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Chapter 1. Categories and Functors

VOCABULARY AND EXAMPLES

1. Definitions. A category C consists of

e A class objC whose elements are called objects;

e A set Hom¢(A, B) for each A, B € objC, whose elements are called morphisms
from A to B;

e A map Hom¢ (A, B)xHome (B, C) — Home (A, C) for each A, B, C € objC, written
(f,9) — gf and called composition;

satisfying

o (Identity Axiom) For each A € objC, there exists a morphism 14 (or id4) in
Home (A, A) such that fl14 = f for all f € Home(A, X) and 149 = g for all
g € Hom¢ (X, A), for any X € objC;

o (Associativity Axiom) h(gf) = (hg)f for all f € Hom¢(A, B), g € Home(B, C),
h € Home(C, D), for any A, B,C, D € objC.

2. Notes and further terminology. Let C be a category.

(1) Morphisms f € Home (A, B) are often written f : A — B or A J, B, even when
they are not maps.

(2) It is tacitly assumed that the sets Hom¢ (A, B) are pairwise disjoint. Thus, any
morphism f in C belongs to a unique Hom-set Hom¢ (A, B), in which case A and B are
called the domain and codomain of f, respectively.

If this disjointness condition does not hold, it can be achieved by redefining Hom¢ (A, B)
to be the set of triples (A, f, B) for original morphisms f : A — B.

(3) Identities are unique in the sense that for each A € objC, there is exactly one
morphism in Home (A, A) satisfying the requirements of the Identity Axiom.

(4) A morphism f € Hom¢(A, B) is called an isomorphism if it has an inverse, i.e., if
there exists a morphism g € Home (B, A) such that gf = 14 and fg = 1p. If an inverse
for f exists, it is unique, and it is denoted f~!. Objects A and B in C are isomorphic (in
C), written A = B if there exists an isomorphism from A to B.

3. Examples. (1) Set. Objects: all sets; morphisms: all maps between sets; composition:
the usual composition of functions. Here the isomorphisms are the bijections.

(2) Top. Objects: all topological spaces; morphisms: all continuous maps; composition:
usual. The description of a category of this type is usually abbreviated to “the category
of topological spaces and continuous maps”. The isomorphisms in this category are the
homeomorphisms.

(3) Grp. Groups and group homomorphisms. Here isomorphisms are the usual group
isomorphisms.

The examples described so far are concrete categories — in the sense that the objects
are sets paired with some kind of structure, the morphisms are functions which respect
the structure in a specified way, and composition of morphisms is the usual composition

of functions.
1



(4) Let P be any poset, i.e., a partially ordered set with respect to a partial order
relation <. There is a category C with
e objC = P;
{(z,9)} (fz<y)
%) (ifx £ y)
e (y,2)(z,y) = (x,2) for any z,y,z € P with z <y < z.

e Home(z,y) = for all z,y € P;

The only isomorphisms in this category are the identity morphisms.
(5) The dual or opposite of a category C is the category C°P with
e 0bjC° = 0bjC;
e Homcor (A, B) = Home (B, A) for all A, B € objC°P;
e composition x equal to the reverse of the composition in C, that is, g x f = fg for
all f € Homeop (A, B) and g € Homeor (B, C).
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Chapter II, Section 4. Additive and abelian categories

Definitions. In the following, let C be a pre-additive category, A, B € objC, and f €
Hom¢ (A, B). (;... A, or R.M,d ;7 Mbwo = ';v-:s ’ Cpi: WJ) i

(1) e f is called a categorical monomorphism in case fg = fh implies ¢ = h for all
morphisms g, h € Home(D, A) and D € objC.

e fis called a categorical epimorphism in case gf = hf implies g = h for all morphisms
g,h € Hom¢(B, D) and D € objC.

(2) o A kernel of f is a pair (K, k) with K € objC and k € Hom¢(K, A) such that
fk =0 and the following universal property is satisfied: Whenever h € Hom¢(K’, A) with
K’ € objC and fh = 0, there exists a unique morphism A’ € Hom¢(K', K) such that
h = kh'.

We write K = Ker(f) in the above case and, by an abuse of language, we refer also to
the object K, which is unique up to isomorphism, as “the” kernel of f.

o A cokernel of f is defined dually. In parallel with the definition of a kernel, the term
cokernel is also applied to the object involved in the pertinent pair, and this object (unique
up to isomorphism) is denoted by Coker(f).

(3) The pre-additive category C is called additive if the following conditions (i) and (ii)
hold:

(i) C has a zero object, i.e., there exists O € objC such that, for every A € objC, both
of the sets Hom¢ (O, A) and Home (A, O) are singletons.

