Oymin) = S(A™, OF1),

where for M a manifold V = (9%" is the trivial rank n bundle on it.

Here the affine space A" = A’ depends on the choice of the base field K. In our case, we almost
always consider either K =R or K = C.

More specifically, let us consider the case where K = R. Then S(R™, (’)]%ﬁ) is just the smooth

manifold R™, with a sheaf of supercommutative ring

O:Uw— C®(U)[F,...,0M,

that sends U to the Grassmann algebra with generators 01, ...,6™ over C*®°(U) = Ogm(U). This is
the structure sheaf. An element of the structure sheaf looks like f = > f16! where I = (i1, ..., ix) C
{1,...,n} is an index set and 67 = #716% ...f%. We will call this model space R™™. Thus R™"

L ...,2™ and odd coordinates @', ...,0". For brevity, we will usually write an

has even coordinates x
element f in the structure sheaf as f(z#,6"), and we will denote the structure sheaf O by Ogmn if
we want to be specific.

Similarly, one can define C™",

Definition 1.4. A supermanifold of dimension m|n is a locally ringed space (S, Og) that is locally
isomorphic to some model space S(M, V'), where dim M = m and rank V = n. We will usually just
refer to this supermanifold as .S with the understanding that it also comes with the structure sheaf
Os. The manifold M is called the reduced space of S and we usually write |S| = M.

In particular, a real supermanifold of dimension m|n is a locally ringed space locally isomorphic
to (Rm‘”, Ogmin), and a complex supermanifold of dimension m|n is a locally ringed space locally

isomorphic to (C™", Ocmin)-

Remark 1.5. In the C°, C', C™, or analytic settings, we may as well restrict our local models to
affine superspaces A”/". But in the algebraic setting we muts allow all S (M, V) with affine M, as

in the bosonic algebraic case.

Remark 1.6 (morphisms of supermanifolds). In the definition above, by an isomorphism we mean



an isomorphism of locally ringed spaces. Recall that a morphism f : (X, Ox) — (Y, Oy) of locally
ringed spaces is a map f: X — Y between topological spaces together with a morphism of sheaves
f*: Oy — f.Ox, where f,Ox is a sheaf on Y defined to be Ox (f~1(U)) for any open set U C Y.
That is, every morphism f of locally ringed space comes with the data of a ring homomorphism
It Oy(U) = Ox(f~1(U)), called pullback on U. With this notion of morphism, supermanifolds
form a category.

It is also important to note that the isomorphisms above are isomorphisms of Zs-graded algebras,
but they need not preserve the Z-grading of A*V*. For example, let z be a coordinate on M and
6" are the fiber coordinates of V. Then z cannot go to z + ; under such isomorphisms, since this

changes parity, but it can go to z + 662

Theorem 1.7. Let f : S — S’ be a morphism between supermanifolds. Choose a local coordinate
(', .., 2™ 0 ...,0") on U C S and (y*,....,y° X', ....X") a local coordinates on an open subset

containing f(U) C S’. Then f has the local expression

f('rlu)el/) = (f*yl? A f*ys7 f*X17 A f*XZ)

where f* : Ogr — f«Og is the morphism on locally ringed spaces. Conversely, the information above

on all local charts completely determines f : |S| — |S’| and fi : Ogr — f.Og.

Proof. To obtain the local expression, note that y®, x? are the (even or odd) coordinate functions
on S’. Since the local expression of f is obtained by postcomposing f with the coordinate functions,
the theorem follows. Note that in the case that the odd dimensions are zero, we reduce to the case

of a map between smooth manifolds. O

Remark 1.8. In the familiar case where f : M — M’ is simply a smooth map between manifolds,

1

we have similar results, where if we take local coordinates z', ..., ™ and y', ..., 4™ containing U C M

and f(U) C M’ then we have

f(a;l, wnx™) = (f*yl, o [Ty,

Hence we can also define manifolds as locally ringed space isomorphic to the Euclidean model.

However, note that in the case of supermanifolds, there are way more morphisms than ordinary



manifolds, because a morphism can mix even and odd part as long as it preserves grading. For

example, the map ¢ : R'2 — R2 defined by

p(x,0',0%) = (x+0'0%,0",60%)

is an isomorphism. But note that ¢*z = x4+ 662, so it need not be true that in the above expression

f*1? only involves even coordinates, it can also depends on odd coordinates.

Remark 1.9. Given a supermanifold (.S, Og), its structure sheaf Og contains an ideal .J consisting of
all nilpotents. This is the ideal generated by all odd functions. Note that the underlying topological
space of § is already given, which we call M = |[S|. To recover the structure sheaf Oy;, we note
that Oy = Og/J. The dual bundle V* can also be recovered because V* = J/J2. Hence from the
supermanifold S = S(M, V) we can recover the data of S and V. In other words, a supermanifold

S determines its reduced space.

Note that the definition of a supermanifold (S, Og) gives Og the structure of a sheaf of (real or
complex) algebras, and also with a surjective homomorphism to Oy by setting 8¥ = 0 for all odd

coordinates. In other words, Oy = Og/J induces an exact sequence of sheaves

0—J—0g— Op—0.

However, this does not endow Og the structure of Ojs-modules, because although there are open
sets U on which Og is isomorphic to Oy (U)[6, ..., 0", and multiplication by elements in O (U)
is commutative there, but it need not commute for larger open sets. In other words, multiplication

by O need not to commute with gluing isomorphisms.

Definition 1.10. A sheaf F on a supermanifold S is simply a sheaf on the reduced space M, and
sheaf cohomology H*(S,F) of F on S is simply the sheaf cohomology H*(M,F) on the reduced

space.

Remark 1.11. Despite the fact that sheaves and cohomology are defined to be the same as the
reduced space, it is usually more illuminating to denote the cohomology as H*(S,F) instead of
H*(M,F). For example, it is much more natural to think of a sheaf of Og-modules as a sheaf on

S rather than a sheaf on M.



Example 1.12 (tangent bundle). The tangent bundle Ts of supermanifold S is an example of a

sheaf of Og-modules. It can be defined in terms of derivations, i.e., as sheaves
Ts := Der(Og).

It is a Zs-graded vector bundle, or a locally free sheaf of Og-modules.
In the simplest example where S = A”/" TS is the free Og-module generated by even tangent

vectors a% for p =1,...,m and odd tangent vectors % forv=1,..,n.

Remark 1.13. In general, for a split supermanifold S = S(M, V'), the tangent bundle Ts need
not have distinguished complementary even and odd subbundles: The even and odd parts are not
sheaves of Og modules. For example, 8%1 is an odd vector field, but multiplication by an element
of Og might change parity: Consider 91%. This is now an even vector field. However, we note
that since elements in Oj; are even, if we restrict ourselves to multiplying only elements in Oy
then parity is preserved. More specifically, what we are saying is that the restriction Ts|ps of T to
the reduced space M does split (By restriction to M we mean pullback, under the natural inclusion
i: M — S, of a sheaf of Og-modules to a sheaf of Oys-modules. In this case, this is accomplished
by setting all odd functions to 0). Explicitly, the splitting is given by

TS+::TM7

)

Tg_ . =V.

)

For a general supermanifold S, we only have local isomorphisms between S and S(M, V') for some
model space M and vector bundle V', but there is no canonical identification Ts _ = V. However,
there is still a way to define T _. We consider the natural embedding M — S, where we view M as

the subspace that is locally given by 8% = 0 for all «. Then then we have a normal bundle sequence
0— Ty — Ts|m — Nagss — 0.

Now Nj;/g is a purely odd bundle. Therefore, we may define Ts y = T)y and Ts - = Njy/g.



1.2 Examples of Supermanifolds

Example 1.14. The simplest example is the affine superspace A™", which we already saw. In the

algebraic case, the global function ring is
O gmin (A™M) = K21, ... 2, 01, ..., 0]

is just the polynomial ring in m commuting variables and n anticommuting variables. In the
C° C',C* or analytic case we allow the even part of the function to be C° C',C* or analytic,

but the anticommuting part is unchange, still the polynomial ring in 6;’s.

Example 1.15. The complex projective superspace P is defined by the quotient
pmin = {(z°, 2, ..., 2™, 0%, ...,0") € AR # 0 for some p}/ ~cx

where (z/,60") ~c« (z*,0"") iff 2 = Az*" and #” = M@ for some A € C*. Note that the group C*
is purely even, i.e., Az* is even and A0” is odd for all A € C*.

The complex projective superspace are covered by local charts of open sets
Us = {(l‘oa L x™ 0t 0" € prin . g # 0}

for & = 0, ..., m. Each U, can be identified with affine superspace A" via the ratios zP /x, B # a,
and 0¥ /x®, for v =1,...,n.

Note that for m = 0 there is a unique open set Uy, so POIm = A0,

Example 1.16 (submanifolds). Given a supermanifold, one can construct super submanifolds by
imposing equations. For example in P™" we can impose the equation f (29, ..., 2™, 0L ...,0") =0
where f is a homogeneous polynomial in the homogeneous coordinate of P™I™ that is either even
or odd. If f is even and sufficiently generic, this will give a complex supermanifold of dimension
m — 1|n. For suitable odd f, this gives a supermanifold of dimension m|n — 1. A divisor is a super

submanifold of codimension 1|0, i.e., when the defining polynomial is even.

Example 1.17 (Parity Reversed Tangent Bundle IIT'M). Let M be a manifold of dimension p and

E — M a vector bundle of rank ¢q. Then there is an associated supermanifold ITE of dimension



plg with |IIE| = M, defined by revering the parity of the fiber coordinates. Namely, for every

local chart U C M, we note that the space C*°(U, E) of smooth sections of E over U is a free

C>°(U)-module generated by ¢ sections o1, ...,0,. We now identify these sections with grassmann

variables 0, ..., 07, and define the structure sheaf

One(U) = C®(U)[6, ...,0m).

In the particular case where =T M, we have the parity reversed tangent bundle IITM. Let

C°(IIT M) be the smooth global sections of the structure sheaf Oprps, namely the superalgebra of

smooth functions on IIT'M. Then there is an isomorphism
p: A (M) = C(TITM)
between smooth functions on IIT'M and differential forms on M, where we identify

w= Z Qiy..ip(2)da™ A - Ada' € AP(M)
1<i1 < <ip<n
with

pw) = D> ai., (@) € C®(ITM).

1<iy <-<ip<n

Using the identification (1.1)), we can integrate smooth functions on IIT'M by defining

/ p(w)dz? - - - dzPdf?! - - - deP = / w
nrm M

(1.1)

where da? - - - dzPdf! - - - d6P is the canonical volume form on IIT'M, which we will denote as dzdé

for short.



