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Preface

This is my second I&TEXnotes project and the subject is linear algebra. Many people
suggested me to first study linear algebra before entering analysis in R¥, which I think
is a good idea.

The text is Linear Algebra Done Right by Sheldon Axler (3rd edition). My notes
will be based on this text and Professor Jason Morton’s lecture on linear algebra at
Penn State. Meanwhile, I may refer to Axler’s own video lectures, which serves as a
supplement of his book, and Gilbert Strang’s 18.06 lecture at MIT.

My first encounter with linear algebra has a heavily applied focus. Though my
purpose is quite different now, I had a very happy time learning linear algebra, thanks
to Professor Gilbert Strang and his 18.06. This notes is also for him, as he is one of the
best teachers I have ever met.

This notes will be much more concise compared with my analysis notes. The content
will focus heavily on theoretical components, instead of applied linear algebra. This is
my second attempt to study serious mathematics, wish me good luck.

Tianyi
March 11, 2020
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Chapter 1

Vector Spaces

You can buy the textbook from me for a discount and I’ll even
personally sign it. And if you pay a bit more [ won’t sign it.

Gilbert Strang

In this section we will talk about vector spaces over fields and subspaces. The reader
should already be familiar with the n dimensional real and complex spaces R” and C”.
Readers with no such experience should refer to my Notes on Mathematical Analysis
and section 1.A in Axler’s book.

Although the standard notations are R and C and F, we will mostly use the bold
letter R and C and F to represent the same thing (Axler use the latter).

Notation 1.0.1. Throughout this notes, F stands for either R or C, since they are ex-
amples of fields. Thus if we prove a theorem involving F, we know it will hold if F is
replaced by either R or C.

Definition 1.0.1. F” is the set of all lists of length n of elements of [F. In other words,
F" = {(xl, s Xp) i x; € Ffor j = ln}

A field is a set containing at least two distinct elements called O and 1, along with
operations of addition and multiplication satisfying the field axioms (refer to my analy-
sis note). We often denote such field by (F, +, x). If we write (F, 4, X, <), it means
that we are talking about an ordered field.

1.1 Definition of Vector Spaces

The motivation for the definition of a vector space comes from the properties of addition
and scalar multiplication in F”.
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Definition 1.1.1. (Addition) An addition on a set V is a function + : V x V — V that
assigns an element u 4+ v € V to each pair of elements u, v € V.

Definition 1.1.2. (Scalar Multiplication) A scalar multiplication on a set V' is a func-
tion X : F x V — V that assigns an element Av € V toeach A € Fandeachv € V.

Definition 1.1.3. (Vector Space) A vector space is a set V' along with an addition and
multiplication on V', defined as above, such that the following properties hold:

1. commutativity: u + v =v +u forallu,v € V;

2. associativity: (1 +v)4+w = u+ (v+w) and (ab)v = a(bv) forallu,v,w € V
anda,b € F;

3. additive identity: there exists an element 0 € V suchthatv +0 =v =0+ v
forallv € V;

4. additive inverse: for every v € V, there exists w € V such that v + w = 0;

5. multiplicative identity: 1zv = v for all v € V, where 1 is the multiplicative
identity in F;

6. distributive properties: a(u + v) = au + av and (a + b)v = av + bv for all
a,beFandforallu,v e V.

Remark 1.1.1. Elements of a vector space are called vectors or points. There is really
no difference. But they are used in different context.

The scalar multiplication in a vector space depends on F. Thus when we need to be
precise, we will say that V' is a vector space over F. Example: R" is a vector space over
R and C" is a vector space over C. A vector space over R is called a real vector space.
Likewise, a vector space over C is called a complex vector space.

Example 1.1.1. Let F*° be defined as the set of all sequences of elements of F(or [F):
F* = {(x1,x2,...):x; €Fforj =1,2,...}.

Addition and multiplication are defined just as you expect (i.e. pointwise addition and
multiplication). Then F* becomes a vector space over F.

Definition 1.1.4. If S is a set, then F® denotes the set of functions f : S — F.
For f,g € FS,the sum f + g € FS is defined by the function

(f +90) = f(x) +gx)
forall x € S. For A € Fand f € F5, the product Af € FS is the function defined by
(Af)(x) = Af(x)

forallx € S.
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Remark 1.1.2. As an example, if S = [0, 1] and F = R = R, then R is the set of
real-valued function defined on the interval [0, 1].

Example 1.1.2. If S is a nonempty set, then FS is a vector space over F with addition
and scalar multiplication defined above.

The additive identity is 0 : § — F defined by 0(x) = O for all x € S. For any
f € FS5, the additive inverse of f is the function — f : S — F defined by (— f)(x) =
—f(x) forall x € S.

Remark 1.1.3. F™ is really just a special of F5. Looking at the definition of F>°, we
can think of x : N — F as a function that takes every natural number to an element in
F.

Theorem 1.1.1. A vector space has a unique additive identity and a unique additive
inverse.

Proof. The additive identity is unique. Suppose 0 and 0’ are both additive identities for
some vector space V. Then

0=04+0=0+0 =0.
For the additive inverse, suppose v € V and both w and w’ are additive inverses of v.
Then
w=w+0=w+@W+w)=w+v)+w =0+v =w.
O

Notation 1.1.1. Let v, w € V. Then let —v denotes the additive inverse of v. Let w — v
be defined as w + (—v). For the rest of this notes, V' denotes a vector space over F.

Theorem 1.1.2. Ov = 0 for every v € V. Also, a0 = 0 for every a € F. Here, the
boldface 0 € V means the zero vector. And 0 is a scalar in F.

Proof. Forv € V, we have
0v = (0 + 0)v = Ov + Ow.

Adding the additive inverse of Ov on both sides gives the desired result, that is, Ov = 0.
For the second part we apply similar strategy. We have

a0 =a(0+ 0) = a0 + a0.
And adding the additive inverse of a0 on both sides gives the desired result. [
Theorem 1.1.3. (—1)v = —v foreveryv € V.
Proof. For v € V we have
v+ (—DHv=1lv+ (v =1+ (—1)v =0v =0.

This proves the theorem. [
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1.2 Subspaces, Sums, Direct Sums

Definition 1.2.1. Given a vector space V', a subset U of V is a subspace of V if U is
also a vector space using the same addition and multiplication as on V.

Remark 1.2.1. The set U = {0} is a subspace of any vector space V. Conversely, if U
is a subspace of V' that contains only one element, then U = {0}.

Theorem 1.2.1. (Conditions for a subspace) A subset U C V is a vector space of V if
and only if V satisfies the following properties:

1. additive identity: 0 € U;
2. closed under addition: u,w € U impliesu + w € U;

3. closed under scalar multiplication: a € ¥ and u € U implies au € U.

Proof. Let U be a subspace of V', then by the definition of a subspace it is easy to verify
that U satisfies all the properties above. Hence the first half of the proof is finished.

Conversely, suppose U satisfies the three properties above, we will verify that it
satisfies the axioms in Definition.1.1.3.

Since U is a subspace of V, every element in U is in V. And since V satisfies
commutativity(1) and associativity(2), it follows immediately that U also satisfies (1)
and (2). Since U satisfies the first property in the theorem, the additive identity is in
U, hence (3) is satisfied. Now, if u € U, then since U is closed under multiplication,
—u = (—1)u € U, hence (4) is satisfied. (5) follows from the third property. The
distributive law (6) follows again from U C V. ]

Remark 1.2.2. Clearly, {0} is the smallest vector space of V' and V itself is the largest
subspace of V.

Definition 1.2.2. (Sums) Suppose Uy, ..., Uy, are subsets of V. The sum of Uy, ..., Uy,
denoted by U; + ...+ U,,, is the set of all possible sums of elements of Uy, ..., U,,. More
precisely,

U +---+ U, :{u1—|—~~~+um:u1eUl,...,umeUm}.
Example 1.2.1. Let V be the set of all real-valued functions f : [0, 1] — R. Let

o~lreves() s ()] wefreres()-of

Then if f € U and g € W, the sum U + W is the set of all functions with the form
f +g Atx = 1/3 and x = 1/2, although f(x) = 0, but g(x) can be anything.
Conversely on x = 2/3, although g(x) = 0 but f(x) can be anything. Hence

U+wW=V.
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Example 1.2.2. Let V = R3. Let us define

2y X 0
U= y]:yeRy, W= y] :x,yeR,;, Z= 0]:z€eR.
0 0 z

Then U is a line with slope 2 on the x — y plane. And it is obvious that U + W
And U + Z is a slant plane with one direction of its slope being 2. Finally, W 4+ Z =
Also, note that if we define, alternatively, that

I
RS

Then U + Z, although having three components, is a two dimensional plane in R3.

Now if we consider three vectors defined by

= (5) =) = (%)

where x € R, then we can express a vector in R3 using vectors in the form of U; +

U, + U;. For example:
1 0 1 0
(1)=0)+()+ ),

However, this expression is not unique. We notice an alternate expression:

(1)=()+(5) (),

And sometimes we may want to only focus on the situations where the expression is
unique, which inspires the following definition of the direct sum.

Definition 1.2.3. Suppose Uy, ..., Uy, are subspaces of V. The sum U; + ... + U, is
called a direct sum if each element of U; + ... + U,, can be written in only one way as
a sum

U+ Uy + ... + Uy, ujelU; forall 1<j<m.

IfU; + ... + U, is a direct sume, then we denote this direct sum with
Ui U, ®---® Upy.

Example 1.2.3. Look at examples in Axler’s book: Example 1.41, 1.42 and 1.43. Note
that for a collection of subspaces to be a direct sum, these subspaces need not to be
perpendicular.
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Remark 1.2.3. Consider a vector space V', and a collection of its subspaces Uy, ..., Uy,
that forms a direct sum. By definition the expression

0:M1+M2++Mm MJ'GUJ‘

is unique. Since 0 € U; N U, N ... N U,,, we know one way to write this expression is
0 =0+ ... + 0. Hence this expression must be unique. It then follows that

Ul =Uy=..= U, =0 forall1 < j <m.

Theorem 1.2.2. (Conditions for a direct sum) Suppose Uy, ...U,, are subspaces of V.
Then Uy + ... + U, is a direct sum if and only if the only way to write 0 as a sum
Uy + ... + Uy, where eachu; € U, is by taking each u; = 0.

Proof. Suppose Uy + ... + Uy, is a direct sum, then from Remark.1.2.3 we know that
u; = 0 for all j must be true. Hence we are already halfway through.

Conversely, suppose the only way to write 0 as a sum u; + ... + u,,, where each
u; € Uj;,is by taking each u; = 0. To show that U; + ... + U, is a direct sum, we take
veU; + ...+ U,. Then we can write

V=1Uy+ + Up.

We want to show that this expression is unique. Suppose this expression is not unique.
That is, we also have
V=01 + -+ Up

where v; € U;. Then subtracting these two equalities we have
0= (u;—vy)+- -+ (Um—vm).

Because u; — v; € U, for all j, and each U, is a subspace, then according to Re-
mark.1.2.3, we must have u; — v; = 0 for all j. Hence u; = v; for all j. Therefore,
this expression of zero vector is unique. [

Corollary 1.2.1. (Direct sum of two subspaces) Suppose U and W are subspaces of
V. Then U + W is a direct sum if and only if U N W = {0}.

Proof. First, suppose that U + W is a direct sum. If v € U N W, then 0 = v + (—v),
where v € U and —v € W. Again, we must have v = 0. And thus we claim U N W =

{0}.
Conversely, suppose U N W = {0}. Suppose u € U and w € W and

0=u+w.

Then to show that U + W is a direct sum, Theorem.1.2.2 tells us that we should show
u = w = 0. The equation above implies that u = —w € W. Thusu € U N W. Hence
u = 0. Then w = 0 immediately follows from the equation above. [
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Remark 1.2.4. Note that in the theorem above, the assertion only holds for two sub-
spaces. When we are judging whether the sum of more than two subspaces is a direct
sum, it is insufficient to show that the pairwise intersection is (. For instance, consider
Example 1.43 in the book:

Uy = {(x,y,0) e F’: x,y € F}
U, = {(0,0,z) e F* : z € F}
Us={0.y.y) eF’:y eF}.

It is clear that U; + U, + Us is not a direct sum (proved in the book). However, we have

UinU,=UNU; =U,NU; = {0}.
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Chapter 2

Finite-Dimensional Vector Spaces

It is not worth an intelligent man’s time to be the majority. By
definition, there are already enough people to do that.

-G.H.Hardy

2.1 Span

Definition 2.1.1. (List) Let n be a nonnegative integer. A list of length n is an ordered
collection of n elements with the form (xy, ..., x,). Two lists are equal if and only if they
have the same length and the same elements in the same order. Note that the elements
in the list can be repetitive, as oppose to those of a set.

Notation 2.1.1. We usually write lists of vectors without the sorrounding parentheses.