(ii) C has finite direct sums and finite direct products, where direct sums and direct
products are defined in terms of the familiar universal properties and the qualifier “finite”
refers to the corresponding index sets.

(4) The pre-additive category C is said to be abelian if C is additive and the following
additional conditions (iii) and (iv) hold:
(iii) Every morphism in C has a kernel and a cokernel.

% (iv) Every categorical monomorphism in C is a kernel, and every categorical epimorphism
in C is a cokernel.



Kernels and Colkecnels:

Let C be a category. In order to define a kernel in the general category-theoretical sense, C needs to have zero morphisms.
In that case, if f: X — Y'is an arbitrary morphism in C, then a kernel of fis an equaliser of f and the zero morphism from Xto
Y. In symbols:

ker(f) = eq(f, Oxy)

To be more explicit, the following universal property can be used. Akernel of fis an object K together with a morphism k : K
— Xsuch that:

o f.kis the zero morphism from K'to Y;

X
k

K—Y

Oy
e Given any morphism k' : K" — X such that .k is the zero morphism, there is a unique morphism v : K = K'such that k-u
=K%

Note that in many concrete contexts, one would refer to the object K as the "kernel", rather than the morphism k. In those
situations, K would be a subset of X, and that would be sufficient to reconstruct k as an inclusion map; in the nonconcrete
case, in contrast, we need the morphism k to describe how K'is to be interpreted as a subobject of X. In any case, one can
show that k is always a monomorphism (in the categorical sense). One may prefer to think of the kernel as the pair (K, k)
rather than as simply K or k alone.

Explicitly, this means the following. The cokernel of f: X — Y'is an object QO together with a morphism
q : Y — Q such that the diagram

Y

Y

>Q

X

0 xo

commutes. Moreover, the morphism ¢ must be universal for this diagram, i.e. any other such ¢’ : Y — Q'
can be obtained by composing ¢ with a unique morphismu : Q — Q"

As with all universal constructions the cokernel, if it exists, is unique up to a unique isomorphism, or more
precisely:ifg : Y — Qand g’ : Y — Q" are two cokernels of /: X — Y, then there exists a unique
isomorphism u : Q — Q' withq¢'=u q.



ey (0 Tw Rinds | 2 cotegorical epi bt fulls b be suffete . (ot
Pl oR  ebldig
Lt ghe Homppa(QR) sk gi=h8. ‘e glz=hlp . ¢
follows Haat a-:\n.:
[bez\el, 10=300d = 505D =4(3() = g(L)acws,
Howce §(b) ©s a wat n R and 3(¥) =9057'. ]

Tu R-Mod, Mono=injeckive, e,,;—;swsjeckde.
b—\, Abel?n\ Cateéenes K_Mod ) Hb, R,_C"'NT-

(3). K afield, R=K™=zTT. K, ~ K=K 9i.

I=V\“N\= i(b\\) LEIN él&’N ‘Ri=0 for all buf #w:"('dy Moy c i
59

T R—=> P\/T_? does not hawe & herne) tw R-med « fa.

o> *C2eny

kerm= 1 ot §a



C;\ap . Onthe Roar +v Dertved Fumchors.

Note: We'll develop ¥ua tueoty for the olelionm codRgory R-Mod. But
F can be ensily adapted 4o oxbittacy Nockon cateqory.

Def”. Lt R.S be r-’v\QS, F ov addtive furctor R-Mod =8-Mod.
@F @ exact of VsBS 0>ADB e —no, hue sequence
0 = F) B8 ) =B Fied>o

5 exact in 5= Mod (F covariant) | or
+
0 >ree)y BB e X2 iy —o0

cs exact in S-Med (B conttaynsiont)

@ F T called okt exack if 1 exdct sequence
o>aise e
ta R—Mod, <he Sequence
Fif) FY
o —> PN — FIBY — F(c)
M §-Mod 5 exact, te., 4oles monmocrw‘,sms +o (\«onovmocrhi,sms,



Lec 8.

Rm 1) § 1 R-Mod > 8-Mod induces o fanctor  F: R"Com(a - 8~Cow~(3.
2 F2G: R-Med > S-Med, fuen Foaud 6 howe He some exactness properhis.
3) F: R-Mod = §-Med 5 g equvolente yen B i exoch.