Chapter 2

Path Integral Techniques

Thirty-one years ago Richard Feynman told me about his ‘sum over histories’ version
of quantum mechanics. ‘The electron does anything it likes’, he said. ‘It goes in any
direction at any speed, forward and backward in time, however it likes, and then you add
up the amplitudes and it gives you the wave-function.’ I said to him, ‘You’re crazy’. But

he wasn’t. — F. J. Dyson

2.1 Path Integrals in Quantum Mechanics

Perhaps the best way to introduce the path integral formalism is by starting with the double slit
experiment. A particle emitted from a source at time ¢ = 0 passes through one or the other of
two holes drilled in a board and is detected at time ¢ = T by a detector located on the screen,
as shown in Figl2.1] The amplitude for detection is given by a fundamental postulate of quantum
mechanics, the superposition principle, as the sum of the amplitude for the particle to propagate
from the source through one hole and then onward to the detector and the amplitude for the particle
to propagate from the source through the other hole and then onward to the detector. There is an
obvious generalization to this situation: If we drill more than two holes, say A, ...., A, of the holes,
and we want to measure the amplitude Ag o for the particle to propagate from the source S to the

detector O, it should be given by

Aso = As a0+ As a0 + -+ As 4,0,



double -slit i\
|
|
|

Electrons d
electron
beam qun

pattern

Figure 2.1: The double slit experiment

where Ag 4; 0 is the amplitude of the particle starts from S, passes A;, then ending up at O. If
we drill so many holes on the board that it feels like the screen is not really there, then we should
get the contribution Ag po from every point P on the board. Similarly, if we have a sequence of

boards, say By, ..., By, of them, then the amplitude Ag o should recieve contributions from every

As.py.Py,....Pn.0

where P; is an arbitrary point on Bj;. Taking n,m — oo, the amplitude Ag o should recive con-
tribution from amplitude of every possible path from S to O. This clever thought experiment was
due to Richard Feynman, who later formulated his deep insights to the path integral formalism.

To understand the path integral formalism, we have to be more precise about how do we interpret
Aso. The symbol is not totally precise because we didn’t consider the time in which detection is
made. Suppose we want to express the amplitude of a particle started at an initial position g at
time t7, and ended up at a final position gr at time ¢p. Let |gr) denote the position eigenstate at
qr, and similarly define |gr). Suppose the particle is governed by the Hamiltonian H. Then if we
denote T' = tp —t1, after we waited T" units of time, the particle started off as |gr) would have been
in the state e T |g;) by Schrédinger equation, and the amplitude for it to end up at gr at time
tr is given by the inner product

(qrle”™ T qp),

which is the quantity we are interested in evaluating. Now we use Feynman’s idea described above to

slice up the path into small intervals. Namely, we divide 7" into N segments by defining 6t = T'/N.



Thus

<CZF| e tHT |CH> — <QF| e—iHéte—iHét . e—iH(St |(H> ]

Since the position eigenstates are complete, we insert a bunch of identity operators of the form

fde|CIj><qJ“ = 1. So now we have that

(qrle”™T|q;)

N-1
= H/d%' (qrl e lgn—1) (qnv—1| e gy —2) -+ (1| €7 |qr) -
j=1

Let us focus on one factor (g;11]e~*#%|q;). Suppose first that our Hamiltonian is just given by the
Hamiltonian of a free particle H = p?/2m., since the general case H = p?/2m+ V (2) with potential
is similar. Inserting the identity using momentum eigenstates [ g—fz Ip)p| = 1 and using (g|p) = &4

gives

—i A2 m dp —i A2 m
(qj4r| 01072 )Iqj>=/<Qj+1e OHE2m) 1 p) (play)

27
dp —3 2 m
= [ SRS (g0 (ol
—/dpei&(pz/?m)eip(qjﬂqj).
2m

The integral over p is an Gaussian integral, which can be evaluated. Doing this integral yields

.\ 1/2
—idt(p2/2m —m im(gjp1—q;)°
(gy41] €= /2m) |y <2m§t) lim(a; 1-a,)%)/261

12 )
_ m ei5t(m/2)[(qj+1—Qj)/5t] .
2ot

Putting all these pieces back we get

Lt —im\"* (' i6t(m/2) SN (05010561
(qr|e lar) = dgg | e g=0
k=1

2ot

where qo = q7,qn = qr. Now we take the limit where N — oo, or equivalently where 6t — 0. Then

10



the exponent in exponential above becomes fOT dt%m(f. Thus the formula above becomes
<qF’e—iHT|qI> _ /quifont;mtp

where we define

—im\ V2N —imN\ /2N
/Dq:]\}gnoo<2ﬂ'5t> I!‘_‘[l/ko:]\}gnoo( 27T ) ’}_{/qu

The integral with respect to dgi above should be interpreted as integrating over all points on a

screen in which the particle passes at time ¢t = kdt. So what we are doing is assigning a weight of
e Jo" dtzmd? to each path ¢(t) that the particle can possibly take and integrate over all such paths.
However, everything we have done here is at a formal level, and immediately we see two concerning
things from the formula above:

The first thing is that the formula above is just nonsense. There is a constant in front that
diverges at N — oo. However, what physicists usually do is to calculate time ordered correlation
function (as we will see later), which is the ratio of two path integrals. Hence, this infinite constant
will be canceled because both the numerator and the denominator will contribute the same diverging
constant.

The second thing is that Dq can not be interpreted as a measure on the space of paths. This
is a more mathematical statement, but it is known that in many cases that such measure cannot
exist. Therefore, we should interpret the path integral as intergrating over all possible paths only
at a heuristic level, while in reality it always means we do the procedure above and consider the
limit of infinite product of integrals in small time interval. In fact, the only path integral that can
be evaluated exactly are those that are Gaussian, and for non-Gaussian integral we will need to use
perturbation theory (as we will see later).

As a second step, repeat the derivation above with the Hamiltonian now replaced with its most

general form: H = p? /2m + V(q). 1 claim that the result we will get is
{arle™]qr) = /qu"fgdt(équv(q)). (2.1)

We recognize that what is inside the exponential is just ¢ times the action S = fOT dtL(q,q). This

11



is the path integral formalism: The amplitude (gr|le™*"7|q;) = (qr,tF|qr,t1) recieves contribution
from all possible path ¢(t) from g7 to gp, each weighed by a factor of eiS(0:4)

We will prove shortly, but let us discuss first why the path integral formalism is more
favourable compared to the Schrédinger picture that we have developed. This formalism is highly
advantages because classical solutions emerges naturally in the limit A — 0. Note that in the
derivation above (in fact in pretty much every other places of this writing), we assumed h = 1. If

we restore the unit in (2.1)), the actually formula should read
<qF|e_iHT/”|q1) — /quiS(q@)/h.

When A — 0, the integrand e** (@)/h will oscillate rapidly. For any g, if ¢ and its nearby path does
not minimize the action S(q,q), then they will destructively interfere and the contribution from
them cancels out with each other. Therefore, the only significant contribution to the amplitude
come from those paths that minimizes the action, which are the classical paths by the principle of
least action.

To prove ({2.1)), note that each term in the insertion will be of the form

—idt(p?/2m) ,—idtV (§ d —idt(p?/2m —i6tV (g
(4] 00D /2m) o=i0V(D) | gy — / (g OHE*2m) |y (ple=itV (@) |y

27
d —1 m —1 i
:/2pe PHPE/2m) (g5 1 [p) (plgz)e "otV (@)
T
o\ 1/2
— o8tV (q) (M 010t (m/2)[(¢541—a;)/t]?
2mét
. —g.:\2
_ (i) () ve)
2mét

So it follows that when we multiply all the insertion, and take limit as N — oo, we would get ([2.1).

Example 2.1 (Gaussian integral in one variable). As a warm up, in the finite dimensional case,

/ dp e—apz-i-Jp'

Recalling that [ dp e’ = \/7r/704, we just need to complete the square, and the above expression

we consider the integral

12



becomes

[apeeto-siy i = [T
(6

A somewhat equivalent method is called the method of stationary phase. Taking the derivative of

the exponent to find the critical point:

0= ({?p(—apz +Jp) =2ap+J

gives the critical point

Px = 5.

Then up to the constant \/7/c«, we see that

/dp e~ W’ HIp | gmapi+tIpe _ o /4a

Example 2.2 (Gaussian integral in finite dimension). Suppose now J be a n-dimensional vector,

and A an n x n matrix. We now consider the n-dimensional integral
/dnpe—épTAp-‘rJTp_

After diagonalizing A the integral becomes just a product of integrals over the p;, and the result
is the product of one-dimensional Gaussian integrals, with a being replaced by an eigenvalue of A.

That is,
2
/d"peép*Ap+JTp — Me%ﬁfrl‘]. (2.2)

Any path integrals that we can directly evaluate will be the infinite dimensional generalization

of (2.2)). That is, they will be of the form
/Dge—é [ dt(gAg)

where & runs over all paths that maps to a given space. In fact, we will not even need the exact
value of this path integral (because the formally infinite constant can always be renormalized using

techniques in quantum field theory). All we need to remember is that according to (2.2)), the answer

13



will be of the form

/Dge_éfdt(f’%) o (det A)~1/2, (2.3)

We will use this result in the proof of the Atiyah-Singer index theorem.

2.2 Path Integrals and Partition Function

The Green’s functions of quantum theory are related to time-evolution operators, which (roughly
speaking) look like a complex exponential e ~#*, with E an energy and ¢ the time. The probabilities
(and density matrices) of statistical physics are based on the Boltzmann factor, given (roughly) by
the real exponential e /7 where T is the temperature and kg is the Boltzmann constant. The
fundamental elements of the two theories are therefore both exponentials, albeit one is real and the
other is complex. This similarity can be exploited by making the identification it = T~!. The claim
is that this will map a quantum field theory on to a statistical field theory. The advantage of this
mapping is that it allows us to transfer results from one subject directly to the other, and vice versa.
Within the framework of the mapping, inverse temperature 5 = 1/7 in statistical physics behaves
like imaginary time in a quantum field theory. It turns out that the concept of imaginary time is

a remarkably powerful one with uses across quantum and statistical field theory. We examine the

imaginary time formalism now. A Wick rotation is the substitution
T =1t,

i.e., allowing imaginary time. With this substitution, we replace the Minkowski metric (+, —, —, —)
to the Euclidean metric (4,4, +,4) up to a minus sign. We will see the benefit of this trick very
soon.

Arguably the most important object in statistical physics is the partition function of a system.