Definition 2.1.2. (Linear Combination) A linear combination of a list vy, ..., v,, of
vectors in V 1s a vector of the form

aiv; + -+ AmVm,
where ay, ...,a,, € F.

Definition 2.1.3. (Span) The set of all linear combinations of a list of vectors vy, ..., Uy,
in V' is called the span of vy, ..., v,,. We write

span (v, ...,Vp) ={av; + -+ anvy s ay, ..., a, € F}.

Remark 2.1.1. The span of an empty list is defined to be the zero vector. In other words,
span() = {0}.

15
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Theorem 2.1.1. The span of a list of vectors in V is the smallest subspace of V con-
taining all the vectors in the list.

Proof. Letvy, ..., v, be alist of vectors in V. We can immediately verify that span(vy, ..., Uy,)
is a subspace of V' since it contains the zero element:

0=0v; +:-- 4+ Ov,,,

and it is closed under addition and multiplication (by the definition of a span). That is,
we have

(aivy + -+ amvy) + (c1v1 + -+ cuum) = (a1 + c1) vy + -+ + (A + ) Vi,
which is in the span, and
Alaivr + -+ + amvm) = Aayvy + - + AamUm,

which is also in the span. Hence span(vy, ..., v,) is a subspace of V' by the subspace
criterion.

Now we prove that the span is the smallest subspace. First, notice that each v; where
1 < j <misinthe span, by takinga; = 1 anda; = Oforalli # j.

Conversely, since every subspace is closed under addition and multiplication, ev-
ery subspace that contains vy, ..., v, will also contain their linear combination. Hence
span(vy, ..., Uy,) is the smallest subspace of V' that contains this list of vectors. [

Notation 2.1.2. In the following text we may occasionally use the simplified notation
below:
span(vy, V2, ..., Vj—1) = span(v<;).

Definition 2.1.4. If span(vy, ..., v;;) equals V, we say that vy, ..., v,, spans V.

Definition 2.1.5. (Polynomial) A function p : F — F is called a Polynomial with
coefficients in F if there exists ag, a1, ..., a,, € F such that

p(2) =ag+ a1z +az*> + -+ apz™
for all z € F. P(F) is the set of all polynomials with coefficients in F.

Proposition 2.1.1. P(F) is a vector space over F. It is also a subspace of F¥, the vector
space of functions f : F — F.

Proof. Left as exercise. [

Definition 2.1.6. (Degree of polynomial) A polynomial p € P(F) is said to have a
degree m if there exist scalars ag, ay, ..., a, € F with a,, # 0 such that

p()=ao+az+--+anz"

for all z € F. We write deg p = m.
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Definition 2.1.7. For m a nonnegative integer, P, (F) denotes the set of all polynomials
with coefficients in F and degree at most m.

Definition 2.1.8. (Finite and infinite dimensional vector space) A vector space is
called finite dimensional if some list of vectors in it spans the space. A vector space is
called infinite dimensional if it is not finite dimensional.

Example 2.1.1. P,,(F) is a finite dimensional vector space since
Pn(F) = span(l, z, ..., z™),

whereas P(F) is infinite dimensional.

2.2 Linear Independence

Sometimes we want to focus on those cases where v € span(v<,+1) can be written
uniquely as a linear combination of vy, ..., v,. In that case, given two expressions

UV=avy + -+ dmVm,
V=2C1V1 F -+ CmUm,
subtracting these two equations will give
0=(a;—c)vi+- -+ (@m—cm) V.

Thus we have written the zero vector into the linear combination of vy, ..., v,,. And
since there is only one way to express v in terms of the linear combination of vy, ..., Uy,.
The only way to do this is to make a; —c; = O forall 1 < j < m. Hence, for v
to be expressed uniquely as a linear combination of the spanning vectors is equivalent
to saying the only way to express zero vector as a linear combination of the spanning
vector is the trivial way, that is:

0 = 0vy + O0vy + ... 4+ Ovy,.
This situation is so important that we give it a name — linear independence.

Notation 2.2.1. In the remaining text, we will write 0, the zero vector, as 0 for con-
vinience.

Definition 2.2.1. (Linear Independence) A list vy, ..., v, of vectors in V is linearly
independent if the only choice of ay, ..., a,, € F that makes

avy + azvy + ... + ayuvy =0

is to let
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Theorem 2.2.1. vy, ..., vy, is linearly independent if and only if each vector v € span(V<m,+1)
has one and only one representation as a linear combination of vy, ..., Up,.

Proof. Already shown in the beginning of this section. You can do it in reverse order
yourself. [

Definition 2.2.2. A list of vectors in V' is called linearly dependent if it is not linearly
independent. That is, there exists ay, ..., a, € F, not all 0, such that

avy + ... + apv, = 0.

Lemma 2.2.1. (Linear dependence lemma) Suppose v, ..., vy, is a linearly dependent
listin V. Then there exists j € {1,2,...,m} such that the following hold:

1. vj € span(v<;),
2. If the j™ term is removed from vy, ..., Uy, the span of the remaining list equals
span(vy, ..., Up).

Proof. Because the list is linearly dependent, there exist ay, ..., a, € F, not all 0, such
that
avy + -+ amvy, = 0.

Let j be the largest element of {1, ..., m} such that a; # 0. Then we can write

Vi1 2.1)

This proves the first claim.
Now suppose u € span(vy, ..., Uy,), then there exists a set of coefficients cy, ...,
in F such that
U=CV1+ "+ CnUn.

Substituting (2.1) in and we have

a
u:clvl+...+ __vl_..._
aj J

and the second claim immediately follows. [

Theorem 2.2.2. In a finite dimensional vector space V, the length of every linearly
independent list of vectors is less than or equal to the length of every spanning list of
vectors.

Proof. Suppose uq,--- ,u, is linearly independent in V. Suppose that wy,---, w,
spans V. We will prove that m < n with a series of steps defined as the following:
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(Step 1) Let B be the list wy, ..., w, that spans V. Thus adjoining any vector in V' to
this list B will produce a linearly dependent list. In particular, the list u, wq, ..., Wy, 18
linearly dependent. Thus by the Lemma.2.2.1, we can delete one of the w’s so that the
new list B (of length n) consisting of u; and the remaining w’s spans V.

(Step j) The list B from step j — 1 spans V. Adding u; to this list will create a
linearly dependent list. By Lemma.2.2.1, one of the vectors vectors in the list can be
deleted without changing the span. But since uy,--- ,u; are linearly independent by
our assumption, this vector is one of w’s, not one of u’s. We can remove that w from B
and the new list B consisting of u;, -+ ,u; and the remaining w’s spans V.

After step m, we have added all of uy,--- ,u, to the list B and the process stops.
At each setp we add a u to B, the linear dependence lemma tells us there is some w to
remove. Thus there are at least as many w’s as u’s, this concludes the proof. [

Example 2.2.1. See Examples2.24 and 2.25 to find out why this theorem is helpful.

Corollary 2.2.1. Every subspace U of a finite-dimensional vector space V is finite-
dimensional.

Proof. (Step 1) If U = {0}, then we are done. If not, then choose a nonzero vector
v €U.

(Step j) If U = span(v;), then U is finite-dimensional and we are done. If not,
choose a vector v; € U such that v; ¢ span(v<;).

After each step, we have constructed a linearly independent list by Lemma.2.2.1.
This linearly independent list cannot be longer than the spanning list of V' by Theo-
rem.2.2.2. And since V is a finite-dimensional vector space, its spanning list has a finite
length. Thus our constructed list also has a finite length, as desired. O]

2.3 Bases

Definition 2.3.1. A basis of V' is a list of vectors in V' that is linearly independent and
spans V.

Theorem 2.3.1. A list vy,--- ,v, of vectors in V is a basis of V if and only if every
v € V can be written uniquely in the form

vV=a1v; + -+ a,v, (2.2)

where ay,--- ,a, € F.
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Proof. First, suppose that vq,--- ,v, is abasis of V. Let v € V. By definition we know
that span(vy,--- ,v,) = V, then there exists ay, -+ , a, such that (2.2) holds. Suppose
c1,- -+ ,Cy, are also scalars such that

V= C11)1 + e + Cnvn.
Then subtracting this equation from (2.2) we get
0= (ai1—ci)vi+ -+ (an —cp) vy.

Since vy, -+ , v, are linearly independent, we must have a; = ¢; for all i. Hence the
representation is unique.

Now, suppose every v € V can be written uniquely in the form of (2.2). Clearly
span(vy,--+ ,v,) = V. Suppose ay, -+ ,a, € F such that

0=aiv1 + -+ a,v,.

Taking a; = a, = -+ = a, = 0 we get one expression, and by assumption it is unique.
Hence the list is linearly independent. 0
Theorem 2.3.2. Given a spanning list B = {vy,--- ,v,}, we can always reduce it to a

basis of a vector space.

Proof. Consider the following steps:

Step 1: If v; = 0, delete v, from B, otherwise leave B unchanged.

Step j: If v; is in span(v<;)m delete v; from B, otherwise, leave B unchanged.

Stop the process after n steps, the obtained list B is a basis of V. Note that the
process does not change the span of the original list B. By the Linear Dependence
Lemma (Lem. 2.2.1), the obtained list is linearly independent. [

Corollary 2.3.1. Every finite dimensional vector space has a basis.

Proof. By definition every finite dimensional vector space has a spanning list. And by
Thm.2.3.2 we can reduce it to a basis. 0

Theorem 2.3.3. Every linearly independent list of vectors in a finite dimensional vector
space can be extended to a basis of the vector space.

Proof. Let uy--- ,u, be a linearly independent list of vectors in a finite dimensional
vector space V. Let wy, -+, w, be a basis of V. Then the list
ula"' ’um’wlv"' ,wn

spans V. By Thm.2.3.2, this list can be reduced to a basis of V' without deleting any us
since they are linearly independent. Hence we will get a list of vectors including all the
us and some of ws, which is the desired extension. O]
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Theorem 2.3.4. Suppose V is finite dimensional and U is a subspace of V. Then there
is a subspace W of V such that V. =U & W.

Proof. Since V is finite dimensional, so is U. Then there is a basis for U, which we call
Ui, ,Uy. Of course, uy - -+ , Uy is linearly independent, hence by Thm.2.3.3 it can be
extended to a basis

Ul U, W1, Wy

of V. Let span(wq, --- , w,) = W, we claim that this is the desired W.
To prove that V= U @ W, we need to show that

V=U+W ad UnNW =/{0}.
Since Uy, -+, Uy, Wy, -+, W, is a basis of V, for any v € V' we have

vV=aju; + -+ amum +bywy + - + byw, .
uelU wew

Thus V = U + W is proven.
Suppose v € U N W. Then there exists ay, -+ ,dm, by, - , b, € F such that

V=di1Uq ++amum =b1w1 +—|—bnw,,

Thus
auy + -+ + apuy — bywy —--- — byw, = 0.
Since uy, -+, Uy, Wy, - , W, are linearly independent, we have
ag=-=a,=b;=---=b,=0 or v=0.
Thus U N W = {0} . And the theorem follows. 0

2.4 Dimension

Lemma 2.4.1. Any two bases of a finite dimensional vector space have the same length.

Proof. Let the two bases be B; and B,. Then both B, and B, spans the vector space V.
Then by Thm.2.2.2, we have

length(B;) < length(B,) and length(B,) < length(B;).
This immediately gives length(B;) = length(B,) and we are done. O

Definition 2.4.1. The dimension of a finite dimensional vector space is the length of
any basis if the vector space.
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Example 2.4.1. dim(F") = n. This is obvious since the standard basis have length 7.
Example 2.4.2. dim P,,(F) = m + 1.
Theorem 2.4.1. If V is finite dimensional and U is a subspace of V, then

dimU < dimV.

Proof. Any basis of U is a linearly independent list in V' and any basis of V' is a span-
ning list in V. Then the theorem immediately follows from Thm.2.2.2. [

The next theorem gives a very convinient way of checking whether a list of vectors
is a basis. It says any linearly independent list of the right length is a basis.

Theorem 2.4.2. Suppose V is a finite dimensional. Then every linearly independent list
of vectors in V with length dim V' is a basis of V.

Proof. Suppose dimV = n and vy --- , v, is linearly independent in V. By Thm.2.3.3,
this list can be extended to a basis. But every basis in V' has length n. Hence this list
itself must be a basis. [

Here is a very good exercise from the book:

Exercise 2.4.1. Show that 1, (x — 5)2, (x — 5)3 is a basis of the subspace U of P5(R),
defined by
U={peP:R):p'5 =0}.

Solution 2.4.1. Itis clear that 1, (x—5)2, (x—5)> are in U . Take their linear combination
and set it to be zero we have

a+bx—-5*+c(x-5>=0.