Thm 3. (Owr foveunte fidors).
O Wt Me R-Med. Then Homp(M,-) amd Homg(-,M) : R-Mod-2-Maf
oce (ght exack.
@ ot MER-Mod, #htn MO~ :R-Mod 57 ~Mod & CghE Cxact.

of. Old 0—hp18 B0 be exad = R-Mod. Then

Hom () Hor(M9)
0 —> Hom{M/R) —— Hom(M,B) — Hom(M,¢)

s a complex:  Hom(M,A): P2 fod amd Rom(13): P> Go ¥,
eHom (M, ) a mono: Tuwdeed, from fod =0, we obtain p=o since

£ s a mono.
oW Know  Im(Hom(M,£)) € Ker (Rorm (M,8)) Since Fo§od = (qofdocp=o,
To show "2 ot WeWKer(Hom(M/8)), ce. qQeP=0. & Im' Cuerg,

Consides ~

x\—’D‘FL‘Qk\ T
k Y

.,
s,

\‘/\
A
.
* " \

Set b= § oY a cheek
(M8 (§) = fof o=y
The case for Homg (-, M) {ollows similasly. n



@ ot P\g&‘s—)C'—’D be exact v R—Med, “Then Aue Sequence

mef M&g
MBA —> MBR — M@z —> 0

5 a Comfllx. Recall: M®9: mOb —> M B gk Since 4.3 qn‘, So
®* M®9 5 an eFimorrWLSM.
e Since (M®9)(M®F)(mgL) = Mm@ Bogd)(b) =me0 = 0. So

IMM“@“—“"—"CM@g). WTS 2" . Focter M@J:
=B M9

o

MBR — mas/E—> MeC
MOb+E > Mgg(L) .
Ker G = V\er(r«@g)/g, Thus v suftices 4o Show G 3 Mowo.
Pl : Construct a lo}t Twerse H: MOC—MBD[g  sf.
oG = id neejp. Defne
W Mx( — MB/e
(mie) V— mMOb+E , beh ¢t gbd=c.

chek well- dQ{\’v\edneSS o’!, H': So.‘;?ose. SLb)'—'-(j(b’_) where b,b e B.
Then b-b'e \Aer3= Imf . Hence

M®b —meb' = MO (b-b') = MO fw) € Tm(MEF) = E.
Check +hat R’ is Z —biliness ond. R —balamced.
ve 6{ Yonsos Yrco\,uc{ Jives -

with H(M@c)= H(Mm/c)= MmBL+E  whete gb)=c.
Thew

(He 6)(mobrE) = \-\(M@ﬁ(b}) = Mm@ b+E .
Hove G s o mono: Obher case fllows Similay. n



Recall: ta¥ A €2-Mod be an abeliow drowf. aeh & A dorcion elemest
f 3 nezZ\{e} with na =p.
TAY=1aeA: a -orsiond

We say A is dorcion off A= TR.

We say A is dorcionfree T-H' —TU(R) =0,

A element a€P s divisible w R tﬂ— oe np Y nez\3%. (e,
3 behA gt- a=nb.

A s diisine <f all d\- s elements oxe Qduisible.

Comment: TE £ RoM5(AR) ard A dvisible, Hen f(A) also
davisible subgp 4 B.



lec 9q.
. Thew o H°“‘1L+or%ion,+orsl'bw"l:'€e,) =0

o Hom (diviside, felaced ) =0 .

©9. ( Tm3 is HL best ve com hope) :
T
(@) H.OMZ(Z“)"> not \"-'Sh‘l' QW‘{' y 22, a"PL"Cd +to z_”zn

Homy (2w,
“°M7L( yA ,l) M’ H°’V‘l('2Lv\ »En)
w2 {P]
o Uw *0°

So Hom4 (Z,, ™) et au eFfmwrkésW\.

Pomy (R,-) not Tlght xack Consider 9: ZUN) S>> Q.
« not e_r\.._
Hors,(®,9)
0 = Hon( @ 740:3) Horia (BLQ) =0

duvisible redwced

(T) bt R=72. Wt F= 2.0z, n32. Ay Fte 2 Q.

Thew Zn 0 acvisiele, o Q=n@).
n2 0 iz ¢ ¥ Z2,.0n
2.\@11 E— ZV\@Z & Tnu.® R ®o.

So +he map F(w) not a mono.  (ReK. torsen B, dvisible =0).

Qrort -fa2sm Goall -
@ Fid Sxact -FM“C,('O( S.

® Chowcorgt Craet Ll (n R-Mod st. F(A) S exat in S-Mod
for owy additive -Guw;!(ar F:R-Mod — Q-Med .