Suppose the system is governed by a Hamiltonian H, the partition function is given by
Z(B) = Tre P,

If we have an complete orthonormal basis of our Hilbert space, say |A) for A in some index set, then
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the partition function is expressed by

Z(B)=> (Ale PH|N).
A
In particular if these are chosen to be eigenstates of the Hamiltonian, H |E,) = E,, |E,), then

Z(B) = Z<En’ei/8H‘En> = ZeiﬁEn'

n

Our next claim is that the partition function is really a path integral in disguise. Note that the
expression (Ale P |)\) can be interpreted as an amplitude (gr|e~*|q;) if we choose |A) to be the
position eigenstate at ¢; = gp = A (of course then instead of suming over A in the Z () expression

we should integrate over all position \), and make the replacement 5 = it. Then we have

Z(B) = / dA(A e HEN) = / dx / Dyei Jo dL(D),

But we already made the replacement ¢t = —¢f. So our limit of integration goes from ¢ = 0 to
t = —if. To make the expression nicer, we apply Wick rotation ¢ = —i7. After performing change

of variable, we end up with

Z(B) = /d)\/qu_ 1y dTLE(‘](T))’ (2.4)

where we denote the Lagrangian L(q(t)) under the change of variable by Lg(q(7)), the Euclidean

Lagrangian. For example, if the Lagrangian we started with is the standard Lagrangian
1 dg 2
L) = 3m () - v
then under the Wick rotation dg/dt = idg/dr, thus
—if B 1 d 2
z/ AL (q(t)) = 2/ _idr [—m<q> ~ V(g
0 0 2 dT

_ —/OﬁdT[;mCiz)Q—i-V(q)
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Hence we see that

2
Le(a(r) = ym( )+ V(o)

Note that the sign of the kinetic term of Lg is not changed compared to L, but the sign of the
potential term is reversed. But there is still more to (2.4). Note that in the formula above it we had
to integrate (e *H*|\) where t goes from 0 to —if3, so T goes from 0 to 3. Since qr = qr = A, we
have ¢(t = 0) = q(t = —if) = A. Thus ¢(7 = 0) = g(7 = 8) = A. But that’s not all. If we imagine
7 extending from —oo to oo then the boundary conditions are periodic: after a period 3, the state
returns to where it started. The integral over A means that we integrate over all path subject to

these periodic boundary conditions (PBC). Thus (2.4) becomes

Z(B) =Tre 1 = | D J§ drLp(a(r) (2.5)

where PBC stands for the periodic boundary condition with period 5. This result will be very
useful, because as we will see later, we can write the index of a Dirac operator on spin manifold
as a partition function, which can then be computed using the right hand side of (2.5 using path

integral techniques, which will lead to the famous Atiyah-Singer index theorem.

2.3 Fermionic Path Integrals

We already know how to integrate all paths that maps onto a manifold from the previous sections.
Now we are also interested in integrating paths that maps onto a supermanifold. Unavoidably we
will encounter odd maps: That is, we will need to integrate odd sections of the structure sheaf
Ox on a supermanifold X. These are anticommuting fields on supermanifolds, or more commonly
refered to by physicists as fermionic fields. For fermionic fields we have 1 (z1)¥(x2) = —¢(x2)(z1).

As in the case of ordinary path integrals, it helps to first look at finite dimensional toy model.
Thus we need to define integration over anticommuting variables on a complex manifold will coor-
dinates 61, ..., 0p,. Recall that 6;6; = —0;0;. A function f(x,6) may depends on the position z* and

Grassmann variables 8% for a« = 1, ...,m. We have the nice property when we Taylor expand
f(z,0) = fo(z) + 0, f*(z) + 9(195]”0‘6(&6) 4o 010y O ().
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The Taylor series terminates because 9? = (0. We now introduce calculus of Grassmann numbers.

The derivative operator satisfies the usual property:

Integration is more interesting, it is exactly the same as derivatives:

/d9(9) =1 /d9(1) = 0.

If we have multivariable integration, we require

/del--.dan(en---el):L

We require the measure d¢; and ;s to anticommute, so derivative and integration are order sensitive.
We can also have conjugation variables éj’s, just like holomorphic and antiholomorphic coordinates

2j, Zj. Let us now evaluate an important Grassmann integral:
T = /déldé?l e Cw_nd@n exp(—éiAiij).
Recall that in the bosonic case, we have the Gaussian integral

/dzldzl - dZpdzy, exp(—ZAijz5) o« exp(—JTAflj). (2.6)

1
det A
In fermionic case, we will show that actually Z o< det A. Our strategy of evaluating Z is to do the

Taylor expansion, since it always terminates. Let us expand exp(—é,-Ainj). We have

_ B 1
exp(—GiAinj) =1- QiAinj + -+ *(—HiAiij)n + O(@nJrl).

n!

Note that the Grassmann integral only picks out the order n term in the Taylor expansion, hence

_ A R " 1
1= /d91d91 cee dendenﬁ(—@fl”e]) == U; m sgn(U)Ala(l) tee Ana(n) ox det A.
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Thus, we conclude that
/d9_1d91 s de_nden exp(—ﬂ_iAijGj) o det A. (27)

Now we do the analogues source term in the bosonic case, by introducing additional Grassman-

nians 7;,7;’s. We consider the integral
7 = / 4040 exp(—0;436; + 71,0, + Oim),
where dfdf is the shorthand for IL df;df;, as before. Using matrix notation, we have
T = /déde exp(—(0 — A A0 — A7'n) + RA™ ) = exp(7A™'n) det A. (2.8)

Compare (2.8)) with (2.6). Now, (2.7) and (2.8) have direct generalizations to grassmannian path

integrals. That is, if we want to integrate over all grassmann-valued paths 7, then
/’Dne_; JdtnAn o det A. (2.9)

This identity will also be used in the proof of the Atiyah-Singer index theorem.

2.4 Fermionic Partition Functions

The fermionic harmonic oscillator is the direct analogue of the bosonic harmonic oscillator. The

fermionic oscillator has Hamiltonian
Lot t
H= 5(0 ¢ —cchw.

Recall that the bosonic oscillator hamiltonian is of the same form, with ¢, ¢ replaced by the creation
and annihilation operator a', a, satisfying commutation relations [a,af] = 1 and [a, a] = [af,al] = 0.

Naturally, we would like to require the fermionic analogue of such relation:
{e,ch =1 {e,c} ={cf, T} =o.
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Similar to the bosonic case, we can define the number operator
N = CTC,

which will put the Hamiltonian into simpler forms

Since N2 = cfecfe = N, the eigenvalue of N must be either 0 or 1. Let |n) denote the eigenvector

of H with eigenvalue n, where n = 0,1 as argued earlier. Then it is easy to verify that
Ao)y=11)  ¢|l0y=0 1)=0 ¢]1)=]0).
Hence it follows that cfc|n) = n|n), for n = 0,1. Now consider hilbert space
H = span {|0), [1)}.
Now we consider the states
0) =10) +[1)0 (0] = (0[ + 6" (1],

where 6 and 0* are Grassmann numbers. These states are called coherent states and are eigenstates

of ¢, ¢ respectively, since

Now we have a very useful completeness relation:

Lemma 2.3. Let |0) and (0| be defined as above. Then we have

/de*de 100 e 00 = 1. (2.10)
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Proof. This is just a straightforward computation:

/de*de 10)(0] 070 = /de* do(|0) + |1)8) ({0] + 6*(1]) (1 — 6*6)
= /de* d6 (|0Y(0] + |1)6(0] 4 |0)0* (1| + [1)06*(1]) (1 — 6*6)
= |0XO0[ + 1)1
=1.
This completes the proof. O

Now we use the completeness relation to calculate the partition function of fermionic oscillator.

Lemma 2.4. Let H be the Hamiltonian of a fermionic oscillator. Then the partition function of
the system is given by

Tre PH = /d@*d@(—@e_ﬁHw)e_e*e. (2.11)

Proof. We insert the completeness relation (2.10)) into the definition of a partition function to get

2()= 3 foleln = 3 [ ave nlo) o1 )
— ;/de*dﬁ(l —070)((n]0) + (n|1)0)((0le~PH |n) + 6" (1]e*H n))
= Zn:/dG*dH(l — 0*0)[(0e P |n) (n]0) — 0*0(1]e PH |n)(n|1)
0001 ) (n]1) + 6" (1] ) (n]0)].

The last term of the last line does not contribute to the integral, since (n|0) # 0 only when n = 0,

in which case (1]e=##|0) = 0. Hence we may change §* to —0* in the last term. Therefore,

ZB) = / d0*do(1 — 0%0)[(0]e PH |n) (n|0) — 6*0(1]e P |n)(n|1)
+60(0[e™ " |n)(n|1) — 6% (1]~ |n) (n|0)]

_ / d0*de—"? (—0le~PH ).

This completes the proof. O
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Chapter 3

Mathematical Aspects of the

Atiyah-Singer Index Theorem

In this chapter we put together the mathematical backgrounds required to understand the statement
of the Atiyah-Singer index theorem for Dirac operators on a spin manifold. The mathematical aspect
involves a beautiful combination of analysis, algebraic topology, and Riemannian geometry, which

demonstrates the richness of this theorem. Our treatment follows [I0] quite closely.

3.1 Clifford Algebras and Spin Groups

The goal of this section is to construct, for every n > 3, the unique double cover of the rotation
group Spin,, — SO,,. When n = 3, using the standard quaternion argument we have a double cover
SU(2) — SOj3. This argument does not work for higher dimensions. To generalize this construction,

we need to introduce the notion of Clifford algebra.

Definition 3.1. Let V be an (real) inner product space. The Clifford algebra Cl(V') of V' is the
quotient of the tensor algebra

CI(V) =®°V/ ~
where the relation is vw + wv = —2(v, w) for all v,w € V. Of course @’V = R.

Equivalently, we may choose an orthonormal basis ey, ...,e, of V. Then Cl(V) is the algebra
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generated by ey, ..., e, with the relation

e2

i — -1 €i6j = fejei

for i # j. Therefore, we see that as a vector space, we have CI(V') = A®*V, where the isomorphism

is given by e;, ---e;, = €;; A -+ Ae;,. This identification gives CI(V) a natural Zs-grading
ClV) = Cl%(V) & CI'(V)

which is given by the parity of the number of vectors. Moreover, using the isomorphism with the

exterior algebra, the number of vectors gives a grading

CI(V) = é C1®(v).
k=0

n

Now we study the case where V' = R" with the standard inner product and the standard

orthonormal basis. Then we use shorthand Cl,, to denote C1(R™). We first study its center Z°(Cl,,).

Proposition 3.2. If n is even, then 2(Cl,) = CI{”). If n is odd, then Z(Cl,) = C1¥ & C1{". In
any case, Z(Cl,) N CI% = a1l

Proof. Clearly Z(Cl,) = {a € Cl,, : av = va,Vv € R"}. Now let ef = e;, ---¢;,. For j # I we have
ere; = (—1)Pejer, and if j € I then eje; = (—1)P lejer.

Clearly a? c Z(Cl,) for any n. For 1 < p < n —1, since if e; € Z(Cl,,) we must have
ere; = ejer for all j, we must have that p is both even and odd, which is impossible. Now if n is
even, and ey € Cl&"), above calculation shows that e;e; = —ejer for all j, hence ey cannot be in

the center. If n is odd, then it is easy to see from above that a cz (Cl,,). This concludes the

proof. O

Now we consider the group Cl, C Cl,,, which is the group of multiplicative invertible elements
in Cl,,. If v € R" is a nonzero vector then we have v~ = —v/||v||?. Therefore R" \ {0} C CL. In

particular S"~! C CI.

Definition 3.3. The pin group Pin,, is the subgroup of Cl* generated by the unit sphere S™~!.