Simple observation gives a = b = ¢ = 0. Hence this list is linearly independent. Thus
dimU > 3.
Also, since U is a subspace of P;(R), by the previous theorem we have

dimU <dimP;3;(R) =3+ 1=4.

But dimU # 4, otherwise p’(5) = 0 will not always be true. Hence dimU = 3, and
by Thm.2.4.2 we are done.

Theorem 2.4.3. Similarly, every spanning list of a finite dimensional vector space V
with length dim V' is a basis of V.

Proof. By Thm.2.3.2, we can construct a similar proof to that of Thm.2.4.2. [
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Theorem 2.4.4. If U,, U, are subspaces of a finite dimensional vector space, then

Proof. Let uy--- ,u, be a basis of U; N U,, that is, dim(U; N U,) = m. Then this
list is clearly a independent list in both U; and U,. Let uy,--- Uy, v1,---,v; be a
basis of Uy and uy, -+, um,, wy, -+, wg be a basis of U,. Hence dimU; = m + j and
dim U, = m + k. We will show that

Uty oo s Ums V15 oo o, UV, W,y e wo, W
is a basis of Uy + U,. This will give

=m+j)+m+k)—m
= dim U; + dim U, — dim (U; N U,)

and the theorem immediately follows.
Clearly, for any vector u € U; + U,, we can write it as

m J m k
U = Zaiui + Z,Bivi +Zyiui + mei,
i=1 i=1 i=1 i=1

el el>
which is a linear combination of uy,...,u;, vy,...,v;, Wy, ..., wx. Hence we know
that
span(Uq, ..., Um, V1,..., 0, Wy, ..., wx) = U + Us.

Next, we want to show that this list is linearly independent. Suppose

m J k
Za,—ui —I—Zbivi —I—Zciwi :0, (23)
i=1 i=1 i=1

we want to show that a; = b; = ¢; = 0 for all i. Write

k m J
> cowi ==Y aui— Y b,
i=1 i=1 i=1

Note that the vector on the left hand side is in U, and the vector on the right hand side
is in Uy. Hence Y c;w; € Uy N U,. We can write then

Cuwy + -+ cpwg = diuy + -+ dpli.
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But since uy, -+, Uy, wy, -+, Wi is a basis of Us, they are linearly independent. This
implies that ¢; = d; = 0 for all i. Hence (2.3) becomes

ajuy + -+ amUy +byvy + -+ bjv; = 0.

But since uy,...,Um,, v1,...,v; is a basis of U, they are linearly independent. This
yields a; = b; = 0 for all i
This concludes the proof. [

We conclude this chapter with a very simple proposition.

Proposition 2.4.1. Let Uy, --- , Uy, be subspaces of a finite dimensional vector space V.
IfV = Uy +Uy+---+U, and at the same time, dim V = dim Uy +dim U, +- - - dim U,
Then we have

V=U®U, & & Up,.

Proof. Choose a basis for each U; (each with length dim Uj;) and combine them into one
list with length ) . dim U; = dim V. This combined list spans V since V' = ). U;.
Because it is a spanning list, it can always be reduced into a basis of V. But since it
already has length dim V/, it is, by itself, a basis of V.

Then by definition of a basis, every v € V can be written uniquely as a linear
combination of the vectors in the basis of V', which is also a unique combination of
each u; € U;. This is the definition of a direct sum. O



Chapter 3

Linear Maps

Though I had success in my research both when I was mad and when 1
was not, eventually I felt that my work would be better respected if 1
thought and acted like a normal person.

-John Forbes Nash, Jr.

Notation 3.0.1. In this chapter, F denotes R or C.

Notation 3.0.2. In this chapter, V and W denotes vector spaces over F.

3.1 Linear Transformations

Definition 3.1.1. A linear transformation (or a linear map) from V to W is a function
T : V — W with the following properties:

1. Additivity: T(u +v) =Tu + Tv forallu,v € V;
2. Homogeneity: 7 (Av) = A(Tv) forall A € Fand forallv € V.
Notation 3.1.1. £(V, W) denotes the set of all linear transformations from V to W.

Now that we defined the set of all linear transformations, we can define the addition
and scalar multiplication on this set.

Definition 3.1.2. Suppose S, 7 € L(V, W) and A € F. The sum S + T and the product
AT are the linear maps from V to W defined by

S+T)v)=Sv+Tv and (AT)(v) = A(Tv)

forallv e V.

25
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Theorem 3.1.1. With the operations of addition and scalar multiplication defined above,
LV, W) is a vector space.

The proof is omitted in Axler’s book (left to readers), here we give a brief outline of
the proof.

Proof. We need to verify the axioms of the vector spaces one by one. We use the capital
letters S, 7, K € L(V, W) to denote linear transformations from V' to W, and lower
case letters and greek letters such as a, b, ¢, u, n € F to denote the field elements.

1. Commutativity: This should be obvious from the definition of the addition. We
have
S+T)w=Sv+Tv=Tv+Sv=(T+ S

since the addition Sv + T v in vector space W is commutative.
2. Associativity: Again by definition we have

[(S+T)+ Klv=(S+T)v+ Kv
=Sv+Tv+ Kv
= Sv+ (Tv + Kv)
=[S + (T 4+ K)]v.

Also, given u,n € F, we have
T ()] = punT ) = (un)T (v).

3. Additive Identity: Define the zero function 0 : V' — W to be the function that
takes every element v € V and gives the zero Oy in W. Note that it is also linear:

0(au + bv) =0 =0 + O = aOy + b0y = al0(u) + bO(v).
fora,b € F. Then itis clear that 0 € L(V, W).
4. Additive Inverse: Define the additive inverse of 7" to be
T =0+ (—DT.

Since both 0 and T are linear transformations from V to W, so is their linear
combination (as you should verify). Hence the additive inverse is also in L(V, W).

5. Multiplicative Inverse: for all 7 € L(V, W), we have 1 € F such that 1T = T..
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6. Distributive Properties: Givena,b € Fand S, T € L(V, W), we have
a(S+T)y=a(Sv+Tv)=aSv+aTv=(aS +aT)v
and

(aT 4+ bT)v = (@T)v+ (bT)v = a(Tv) + b(Tv) = (a+ b)Tv.
Hence the set of all linear transformations from V' to W is itself a vector space. This
concludes the proof. O

Now given two linearmaps 7 : U — V and S : V — W, we define their composite
map S o T by their product ST as the following.

Definition 3.1.3. If T € L(U, V) and S € L(V, W), then the product ST € L(U, W)
is defined by
(ST)(u) = S(Tu)

forallu e U.

It is very easy to verify that ST is indeed a linear transformation. Note that ST is
defined only when 7" maps into the domain of §.

Theorem 3.1.2. Here are some basic algebraic properties of products of linear maps.

1. Associativity: whenever Ty, T,, T3 are linear maps such that the product make
sense, we have
(T T2)T3 = T\(T>T5);

2. Identity: whenever T € L(V, W), we have
Tly = IwyT,
where Iy is the identity map on V and Iy is the identity map on W.

3. Distributive Properties: whenever T, Ty, T, € L(U,V)and S, S1, S, € L(V, W),
we have

(S1+S2)T:SIT+S2T and S(T1+T2):ST1+ST2
Proof. All three properties are very easy to prove.
1. (Tly)v =Tv = Iy(Tv) = (IwT)wv.

2. (i T7)T3]v = (11 T)(T5v) = T1(TL2T3v).
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3. From direct computation we have:
[(Sl + SZ)T]U = (Sl + S2)TU = SITU + S2TU = (SlT + SzT)U.
S(Ty + Ty)v = S[Tv+ Thv] = STyv+ SThv = (ST, + ST)v.
]

Remark 3.1.1. Multiplication of linear map is not commutative, It is not necessarily
true that ST = TS, even if both sides of the equation make sense.

Corollary 3.1.1. If T € L(V, W), then T(0) = 0.
Proof. T(0) = T(0+ 0) = T(0) + T(0). Done. O

The next theorem gives us an interesting piece of information. It says given a basis
vy, , U, of V, we can have a linear transformation that maps these basis vectors to
any vectors we want. Also, the theorem says this linear transformation is unique.

Theorem 3.1.3. Suppose vy,--- ,v, is a basis of V and wy,--- ,w, € W. Then there
exists a unique linear map T : V — W such that

Tv j = Wy
foreach j =1,--- ,n.
Proof. We first need to give a map that works. Define T : V' — W to have the following

property:
T (civy + -+ + Cavp) = Crwy + -+ + CpWy, (3.1)

where ¢y, -+, ¢, € F. Since every v € V' can be written uniquely as a linear combina-
tion of vy, --- , v,, the definition above does define a function 7 : V — W.
Next, this map satisfy Tv; = w; by taking ¢; = 1 and all other ¢’s equal to 0.
Also, this map is linear. Given any u,v € V with u = Z;’:l a;v; and v =
>, civi, we have
Tu+v)=T(a1+c)vi+ -+ (an + cn) vn)
= (a1 +c)wi + -+ (@n + n) Wy
= (@1wy + -+ + apwn) + (C1wr + -+ + CaWn)
=Tu+ Tv.

Also, given any A € F, we have
T(Av) =T (Acivy + -+ + Acyvp)
= Acqwy + -+ + Acpwy

= A(ciwy + - + chwy)
= ATv.
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Finally, we claim that this linear map is unique. Because any linear map 7' that
satisfies T'v; = w; must also satisfy (3.1) by additivity and homogeneity. 0

Remark 3.1.2. The transformed vectors 7v; = w; need not to be a basis for W. Only
in special cases will they be a basis for W. Here are two counter-examples given.

1. The linear transformation that maps every vector in V' to zero vector in W.

2. The linear transformation f : R> — R3. The basis v; and v, and transformed
into w; and w,, which is not a basis since it does not have length dim R® = 3.

We conclude this section by giving an example of a very important type of linear
transformation. Consider any linear transformation from F” to F™.

Let Aj, € Fforj = 1,---,mand k = 1,---,n. Any linear transformation
T € L(F",F™) is of the form

T (Xl, Ce ,Xn) = (Al,lxl 4+ -4 Al,nxn, e Am’1X1 + -4 Am,nxn) .
This gives rise to the definition of a matrix. An n X m matrix defines a linear trans-
formation from R” to R™.
For example, consider the linear transformation 7' : R> — R? defined by

T(x,y,z) = 2x —y +3z,7x + 5y — 62).

This transformation corresponds to the matrix
2 -1 3
r=(7 5 %)
2 -1 3N\([')  [2x—y+3z
7 5 —6 i “\7x+5y-62)

3.2 Nullspace, Injective and Surjective Maps, Range

since

Definition 3.2.1. For T € L(V, W), the null space of 7', denoted by null 7', is the subset
of V consisting of those vectors that 7" maps to 0:

nll7” ={veV:Tv=0}.
It is easy to verify that nullspace itself is a subspace of V.

Theorem 3.2.1. Suppose T € L(V, W), then null T is a subspace of V.
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Proof. We use the subspace criterion. First, since 7 is a linear map, we know 7'(0) = 0.
Thus O € null 7. Suppose u, v € null 7', then

Twu+v)=Tu+Tv=04+0=0.
Hence u + v € null 7'. Also, given A € F and u € null T, we have
T(Au) = ATu = A0 = 0.
Hence the nullspace is closed under addition and multiplication. [
Now we define the injective map, also known as the one-to-one or 1-1 map.
Definition 3.2.2. A function 7" : V — W is called injective if Tu = Tv implies u = v.
Theorem 3.2.2. Let T € L(V,W). Then T is injective if and only if null T = {0}.

Proof. First, suppose T is injective. We already know that {0} C null 7' by the previous
theorem. Suppose v € null 7', then

T(v) = 0 = T(0),

and v = 0 follows immediately since 7 is injective.
Now, suppose null 7 = {0}. We want to show that 7 is injective. Take u,v € V
such that Tu = Tv. Then

0=Tu—Tv=T(Wu-—"o).
Hence u — v € null 7', implying u = v. 0

Definition 3.2.3. Suppose 7' : V — W is a function, the range of 7 is the subset of W
consisting of thos vectors that are of the form 7v for some v € V:

rangeT ={Tv:veV}.
Now we define the surjective map, or onto map.
Definition 3.2.4. A function 7" : V' — W is called surjective if its range equals W.
Theorem 3.2.3. If T € L(V,W), thenrange T is a subspace of W.

Proof. Suppose T € L(V,W). Then T(0) = 0, which implies 0 € range 7. If
wi, wy € range T, then there exists vy, v, € V such that Tvy = wy and Tv, = w,.
Thus

T (vi+v2) =Tv + Tvy = w; + wa.

Hence w; + w, € range T'. Also, if w € range T and A € F, then there exists v € V
such that Tv = w. Thus
T(Av) = ATv = Aw.