Next Tam: Tt F(A) exwet where A s o SES, Hhe- F(N') exact
for ony LES A



Thrmy, I§ F: R-Mod —> %-Mad 1s v 2xacc funttor (e, F takhes

SES to SES) , Hew F(R) is exack iv $-Mod where
A - . = Ao {:—“1‘3 A“&e An-s — ...

s @xael v S-Mod .

PF. Facror each ‘Fv\: Arn = An-r s -ro“vws :

-

€a "
AV\ —— L“\('FH) ;La An—l

X = ful() — f.w.

-~

:

Now plit A as flows® 0 —> Tl o) &3 A =35 ToChe).

o2 ol SES. Since T roet, opplyay F gives a SES.
Fllned) r:(-?:)

0 2 FEm{m)) — F(Aw) — F(3-l{)) — 0.
Thes T FCln) = Kee FL).  Nows

F () (R
- 2 FAan) —  F(AW) i—) FlAuw) — -

Claim : & Ker FLLL) = l/(e.rF(jg:)
() TIer FlAaed = Tan F(Lnt)

“These

P 6y fa= Lnofn . So FCfDd= F(LD e FUE).  Simce F
exott, T (mono)=Mono, F(q‘;.ﬂ zepe.  Seo FLLn) a wone.

Thas Ker €5 = KRer €(£1).

L) Shm'.lk\"] FL{,\”): F(Ln-&-\) ° F(-‘fm) o FC&H)

(S €n QFL. So Imf (-le-\) =TI F( l/m-n) .
“Therefore, F(M) s exact.

Fifﬁ Twckallment re @ .
P"a\) S. Lt T e « sel, Tuew
ez - (R‘Mf?d)xﬁ R - Mod
LM.: ,{.:ZM.:-PM'),_'QII—% (-ﬂ‘:.¢zl‘1.:, 1‘261“:{).

n



Dicz : (R-Mod)*—> R-Mod
(M £:: MesN) g Doz m, @:51 &)

M2 oot xact.
?*. Obhuions L'n?-) o

First Tustelmet re @

D™, V) A,BeER-Mod, fe Hom (B  Thee £ os catled split oF
Kes§ s o diceet summand of A, aud Ind s a Alrect swnmond
4 B: AN R eR-Mod vith A=Kecf ® A, oA
B=Im{) ®R'. We cbbreviate: Kecf < GA, IM%EQB,



CHARACTERIZATION OF SPLIT EXACTNESS: SIBLING OF OBSERVATION 7

Lemma 6. Let A, B, C' € R-Mod and f,g,h R-module homomorphisms such that the
following triangle commutes.

A—f>B

hg%

(1) If h is a monomorphism, then Im(f) N Ker(g) = 0.

(ii) If h is an epimorphism, then B = Im(f) + Ker(g).

(iii) If h is an isomorphism, then B = Im(f) & Ker(g).

Proof. (i) Suppose h is a mono, and let b € Im(f) NKer(g). Then b = f(a) for some a € A

and h(a) = g(f(a)) = g(b) = 0. Since h is injective, this shows a = 0, and hence b = 0.
(ii) Suppose h is an epi. Given any b € B, choose a € A with h(a) = g(b). We deduce

b— f(a) € Ker(g). O

Observation 7. Characterization of short exact sequences which are split. For

a short exact sequence A : 0 — A LB S ocs0m R-Mod, the following conditions are
equivalent:

(1) The sequence A is split.

(2) There exists f' € Homp(B, A) such that f'f =ida.

(3) There ezists ¢ € Hompg(C, B) such that g¢’ = id¢.

Proof. “(1) = (2)” By hypothesis B = Im(f) & B’ for some R-submodule B’ of B. Let
fiA— Im(f) be the isomorphism given by f(a) = f(a), and define f’ € Hompg(B, A)
via f/(b) = ()" (z), if b = z +y with 2 € Im(f) and y € B’; this is a well-defined
homomorphism, due to the uniqueness of x and y in the present context.

“(2) = (1)” is immediate from Lemma 6, and the remaining equivalence is shown

analogously. [

The next Observation supplements this criterion. It addresses exactness in tandem with
splitness.

Observation 7*. Let A, B, C be left R-modules, f € Homgr(A, B) and g € Homg(B, C).
Then the following conditions are equivalent:
(1) The sequence 0 — A LBLH 00 split exact.

(2) There exist f" € Homp(B,A) and ¢ € Hompg(C, B) such that ff' + ¢'g = idp and
both triangles in the diagram below commute:




2

Proof. The proof of “(1) = (2)” relies on the same type of argument as was used to
justify Observation 7.

“(2) = (1)” We only need to verify exactness of the sequence; splitness then follows
from the previous observation. Since f'f = id, we find f to be a mono; gg’ = id¢ yields
that ¢ is an epi and ¢’ a mono.