The spin group is the even part of the pin group: Spin,, := Pin,, N Clg.
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We now define an automorphism of Cl,, called transpose, namely (e;, - - -eip)t =ej, €.

Proposition 3.4. We have that

Spin,, = {a € Pin,, : aa' =1} = {v1---v, : v; € "1, p even}.

In particular, Spin,, ¢ CI9.

Proof. By definition, a € Pin, iff a = vy -+ - v, with v; € S"~!. Thus aa’ = (v1 - v,)(vp---v1) =

(—1)?, and aa® = 1 iff p is even. O

Now we consider the group homomorphism

p : Pin,, — GL,(R) pla)v = ava'.
In general, a is a product of vectors, and ava' is an element in Cl,. To show that it is an honest

vector, we note that for a unit vector u € R™, the Clifford relation gives

uvu' = wvu = —v + 2(u, v)u

which is a linear combination of vectors, hence is a vector. Now a = uq ---u, is a product of unit

t

vectors by definition, hence ava® is a successive conjugate of v by unit vectors, hence is a vector.

Therefore p : Pin, — GL,(R) is indeed well-defined.
Proposition 3.5. p(Pin,) = O,,.

Proof. We first look at the image of S"~! under p. If a € S~ and v € R”. By choosing a suitable

orthonormal basis we may decompose v = Aa + a’ for some A € R and such that (a,a’) = 0. Then

pla)v = ava' = a(Aa +d')a = \a® + ad'a = —Xa + d

since aa’ = —a’a — 2{a,d’) = —d’a. Therefore, p(a) is the reflection with respect to the hyperplane
perpendicular to a and the result follows from the classical fact that any element in O,, is a product

of reflections. O
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Corollary 3.6. p(Spin,,) = SO,,.

Proof. This follows immediately from the previous results, since any element of SO,, is a product

of an even number of reflections. O

Theorem 3.7. If n > 3, then the map p : Spin,, — SO,, is the universal double covering map. In

particular, Spin,, is compact.

Proof. By looking at the long exact sequence of homotopy group induced by the fibration
SO,, = SOpy1 — S"

one can compute that m1(SO,) = m1(SOp+1) for n > 3. Moreover, from the n = 3 long exact
sequence, one computes 71 (SO3) = Zg. Hence we see that 71(SO,,) = Zg for n > 3. Therefore, SO,
has a unique double cover. We claim that p : Spin,, = SO,, is that cover.

We have a € ker p iff va = av for any v € R™ since a' = a~! by Proposition But this means
by Proposition [3.2] that

a € Spin,, NZ(Cl,) c CI% nZ(Cl,) = C1V = R

n

and hence kerp = {£1}. This already shows that p : Spin, — SO, is a double cover (local
invertibility is obvious because we can conjugate by a'). Since m1(SO,,) = Zs for n > 3, and since
the universal cover of SO,, must have degree |71(SO,,)| = 2, we conclude that p : Spin,, — SO, is
the universal cover.

Finally, since Spin,, is a finite cover of a compact space SO,, it is compact. O

3.2 Spinor Representation

Let us return to the general theory of Clifford algebra. Now our goal is to study representations of
the Clifford algebra. As always, complex representations are much nicer to work with. Thus, let us

complexify:

Definition 3.8. The complex Clifford algebra Cl,, is obtained after tensoring with C the real
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Clifford algebra Cl,,:
Cl,, = Cl,, ®grC.

We have the natural inclusion Cl,, C Cl,,, and the gradings (Z or Zs) have direct counterparts
in the complex case. In particular, with obvious notation we have inclusion Spin,, ¢ CI¥ c Cl,.

Now we study complex representations of Cly:

Definition 3.9. A complex representation of a complex algebra A is an algebra homomorphism
¢ : A— Hom(V) where V is a finite dimensional vector space. We say that V is a (left) A-module.
A representation ( is irreducible if there exists no nontrivial proper subspace Vy C V such that
¢(a)(Vh) € W for any a € A. Otherwise, ¢ is said to be reducible.
A representation ( is called completely reducible if there exists a direct sum decomposition

V =@)_, Vi of V into irreducible submodules.

There is a priori no reason why a representation of an arbitrary algebra should be completely

reducible. But of course the situation for Clifford algebra is different.
Proposition 3.10. Any representation of Cl,, is completely reducible.

Proof. We consider the Clifford group Cliff;,, formed by all elements of the type +e;, ---¢;, for
0 < p < n. This is a finite multiplicative group of order 2"*1. And clearly there exists a bijective
correspondence between algebra representations ¢ : Cl, — Hom(V') with group representations
¢ : Cliff,, — Aut(V) with {(—1) = —idy. This means we just have to check any representation of
Cliff,, is completely reducible. Indeed, let £ be such a representation and let (-, -) be any hermitian

product on V. Define

(0,0) = 5o 3 (€I Elg)w)

g€eCliff,,
for all v,w € V. It follows that £ acts by isometries with respect to (-,-). In particular, if V, is
a submodule then V;* = {v € V : (v,w) = 0 Yw € V,} is also a submodule. The result follows
from splitting off one irreducible module at a time (such irreducible module exists by picking a

representation with the least dimension). O

Remark 3.11. The averaging trick above shows that any representation of a finite group G is

completely reducible. In the case where G is a compact Lie group, we integrate with respect to the
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Haar measure ug to get a continuous averaging expression

.0) = [ {gv.gu)dna(o)
for v,w € V. This shows that if GG is a compact Lie group, then any representation of G is completely
reducible. In particular, every representation of Spin,, is completely reducible.
Now that we have established every representation of Cl,, is completely reducible, let’s classify
all irreducible representations of Cl,,. The crucial ingredient to do this is the chirality operator

.| ntl
Fn:zL 2 J61'--6,1.

Simple computation shows

Lemma 3.12. The chirality operator Ty, satisfies T2 =1, and Tpv = (—1)" 1wl for any v € R™.

In particular, T, € Z(Cl,) if n is odd and T',, € Z°(C1°) if n is even.
The main theorem of this section is:

Theorem 3.13. If n = 2k there exists a unique irreducible module of dimension 2% over Cl,. If

n = 2k + 1, there exists exactly two inequivalent irreducible modules of dimension 2% over Cl,,.

Proof. Since Cly = Clg@rC = R ® C = C, the base case n = 0 follows immediately. Now
assume the theorem holds for n = 0,1, ...,2k — 2, and let V be a Cly,_1-module. By Lemma

Dor_1 =" ley...eop_1 € Z(Clyi_1) and 2., = 1. Thus we have a decomposition
V=VTeVv"

into Clyg_;-modules with V* = {z € V : I'gy_1x = +2}. Since Cly,_y C Clog_q, both VT are

Clgg_o-modules and the inductive hypothesis gives the decomposition

vE=pwr
J
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into irreducible Clyj_s-modules of dimension 28-1. But = € I/VjjE implies
= Fegp1T =g W
€2k—1T = Lep—1lop 12 = F1° “€1...€9p2x € W

Hence each I/VjjE is also a Cyp_1-module. Moreover, as Cly;_1-modules W;’ %+ Wj_ because left
multiplication by eor_1 gives distinct results, and W;”s (respectively Wj_ ’s) are mutually equivalent
since multiplication by egr_1 gives the same result. This proves the theorem in this case.

Now assume the theorem holds for n = 0,1,...,2k — 1 and let V' be a Clgg-module. As before,
Clgog_1 C Clgg, V is a Clgg_1-module and the induction hypothesis splits V' into a sum of Clop_1-
modules V = V*t @& V—, where V* is a direct sum of irreducible Clyj_;-modules VVji as above.
Now since Iog_1er = —eal'ag—1, multiplication p by ey satisfies p(VE) € VF. Writing W, =

I/Vj+ @ u(W]*) we get a decomposition
V=W
J
into mutually equivalent Cly,-modules of dimension 2%. O
Next, we are ready of introduce the class of representations of Spin,, we have been searching for:

Definition 3.14. The spinor representation 7 : Spin,, — Aut(V) is obtained by restricting any

irreducible representation of Cl,, under the inclusion Spin,, C Cl,,.
Since the only case we care is the even dimensional case, we have the following:

Corollary 3.15. If n = 2k is even, then the spin representation T : Spin,, — Aut(V) splits as a
sum

V=0T~

of two irreducible modules of dimension 2F=1, where VF = {x € U : T'yyz = +x} and we have the
exchange relation

e(UEH) cuF  i=1,..n

Proof. The decomposition follows from Theorem and the exchange relation follows from Lemma

0. 12 0l
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Remark 3.16. Let V be a real vector space of dimension n with an inner product and an almost
complex structure, i.e., a endomorphism J : V — V with J? = —idy. Then we can give an explicit

description of the ¥ above. We have a decomposition
VeC=VtaV"
where VT is the (4i)-eigenspace of J. Then we can define
U=A*(V)"

(Compare this with supermanifold case: The structure sheaf of a supermanifold is locally given by
Onr ® A®V for a vector bundle V' — M, and odd sections of this sheaf is the fermionic functions,
which are spinors) The action of Cl,, = Cl,(V) on V is as follows: Any vector a € V has a unique

decomposition a = a® + a~ where a* € V*. Now for any ¢ € ¥, we define

a-= \@((a*)b Ay — ia+1/1>

where b : V= — (V7)* is given by the inner product (v~)* = (—,v~) and i,+ is contraction by

the vector a™. Through tedious computation one can check that (¢*)? = 0 and ata™ +a~at =
—2(a*,a”). Thus this indeed defines a representation of Cl,, on ¥. One can think of wedging by
a™ as the creation operator (since it increases degree) and contracting by a~ as the annihilation
operator (since it decreases degree). Now since dim(A®*V ~*) = 2¥ we conclude that it is the ¥ given

in Theorem [3.13] Moreover, note that
dim(Cl,,) = 2" = 2?* = (2%)2 = dim End(A®V ") = dim(¥).

Moreover, the map Cl,, — End(A®*V ") given by this representation is surjective: One can reach
any states v1 A --- A vy, from 1 by successive creations, and one can go back to 1 from any state by
successive annihilation, it follows that this map is in fact an isomorphism. Therefore, we conclude
that

Cl, = End(¥). (3.1)
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In fact this last equation holds for the most general case, even when V is not an almost complex

vector space.

3.3 Spin Bundles and Spin Manifolds

Throughout this section, let n = 2k be an even number.

In the previous section, we constructed irreducible representation W of Cl,,, and we showed that
Cl,, = End(¥) when the vector space has an almost complex structure, but we remarked that this
holds in general.

Now we want to make the pointwise vector space picture into family of vector spaces over a
Riemannian manifold M of dimension n. Namely, we want to consider a bundle CI(M) such that

at every point x € M its fiber is CI(7,M). That is,
cm) = [ cuzm)
zeM

as a set. To make sure this construction works globally, we need the following construction:

Definition 3.17. Let 7w : P — M be a principal G-bundle and p : G — Aut(V) a representation

of G. Note that G acts on the product P x V on the right via

(p,v) - g := (pg, (g~ "))

for (p,v) € P x V. The associated bundle E := P x, V is the quotient P x V/ ~ where
(p,v) ~ (p,v) - g for all g € G. Then it can be checked that with the obvious projection F is a
bundle over M with fiber V.