Hence Aw € range T. ]
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The diagram below shows the relation between null 7 and range 7. There exists a
injective map from null 7" to V', which is another way of saying that the nullspace of T’
is a subset of V. Also, there exists a surjective map from V' to the image of 7, which is
range T'.

null 7°C V w

T
surjectiv&

range T'

Now we come to a very important result. Axler calls it "Fundamental Theorem of
Linear Maps". But it has a more standard name. It is called the Rank-Nullity theorem.
Nullity, of course, refers to the dimension of nullspace. We define the rank to be the
dimension of the range.

Theorem 3.2.4. (Rank-Nullity Theorem) Suppose V is finite dimensional and T €
L(V,W). Then range T is finite dimensional and

dimV = dimnull T + dimrange 7.

Proof. Letuy,--- ,u, be abasis of null 7. Then dimnull 7 = m. The linear indepen-
dent list u¢, --- , u,, can be extended to a basis
Uty oo s Uy, U1y .., Uy

of V. Thus dim V' = m 4 n. We need to prove that range 7" is finite dimensional and
dimrange 7" = n. We show this by proving that T'vq,--- , T'v, is a basis of range T .
Letv € V, since u’s and v’s span V', we can write, for some a;, b; € F,

v =aiuy + -+ Amitm + b1vr + -+ byUn.
Applying T to both sides of this equation we get
Tv=bTvy+---+b,Tv,,

where the terms 7'u; becomes zero because u; € null 7 for all j. The last equation
implies that T'vy, -+, T v, spans range 7 .
Now we show T'vy, -+, T'v, is linearly independent. Suppose for some cy,--- ,¢, €
F we have
ciTvy+---+c¢,Tv, =0.

Then
T (C1U1 +---+ Cnvn) = 0.
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This implies that Y _ ¢;v; € null 7. Thus we can write
c1Vy + -+ cpvy = diuy + - + dppy,.

But since u’s and v’s are linearly independent, we have ¢; = d; = 0 for all i. This
shows that 7'v’s are linearly independent, as desired. 0

This theorem has two very important consequences.
The first corollary says a map to a smaller dimensional space is not injective.

Corollary 3.2.1. Suppose V, W are finite dimensional vector spaces such that dim V' >
dim W. Then no linear map from V to W is injective.

Proof. Let T € L(V,W). Then

dimnull 7 = dim V' — dimrange T
>dimV —dim W
>0
by Thm.3.2.4. The inequality above says dimnull 77 > 0. This means that null T

contains vectors other than 0. Recall that dim {0} = O since the zero vector has an
empty spanning list. Thus 7" is not injective by Thm.3.2.2. [

The next corollary says a map to larger dimensional space is not surjective.

Corollary 3.2.2. Suppose V, W are finite dimensional vector spaces such that dim V <
dim W. Then no linear map from V to W is surjective.

Proof. Let T € L(V, W). Then

dimrange 7' = dim V — dimnull T
<dimV

<dimW

by Thm.3.2.4. Thus range T # W, since otherwise we will have equality instead of
inequality. Hence by the definition of a surjective map (Def.3.2.4), T is not surjective.
]

These two results become very important when we are solving systems of linear
equations. Given a homogeneous susyem of linear equations:
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if the system has more variables than equations (n > m), then we are doing a linear
transformation 7" : R” — R, that is, from a bigger space into a smaller space. By
Cor.3.2.1, the transformation is not injective, meaning there exists other elements in the
nullspace than the zero vector by Thm.3.2.2. This gives the following theorem:

Theorem 3.2.5. A homogeneous system of linear equations with more variables than
equations has nonzero solutions.

Also, consider the inhomogeneous system of linear equations:

Ay o A X1 C1

Aml Amn Xn Cm

If the system has more equations than variables (n < m), then there are some choice
of ¢1,--+, ¢y such that the system has no solutions. Because we are doing a linear
mapping 7 : R” — R™, that is, from a bigger space to a smaller space. By Thm.3.2.2,
T is not surjective. This gives the following theorem:

Theorem 3.2.6. An inhomogeneous system of linear equations with more equations
than variables has no solution for some choice of the constant terms.

We conclude this section with a theorem that states when can a linear map be surjec-
tive. In some sense, this is similar to the negation of Cor.3.2.2. This is a supplementary
theorem from Prof.Morton.

Theorem 3.2.7. Suppose V, W are finite dimensional vector spaces. Then there exists
a surjective linear map T : V — W if and only if dim V > dim W.

Proof. First, suppose there exists a surjective linear map. Then we have range T = W.
This implies that dimrange 7" = dim V. By Thm.3.2.4, we have

dmW =dimV —dimnull T < dim V.
~—————
>0

This completes the first half of the proof.

Next, suppose dim V' > dim W. We need to construct a surjective linear map 7 .
Choose a basis for V, say vy,---,v,, and a basis of W, say wy,---, w,,. By our as-
sumption n > m. Consider the following linear map 7":

U1 %) Um Um+1 Up

JE | i J _

w1 Wy oo Wiy, whatever vectors you want
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That is, we map vy, -+ , Uy, to wy, - -+ , Wy, respectively, and map vy, 41 -+ , v, to what-
ever vectors in W we want. Thm.3.1.3 ensures that there exists a unique linear map that
satisfies this. It is easy to check that this linear map is surjective. For any w € W we
can express it in terms of the linear combination of the basis of W:

w = Zaiwi = ZaiT(vi)-
i=1

i=1

Thus, for all w € W, there exists v € V such that T'(v) = w, where

m
vV = E a;v;
i=1

for some chosen a; € F. This concludes the proof. [

3.3 Matrices

We assume the reader is familiar with basic matrix operations (e.g. multiplying a matrix
to a vector). We will slightly deviate from the structure of the book and the lecture. We
will now explain why the concept of matrix comes up.

We associate each linear transformation with a matrix, because a matrix is very
efficient in describing a linear transformation. Suppose now you have a linear transfor-
mation 7" : V' — W. Choose a basis of V:

BasisV = vq,--+ , v,
and a basis of W:
BasisW = wq, -+, wy,.
It is obvious that as long as we know T'(vy),---, T (v,), we know T'(v) for any v € V,

since any v € V can be written as a linear combination of the basis vectors of V. Now
suppose
vV =a1v; + azvy, + -+ a,v, 3.2)

and we also know that 7' (vy),--- , T(v,) € W can be written as linear combinations of
w’s.

T(vy) =dnwy +dyywa + -+ dpywp,
T(v2) = dizwy + dppws + -+ + dpaWi,

T(vn) = dlnwl + d2nw2 +---+ dmnwm-
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Now, we can compute 7' (v) by applying T to both sides of (3.2):

T(v) =a1T(v1) + axT(v2) + -+ anT(vy)

m m m
=a E diyw; + a, E dirw; + -+ ay E dinwj
m n

n m
:ZajZdijwi :Z Cljd,'j Wi
Jj=1 =1 i=1 \j=1
ni
=MWy + N2Wz + -+ + NpWy.

The equation above tells us that given v express as a linear combination of the basis
of V' in (3.2), and with the knowledge of 7'(vy),--- , T'(v,), in particular d;; for 1 <i <
mand 1 < j < n, we can compute 7' (v), the transformed vector using the procedure
above. The computation above should remind you of the following:

din diz - din a m
R | N A 33)
dml dm2 dmn an Nm

where the coefficients of the linear combination of v (Eqn.3.2) is the input vector,
and the output vector is the coefficients of the linear combination of 7'(v) in terms of
w’s, the basis of W.

This gives us a way to associate each linear transformation 7" with a matrix, which
is an very efficient way of describing this transformation. That is, write across the top
of the matirx the basis after transformation 7'vy,--- , T'v,, and write along the left the
basis vectors wy, -+ , Wy, for the vector space into which 7" maps (see book pg71).

Example 3.3.1. Suppose 7 € £(R?,R?). We use the standard basis in R?: (1, 0) and
(0,1). Suppose T(1,0) = (1,2,7) and T(0,1) = (3,5,9), then we can write the
associate matrix.

~N N =
O U W

This is because we can write the transformed basis in R? as linear combinations of the
standard basis of R? in the following way:

T(1,0) = 1(1,0,0) + 2(0, 1,0) + 7(0,0, 1)
T(0,1) = 3(1,0,0) + 5(0, 1,0) + 9(0,0, 1).
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As you can see, we first choose our basis in R? and R3, we write down the "linear
combination coefficients" for T'(kth basis vector of R?) in the kth column of the matrix.

Example 3.3.2. D € L (P5(R), P>(R)) is the differentiation map. The basis for P;(R)
is 1, x, x2, x3, and the basis for P,(R) is 1, x, x2. Given a vector p € P3(R):

P = col +c1x + szz + c3x3

We can write the differentiation matrix as

0100
MMD)=[00 2 0
0003
By simple computation we have
0100 E" ¢
0020 cl = | 2¢,
0003 2 3c3
C3

This gives the transformed vector in terms of the linear combination of basis of P, (R)
D(p) = c11 4 2cx + 3e3x?.
Now we have some intuition, we can formally introduce the definition of a matrix.

Definition 3.3.1. Suppose T € L(V, W) and vy,--- ,v, isabasisof V and wy, -+, Wy,
is a basis of W. The matrix of 7" with respect to these bases is the m x n matrix M(T)
whose entries A4 ; are defined by

Tvp = A gwy + -+ Ap g Whe.
If the bases are not clear from the context, then the notation
MA(T, (v1,...,0), (W1,..., Wn))
is used.

Remark 3.3.1. It is very important to realize that M(T') depends on which bases you
choose. Even for the same linear transformation 7', different bases will associate with
different matrices. Usually we use the standard basis.

Definition 3.3.2. Reader should already be familiar with matrix addition and scalar
multiplication.

A+C)jx=A4jx +Cjk AA)jx = AAjk
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Two theorems that are very easy to verify:
Theorem 3.3.1. Suppose S, T € L(V, W), then M(S + T) = M(S) + M(T).
Theorem 3.3.2. Suppose S, T € L(V,W) and A € F, then M(AT) = AM(T).
Notation 3.3.1. F"*" denotes the set of all m x n matirx whose entries are in F.
Now comes an interesting theorem.
Theorem 3.3.3. ¥ is a vector space with dimension mn.

Proof. The proof that F""" is a vector space is left to the reader. Note that the additive
identity of F”*" is the matirx whose entires are all zeros.

It is obvious that the matrices that have O in all entires except a 1 in one entry is a
basis of F". There are mn such matrices. Thus dim F"" = mn. [

Though we assume the reader is already familiar with matirx multiplication, we still
want to know the motivation for defining multiplication in such a way. The goal is to let
the following theorem to be true:

Theorem 3.3.4. Suppose T € L(U,V) and Suppose S € L(V,W). Then M(ST) =
M(S)M(T).

From the definition of the matrix, we know that the kth column of a matrix M(T')
consists of the scalars needed to write 7 v as a linear combination of (wq,--- , Wwy,):

Tv, = ZAj,kwj.

j=1

Now we define the matrix multiplication M (S)M(T). Suppose M(S) = A and
M(T) = C. We have

(ST)ux = S (Z c,,kvr)

r=1

= Xn: Cr,kSUr
r=1

=2 Cric ) Ajrw;
r=1 j=1

:Z( Aj,,Cr,k) Wj.
j r=1

j=1
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Thus M(ST) is the matrix whose entry in row j, colum k, equals

M(ST)je = AjsCra.

r=1

And the theorem above immediately follows.

3.4 Matrix of a Vector

In the last section we talked about the matrix representation of a linear transformation.
Now we formalize what we said in the last section by defining matrix of a vector.

Definition 3.4.1. Suppose vy, -, v, is a basis of V. The matrix of v with respect to
this basis is the n x 1 matrix
1
Mw)y=1 : |,
Cn
where ¢y, --- , ¢, are teh scalars such that

vV = Clvl + e + Cnvn.
Remark 3.4.1. M(v) of a vector v € V depends on the basis vy, -+, v, of V.

Example 3.4.1. The matrix of 2 — 7x + 5x3 with respect tothe standard basis of P3(R)

1s
2

-7
0
5

The matrix of a vector x € F”" with respect to the standard basis is obtained by writ-
ting the coordinates of x as the entires in an n X 1 matrix. In other words, if x =
(x1,+++,x,) € F", then

X1

M(x) =
xn
From the definition of M(T") and M (vg), we immediately have the following propo-

sition.

Proposition 3.4.1. Suppose T € L(V,W)and v, --- , v, isabasis of V and wy, - , Wy,
is a basis of W. Let 1 < k < n. Then the kth column of M(T), which is denoted by
M(T). ., equals M(vy).
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The following theorem should also be immediately obvious. It says linear maps act
like matrix multiplication.