To see that Im(f) C Ker(g), note that f =idg f = ff'f+ ¢'gf. The first summand on
the righthand side of this equation equals f since f’f = ida, which shows that ¢’¢gf = 0.
Since ¢’ is a mono, this implies fg = 0 as required.

To see that Ker(g) C Im(f), let b € Ker(g). Then b =idg(b) = ff'(b) +¢'g(b) = ff'(b)
clearly belongs to Im(f). O






Al

(1),
\')'\3}’«>"




(ec 2.

Thm 4, For MeR-Mod, TEAE:
0, M s projeckve.
@ Hotmg (M, =) : R-Mod — Z-Mod 15 exact,
® Wheever fc Hompa (B,6) & an epi o geHomp(MiC), Hhere
exists ¢ € Homp (M, R) with fod=g.

B —{:» C —>0
g s

M

@ EV¢'1 zfc onto M ¢ g[,l.'-!-.

pf: O=030=0=>0 =0.
Aboresiste: Home (M,—)=: [M. -7,

@é@z Wowe m%eaF y F feee module oith basis (%);e1 , F=M®N,
et £.9 be a5 i ).
Bt c whete T: F>M be 4he proj-

WE- e, Is . .
L:McsF embedding.
M

.
hS
hS
hS
A3
A3
A3
‘\
. T )L
A3
.,
hS
‘\
. |

Detine Ye Homp(F,d vin F(XI=b; i Flbe)=guixd. This
well=defived. Thew foy= Jo. $o feyol =gomel =§o idn=4.
Hewce ¢ =Wei (s o5 (equired.

h



@ =@ : 4ince +ne functor (M) = Homp (M,5) s et exmet, i suffices
to show (M= tastes ¢pis 4o epis. ot B Es¢ >0 be an epi. To
See Haat,
(M€ [(mB] — [ M,c]
Let g€ LMC). Thew we have o diogroe~

&i»

- C
aq> Tﬂ
"M

So 3 beMB) st fod=g. Rt note LR (4= o
Thus (M, =] talles epis += eprs. 1

@ =>®: let f:N=3M be epi. Tew by @, [1,8):[MM->[H,H)
Sepi. 42 3 ¢elMiN]  with -F°+:-‘AM6EM,M1 So :

M—>N

| ¢

By lemme 6 4 e getuse notes, N= Im$ @ ke, So Keed SO0,
Thus § 15 splk, siw@ Tmf =M %M, cince 55 epc 1y
®=0: T (me)jer Generodes 1), thea F=p® i> M
() V>2, "™
6 an epimorphism. By hypethesis, § splits. So Weck BN =F.
Thus N=F/Kkeef =M (15 50 Hamd. This proves . m

A
Cy. L=ting. AN MeR-Mod oxe projective iff R is semisimple



Lec 3.
Tw 3¢2mefa9.; P projective % P & a direct sums 4 f. rodules.
Then [Uaplanskq To P ER-Mod projecrive > p= D C°W*°‘niuguntd>

Cote Tf R 5 Local, Hhen oll projective ~rofules ace free .

Tdea: MeR-Mod. Approximate . p—>M —0 , B, projective .
Ceror: Werf, . Next epproximetion: -E:: P —>> Keef, =0 , O grojective.
Thew comsider

>P‘7 -tt > P\ _>.c| Pu ﬁﬁ, M

ANV

D(Cr-(: \ M{.‘ ( °

De{—" . MeR-MA. A projective fesolution oY— M is on exad sequance
"’3‘)2—“:'.'—>P\';(:\a Po'{:’em —0

whete all P oxe pfajective.

Call such & (eSolution Fimity tﬂo bwgth n if Pa¥o, Pum=o ¥ mon.

Oef”, The prejective dimension pdiva M a:? M s wfiwte H  no
fiarke projective @sl.  Otherwise

P‘A’“M= M"“iv\: P /3 ()faj ('ES\ OF ™M % L(IP)'=n3

Def” . Q%\ di;;(R)'—‘- S'-’-?i_PdLMM : Me R—Med%
Ubt globad  dimension.



€9 . %LALNZ:\ + MePNo=Z-Mod:
- 0= Kel$) —Es PAB (M) —>> M
P.“.{-‘«ce Po
.L%LNM R=0 & R is $¢w3~shme\e.
e ‘Hrlbert [67i1311‘hm] : 6{ i KXy Xad=n, K =feld.
* R=2fpz , ppunme, nz2. f x=x+p"Zz eR.