We can consider the principal SO,-bundle P]%O (the frame bundle), whose fiber over any = € M
is the set of orthonormal frames of T, M. Then we can define the Clifford algebra bundle to be

the associated bundle

CIM) := PP %, Cl,
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where 1 : SO, — Aut(Cl,,) is defined by

1(g)(v1...vp) = (gu1)...(gvp).

Proposition 3.18. At any point x € M, the fiber C1(M), is canonically isomorphic to Cl(T,M).

Proof. A point p € P]:f/lo is an orthonormal basis (e, ...,e,) of T, M. This induces an isometry
ip : R™ — T, M that sends the standard basis of R" to the basis (e1, ..., e,) of T, M. Therefore, this
induces an isomorphism of Clifford algebras 4, : Cl,, — CI(T;M). Therefore we can define an map
¢, : CI(M), — CI(T,M) by ®,([p,v]) = ip(v). Note that there is an obvious inverse induced by
i;l : T, M — R™. To check that this is well-defined, let [p/,v'] = [p,v] in C1(M),. This means that

p' =pg and v' = p(g~!)v. Thus

i (V') = ipg (g™ )v) = ip(p(g)nlg™")v) = ip(v).

Since @, is an isomorphism, the proof is complete. O

We can ask whether there exists a bundle S over M such that for each x € M, the fiber S,
is an irreducible module over Cl(M), and CI(M) = End(S). However, there exists topological
obstructions to the existence of S, which we shall discuss now. We first need a description of space

that parameterize the set of principal G-bundles over M:

Theorem 3.19. The sheaf cohomology group H* (M, G) parameterizes the set of principal G-bundles

over M.

Proof. Let M = J, Uy be a good cover. Let P be a principal G-bundle. By shrinking the good
cover we might as well assume that P trivializes over each U, with transition functions {,3. The

transition functions satisfy the cocycle condition

éaﬁgﬁ’y = goc'w

Moreover, P’ is another principal G-bundle that is isomorphic to P (by passing to common trivi-

alizing cover we might as well assume P’ also trivializes over U,) iff there exists a family of maps
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&o : Uy — G such that
5:)4,8 = g/glfaﬁéaa

so they must differ by a coboundary. O

Now let £ be an oriented vector bundle of rank r over the Riemannian manifold M. Thus we
can consider the principal SO,-bundle Pgo which is its frame bundle. By Theorem we have a

short exact sequence of groups
0 — Zy — Spin, & SO, — 0.
This induces a long exact sequence in sheaf cohomology
- HO(M,S0,) 25 HY(M, Zo) — H' (M, Spin,) 25 H'(M,SO,) 25 H2(M,Zs) — - (3.2)

The key observation is that the second Wtiefel-Whitney class w2(€) of £ is involved here:
Proposition 3.20. wy(€) = 9, (PEO).

Proof. This can be proven by looking at the axiomatic characterization of Stiefel-Whitney classes.

O
From the exactness of (3.2), we see that we(€) = 0.(PS°) = 0 iff there exists a principal
Spin,-bundle Pg P ver M such that
pu(P"M) = PEO.
This means that Pgo is obtained from PgSpin as the quotient by the Zs-action on the fibers. There-
fore, we obtain

Proposition 3.21. Let £ be a real oriented real vector bundle of rank r over M. The following

statements are equivalent: (1) wa2(€) = 0; (2) There exists a Spin,-bundle ngin over M and a
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nontrivial two-sheeted covering map v : Pg pin _, PEO such that the diagram

Spin Y SO
%

M
commutes and v(pg) = v(p)p(g), for p € ngin and g € Spin,..

If either of the conditions above happens we say that £ is a spin bundle. An oriented Rieman-
nian manifold of dimension n > 3 is said to be spin if its tangent bundle T'M is spin in the above

sense.

3.4 The Dirac Operator on Spin Manifolds

Now we turn our attention to geometry of spin manifolds. Let us now assume that M is a spin
manifold of dimension n = 2k with a Riemannian metric. We fix a spin structure, i.e, we fix a lift
v Pf/lpin — P3P of the frame bundle. If A € AY(P§P,s0,) is the connection 1-form on the frame
bundle induced from the Levi-Civita connection V¥C on M, then A% := 4*A € .Al(P]?/}) ™ 50,) is
a connection 1-form on the spin bundle, and it defines a connection V* := d + A® called the spin
connection. Recall that we have a spin representation 7 : Spin,, — Aut(¥). Hence we can use the

associated bundle construction to form the spinor bundle on M:
S(M) = PP™ <. w.

This is a complex vector bundle of rank 2¥ over M. Elements in I'(S(M)) are referred to as spinors.
For each = € M, the fiber S(M), is an irreducible module over CI(M), and in fact we have the

global generalization of (3.1)):
CI(M) = End(S(M)). (3.3)

Moreover, one can check that W is unitary. In the case where Remark applies, one can this
direct. Therefore the Clifford action ¢ : Cl,, — ¥ given in Remark satisfies c(a)t = —c(a).
Since ¢%(a) = c(a?) = —1, a skew-Hermitian operator that squares to minus one must be unitary.

Since ¥ is unitary, S(M) can be equipped with a natural metric (-,-) that is compatible with
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the connection V®. We point out two properties of these structures:

1. Clifford multiplication by unit tangent vectors is an isometry: For any ¢, ¢’ € T'(S(M)) and

any u € I'(T'M) with |Ju|| = 1, we have
(up, ug') = {p, ¢'). (3-4)

2. Let V¢ be the natural connections on CI(M), which is the connection End(S(M)) induced
from the connection on S(M), is compatible with the connection V® on S(M): For any

a € I'(Cl(M)) and ¢ € I'(S(M)) we have

Vi(ap) = Va- o+ aVip. (3.5)

Now we can finally define the Dirac operator on a spin manifold.

Definition 3.22. In terms of a local orthonormal frame eq,...,e, of T M, the Dirac operator

@ :T(S(M)) — T'(S(M)) is defined by

P = Zei.v;.

We see that @ is a first order linear differential operator. Moreover, indeed we can view @ as
an endomorphism on I'(S(M)) because via the musical isomorphism § : T*M — T'M given by the
metric on M and the Clifford I'(TM ® S(M)) — I'(S(M)), the sequence of arrows

T(S(M)) L5 T(T*M @ S(M)) % T(TM & S(M)) = T(S(M))

starts and ends at the correct spaces. With respect to the inner product on I'(S(M)) defined by

(g, ¢") = /Mm ©")dQ

where € is the Riemannian volume form on M, one can show that @ is self-adjoint:

Theorem 3.23. With respect to the inner product on T'(S(M)) defined above,  is self-adjoint: For
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any ¢, ¢ € T(S(M)) one has
(Do, ¢) = (0, 9¢").

Proof. If u is a unit vector, since u> = —1, (3.4) implies that (uep,¢’) = —(p,uy’). Since the con-
nection 1-form A € A! (P]%O,son) is induced from the Levi-Civita connection on M, the connection
V¢ on CI(M) coincides with the Levi-Civita connection on vectors. That is, at any point z € M
we can choose local orthonormal frames eq, ..., e, of T'M such that Ve, €ilz = 0. Then at this point,

with respect to this frame, using and . we have

(Do, 0 = (0, 0¢') = D _(eiVe, e, @) = (0, eV )
= Z@'V;% ¢) + (eip, Vi)
= Z (eip), ) + (eip, Vi, ")
= Z eileie, o),

where the last equality is because V* is compatible with the fiber metric on S(M). Now we can
define a vector field X € T'(TM) by (X,Y) = (Y, ¢'), where the left hand side is the Riemannian
inner product and on the right hand side the inner product is the fiberwise inner product on S(M),

where Y ¢ denotes the Clifford multiplication. Therefore, we have that

(Do, ) = (0, 09y = eileip, ) =D eilX,e) =Y (Ve X, e;) = div X.

The rest is an easy application of Stokes’ theorem. Since LxQ = (div X)), and Cartan’s magic

formula gives LxQ = d(ix€2) since dQ = 0, one has

/M(diVX)Q = /M d(ixQ) = /8M ixQ =0

since 9M = (). Therefore, we see that (P, ¢') — (¢, P¢’) = 0, as desired. O
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By Corollary we have a decomposition
S(M) = SH(M) @ 5~ (M)

where ST(M) := PAS/}’ in x.+ U*  This decomposition is preserved by V* and is orthogonal with
respect to the fiber metric of S(M). Now from the parity exchange relation in Corollary we
have J(T'(S*(M))) C T(ST(M)). Therefore, in matrix form, there exists some differential operator

D :T(ST(M)) — I'(S~(M)) such that

0 Df
D 0

since @ is self adjoint by Theorem Using some technical analysis argument, one can show that
# is Fredhom, meaning both dimker D and dimker DT are finite. Hence we may define the index
of the Dirac operator as

ind(#) = dimker D — dim ker DT,
The Atiyah-Singer index theorem is a striking result, which says the purely analytical quantity
ind(@) is already determined by the topology of M. Specifically, the curvature 2-form

Fu = Rypapda® A daP.

of TM. The splitting principle for real vector bundle (See [10], Theorem 7.2.2) shows that if we
want to define characteristic classes using the curvature 2-form F', we may assume that it splits into

block diagonal form

0 n 0 0
-ry 0 -~ 0 0
F =
0 0 0 r,
0 0 —rp 0
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Then the A-class of M is defined by the Taylor expansion of

- o /2
A(M) = ];[Smh’grkm

Extracting the top-dimensional piece of A(M) and integrate, the Atiyah-Singer index theorem in

this case is

Theorem 3.24 (=Theorem . On a spin Riemannian manifold M of even dimension, we have

ind(@) = /M A(M).

In the next chapter we will present a proof of this result on a heuristic level of rigor using path

integral techniques.

3.5 General Atiyah-Singer Index Formula and Applications

In fact, there is a more general version of the index theorem without the need of a spin structure.
The characteristics of this theory is very similar to the spin case discussed previously.

Throughout this section, let M be an oriented closed Riemannian manifold of dimension n = 2k.
Definition 3.25. A vector bundle £ — M is called a Clifford bundle if the following holds:

1. E is a (complex) vector bundle whose typical fiber is a Clifford module. This means we have

a Clifford action ¢ : CI(M) — End(FE).