Theorem 3.4.1. Suppose T € L(V,W) andv € V. Suppose vy --- ,v, is a basis of V
and Wy, -+ , Wy, is a basis of W. Then

M(Tv) = M(T)M(v).
Proof. Suppose v =Y ¢_, ¢;v;, then
Tv=ciTvy+- -+ c,Tv,.
Since M is linear (from last section), we have

M(Tv) =ctM((Tvy)+ -+ cynM(Tvy,)
= G M(T) o+ + eaM(T)-
= M(T)M(v).

3.5 Invertibility and Isomorphic Vector Spaces

Definition 3.5.1. A linear map 7" € L(V, W) is called invertible if there exists a linear
map S € L(W,V) suchthat ST = Iy and TS = Iy . where Iy, Iy are identity maps
on V, W respectively. S is called the inverse of 7. We denote the inverse of 7" to be
T-1.

Theorem 3.5.1. An invertible linear map has an unique inverse.

Proof. Suppose the invertible map 7" € L(V, W) has two inverses Sy, S>. Then
S1=811=81(TS)=(S1T)S, =15, =5>.

O

Proof. Suppose T € L(V,W) is invertible. Suppose u,v € V such that Tu = Tw.
Then
u=T""Tu)=T""(Tv) =v.

Hence T is injective. Let w € W. Then w = T(T~'w). This means for all w € W
there existsav = T~ 'w € V whose image is w. This implies that T is surjective. Thus
we are halfway through.
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Now suppose T is injective and surjective. We want to prove that 7' is invertible.
Define S w to be the unique element of V' such that 7(Sw) = w (the uniqueness follows
from surjectivity) for each w € W. From the definition it is clear that 7o is the identity
map on W.

We also want to prove that S o T is the identity map on V. Let v € V, then

T((SoT)v) =(ToS)(Tv)=I1I(Tv)=Tv= (SoT)v =v.

The last step follows from the fact that 7 is injective. Hence S o T is the identity map
onV.
Finally, we show that S is linear. Suppose wy, w, € W. Then

T (Swy + Swz) =T (Swy) + T (Swz) = wy + ws.

Thus Swy+ S w;, is the unique element of V' that 7’ maps to w; +w,. But since 7'S is the
identity map, we know 7' (S(w; + w,)) = w; + w,. Hence S(w; +wz) = Swy + Sw,.
Similarly, if w € W and A € F,

T(ASw) = AT(Sw) = Aw.

This implies S(Aw) = ASw, which follows from the injective and surjective properties
of 7. This shows that S is linear.
Hence S is the inverse of 7', and T is thus invertible. This completes the proof. [

Remark 3.5.1. Thm.3.5.2 implies that only square matrices have inverses. Or equiv-
alently, non-square matrices are not invertible. Consider an m X n matrix, from our
discussion in section 3.2, we know that if m > n, the corresponding linear map is not
surjective. If m < n, the corresponding linear map is not injective. Hence only when
m = n can matrices have inverses.

There is a easier way of arguing this point. Take 4 € F™" and A~! € F"? Then
AA™! € F™P and A™'A € F"" only when m = p. But AA™! = A7'A = I, and
since the identity matrix is a square matrix, the only possible way ism = p = n.

This does not mean that all square matrices are invertible. Non-invertible square
matrices are called singular.

Example 3.5.1. For two important examples of linear maps that are not invertible, see
Example 3.57 in the book (pg81).

Definition 3.5.2. A linear map 7" € L(V, V) from a vector space to itself is called an
operator, or an endomorphism.

In Thm.3.5.2 we learned that for a linear map to be invertible it has to be both
injective and surjective. But the next theorem tells us that if this linear map is an endo-
morphism, then only one condition of the two is needed for this map to be invertible.
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Theorem 3.5.3. If T € L(V, V). Then the following are equivalent:
1. T is invertible;
2. T isinjective;
3. T is surjective.

Proof. We know that 1 implies 2. If we can show that 2 implies 3 and 3 implies 2, then
we if we know 3 is true, then 2 is true. 2 and 3 together implies 1 by Thm.3.5.2. In other
words, we have the following chain:

1
by Thm.3.5.2 . L
since 3 implies 2
3

2 <~
First, suppose 2 holds, so 7 is injective. Thus null 7 = {0}. From Thm.3.2.4, we have

dimrange T = dim V — dimnull T
=dimV.

This implies that T is surjective since range 7' = V. Hence 2 implies 3.
Now, suppose 3 holds, so 7 is surjective. Again by Thm.3.2.4, we have

dimnull 7 = dim V' — dimrange T
= 0.

Thus null 7 = {0}. Hence T is injective. Then T is both injective and surjective, by
Thm.3.5.2, it is invertible. Thus 3 implies 1.

Finally, we already proved in Thm.3.5.2 that 1 implies 2. The full chain is achieved.

]

Now we come to the concept of isomorphic vector spaces.
Definition 3.5.3. An isomorphism is an invertible linear map.

Definition 3.5.4. Two vector spaces are called isomorphic if there is an isomorphism
from one vector space onto the other one.

The next theorem says dimension shows whether vector spaces are isomorphic. Note
that from Thm.3.2.1 and Thm.3.2.2, we know that linear transformation from one vector
space to another vector space with unequal dimensions are either not injective or not
surjective, hence not invertible. So this theorem makes intuitive sense.
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Theorem 3.5.4. Two finite dimensional vector spaces over ¥ are isomorphic if and only
if they have the same dimension.

Proof. First suppose V, W are isomorphic finite dimensional vector spaces. Thus there
exists a isomorphism 7" from V onto W. Because T is invertible, we have null T = {0}
and range ' = W .Then the formula

dimV =dimnull 7 4+ dimrange 7" = dim V = dim W

proves the first half of the theorem (by Thm.3.2.4).

Next, suppose V, W are finite dimensional vector spaces with dim V' = dim W. Let
V1,---, VU, be a basis of V and wq,---,w, be a basis of W. Let T € L(V,W) be
defined by

T (cv1 + -+ + caln) = w1 + -+ + CpWy.

That is, T(v;) = w;. This can be done by Thm.3.1.3. Also, T is surjective since

span(wy, - -+ , w,) = W. Furthermore, null 7" = {0} since wy, --- , wy is linearly inde-
pendent. Thus 7 is injective. Since T is both injective and surjective, it is an isomor-
phism (Thm.3.5.2). This proves the theorem. [

The next theorem brings us up to another level of abstraction. It says £(V, W) and
F™"™ is isomorphic.

Theorem 3.5.5. Let vy,--- , v, be a basis of V and wy,--- , w, be a basis of W. Then
M is an isomorphism between L(V, W) and F™".

Proof. We already know that M is linear. Now we want to prove that it is both injective
and surjective.

Suppose T € L(V,W) and M(T) = 0 (the zero matrix), then Tvxy = 0 for all
1 < k < n. Since w’s is a basis of V, this implies 7 = 0. Hence null M = {0}. Thus
M is injective.

To prove that M is surjective, take any A € F™". Then we can have a linear
transformation 7" whose representation matrix is 4 by defining 7' : V' — W such that

m
Tvk = ZAj,kwj,
J=1

where A x is the entry in jth row and kth column of A. Obviously M(T) = A. Thus
range M = F™". Thus M is surjective.
By Thm.3.5.2, M is an isomorphism. O]

The theorem above has a immediate corollary:
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Corollary 3.5.1. Suppose V, W are finite dimensional. Then L(V, W) is finite dimen-
sional and
dim L(V, W) = (dim V) (dim W).

Proof. From Thm.3.5.5, we know that L(V, W) and F" are isomorphic. Since we al-
ready know that F”*" is finite dimensional (Thm.3.3.3), and Thm.3.5.4 implies L(V, W)
is finite dimensional.

Also, from Thm.3.5.4, we know

dim L(V, W) = dimF™" = mn = (dim V)(dim W).
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Chapter 4

Polynomials

Only the mediocre are supremely confident of their ability. The better
you are, the higher the standards you set yourself — you can see
beyond your immediate reach.

-Michael Atiyah

This chapter is about univariate polynomials, a topic that most readers are fairly fa-
miliar with even in high school. Polynomials, however, is a profound subject in algebra
and algebraic geometry. But in this chapter we will only prove some seemingly obvious
properties of a univariate polynomial.

First recall the following definition.

Definition 4.0.1. A function p : F — F is called a polynomial with coefficients in F if
there exists ag - - - a,, € F such that

p(2) =ao+aiz +arz> + -+ apz™
forall z € F.
Theorem 4.0.1. Suppose ag---a,, € F. If
ao+aiz+az2?+---4+auz"=0
foreveryz € F, thenay = --- = a, = 0.

Proof. We will prove that contrapositive: If not all the coefficients are 0, then we can
find a z € F such that the polynomial is not 0. Let

. lao| + lai| + - + [am—1]

+ 1.
|am|

45
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Note that z > 1. And thus z/ < z"! for J < m — 1. Using the triangle inequality, we

have
a0 + a1z + -+ + am_12"7"| < (laol + lar] + -+ + lam—1 ) 2"
< lamz"].
This implies that ag + ayz + -+ + apm_1z™" ! # —a,,z™. Hence ag + ayz + -+ +
Am_12" Y + apz™ # 0. O
Remark 4.0.1. Recall that the degree of a zero polynomial is defined to be —oo.

Now we come to the division algorithm of polynomials, which is similar to the
division algorithm of integers.

Lemma 4.0.1. Suppose Vy,---,V,, are finite dimensional vector spaces. Then V; x
Vo X -+« XV, is finite dimensional and

dim(Vy x Vo x - x Vp) =dim V) +dim V, + ---dim V,.
Proof. Choose a basis for each V;. Take v € V| x V, x -+ x V,,. Then we have

v = Z basis vector in the j* k slot and 0 in other slots.
J

This is clearly a basis of V; x V, x --- x V,,, and has length ZTZI dim(V;). ]

Theorem 4.0.2. Suppose p,s € P(F) with s # 0. Then there exist unique polynomials
q,r € P(F) such that

p=sq+r
and degr < degs. In integer division, q is called the quotient and r is called the
remainder.

Proof. We use a linear algebraic proof. Let n = deg p and m = degs. If n < m, then
take ¢ = 0 and r = p, then we are done. Thus we assume that n > m.
Define a transformation

Pn—m (F) X Pm—l(F) - Pn (F)

by
T(g,r)=sq +r.

It is easy to verify that T is a linear transformation. To prove the unique part, we prove
that 7" is 1-1(injective), and to prove the exist part, we prove that 7" is onto (surjective).
If (g,r) e null T, then sq + r = 0 or sq = —r. This implies thatg = 0 and r = 0.
Otherwise,
deg —r # degsq = degs + degqg > degs.
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Thus dimnull 7 = 0. This proves the unique part.
For the second part, according to Lem.4.0.1, it is easy to find that

dim (P (F) X Pp—1(F)) =(n—m+1)+(m—-1+1)=n+1.

But Thm.3.2.4 suggests that range 7 = n + 1. Hence range 7 = dim P, (F). Hence
there exists ¢ € Py—m(F) and r € P,,—1(F) such that p = T(q,r) = sq + r for all
p € Py(F). O

Now we talk about zeros of polynomials.
Definition 4.0.2. A € F is called a zero of a polynomial p € P(F) if p(1) = 0.

Definition 4.0.3. s € P(F) is called a factor of p € P(F) if there exists a polynomial
q € P(F) such that p = sq.

Theorem 4.0.3. Suppose p € P(F) and A € F. Then p(A) = 0 if and only if there is a
polynomial g € P(F) such that

p(z) = (2= 2A)q(2)
forevery z € F.

Proof. Suppose there is a polynomial g € P(F) such that p(z) = (z — A)g(z) for all
z € F. Then

pA) = (@A —=2)q(z) =0,
which is obvious.
To prove the other direction, suppose p(A) = 0. The polynomial z — A is of degree

1. Then by Thm.4.0.2 there exist a polynomial ¢ € P(F) and a number (of degree 0)
r € F such that

p(z) =z —=Nq(z)+r
for every z € A. This equation, together with p(A) = 0, implies that r = 0. Thus
p(z) = (z — A)q(z) for all z, as desired. ]

The next theorem says that a polynomial do not have too many zeros.

Theorem 4.0.4. Suppose p € P(F) is a polynomial with degree m > 0. Then p has at
most m distinct zeros in F.

Proof. It m = 0, then p(z) = ag # 0, thus p has no zeros. If m = 1, p(z) = ap+a;z
with a; # 0. Thus p has exactly one zero, namely —aq/a;.

Suppose m > 1. Use induction on m. Assume that every polynomial with degree
m — 1 has at most m — 1 distinct zeros. If p has no zeros in F, we are done. If p has a
zero A € F, then there is a polynomial ¢ of degree m — 1 such that p(z) = (z — X)q(2).
Since g has at most m — 1 zeros, p has at most m zeros. [
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We are fairly familiar with polynomials over R, but now we talk about polynomials
over C. The next theorem is called the Fundamental Theorem of Algebra.