.
Zfpra —>Ypg —> Lz —0

Y] \ / R=0, VF‘I\)

P2/

~

ot ~



De‘{:v‘. (L"' Me R- Megd, ""9?7 LPILP(:'&"M%D &« ’rosech‘u@ vesSo|ution .
Then Im{, = Kee fanr i called & nh sz, [ Hilbet]
net um'liue up fo '\sovhe\'rhﬂﬁrv\.
So Fiest s%eag‘.las og a modrle (s uMi:t(‘,u.(_ wp ‘o [)fasec'\-(dﬁ Surtmonds ;
Umma 16 [ ochacurl). Let £: P PM avd J:Q-—=>M be epis in R-Mod,
P/ R projective. Then ecf ® R & L(era® P. Ir porticelor, Ke4 Pfaj&'ﬁ\é

Y-ﬂ' W’-rg projecte

P& Consider 4he {a\lowivj Commutalive MAij_-
()

!

(@) %KCV“F uP.—i_;M_%o

x

,H(w[r" 1

o —> Uerf L_——'LBQ —0
(tbv}(""D e [
{0
v Kery — [,Qr%
[
0 0

whece [ = ¢ (PePor: fu =3(~3>3 .

Claim - The 2“'\ (o B eXat, ®eWeek .
M
° (X,\j)€|A¢.f{’ &S 5:0 o\ .G(,Q: 8(3)__._0-



o £is epL ¢ lat 35&. Siuce £ is epe, I xeP wira FO 294y
Hewe (ximdel amk y=F'(x 4.

Since P o projective, the epi g L —>P sqlts. ce. LT P ® ery .

........... e - R N Ry Bl o -7 (PX -
a
mma |6, Al wi S4ZYYUes o2 tmigue wp b Pro\'\eckue SamMands:
Swﬂ:ose Wa, Vo ace ptt \\1'52&;:; Me R-Mod. Thenm 31 Prodeck\/e
modules X, Vo, . W ® Xu = Vo © Ya.
P'r, Sthowwe| + mdudkion, See Guo-uclnespm. ju
Thmlz2, (O For Me R-mod, -TFAE:
(e) po\ﬁhMé'\ < o, o W SYRHgy.
—

4w oo £o
(v) A a proy-cesl.  O>Pa > Pas > >M >0 sk Tmdy =Keeduy

\6 proSQc*(de. .

© I~ AL {roy. Tesl. 6“ M, tu o™ s429y 'S projecie .

® Me R-Mod, TFAE:
(@) patmM =22,
() T a pray. tesl. of M with & Mon-Projeckive Nt syayaw .
(&> Tw AU proy. cegl. F M te i SYeTYRY S Non-prejechve .

e © D@ plimM<n = 2 i sl
0 —Pn iPn-\ﬁ'é'--- —P. B —so
Then Imta = Pn s projective by exmdrness.
(IS (cd: Swppere oy helds. (et



) a °
TR —>Q, > R, —3—>M —>0

be Owother proy. cedl. 6‘- M. FJ{ kmmo 16, T Qn = Uee %""“ J.:-Hers
only be proj- Summands o™ Trfe) = Keclar) . Since Kecfn-) s
Prejective, So (s %U(‘zsﬂ-\)-

(D= (6): PAssume (. Lot
%Pn-‘-\-c:-‘a Pn -P:—) P,,\.-\ g o ""P‘, i;M.eo

be o proy. esl. Thew ImB) =Wee (Lar) & prey. by hypotmests,
Consides +he seq.-

0o W"(:n-\ > Pn-, —=>Pn2—> - "M >p

Thes &6 o proy- fesl. s* (J.vu&\{« £0q.

@ Tmedicte fom ) -



Lec 1S,
QQMZP'\:%L) f n=i
® if n21,
By Chinse remamier Pngorerm:
2m = Z’-p('. Koeoe X ZFsT‘ .
-”\\AS
8QMM&M”§O i{- =\ V<

R ':f 22 for Seme ¢

Def”. Me R-Med (s injective fﬁ Homg (=, M) : R-Med =>7Z-Mod s
exad .

Thi§, For MeR-Mod, TFAE:
D M is injeckive .
@ Whevever ‘F-’X‘-—->Y MonOMof/’hl'SM, g: X—->=M behuecen R- Mods,
BY:¥Y>M, sa §=vwol :

® Eve.c1 Monomolphism (uitin domain M is split.