2. E has a fiber metric such that Clifford multiplication by unit tangent vectors is a unitary

isomorphism. For any ¢, ¢’ € I'(E) and any u € I'(T'M) with |lul| = 1, we have
(c(u)p, c(u)¢’) = (p,¢'). (3.6)
3. There is a connection V¥ on E that is compatible with the fiber metric and with the Clifford

connection V¢ on Cl(M) (induced by the Levi-Civita connection). For any a € I'(Cl(M)) and
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¢ € I'(E), we have the Leibniz rule:
VE@a- @)= (V) - o +a-VEp. (3.7)

For a Clifford bundle E, we define the Dirac operator @ : I'(E) — T'(E) in a local orthonormal
frame {e;} of TM:

$ = Zn:e,- . Vg.
=1

Definition 3.26. We say a Clifford bundle E is Zs-graded if there is a decomposition E = ETGE~
preserved by the connection, such that Clifford multiplication by a tangent vector v maps E+ — ET

(odd parity). The Dirac operator then takes the form:

0 D~
Dt 0

The index of the Dirac operator is then defined as:
ind(@) = dimker D — dimker D™.

Proposition 3.27. Let S = S(M) be the spinor bundle as before. If E is a Clifford bundle over
M, then E is always isomorphic to a twisted spinor bundle, in the sense that there exists a vector
bundle @) and an isomorphism

E=ZS5®Q.
Explicitly, @ = Homgy(ar) (S, E).

Proof. We claim that the map
T : S ® Homgyar) (S, E) = E T(s®¢) = ¢(s)

is an isomorphism. Since this is a bundle map, we only need to check that it is an isomorphism on
each fiber. At each z € M, the map is T : S, @ Homgy(ps) (S, Ez) — Ez. Since S, is irreducible, we

must have E, = SP for some p. Under this identification we have T, : S, ® Hom(S,, Sg7) — S&P.
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Now since S, is irreducible, Schur’s lemma says that every map in Hom(S,, S;) must be a constant
multiple of identity, namely Hom(S,, S,) = C. Now clearly Hom(S,, S§¥) = Hom(S,, S;)®P = CP.

Under this identification the we have
T: S$®(Cp—>S§9p T(s® (A1, .5 Ap)) = (A18, .., Aps).

Clearly this is a surjective map, hence it is an isomorphism since dim(S, ® CP) = dim(S5"). O

Theorem 3.28 (Atiyah-Singer). Let M be a compact, oriented, even-dimensional Spin manifold
and let @) be the Dirac operator associated to the twisted Clifford bundle E = S ® Q. The analytical

dex 18 equal to the topological index:

ind(@) = /M A(TM) ch(Q).

This theorem is considered one of the greatest achievements of twentieth-century mathematics.

We illustrate its power by sketching the proofs of several classical consequences.

Corollary 3.29 (Poincaré-Hopf-Gauss-Bonnet). The integral of the Euler class of TM is the Euler

characteristic of M :

xn) = [ eran.

Proof Sketch. Let E = A*T*M ® C. We define the Clifford action ¢(v) on a form « by:
c(v)a =1 Aa — iy

Here, b : TM — T*M is the isomorphism v’ = g(v, —) given by the metric. Then one can verify that
c(v)e(w) + e(w)e(v) = —2g(v,w). Hence this indeed defines a Clifford action. Now the bundle E is
naturally Zs-graded by even or odd degree forms. Moreover, the metric on M gives E a fiberwise
inner product by (da?,dz?) = ¢ and can be extended to all p-forms by taking determinants, and
integrating this over M gives an inner product on E, so we can make sense of the adjoint d* of

the exterior differentiation operator. The connection V¥ is the Levi-Civita connection extended to
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differential forms: Namely,

p
(VE) (X1, Xp) = Xa( Xy, Xp) = Y (X1, o, Vi X, o Xp).
=1

The corresponding Dirac operator is the de Rham operator
P =d+d".

Then one can compute that #° = dd*+d*d = A is the Hodge Laplacian. Moreover, (An,n) = ||@n||%.
This implies ker @ = ker A. By the Hodge theory on Riemannian manifolds, the A-harmonic p-forms

has dimension equal to the Betti numbers b,(M). Hence

ind(9) = dim(ker@ N E) — dim(ker@ N E~) = dim(ker AN ET) — dim(ker AN E7)

:dim< @HP)—dim B => b— > b=x)

p even p odd p even p odd

Topologically, on a spin manifold, we have the bundle isomorphism E = S ® S. Indeed, in this case
E=ANT"M@C=2CI(M)~End(S)2S*"0S~S5S®S

by (3.3)), and the last isomorphism is given by the fiberwise inner product on S. Thus, the twisting
bundle is Q@ = S. A fundamental identity in characteristic class theory states that A(TM)ch(S) =
e(TM). This concludes the proof. O

Another beautiful consequence of the index formula is the Hirzebruch signature theorem. Since
M is a closed manifold of dimension n = 2k, the middle de Rham cohomology group H*(M) admits
a bilinear form B : H*(M) x H*(M) — C given by

Bla, B) /Ma/\ﬁ.

Moreover B(a, 8) = (—1)¥B(B,a). So if we assume that k = 2[ so that dim M = 2k = 4i, then

B is symmetric. Poincaré duality implies that B is nondegenerate and hence the corresponding
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quadratic form has no null eigenvalue. We can then define the signature of M by
sign(M) =b" — b~

where bT is the number of positive (negative) eigenvalues of the corresponding quadratic forms
counted with multiplicities. A consequence of the Hirzebruch signature theorem is that this quantity
(which is a topological invariant) can be computed by integrating the Hirzebruch L-class, which
is defined by the formal power series
k
ri/2
(TM) H tanh(r;/2)

i=1
where 7;’s are the block entries of the curvature 2-forms F' as in the previous section.

Corollary 3.30 (Hirzebruch Signature Theorem). For a closed oriented 4l-dimensional manifold,

we have

sign(M) = /M L(TM).

Proof Sketch. We still use the same Clifford bundle E = A*T*M ® C and the same Clifford action
c: Cl(M) — End(E). However, the grading of E is different in this case. We define an operation
7: FE — FE given by

7 = PP Hk on APT*M

where * is the Hodge star operator. Then one can check that 72 = 1, and 7 is self-adjoint, moreover
7c¢(v) = —c(v)T. Hence E = ET @& E~ decomposes as the (+1)-eigenspace of 7. This defines the

grading. The connection V¥ is still the same as in the Gauss-Bonnet case, so is the Dirac operator
P =d+d".

But this time, because the change of the grading of E, we will get different results: ind(@) = sign(M),
and A(TM)ch(S) = L(TM). O

We conclude with the most celebrated theorem in algebraic geometry. Almost every algebraic

geometer uses Hirzebruch-Riemann-Roch theorem in their daily life (The Hirzebruch-Riemann-Roch
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theorem implies the Riemann-Roch theorem on curves, so this is an undisputed statement!):

Corollary 3.31 (Hirzebruch-Riemann-Roch). Let X be a compact complex manifold and € — X
a holomorphic vector bundle on X. Let TX denote the holomorphic tangent bundle (which is
isomorphic to the real tangent bundle as real vector bundles) on X and x(X,E) denote the alternating

sum of dimensions of sheaf cohomology groups of £. Then we have

X(X,E) = /X td(TX) ch(E).

Proof Sketch. This construction will just be the one given in Remark with V replaced by T'X.

Let our Clifford bundle be E = A>*T*X ® £. Fix a hermitian metric on TX compatible with
the complex structure, and a hermitian metric on £. This will give a hermitian metric on F. Let
V be the Chern connection with respect to fiber metric on A%*T*X | and similarly let V€ be the

Chern connection on €. Then we choose the connection V¥ on E defined by
VE =V ®id+id ®Ve.

We have a natural Zy-grading on £, where et is the direct sum of A>PT*X ® £ where p is even

(odd). Now for any v € TX ® C, the complex structure gives a decomposition
v=0v"0 4% e THX @ T X.

Define the Clifford action ¢ : CI(M) — End(FE) to be
c(v)a = \/5((110’1)b Ao — iv1,ooz>.

One can check that this is indeed a Clifford action. Then with these data, the Dirac operator is
given by

P =V2(d¢ + 0).

Then one calculates that ind(@) = x(X, &).

For the right hand side, one needs to use a variant of the index theorem above called the Spin®
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index theorem. The bundle A%*T* X plays the role of the spinor bundle S associated to the canonical
Spin® structure of X. Thus, our bundle is E = S ® &£, and the twisting bundle is @ = £. Using the

Spin¢ version of the index theorem, or simply the identity
A(TX)ch(S) = A(TX)eTX)/2 — tq(TX),

we obtain:

nd(@) = /X A(TX) ch(S) ch(€) = /X td(TX) ch(€).

This completes the proof. O
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Chapter 4

Witten’s Proof

We now present Witten’s proof of the Atiyah-Singer index theorem on spin manifold using the tech-
nique of path integrals and supersymmetric quantum mechanics (SUSYQM). We will first develop
the basic of SUSYQM on manifolds, then we set up the problem of computing the index of an elliptic
operator on a spin manifold as a path integral computation. Finally, we will prove Atiyah-Singer
index theorem by evaluating the said path integral.

It should be noted that the proof we present is at a formal level of rigor, since path integral is not
well-defined mathematically. Moreover, we should mention that the proofs of the most general form
of the Atiyah-Singer index theorem are much more complicated, involving deep ideas in algebraic
K-theory or analysis.

Our treatment follows [4] closely, with more computational details carried out. For a more
through introduction to SUSYQM, we refer the reader to [7], which also contains some materials
on the proof of index theorem, though more details are omitted compared to here. Our approach
is more computational, but for a more mathematical presentation of the subject, we recommend
Witten’s notes on the index of Dirac operators in [5], and Chapter 8 of [2]. Finally, we refer the

interested readers to the original papers [§],[9].

4.1 Supersymmetric Quantum Mechanics

For simplicity, we first introduce SUSYQM in flat space, then we will upgrade our SUSYQM model

to Riemannian manifolds. In the simplest case our space is R?, with coordinates zj,, and we have

43



anticommuting Grassmannian v, for k =1, ...,d. We propose to consider the Lagrangian

1 ) .
L= 55%5% + %¢k¢k-

Note that we are summing over repeated indices, but we are not careful with upper and lower indices
since in R? the metric is so simple that there is no difference. Recall from classical mechanics that

for a Lagrangian L(¢y, (j)k) with generalized coordinates, the canonical momentum is defined by
Tk = OL/0¢y,
and the Hamiltonian of the system is related to its Lagrangian via Legendre transformation by
H =" mdr — L(dk, br)-
k

In our case the generalized coordinates are xy, ¥y, performing the procedure above, we find that

the Hamiltonian is
. .1 1
H=zjp; — %5% - L= 51?2

where p; = 2; is the canonical momentum of the even coordinates z;. If we quantize this system,
the momentum operator becomes proportional to spatial derivative, and we have that H = —A/2,
proportional to the Laplacian.

Variation of the Lagrangian L gives
. d i . i d
0L = xj—dtcixj + 55%% + §wj7dt5¢j'

Using the expression above, we investigate how L changes under supersymmetric transformation:

Theorem 4.1. The action of the Lagrangian L defined above is invariant under the supersymmetric

transformation

551‘]’ = ié’gbj

detpj = —€x;.
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Here, € is an infinitesimal Grassmann (odd) real constant.