Theorem 4.0.5. Every nonconstant polynomial with complex coefficients has a zero.

Proof. The proof uses tools from complex analysis and is therefore omitted. See pg.124
on Axler. [

Theorem 4.0.6. If p € P(C) is a nonconstant polynomial, then p has a unique factor-
ization of the form
p@)=c(z—=2A1)(2=2n),

where ¢, Ay, ..., Ay € C.

Proof. Let p € P(C) and let m = deg p. We use induction on m. If m = 1, the fac-
torization clearly exists and is unique. Assume that mm > 1 and the desired factorization
exists and is unique for all polynomials of degree m — 1.

First we show that the desired factorization of p exists. By Thm.4.0.5, p has a zero
A. By Thm.4.0.3, we have a polynomial g such that

p(z) = (z = M)q(2)

for all z € C. Because degg = m — 1, our induction hypothesis implies that ¢ has
desired factorization. Plug it into the equation above gives the desired factorization of
p.

Next we show that the factorization is unique. Clearly ¢ is uniquely determined as
the coefficient of z’” in p. So we only need to show that except for the order, there is
only one way to choose Aj -+ A,,. If

z=A)C—An)=0C—11)-(z—1T])

for all z € C, the left hand side will be zero when z = A;. Hence one of the t’s on
the right hand side must be equal to A;. Without loss of generality, let 7; = A;. For
z # A1, we can divide both sides of the equation and get

(z2=22) - =Am) = (2 —) (2 —Tm)

for all z € C except possibly z = A;. Actually, this holds for all z € C because
otherwise if we subtract the right hand side from the left hand side, we will get a nonzero
polynomial that has infinitely many zeros (i.e. all z € C\ {A;}). We can repeat this
process and set z = A5, A3, -+ , A, and we will see that except for the order, the A’s are
the same as the 7’s. This proves the uniqueness. [

Now we come back to the factorization of polynomials over R.
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Theorem 4.0.7. Suppose p € P(C) is a polynomial with real coefficients. If . € Cis a
zero of p, then so is A.

Proof. Take the conjugate, and we find that
ap+aid+ -+ auA™ =0=ag+ajA+---+ayA™ =0.

This completes the proof. 0
Theorem 4.0.8. Suppose b, c € R, then there is a polynomial factorization of the form
x24+bx+c=(x—-1)(x—21)

with A1, A, € Rifand only if b*> > 4c.

Proof. Completing the square:

5 b\’ b2
b = — —— .
X“+0x+c (x+2)+(c 4)

First suppose b? < 4c, then clearly the right hand side of the equation above is positive
for every x € R. Hence this polynomial has no real zeros and thus cannot be factored
in the form above with A;, A, € R.

Conversely, suppose b > 4c¢. Then there exists a real number d such that d? =
b?/4 — c. Then manipulating the equation gives

b 2
x> 4+bx+c= (x—l—z) —d?

b b
= Z+d Z_d
(o5 ea)(ve5)

which is the desired factorization. ]

We conclude this chapter with one last theorem about factorization of a polynomial
over the real field.

Theorem 4.0.9. Suppose p € P(R) is a nonconstant polynomial. Then p has a unique
factorization of the form

p(x) =c(x—M)--'(X—)km)(xz—I—b1x+cl)---(x2—l—be+cM),

where c, A1, ..., Am,b1,....byp,C1,...,cp0 €R, andb? < d4cj foreach j (thatis, the
quadratics in the equation cannot be factored again).
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Proof. Think of p as an element of P(C) since R C C. If all the zeros are real, then it
means there are no quadratic factors. Hence we are done by Thm.4.0.6. Hence suppose
p has azero A € C with A ¢ R. Then by the previous result A is also a zero of p. Thus

we can write B
p(x) = (x = A)(x —A)q(x)
= (x> —2(ReA)x + |A]*) g(x)
for some g € P(C) with degree two less than the degree of p. If we can prove that g
has real coefficients, then by using induction on the degree of p, we can conclude that

(x — A) appears in the factorization exactly as many times as (x — 1).
To prove that g has real coefficients, rearrange the equation above we get

p(x)
x2—=2(Red)x + |A|?

q(x) =

for all x € R. The equation implies that g(x) € R for all x € R. Thus we can write

q(x) =ao+ajx 4+ -+ ap_ox"2,

where n = deg p and ag, -+ ,a,—» € C. We thus have
0=Img(x) = (Imag) + Ima;) x + -+ (Ima,_,) x" 2

for all x € R. Since 1, x, x2,--- is linearly independent, the corresponding coefficients
must all be zero, which means Imay, ...,Ima,_» = 0, and hence the coefficients of
q(x) are real, and the desired factorization exists.

Now we prove the uniqueness of this factorization. A factor of p of the form x? +
bjx + c; with b7 < 4c; can be written uniquely as (x — A;)(x — A;) with A; € C.
Two different factorizations of p as an element of P(R) would lead to two different
factorizations of p as an element of P(C), contradicting Thm.4.0.6. [



Chapter 5

Eigenvalues, Eigenvectors, and
Invariant Subspaces

The definition of a good mathematical problem is the mathematics it
generates rather than the problem itself.

-Andrew Wiles

In this chapter we are mainly concerned with endomorphism, 77 € £(V, V). That
is, the set of linear transformations that maps a vector space to itself. The main part
of this chapter is about finding a matrix M (T) that is reasonably nice and efficient for
describing 7. As we will see, using eigenvectors as basis will typically give us really
nice matrices.

Notation 5.0.1. The set of operators or endomorphisms L£(V, V'), is written as £(V') in
Axler’s book.

5.1 Invariant Subspaces

Given a finite dimensional vector space V, suppose we have a direct sum decomposition
V=UoU,® & Un.

The endomorphism 7" € L£(V') will send V' back to itself. Since U; C V, if T maps
each U; back to U;, then we only need to study 7’|y, , which denotes the linear map 7'
restricted to the smaller domain U;. Since each U; C V' is a smaller vector space. This
gives the following definition.

Definition 5.1.1. Suppose T € L(V'). A subspace U of V is called invariant under 7" if
u € U implies Tu € U.

Example 5.1.1. {0}, V,null 7, range 7" are invariant subspaces of V under 7.

51
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5.2 Eigenvalues and Eigenvectors
Take any v € V such that v # 0, consider the set
U ={Av:A eF} =span(v).

Then U is a one dimensional subspace of V. Suppose U is a invariant subspace of V
under 7', then we have
Tv = Av.

Conversely, if Tv = Av for some A € F, then span(v) is a one dimensional subspace of
V invariant under 7'. Vectors v and scalars A satisfying it are given special names:

Definition 5.2.1. Suppose 7' € L(V'). A number A € F is called an eigenvalue of 7 if
there exists v € V such that v # 0 and Tv = Av. v is called an eigenvector of 7.

Proposition 5.2.1. Let V be finite dimensional and T € L(V). Let A € F. Then the
following are equivalent:

1. Ais an eigenvalue of T ;
2. T — Al is not injective;
3. T — Al is not surjective;
4. T — Al is not invertible.

Proof. If 1 is true, then Tv = Av for some nonzero v. Thus (T — Al )v = 0 for some
nonzero v, this implies 2. The converse is also true, hence 1,2 are equivalent. For an
endomorphism, 2, 3, 4 are equivalent by Thm.3.5.3. O]

Theorem 5.2.1. Suppose T € L(V). Let Ay, -+ , A, be distinct Eigenvalues of T and
V1, , Uy be corresponding eigenvectors. Then vy, --- , vy, is linearly independent.

Proof. Suppose eigenvectors is linearly dependent. Let k be the smallest positive inte-
ger such that

Vg € span (vq,...,Vk—1).
The existence of k is gauranteed by Thm.2.2.1. Thus there exists ay, -+ ,ax—; € F such
that
Vp = aivy + -0+ dg—1Vk—1. (5.1)

Apply T on both sides:

AV = aiA vy + -+ + dp—1 Ak—1Vk—1.
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Multiply both sides of (5.1) by A, and subtract the equation above we get

0=a; Ak —A) v+ +ak—1 Ak — Ak—1) Vk—1.

Since vq,---, Vg1 is linearly independent and A’s are distinct, we have a; = 0 for
1 <i < k — 1. But then (5.1) implies that vy = 0, contradicting the definition of an
eigenvector. 0

Theorem 5.2.2. Each endomorphism T € L(V') on a finite dimensional vector space
V' has at most dim V' distinct eigenvalues.

Proof. Let Aq,--- A, be distinct eigenvalues of 7. Then by Thm.5.2.1 the correspond-

ing eigenvectors vy, - , Uy, 1s linearly independent. Thus m < dim V' by Thm.2.2.2.
]

Given a linear map 7" we can make more complicated transformations by using
p(T). Leta; € F, then p(T) is defined by

p(T) =agl +a,T +aT*> +---+a,T™.

We can also define the multiplicative properties of such an operator. Since polynomial
multiplication is commutative, we can define

(p)(T) = p(T)q(T) = q(T)p(T) = (gp)(T).

For the proof see Axler pg.144.
Now we have the central results about operators on complex vector spaces.

Theorem 5.2.3. Every operator on a finite dimensional, nonzero, complex vector space
has an eigenvalue.

Remark 5.2.1. Note that this need not to be true for real vector spaces like R%. For
example, the rotation transformation does not have any eigenvalues and eigenvectors
(every vector gets rotated).

Proof. Take V as a complex vector space with dim V' = n > 0. Let 7' be an endomor-
phism. Choose v € V with v # 0. Then

v,Tv,T?v,....T"

is not linearly independent since its length is 7 + 1 > n by Thm.2.2.2. Thus there exists
aog, - ,a, € C, not all 0, such that

O0=aov+a,Tv+---+a,T"v.
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By the Fundamental Theorem of Algebra (Thm.4.0.5), there exists a factorization such

that
0=apv+a1Tv+---+a, T"v

= (aol +a1T—|—---+anT”)v
=c(T—MA1)---(T—Apnl)v.

Thus 7' — A, I is not surjective for at least one j, which gives the desired eigenvalues.
O]

5.3 Upper-Triangular Matrices

The following proposition demonstrates a useful connection between upper-triangular
matrices and invariant subspaces.

Proposition 5.3.1. Suppose T € L(V) and v, --- , v, is a basis of V. Then the follow-
ing are equivalent:

1. the matrix of T with respect to vy,--- , v, is upper triangular;
2. Tvj € span(vy,---,v;j) foreach j = 1,--- ,n;
3. span(vy, - -+, v;) is invariant under T for each j = 1,--- ,n.

Proof. The equivalence of 1 and 2 follows immediate from the definition of a matrix.
Obviously 3 implies 2. Now we prove that 2 implies 3.
Suppose 2 holds. Fix j € {1,--- ,n}. From 2 we know that

Tvy € span(vy) C span (vl, o 5)

Tv, € span (v, v,) C span (vy,..., ;)
Tv; € span(vl,...,vj).
Thus if v is a linear combination of vy, -+, v;, then Tv € span(vy,--- ,v;), as desired.

]

Theorem 5.3.1. Let V be a finite dimensional complex vector space and T € L(V).
Then T has an upper-triangular matrix with respect to some basis of V.

Proof. Use induction on the dimension of V. Clearly when dim V' = 1, scalar mul-
tiplication (A) is upper-triangular, thus the desired result holds. Now suppose that
dim V' > 1 and the desired result holds for all complex vector spaces whose di-
mension is less than the dimension of V.
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Let A be an eigenvalue of 7', whose existence is gauranteed by Thm.5.2.3. Let
U = range(T — AI).

Obviously 7" — A is not injective, hence it is not surjective by Thm.3.5.3. Therefore,
dimU < dimV.
We claim that U is invariant under 7'. To prove this, let u € U. Then

Tu = (T —Al)u + Au.

Obviously (T — Al )u € U, which is the range of T — AI. Also, since U is a subspace,
Au € U. Thus their linear combination (7" — Al )u 4+ Au € U. This proves the claim.

Thus 7’|y is an operator on U. By the induction hypothesis (note dimU < dim V),
there is a basis uy,--- ,u, of U with respect to which 7’|y has an upper triangular
matrix. Thus for each j we have

Tu;j = (T|y) (u;) € span (u1,...,u;)
by Prop.5.3.1. Extend this to a basis uy,--- , U, vy,--- , v, of V. For each k, we have

Tvr = (T — Al)vg + Avg.

Since (T — Al)vy € U = span(uy,--- , Uy), we claim that

Tvy € span (Uq, ..., U, V1,..., V)
foreach k. Thus, T has an upper triangular matrix with respect to the basis uy, « -+ , Uy, vy, -
of V. This concludes the proof. [

Proposition 5.3.2. Suppose T € L(V') has an upper-triangular matrix with respect to
some basis of V. Then T is invertible if and only if all the entires on the diagonal of
that upper-triangular matrix are nonzero.