P‘f‘. Anah:jaus o PfQD‘F oj- Thm 9. o

R""KS & 23 :

(&) M. €R-Mod for ceT. Tuen T Mo injeckig & M, imjeckve Ve



b Al LQH’ R - moduies iujec{'ivé fﬂ' R s sem.’srm(:/e [ﬁC all Pl'?h’f’ Q-/madule,

S Mjestve

lem 19 ( Baer's Criterion), ME R-Med. ~Then TFAE:
M M s njehve.
(2> Fo every diagiam where T is a (ojt ideal o} R,
eMbeold-%_)_,..R'

M

El@eHoMg(Q,M) witl. Bl =¢.

t. (1D @) : Obvicus from Aef of cnjechviy.
(2) = ) : P\SSLMC. (2). To Show (V\jgc{-{dh, o-? M, Consider a OL:-&JI‘AM

Note: Can assume KEY ank £ S embeddng: X $'§:(>\3 =
Thus if we tan show the Submedule case, invecking the iSO = gives dne
deneral case . X _4_[:(_)9 —Y
Consider e 5
P=cth9): Xet'eY amk 3'e Homp(y),m) with §1x=93.
P s pectilly ordesed: el
(¥ a) €080 S Y'ev’ ond 3|y =7
P*d: (Xadep. Luny chain §Yargaddnem has an upper bouwd
(Y™ 8%) wwere Y*= LJYu , 9% yF—=M

F 3 ¢
= ell Aefined b
8 IY“ da (jle{- above ‘1>.



By Zom’s enwma, £ cowtains 6 maxine/ elemet (Yo,30). WTS
Y=Y, Then =30 extewdS & to 7. Thus we ol be done.

Suppose Y, @Y. Pick §e\¥\Y.. Seb ¥, =4 R, Define
T=ireR: riev. 32 R
@t ideal
Pepine @: T—>M by  P()=30(r]). Thenr ¢ Romp (T,M).
BY hypotuesis, B detomg (RyM) with Pl = ¢.
Pefine: 4, ¢ Homp(YsM) via T, =Yo+RY 2oM
$+r 2 (W + P,
Yo
Show only well-defineduess. Then g, ¢ Homg (Y1, M), done,
Swppose \6"\'(‘% - \h-,_-\-f.zg ) NieVYo , FceR. TThen r;g‘—f}_g=aq—5.<‘l'..
So (‘\""38 e VY. \37 ak ot T, r-rpe T,
Moreover. O =8,(0) = 8, ( (a‘-»—r‘%) -(3.,,-\-3%‘)}
=80 (L2i- 8>+ Cr.v—zLa)
Yo Yo
= Joly—ye) + 8o (Cr-r>§).
30 (4) = 3oty + P(ni-r)
= 80 (3) —8e () + P(1 -12)
= jo(a.)+CP(r‘) = (a(n) +P(R))
= 6‘(3\4-1"3)"3,(31-\-&%3:0. ul

"



Lec 16,

Thm 2o, let R be o PIP, Me R-Mod. Then TFAE:
O M is injective
@ M is divisie ( aM=M ¥ oeR\{o}).

pl. O>@®: Asume . To show M dwvislde, (g} ae R\N{o}. Fix
XEM nnd Consider +he A:aﬁmm

vell-defin ol el -
(si:c,e K({ls € ) _5 1 ...... '.,/
[ Aomuilﬂ M

So ﬂ(ﬁ)'—'j(a-ﬂ: Yia-1)= agdeaM.

@30 : AppY Baer: (ot eI s R. (ot Qe Homp (T,M). Siace R
s a D, T=Ra (\:JL06) a%0) . By h\’fo‘ﬂnCSfS, I xeM whh Pla)=ax.
Defe P € Homg (M) via O(r)=rx. Chek Plz=¢. o

Supplement : Divisible Abelien Grcomp.
sxarmples: R, LLP™)  Prafer barowps For p prive .
26 =@ 21 ey
where Tep) « the Suby of Dax Jeverated by le,#%(,ﬂ‘m-xz Viem,
So wé 5el' embeddivgs: [:e. PR‘ =0 and fxTH’l =2L
Z)?, = Z/rcz —> Z/PGHZ = Z/ZPC-H
Z-I-F&:'z —> ri_‘_P(Ha
Alecnake DCN((?‘@'W‘ :
2(90”) = To(Rl2)= ix*-l‘- P"x€Z for some nemN S



T . A€ Z-Mod is divsibe if AT QP Dppee 2™ for some suitable
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Chapter II, Section 5. Flat Modules

Definition. A right R-module M is flat in case the functor M ®r — : R-Mod — Z-Mod
is exact. Flatness of a left R-module is defined symmetrically.