Proof. A simple calculation yields

5€L = Z.%'jéwj — §exjwj - iwjexj

=it e — §exj1/1j “sq (jex;) + §¢jexj
id ,
= g Wieky)

which is a total derivative. Hence the action which is the integral of L is invariant under d.. O

Let us define supercharge () to be the associated conserved charge by Noether’s theorem:
6Q = iepjlbj = iE@/ijJ' = Z'e’lﬁji'j.

Let us now study how do these physical quantities change under J., and their relations.

Theorem 4.2. Under the SUSY transformation defined in Theorem[{.1], we have:

(3) [0es,0e,] = Oey0e, — 0e 0y = —2i€1€25;
(4) Let H = —p?/2 be the Hamiltonian defined before. Then we have Q*> = —H, or equivalently
H = (iQ)?.

Proof. (1) follows immediately from Theorem and the definition of ). The rest are just straight-

forward computation. For (2), we have

0:Q =1 (0v;) &5 + Z@Z)jaé:cj =1 (—ekj) &j +i); <u—:¢j>
= —tedjT; + ejip; = —2ie <2:cjxj + 21/1j"¢j>

= —2iel.
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For (3), note that

Oes ey () = Oey (5 + i€105) = x5 + €1 + €2)1h; — dereay
Oey0e, (1) = 0ey (V) — €1j) = 1bj — (€1 + €2)d5 — iereat);
(551562 (x]) =x;+ i(el + Eg)wj — z’egelx’j

00y (107) = 15 — (€1 + €2)ij — ieert);
and the claim follows from simple substraction. As for (4), we have

{Q, QY = 2Q% = 2 (ip; ;) (ipxtr)
= —pipk (Vjvr + Upj) = —pipdjk

=—2H

concluding the proof. O

Let us now quantize the system. We take d = 2n to be an even integer. The representation of

1; is achieved by defining
1

where ~; are the gamma matrices and they satisfy the relation

{7} = 26k

Note that this is almost a Clifford algebra except 7,% = 2 instead whereas technically for a Clifford
algebra we need generators to square to -1. However, this algebra is isomorphic to the Clifford
algebra generated by e because if e% = —1 we can assign a algebra homomorphism that sends g
to —iey. Physicists prefer the Clifford algebra represented by gamma matrices since these are more
common in quantum field theory.

The supercharge operator now becomes
1 0
RN LT,
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which is proportional to the Dirac operator (Compare with Definition .

Now let us upgrade our system to a Riemannian manifold. The calculation we have done before
remains mostly the same, we just need to express things in a covariant way. We have a Riemannian
manifold M with dim M = 2n, and g,,, its Riemannian metric tensor. Our coordinates now become
z#, which commute, and *, which anticommute.

The odd vector 9 (t) € T, M for each instant ¢ (The rigorous characterization of the vector

YH(t) is given by Proposition [4.3)). Thus under a transformation a* — z'#(z") we have

w# — wl}t — 8'%-/# ¢V.
oxv
Thus
/1 /1
56:1:/;/, — aaxl,éexl/ — 8855’/ Z.ewz/ — iewlﬂ
T T
and 92 Bk
"
yn — T AV £ v
o 8:6”(%)‘536 v OxV oY
oz’ , o't » )
= mmﬁ)w + S0 (—ei”) = —ed't.

Note that in the last equality, the first term is zero by anticommutativity of Grassmann numbers and
symmetry of derivatives. Thus the SUSY transformation is covariant under change of coordinates.

The supercharge introduced before now generalizes to
Q = igu(x)zty".

Note that when we quantize this system, Q ~ g,,p"*7" = @ is the Dirac operator on M.
Now the question is, how do we construct SUSY Lagrangian on M7 Theorem part (b)

suggests that we compute 6., and read off L from the expression. We have that

0:Q :iakg;wéexAiud}y =+ iguu&i“@by + iguuiuéewy
—iO7Gu i€ TP + i (e + g, it (—ei”)

1

(1
= — 2ie (2g,wa:“x” + 5

| ,
QWWWL - ixui (3,\9W - &Jgu/\ - 8;1,9)\1/) W?P >

. 1 TN { v i . v
= — 2%€ <2g#,,x“33 + ig,uy¢ ¢M + §$“9Apffw¢)‘¢ >
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where

1% 1 1%
Aw — 59 P(Orgpu + Ougrp — Opgrv)

is the Christoffel symbol associated with the Levi-Civita connection. In the third equality of the

0.Q equation, we used
! )
S (Or g — Do — Dugn N = O

To see this, first note that the last term is ~ 8ﬂg,\l,@!))‘w” = 0 because gy, is symmetric under the
exchange of \, v while ¢’ )" is antisymmetric under such an exchange. The second term is equal to

the first term because
iuakg,ulﬂb)\d}l/ = i'#aug,ukdjl/w)\ = _iuaug,u)\w)\lby'

Thus we may read off the Lagrangian directly from the §.Q equation and conclude that our

SUSYQM Lagrangian must be

| .

L= 5008 + S (o + Pl ) (1)
1 ' Dy

= 5g#y(ac)j:“a'c” + %gm,(x)w“ l;i (4.2)

where Dy /Dt is the covariant derivative of ¢” along the curve z(t).
We now define some symbols that will be used in the following sections. The connection 1-form
is

A
It =da’T'%,

and the curvature 2-form is

vpo

1
Qf = dIY + T4 AT] = S Rfpde? A da”,

where the curvature tensor component is given by

0 0

Ry, = dz® (V,NVW - VVV#W) = 0,0\ = 0T\ + T, I, =TT,
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4.2 Connections to Supergeometry

We will now explain the connection between Dirac operators and supergeometry. Let R denote
the super Euclidean space with one even variable ¢ and one odd variable 8. Then COO(RM) =

C>®(R) ® A°R. We consider a quantum theory of maps

X RY 5 pr

where M is a compact, oriented, n = 2k dimensional spin manifold with a Riemannian metric.

Consider the vector field (differential operator) on R given by

0 0
D —_— % - 9&.
A simple computation shows that
0
D= ——.
ot

This is not surprising, since D is essentially just the super conformal structure defined on a Super
Riemann surface (except we are working with real manifolds now), and the computation follows

identically. Now we consider the action

dx#

1 1 '
s== [ o0 DX = -0 [ drao(x. D).
2 Jpin dt 2 Jpin

We now try to simplify this expression. Since X : RN — M is a map between supermanifolds, we

may Taylor expand the function X = X (¢, ) in powers of #. Since #% = 0, we see that
X =z(t) + 09(t)
for some odd function v (t). The precise characterization of v is the following (Recall Example

1.17):

Proposition 4.3. The function 1(¢) is a section of the odd tangent bundle II(x*T'M) over R,

where 2*T M is the pullback of the tangent bundle TM — M over the map = : Rl — M.
Proof. We already know from the expression of X that ¢ must be an odd function, hence it remains

49



to show that it transforms like a tangent vector. If we choose a different local coordinate &', ..., "

of M, then the new quantum map is given by X = Z(t) + 04 (t). Now the v-component of the new

map after Taylor expansion at § = 0 is just

oxY

XY =3 (x4 0) = 7 (x) + o OV = + 0" .

Therefore, we see that
- ox”
ozt

which is the transformation rule of a vector in T'M. Therefore, we conclude that ) is a section the

parity reversed tangent bundle II(z*TM). O

In order to obtain a local coordinate expression of the Lagrangian, we can do the df integral.
Plugging everything in and collecting only the term linear in # (since it is the only term that survives

the Grassmann integral), we get

dXx#

1
S=—- dtdfg,, (X)—DX"
2/]1@11 In (X) dt

_ ! / dtdo (gw, 09 ew’) (& + 0 (¥ — 0iY)
2 R1LI1

:1/’dm@w(wx www—-<@ww”wﬁ
R1

. 89
i NP MoV HY 1P gkt V
=5 [ (s = g + Fegring

1

- /R (@(8), @ (t)) — (Vip(1), (t))dt,

where the last equality follows from the same computation as in the previous section when we
carried out the 6.Q) computation. Comparing with (4.2)) there is a missing factor of 7 in the second
term, but this can be recovered by an appropriate rescaling of the odd coordinate 8 and the spinor

field 1.
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4.3 Index on Spin Manifolds

Now the spinor bundle S = S(M) on M decomposes into the even and odd parts S = S*. Recall

that the index of the Dirac operator is given by
ind(#) = dimker D — dim ker D'

where D : T'(S%) — I'(S7) and DT : T'(S™) — I'(S*) are the two pieces of the self-adjoint operator
@ (Theorem :

0 Df

D 0

Proposition 4.4. ind(@) is invariant under small perturbation of D.

Proof. First, note that DD, DTD are nonnegative operators, for ()| DDY|¢) = || DT [) ||* which
is nonnegative, and similarly for D'D. By the same formula we see that ker D! = ker DD, and
similarly ker D = ker DTD. Now let {|¢)} be an orthonormal set of eigenvectors of DD with
eigenvalue )\, > 0. Then it is easy to see that |¢,) := D|¢y,) /v/A, are eigenvectors of DDT with

the same eigenvalue \,. Also note that they are orthonormal, hence form a basis:

An

k) = nh

Note that |¢,) € (ker D)* and |1,,) € (ker DT)*, and there is an isomorphism (ker D)+ 22 (ker D)+,
which is a standard result in functional analysis. Hence we see that if under a small perturbation of
D, dimker D decreases (or increases), then dimker DT must also decrease (or increase) by the same

dimension to preserve the isomorphism (ker D)+ = (ker DT)*. O

Theorem 4.5. Let @ be the dirac operator, then
ind(@) = Tr e PD'D _ qye=BDDT

where B > 0 is a real constant. In fact, ind(Q) is independent of j3.