Proof. Suppose vq,---, v, is a basis of V' with respect to 7" has an upper-triangular
matrix

A.l k

Az
M(T) = ) . (5.2)

0 An
First suppose all the diagonal entires are nonzero. This implies that Tv; = Aqv;.
Because A, # 0, we have T'(v;/A;) = v;. Thus v; € range T.

Now,

T (v2/A2) = avy + v,

,Un
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for some a € F. The left hand side of the equation above and av; are both in range 7.
Hence v, € range T.
Similarly,
T (U3/k3) = bl)1 + cvy + Vs,

and we can conclude that v3 € range 7. In fact, using the same procedure we can
conclude that vy --- , v, € range T'. Since range is a subspace, their linear combination
must also be in the range, giving range 77 = V. Thus T is surjective, implying the
Invertibility by Thm.3.5.3.

Now suppose that T is invertible. This implies that A; # 0, cause other wise
Tvy = 0. Suppose A; = 0 for some 1 < j < n. Then (5.2) implies that 7" maps
span(vy, -+, v;) into span(vy, - -+ , v;j—1), which is one dimension less. Hence 7 is not
injective and cannot be invertible, a contradiction, as desired. O]

Theorem 5.3.2. Suppose T € L(V') has an upper-triangular matrix with respect to
some basis of V. Then the eigenvalues of T' are precisely the entires on the diagonal of
that upper-triangular matrix.

Proof. Say we have the upper-triangular matrix

/’\1 k
2
M(T) =
Then
/11 —A %
Ay —A
M(T —Al) =
0 Ap — A
Hence 7' — AI is not invertible if and only if A = A; for some j by Prop.5.3.2. Thus A
is an eigenvalue of 7 if and only if A = A; for some ;. ]

5.4 Eigenspaces and Diagonal Matrices

Definition 5.4.1. A diagonal matrix is a square matrix that is 0 everywhere except pos-
sibly along the diagonal.

Definition 5.4.2. Suppose T € L(V) and A € F. The eigenspace of T corresponding
to A, denoted by E(A, T), is defined by

EA,T) = null(T — AD),

which is the set of all eigenvectors of 7' corresponding to A, along with the zero vector.
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Example 5.4.1. This is a diagonal matrix:

S O
S v O
wn O O

Suppose this matrix is with respect to basis vq, v, v3. Then
E@,T) =span(vy), E(5,T) = span(v,,v3).
Lemma 54.1. dim(U; & --- & U,) = dimU; + --- + dim U,,.

Proof. Choose a basis u; j for each U;, where 1 < i < dim U;. Then concatenate these
bases into a list with length ) dim U;. We claim that this is a basis of U; & --- & U,,.
Clearly u;j # cuyj for any ¢ € F for each j since we chose them as a basis of
U;. Also, u;p # cuyq for any ¢ € F and for u;p € U, and uxg € U,. Otherwise,
there will be two ways of expressing a vector in U; @ --- @ U, one involving a vector
(14+c)urg € U, and one involving u; p +urq, contradicting the fact that U; &--- @ U,
is a direct sum. [

Theorem 5.4.1. Suppose V is finite dimensional and T € L(V'). Suppose A1, , Am
are distinct eigenvectors of T. Then the sum

EM,T)++E QA T)
is a direct sum. Further more,
dimE (A, T)+:--+dimE (4,,,T) <dim V.
Proof. To show that E (A1, T) + -+ + E (A, T) is a direct sum, suppose
Uy + -+ u, =0,

where each u; € E(A,T) for some eigenvalue. Since eigenvectors corresponding to
distinct eigenvalues are independent, this implies that each u; = 0. By the criterion of
a direct sum, this implies that £ (A,,T) + --- + E (A, T) is a direct sum.

Now, according to the previous lemma, we have

dmE AL T) 4+ +dimE A, T) = dim(E (A1, T) @ ® E (A, T))

<dimV.

The inequality holds because the direct sum forms a subspace of V', which has a dimen-
sion less than that of V', by what we discovered in Chapter 2. [
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Definition 5.4.3. An operator 7" € L(V) is diagonalizable if the operator has a diagonal
matrix with respect to some basis of V.

Theorem 5.4.2. Suppose V is finite dimensional and T € L(V). Let Ay, -+ , Ay, denote
the distinct eigenvalues of T'. Then the following are equivalent:

1.
2.

T is diagonalizable;
T has a basis consisting of eigenvectors of T ;

there exists 1-dimensional subspaces Uy, --- ,U, of V, each invariant under T,
such that
V=U & &Up,:

V=EMT)® - ®EAnT);
dimV =dimE (A, T) + -+ + dim E (A, T) .
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Proof. 1 and 2 are clearly equivalent.

Suppose 2 holds and V has a basis vy, -+ , v, consisting of eigenvectors of 7. Let
U; = span(v;) for each j. Clearly U; is a one dimensional subspace invariant under 7
for each j. Because vy, -+ , v, is a basis of V', each vector in V' can be written uniquely
as a linear combination of v’s, that is, it can be written uniquely as a sum u + - -+ 4+ u,
where eachu; € U;. Thus V = U, & --- ® U,. Hence 2 implies 3.

Now suppose 3 holds. Thus there exist one dimensional subspaces Uy, :-- , U, of
V', each invariant under T such that V' = U; & --- @ U,. Let v, € U; be a nonzero
vector for each j. Then each v; is an eigenvector of 7. Because each vector V' can be
written uniquely as a sum u; + --- + u,, where u; € U;, we see that vy,--- ,v, 18 a
basis of V. Thus 3 implies 2.

At this stage, we know that 1,2, 3 are equivalent. We finish the proof by showing 2
implies 4, 4 implies 5, and 5 implies 2.

Suppose 2 holds, then V' has a basis consisting of eigenvectors of 7. This directly
implies that

V=EWXM,T)+ -4+ EQA,T). (5.3)

Hence 4 holds.
Now suppose 4 holds, (5.3) and the previous lemma immediately implies 5.
Finally, suppose 5 holds. That is,

dimV =dimE A, T) + -+ dimE Ap, T) .

Choose a basis of each eigenspace. Put them together to form a list vy, - -+ , v, of eigen-
vectors of T, where n = dim V. To show that the list is linearly independent, suppose

avy +---+ayv, = 0.

For each j, let u; denote the sum of all the terms ay v such that vy € E(A;, T). Thus
eachu; € E(A;,T). We have

U+ +u, =0.

Because the eigenvectors corresponding to distinct eigenvalues are independent, this
implies that each u; = 0. Because each u; is a sum of terms axvx, where vi’s were
chosen to be a basis of E(A;, T), they are independent. Hence ax = O for all k. Thus
V1, , Uy, are linearly independent and hence is a basis of V. Thus 5 implies 2.

Now we are done. ]

Example 5.4.2. Not all operators are diagonalizable. For example, T'(w, z) = (z,0) is
not diagonalizable.

We conclude this chapter with one last theorem.
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Theorem 5.4.3. If T € L(V) has dim V distinct eigenvalues, then T is diagonalizable.

Proof. eigenvectors corresponding to different eigenvalues are linearly independent.
And a linearly independent list of dim V' vectors in V' is a basis of V. With respect
to this basis, 7" has a diagonal matrix. 0



Chapter 6

Inner Product Spaces

If people do not believe that mathematics is simple, it is only because
they do not realize how complicated life is.

-John von Neumann

The inner product was inspired by the properties of the dot product and can be seen
as a generalization of the dot product. In this chapter we study the inner product and
inner product spaces.

6.1 Inner Products and Norms

Definition 6.1.1. An inner product on V is a function that takes each ordered pair (u, v)
of elements of V' to a number (1, v) € F and has the following properties:

1. positivity: (v,v) > O0forallv € V;

2. definiteness: (v, v) = 0 if and only if v = 0;

3. additivity in the first slot: (¢« + v, w) = (4, w) + (v, w) forallu,v,w € V;
4. homogeneity in the first slot: (Au,v) = A(u,v) forallA e Fandallu,v € V;
5. conjugate symmetry: (1, v) = (v, u) forallu,v € V.

Remark 6.1.1. The last property is worth noting. When doing a dot product, we have
x - x = ||x||?. But when z € C, we also want to think of ||z||? as the inner product of z
with itself. Since

Izl = V1P 4o+ [l = 2150+ o+ 207,

61
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Thus we want to define the inner product of w, z € C” to be
(w,z) = wz1 + -+ + WyZ,.

Then it is clear that (z, w) is the complex conjugate of the equation above. Hence we
have the fifth property. Every real number is equal to its complex conjugate. Thus if we
are dealing with a real vector space, then this condition simply says that (u, v) = (v, u)
forallv,w € V.

Example 6.1.1. Here are some examples of inner products. The Euclidean inner prod-
uct on F” is defined by

((wlv"'7wn)7(21""7zn)) = wlZ+“'+ wnZ‘
An inner product on F” can also be defined as:
(Wi, ..y wn), (21, ..., 20)) = CAWIZ1 + -+ + CRWnZa,

for some positive numbers ¢y, -+ , Cy.
An inner product can be defined on the vector space of real-valued continuous func-
tions on the interval [—1, 1] by

1
(f.8) = g f(x)g(x)dx.

An inner product can be defined on P(R) by

{(P.q) =f0 p(x)q(x)e *dx.

Definition 6.1.2. An inner product space is a vector space V' along with an inner product
on V.

Notation 6.1.1. For the rest of this chapter, V' denotes an inner product space over F.
Proposition 6.1.1. Here are some basic properties of an inner product.

1. For each fixed u € V, the function that takes v to (v,u) is a linear map from V
toF.

2. (0,u) = 0foreveryu €V.
3. (u,0) =0 foreveryu V.

4. (u,v+w) = (u,v) + (u,w) forallu,v,w € V.
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5. (u,Av) = Au,v) forall A e Fandu,v € V.

The proof of all these properties are not difficult and can be found in the book
(pg.167-168).
Now we define the norm of a vector.

Definition 6.1.3. For v € V, the norm of v, denoted by ||v||, is defined by

vl = v/ (v, v).

Example 6.1.2. With the Euclidean inner product, we have

1Groeeoszll = 121+ - + [zl

In the vector space of continuous real-valued functions on [—1, 1], along with the inner
product defined on it, we have

1£1 = / (.

Proposition 6.1.2. Here are some properties of the norm:
1. ||[v|| = 0ifand only if v = 0;
2. ||Av|| = |Al||v]| for all A € F.

Again the proof is trivial according to the definition, hence it is omitted. It can be
found on Axler pg.169.
Now wed come to a crutial definition.

Definition 6.1.4. Two vectors u, v € V are called orthogonal if (1, v) = 0.
Theorem 6.1.1. If u, v are two nonzero vectors in R", then
(u,v) = [lul[llv] cos 6,

where 0 is the angle between u and v. Thus two vectors in R" are orthogonal if and only
if the cosine of the angle between them is 0, that is, if and only if they are perpendicular.

Proof. Consider the following picture:

[Tul]

[lu— |

[lvl|
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Using the law of cosine we get:

lu = vl = lull® + ol = 2[[ull o] cos 6.

Hence,
=2|lu|||v]cos @ = (u,u —v) — (v,u —v) — (u,u) — (v, v)
= —(u,v) — (v, u).
Since in real vector space we have (u,v) = (v,u), we immediately get the desired
result. 0

Proposition 6.1.3. We consider the orthogonality of 0:
1. 0 is orthogonal to every vectorin V;
2. 0 is the only vector in V that is orthogonal to itself.
Proof. Once again, the proof is trivial (pg.170). U

Theorem 6.1.2. (Pythagorean Theorem) Suppose u,v € V are orthogonal vectors.
Then

e + vl = Jlul® + o).

Proof.
||u—|—v||2 =(u+v,u-+v)

= (u,u) + (u,v) + (v,u) + (v,v)
= [lul® + llv]|*.

Remark 6.1.2. The proof above holds if and only if
(u,v) + (v,u) = 2Re(u,v) = 0.
Thus the converse of the Pythagorean Theorem holds in real inner product spaces.

Now given a vector u € V', we want to write it as a scalar multiple of another vector
v € V plus a vector orthogonal to v. This gives rise to the orthogonal decomposition.

Theorem 6.1.3. (Orthogonal Decomposition) Suppose u,v € V and v # 0. Let

(u,v) (u,v)
c = 3 and w=u-— 5 V.
vl vl

Then
(w,v) =0 and u=cv+w.
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Proof. Straightforwardly,
(w,v) = (u—cv,v) = (u,v) —c|v]|>
Substituting the value of ¢ immediately gives the desired result. [

Using the orthogonal decomposition, we can prove the Cauchy-Schwarz inequality,
one of the most important inequalities in mathematics.

Theorem 6.1.4. Cauchy-Schwarz Inequality Suppose u,v € V, then
[(u, v)| < [ul[][v]l-

The inequality becomes an equality if and only if one of u, v is a scalar multiple of the
other.

Proof. 1If v = 0, then both sides give 0. Thus we can assume that v # 0. Consider the
orthogonal decomposition
(u, v)

Uu=——v+w
[v]|?

given by Thm.6.1.3, where w is orthogonal to v. By the Pythagorean Theorem,

(u.)
”””ZZH v
Tk
(e, )2
= S e

_ o)

lvll>

2
+ Jw|?

This immediate gives the desired result. [

Example 6.1.3. Here are some examples of Cauchy-Schwarz inequality:
If x,y € R", where x = (x1,--- ,Xx,),y = (V1,-+-, Vn), then

iy 4+ Xyl < (6 + -+ x2) (7 4+ )

If f, g are continuous real-valued functions on [—1, 1], then

2 1 1
< ( [ 1<f(x)>2dx) ( [ 1<g<x)>2dx) .

The next inequality is used extensively in analysis:

1
' /_ g
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Theorem 6.1.5. Triangle Inequality Suppose u,v € V, then
[ + vl < lJull + [lv].

This will become an inequality if and only if one of u, v is a nonnegative multiple of the
other.

Proof.
lu +v|* = (u +v,u+v)
= (u,u) + (v,v) + (u,v) + (v, u)
= (u.u) + (v, v) + (u,0) + (u,v)
= [lull® + llv]* + 2 Re(u, v)
< flull® + llvll* + 2/ {u. v)|
< full® + [lvll* + 2lul ]|
= (lull + vl
where the second-to-last step follows from the Cauchy-Schwarz inequality. [
The final theorem is called the parallelogram equality. It states that in every parallel-

ogram, the sum of the squares of the length of the diagonals equals the sum of squares
of the lengths of the four sides.

Figure 6.1: The parallelogram equality.

Theorem 6.1.6. Suppose u,v € V, then
lu + vl + flu = vlI> = 2 (Jull® + [[v]?) .
Proof.
lu +vl* + e — vl =(u + v.u +v) + (u —v,u —v)
=[ull® + lvl* + (u, v) + (v, u)
+ lul® + vll* = (u, v) — (v, u)
=2 (ul® + [lv]?) -
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6.2 Orthonormal Bases

Definition 6.2.1. A list of vectors is called orthonormal if each vector in the list has
norm 1 and is orthogonal to all the other vectors in the list. In other words, e, - - , e,
in V' is orthonormal if

(e . e ) . 1 lf] - k,
PERIZ 0 i #£ k.
Proposition 6.2.1. Ifey,--- , e, is an orthonormal list of vectors in V', then

larer 4 -+ + amem | = a1 + -+ + |am]*.

Proof. Each e; has norm 1, this follows easily from repeated applications of the Pythagorean
Theorem. U

Corollary 6.2.1. Every orthonormal list of vectors is linearly independent.

Proof. Suppose ey, -+ , e,, 1s an orthonormal list of vectors in V' such that
ae; + -+ ame, = 0.

Then by the previous proposition we see that |a;|> + -+ + |a,|* = 0. Consider A =
(ay,+++ ,am), Then (A, A) = Y |a;|*. This suggests that A = 0 and @; = 0 for all i.
Thus ey, - - , ey, 1s linearly independent. 0

For any choice of basis vy,--- ,v, € V, we can write v = ) _a;v; givenany v € V.
The number a;’s, however, can be difficult to calculate. But the next theorem tells us
that for an orthonormal basis, it is easy.

Theorem 6.2.1. Suppose ey, --- , e, is an orthonormal basis of V and v € V. Then
v={(v,e1)e; +---+ (v,e,) ey

and
o[> = [(v,er)]? + - + [(v, en)]?.

Proof. Because e’s is a basis of V', we can write

vV =ae; +---+axe,.

Because ej,--- , e, is orthonormal, taking the inner product of this equation with e;
gives (v,e;) = a; for all j. Thus the first equation holds.
The second equation immediately follows from the previous proposition. 0

The next theorem tells us that given a linearly independent list, there exists an algo-
rithm to convert them into an orthonormal list with the same span.



68 CHAPTER 6. INNER PRODUCT SPACES

Theorem 6.2.2. (Gram-Schmidt Procedure) Suppose v1,-+- , Uy, is a linearly indepen-
dent list of vectors in V. Let ey = vi/||v1]||. For j = 2,---,m, define e; inductively
by

o = U —(vj.er)er = —(vj.e;-1)€j

] _ .
[v; = (v er)er =+ —(vj.ej-1)ej|
Then ey, --- , ey is an orthonormal list of vectors in V such that
span(vl,...,v‘,-) = span (el,...,ej).

Proof. Use induction on j. For j = 1, span(v;) = span(e;) since v; is a positive

multiple of e;.
Suppose 1 < j < m, and suppose we have verified that

span (vq,...,vj_1) = span (e1,...,e;_1).

Note that v; ¢ span (vi,...,v;—1). Thus v; ¢ span (e, ...,e;—1). Hence we are not
dividing zero in the definition of e; given in the theorem. Dividing a vector by its norm
produces a new vector with norm 1. Hence |e;| = 1.

Let1 <k < j. Then

. _ vj—(vj,el)el—--.—(vj,e‘,-_l)e.,-_l
(e”e")‘<uvj—<v,-,e1>e1—~--—<vj,ej-1>ej-lu’ek
(v ex) = vy, ex)
[v; = {viser)er == (v 1) €51
=0.

Thus ey, -+, e; is an orthonormal list.
From the information given above, we see that

Vi, ,Vj—1 € span(vy, -+ ,Vj—1) = span(e,--- ,e;_1) C span(e,--- ,e€;).

And since v; € span(e;,---,e;), we see that span(vy,---,v;) C span(ej,---,é€;).
Both lists are linearly independent, thus both subspaces have dimension j, and hence
they are equal. This completes the proof. [

Example 6.2.1. For an very interesting and important example of the application of the
Gram-Schmidt procedure, see Axler pg.184.

Theorem 6.2.3. Every finite dimensional inner product space has an orthonormal basis.

Proof. Choose a basis of this space V' and apply the Gram-Schmidt procedure to it,
producing an orthonormal list with length dim V. Since this orthonormal list is an inde-
pendent list with the right length, it is a basis. [
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Proposition 6.2.2. Suppose V is finite dimensional. Then every orthonormal list of
vectors in V can be extended to an orthonormal basis of V.

Proof. Suppose ey, -+ , e, 1s an orthonormal list of vectors in V. They are linearly
independent. Hence this list can be extended to a basis ey, -+ , €y, V1, -+ , v, of V. Now
apply the Gram-Schmidt procedure to this concatenated list, producing an orthonormal
listey, -+, em, f1,- -, fu. Here the procedure leave the first m vectors unchanged since
they are already orthonormal. Thus this is an orthonormal basis of V. 0

Proposition 6.2.3. Suppose T € L(V). If T has an upper-triangular matrix with re-
spect to some basis of V, then T has an upper-triangular matrix with respect to some
orthonormal basis of V.

Proof. Suppose T has an upper-triangular matrix with respect to some basis vy, -+ , Uy
of V. Then span(vy,--- ,v;) is invariant under 7" for each .

Apply the Gram-Schmidt procedure to this basis and produce an orthonormal basis
ey, -+ ,e, of V. Because

span (el, ... ,ej) = span (vl, el vj) ,
for each j, we conclude that span(ey, --- , e;) is invariant under 7 for each j. This is
the desired basis with respect to which 7" has an upper-triangular matrix. [

Corollary 6.2.2. Suppose V is a finite dimensional complex vector space and T €
L(V). Then T has an upper-triangular matrix with respect to some orthonormal basis
of V.

Proof. Recall that 7' has an upper-triangular matrix with respect to some basis of V.
Now apply the proposition above. 0

Definition 6.2.2. A linear functional on V is an element of L(V, F).

Theorem 6.2.4. Suppose V is finite dimensional and ¢ is a linear functional on V.
Then there is a unique vector u € V such that

p(v) = (v.u)
foreveryv € V.

Proof. First we show the existence of such a vector u € V. Letey,---,e, be an or-
thonormal basis of V. Then

e() =@ ((v,er)er + -+ (v,ey) en)
= (v,e1)p(e1) +---+ (v, en) ¢ (en)

:(v,Me1+---+men>
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for every v € V. Thus setting

u=gleer + -+ ¢enen

and we find the desired u. Now we prove that this u is unique. Suppose u,u, € V
such that

p(v) = (v, u1) = (v, us)

for every v € V. Then
0= (v,u1) — (v,u2) = (v,u; —us)

for every v € V. This implies that u; — u, = 0 or u; = u,. This completes the
proof. 0

Example 6.2.2. Axler pg.188.

Remark 6.2.1. u is uniquely determined by ¢ in the theorem above. This u is the same
regardless of what orthonormal basis of V' is chosen.

6.3 Orthogonal Complements and Minimization

Definition 6.3.1. If U is a subset of V/, then the orthogonal complement of U, denoted
by U+, is the set of all vectors in V' that are orthogonal to every vector in U:

Ul ={veV:(vu)=0foreveryu e U}.
Proposition 6.3.1. Some basic properties of orthogonal complement:
1. IfU is a subset of V, then U~ is a subspace of V.
2. {0yt =vV.
3. Vi ={o.
4. IfU is a subset of V, then U N U+ = {0}
5. f U W CVandU C W, then W+ Cc UL

Proof. The first three properties are easy to prove. We only prove the last two properties.
For 4, take v € U N U+, then (v, v) = 0, which implies that v = 0.

For 5, suppose v € W, then (v,u) = 0 for every u € W, which implies that
(v,u) = 0 forevery u € U. Thus v € U™, and this concludes the proof. [
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Theorem 6.3.1. Suppose U is a finite dimensional subspace of V. Then
V=UeU"

Proof. We first show that V = U + U L. Letey,:--,e, be aorthonormal basis of U.
Obviously

v=(v,e1)e;+ -+ (viem)em +v—(v,e1)e; —---— (V,en) em,

u w

where u € U. Now, since
(w.ej)=(v.ej)—(v.ej) =0,

it follows that w is orthogonal to every vector in span(e;,--- ,e,). Hence w € U+,
This proves our frist claim. To show that this is a direct sum, recall from the previous
proposition that U N U+ = {0}. This proves the theorem by Corollary 1.2.1. [

Corollary 6.3.1. Suppose V is finite dimensional and U is a subspace of V. Then
dimU+ = dimV — dim U.
Theorem 6.3.2. Suppose U is a finite dimensional subspace of V. Then
U= UHt.

Proof. We first show that U C (U+)*. Suppose u € U, then (u,v) = 0 for every
v € U+, this implies that u € (U~+)+, completing the proof in one direction.

Now we prove that U D (U1)+. Take v € (U1)t. By Thm.6.3.1, we can write
v =u+wwhereu € U andw € U (recallthat U € (U+)1). Thenv—u = w € UL,
but since both v,u € (Ut)*, wehave v —u € Ut N (UL)L. Thismeansv =u = 0
orv = u. Since u € U we conclude v € U and (UL)L C U. This proves the
theorem. [

Definition 6.3.2. Suppose U is a finite dimensional vector subspace of V. The orthog-
onal projection of V onto U is the operator Py € L(V') defined as follows:
For every v € V, write v = u + w, where u € U and w € U-L. Then Py(v) = u.

Proposition 6.3.2. Suppose U is a finite dimensional subspace of V and v € V. Then
1. Py e L(V);,
2. Py(u) =u foreveryu € U;
3. Py(w) =0foreveryw € U*;
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4. range Py = U;
5. mull Py = U+,
6. v—Py(v) e UL;
7. PG = Py;
8 [Py = vl;
9. for every orthonormal basis ey, -+ , e, of U,

Pyv = (v,e1)e; + -+ (v, enm) em.

Proof. All proofs of these properties are easy and are thus omitted. For the last property,
recall that

v = (0,61)61 +"'+(U,€m)€m+v—(v,€1)€1—"'—(U,em)em

u w

is a unique decomposition by Thm.6.3.1. And the claim immediately follows. [

The next theorem, which is very critical in Minimization problems (see Strang for
an example about the least square).

Theorem 6.3.3. Suppose U is a finite dimensional subspace of V, v € V, andu € U.
Then

[lv—Pyv| < [lv—ul.
The above is an equality if and only if u = Pyv.
Proof.
lv = Pyv|* < v = Pyv|® + || Py — ul)?
= [|(v = Puv) + (Puv —u)|?
= llv—ul?.

The second step holds because v — Py € U L+ and Pyv —u € U. Thus we can use the
Pythagorean Theorem. [

Example 6.3.1. See Axler pg.199 for an example of approximating sin x with a poly-
nomial.
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Figure 6.2: Py is the closest pointin U to v.
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