Proof. Let |¢y) , [1n) be defined as in the proof of the previous proposition. Then let {|¢;,)} be
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orthonormal eigenvectors of ker D and similarly {|v; ,)} be orthonormal eigenvectors of ker DT. Note

that both lists are finite since D is assumed to be Fredholm. Then simple computation yields

Tre_ﬁDTD —Tre_ﬁDDJr

= Z Gnle PP |6,) — Zw e PP |y, +Z Gioldio) = > (solthio)
J

= 32 (ulg) ~ galtnl) + 321 =301

= dimker D — dimker DT.
This shows the desired equality. It is immediately clear from the calculation above that ind(D) is
independent of 5. O

By the previous discussion, we could identify () with the Dirac operator. However, it is more

conventional to identify iQ) with the Dirac operator @. Since we have a matrix representation

0 Df
iQ =
D 0

Then by the generalization of Theorem 4.2 part (4) on manifolds, the Hamiltonian should be

., [DP'D 0
= (1Q)" =
0 DDT

Recall that the chirality operator gives 1 on S*. However, in physicist’s notation it is more

common to denote the chirality operator by
(-1

Then Theorem [£.5] can be written in a more compact form, with the right hand side known as the

Witten index:

ind(¢) = Tr(—1)"e P (4.3)
In fact, if M is a spin manifold, and E its spin bundle, we already noted that Q ~ @ is the Dirac
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operator on M, and we note that (—1)¥" = 49,41 = i"y1 - - - y2,,. Since ’Y§n+1 =1, the eigenvalues of
Yons1 are £1, which we call chirality. Recall that S = ST is the eigenspace decomposition with
respect to (—1)F. We assign F' = 0 to sections of I'(M,S*) and F' = 1 to sections of I'(M, S™),

which explains the notation (—1)¥. In this case, the index of the supercharge @ is defined to be

ind(Q) := ind(9) = dimker D — dim ker DT,

4.4 The Proof

Let H = (iQ)? = %gw,p“p” be the Hamiltonian corresponding to the Dirac operator (). By the
generalized version of Theorem [£.2] in curved space the Lagrangian of this system should be the
generalization to the flat space SUSYQM Lagrangian, which we introduced in (4.2). With the
knowledge of and , while noting the fact that contains both bosonic and fermionic

fields, we are motivated to conclude that the index can be computed by a path integral over all

bosonic and fermionic field configurations:

ind(Q) = Tr(~1)FePH = | DaDye J§ deL, (4.4)

where L is the Euclidean Lagrangian after performing Wick rotation to (4.2)). Note that since L in
the formula above is in Euclidean time, to obtain L we should replace ¢t — —it in (4.2]) and replace
dt — —idt to get

1 1 u DY

L= igm,(x)fc“dv” + §guy(x)¢ i

As a sanity check, note that compared to , the sign of the momentum term is unchanged. We
should explain why we integrate over PBC instead of APBC, since for grassmann-valued fields
seems to indicate we should integrate over APBC. This is because the factor (—1) disappears if
the APBC for the fermionic variable is changed into a periodic one. To see this, let us just instead

consider the simple case of a fermionic oscillator. Recall that from (2.11])) we have

Tr(~1)"e P = 3 (n](~1)"e  |n)

n

_ /de*d9<—ey(—1)Fe-ﬂHye>e—9*9.
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Note that since |#) = |0) 4 |1) § and F = c'c is the fermion number operator, we have that
(=1)718) = (=1)°[0) + (=1)"[1) 6 = |0) — [1) 8 = |-6),
hence the above integral becomes
/ de*de(hle P |9)e=0"0.

Therefore, we conclude that we must integrate over PBC. The rest of the section is dedicated to
evaluate the path integral in (4.4)).

Now the action in the exponential of (4.4) reads

B 1 DyY
S = / dt(guuiuiy + *QWWL w )
0 2 2

Dt

Perform a change of variable ¢t = s, then ## — &# /8 and dt — fds. Moreover, since the measure

Dt is invariant under scaling, we can perform a change of variable ¢ — 1 /1/8. Then the action

1/ /1 datda” 1 Dy
= — —_ —_— —_ K
S 5/0 ds<29’W ds ds + 2gW(I)¢ Ds >

In the 8 — 0 limit, clearly the integal (4.4) localizes at constant paths x (ones with ## = 0).

reads

Moreover, since
Dy”  dy” , dz®dy”

Ds_ds+ B ds ds

and classical paths satisfies £ = 0, so we conclude that 1/}” = 0 as well. Hence localizes at
constant paths and constant spinor fields.

Having identified the region in which the integral localizes in the small S limit, our next
goal is to simplify the Lagrangian L in the small 8 limit as much as possible. To make our lives

easier, we pick a normal coordinate centered at zg, i.e., a coordinate system in which

g;w(l’o) = 5,Lwa

akg;w(xo) =0.
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Moreover, we may expand the paths and fields in Fourier modes by the PBC condition:

Ph(E) = aff + €40 = af + 2 T el (1.5)
n#0

@Z)M(t) — 17[)/0‘ 4 nu(t) — djloi + \/13 Z nge%rint/ﬁ' (4.6)
n#0

In our normal coordinate, the Taylor expansion of the metric tensor is

1
Guv (iL‘() + 1‘) = (5/1,1/ + *guu,a/)’xaxﬁ + -

2!
Then the Lagrangian becomes
1 1 PO TSN 1 o awy ATV k
L= 3 Ouw + T +.. )t + §gww BT + 25, ()Y

Now expanding the Christoffel symbol above, and throwing away terms of quadratic order or higher,

and using I'),(x¢) = 0, we get that

Lo, 1 oY v a
L= ix“:c“ + iguulﬁu <8t + l’)\kaAk,a (zo) @ ) -

But in the normal coordinate we have

aaa,@g;w (5170) = Ruauﬁ (1'0) )

and the second term in the L formula above is

1
Mika = igéy (95)ka + Iskra — Grk,6a) -

Thus

955k = 5 (Rsank + Rsakx — Raaks) -

1
5

Note that the first two curvature tensor components cancel, because the curvature tensor is anti-
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symmetric in the last two index. Thus

v _ 71Rl/
Me,ao — 9 Aok

Hence putting everything together, after the expansion we have

Lo, 1 o 1

L= §.T'u.%'u + §gm,¢” <8t + x/\wkxa <_2RK0J€ (.%'0))) .

Now we plug in (4.5) and (4.6]) into the above Lagrangian. However, we should note that L contains
a curvature term ~ RAakuzZ)“x'Awkmo‘. We can expand * using (4.6)), and if we include terms other
than the zero mode ¢, then this term would involve a power 1/4/3, which will be exponentially
suppressed when we evaluate (4.4) in the small 5 limit. Therefore, we only need to look at the
curvature term ~ Rjqk, 0l £A¢§£a in the expansion. Therefore, putting everything together, and
relabeling the indices, we get that the effective action in (4.4)) is

B 1 déer der 1 dnpt 1 de”
= dt ~ s T -t S v " 47
S /0 <2 a ar 2" e gvm (@) dt) (47)

where we have put

1 o
wuv(T0) = §me($0)¢g¢0‘

To get rid of the 8 dependence in the integral, or rather to hide the § independence into the fields,

we make the substitution

t—= Bt oy €= VBE o= /B

The first substitution makes our range of integration goes from 0 to 1. The last substitution is fine
since in , we are integrating over all 1y, so a scaling does not matter. The scaling & — /B¢’ is
more tricky, but note that after the substitution the term Ryqk, 1 é)‘wlgfa still survives the small
B limit, but any other terms in RMW@ZJ“S’\@Z)%O‘ that contains other than the zero mode ¢ would
involve a power 1/+/B, which will be exponentially suppressed in the small 8 limit. Hence our

expansion is still valid. In conclusion, after the substitution and relabeling again by removing all
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the primes, we see that (4.7]) can be written as

1

1 dg# dg* 1 dnp* 1 dg¢v

S = dt | -——— + -pf'— — = r—=, 4.8
/0 <2 a ar 2"~ pvm (@) (48)

From ([4.8]), one can directly read off the fluctuation operator for £. After performing integration by

part, it is

8,0 0f — w0y

And the fluctuation operator for 5 is simply
0,00

Now that we have identified that localizes at constant paths in the small § limit, and we
know what L looks like in such limit, we might be tempted to evaluate at constant paths at
Tg, Yo, and integrate over all such points. But we cannot just reduce the path integrals to ordinary
integrals directly, since we have only calculated the small 5 limit, whereas the region of integration
localizes to constant path only at 8 = 0. Hence, we should be reducing the path integral to a small
neighborhood of constant paths instead of just constant paths. This means that we should do the

path integral over the mode expansions &, 7 as well. Thus (4.4]) becomes, after performing Gaussian

integration using ([2.3) and (12.9):

ind(Q) = /dxodi/}O/DfDUe_fol dt 3[4 (= 8w OF —wpun 00) X +1" (8,100t

N / daode det(8,,0;) det (— 0,02 — wowdy) 7,

where A is a formal constant, and det(d,,0;) can be evaluated using the ¢-function regulator. The
computation for det(d,,0;) is done in Chapter 1 of [4]. But we will omit this since it is not of our

concern: the result will only be a constant depending on the dimension d. Next we evaluate
det(—éu,ﬁf — ww,c(?t).

Note that wy, defined above is skew-symmetric with even matrix element. Thus using the splitting

o7



principle of real vector bundles, one can assume that there is an orthogonal transformation that

turns wy,, into the form

0 n 0 0
-7 0 0 0

W=
0 0 -~ 0
0 0 - —r, 0

where n = d/2 is half the dimension of the spin manifold M. If we just look at one block of w,

which is of the form

-0 —r
A i

T —82

It is not hard to see that O has the same spectrum as

A’ —8,? — z’r@t 0

0 —8152 + ir@t

Hence

det A = det A’ = det (—8752 — irdy) det (—83 + irdy).

We will only evaluate one of the determinants, since the other is similar. Define the differential
operator

L= —83 — ir@t.

A complete basis of eigenfunctions is given by
ﬁbn (t) — e27rint
for all integers n. Then

Lén = (—(2min)? — ir(2min)) ¢, = (4720 — 21rn) ¢y,
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So the eigenvalues are

A = 472n? — 2mnr = 20 (270 — 7).

Hence, throwing everything that is independent of r into the formally infinite constant in front, we

get

det L = H 2mn(2mn — 1)

n#£0
= (2m)>® H n(2mn —r)
n£0
=N H(27m —r)(=2mn —r)
n>1
N
-Vl (1-(5))

and we will ignore N/ as it can be thrown into the (-function regularization. Now using the identity

0(-5) -

we get
sinr/2

det L =
¢ r/2

up to a normalization constant. The other determinant will give exactly the same result by similar

calculation. Hence

sinr/2 2
detA( 72 ) .

The quantity of interest det(—é,ﬂ,(?t2 - wWBt) will be the product of determinants of the block

operator above, with r running from 1, ...,7,. Hence,

" /sinr,/2\ 2
det(—éu,ﬁf —wm,(?t) = H ( 'rk/kZ/ > .

Using the identity sinh(ir) = isin(r), our calculation yields

det(—é,w@? —w,w&g)_lﬂ = H ( Tk/2 ) = j(iQ)il/Za
k=1
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using the identification of wy,, on IIT'M with the curvature 2-form
1 p -
Q= iR’W’de A dx

on M, where j(2) is by definition

o (52 I (22)

and 7y are the entries of the block form of the curvature 2-form ©, and the A-class of M is by

definition

~

AM) = j(Q)~2,

Therefore, we see that (absorbing i from j(i€2)~'/2 into C??) under the identification of C°°(IIT'M) =

A*(M), which we already used above to identify w,, with the curvature 2-form €, on M, that

ind(Q) = € /

dzodyy Q)72 = % / A(M).
Inrm M

In this derivation we have been careless with universal constants depending only on dimension

(infinite but regularized in some manner). To evaluate the constant one can either follow through

the regularization procedure or simply evaluate it on one example where the index is nontrivial.
Therefore, we have proven the celebrated Atiyah Singer index theorem for the index of a Dirac

operator on a spin manifold:

Theorem 4.6 (Atiyah-Singer). The index of the Dirac operator @ defined on a spin manifold M is
given by

ind(9) = /M A(M).
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