Remarks and Examples. (1) We know that any tensor functor M ®p — is right exact.
Hence Mp is flat precisely, when M ®pr — takes monomorphisms to monomorphisms.

(2) As we saw before, the abelian group M = 7Z/27 fails to be flat in Z-Mod. Indeed,
M ®y — takes the monomorphism Z — Z, z — 2z, to the zero map M ®z Z = 7/27 —
7]27 = M ®y L.

(3) Since tensor products commute with arbitrary direct sums, a direct sum ,.; M; is
flat if and only each M; is flat.

(4) The regular R-module Rp, is flat, because R®pr — = idg.Mod. In light of the preceding
remark, we find that every free R-module is flat, and hence so is every projective R-module.
In particular, if R is semisimple, then all R-modules are flat.

Caution: Here the converse does not hold. In fact, all right R-modules are flat (equiva-

lently, all left R-modules are flat) if and only if R is von Neumann regular, meaning that,
for any r € R, there exists s € R with rsr = r. For instance: The endomorphism rings of
infinite dimensional vector spaces are von Neumann regular, but not semisimple.
(5) Using the adjointness of tensor and hom functors, one obtains: If ¢Mp is a bimodule
such that Mg is flat and N € S-Mod is injective, then r Homg (M, N) is injective in R-
Mod. The proof is a carbon copy of that for injectivity of r Homy(R, D) in case D is
injective in Z-Mod.

FrAT FACcTS. (PROOFS WILL FOLLOW.)

Theorem 26. For any Mg, TFAE:

(a) M is flat.

(b) For any left ideal I of R, the homomorphism idy; ®(1 indl, R): M®rI —- M®grR
18 monic. .

(c) For any finitely generated left ideal I of R, the homomorphism M ® (I ncl, R) :
M@rI — M ®r R is monic.

Our argument for Theorem 26 will be based on a converse to Remark 4 above in the
special case where S = Z and N = Q/Z (Lemma 28 below).
Lemma 27. Let A, B be abelian groups and f € Homy(A, B). Then f is a monomorphism
if and only Homy(f,Q/Z) : Homy(B,Q/Z) — Homgz(A, Q/Z) is an epimorphism.

We will find that the functor Homy(—,Q/Z) is in fact a testing device for flatness.
Indeed, considering the left R-module M* := Homgz (M, Q/Z) for M € Mod-R (the “char-
acter module of M”), we obtain

Lemma 28. For any M € Mod-R,

Mp is flat <= grMT is injective.

Combined with Baer’s Criterion, Lemma 28 will yield a smooth proof of Theorem 26. We
next specialize to a PID. The following fact is readily derived from Theorem 26 (Homework
2).

1
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Corollary 29. Let R be a PID and M an R-module. Then M is flat precisely when M
is torsionfree (the latter meaning that rx # 0 for r € R\ {0} and x € M \ {0}.)

PROOFS OF THE ABOVE FACTS

Proof of Lemma 27. First suppose that f is a mono. Then surjectivity of Homy/(f, Q/Z)
follows from divisibility of Q/Z, alias injectivity of Q/Z.

For the converse, we prove an auxiliary fact: If a € A\ {0}, there exists a map
h € Homgz(A,Q/Z) such that h(a) # 0. Once this fact is established, our claim will
follow. Indeed, surjectivity of the map Homy(f, Q/Z) will then guarantee the existence of
g € Homz(A,Q/Z) with h = Homy(f,Q/Z)(g) = go f, and consequently h(a) # 0 will
imply f(a) # 0.

Proof of the auxiliary fact: Let a € A\ {0}. We know that every nonzero finitely
generated module contains a maximal submodule. Applying this to Za, we obtain a max-
imal subgroup C' C Za. This means that Za/C is a simple abelian group; in other words
Za/C = Z/Zp for some prime p. Now Z/Zp embeds into Z(p>°) which is the p-torsion
subgroup of Q/Z, and hence Za/C embeds into Q/Z. Given that Q/Z is injective, we

obtain a commutative diagram

Za —— A
/
can /
/
/
Za/C /3y,
/

/
¥
Q/Z

and from the fact that a ¢ C' we conclude h(a) # 0. O

Proof of Lemma 28. First suppose that Mp is flat. Then injectivity of M™ € R-Mod
follows from the well-known tensor-hom adjointness as discussed before.

Now suppose that M™ is an injective left R-module. To check flatness of Mg, let
f € Hompg(X,Y) be a monomorphism. By hypothesis

Hompg(f,M™) : HomR(Y, Homy(Y, @/Z)) — HomR(X, Homyz (M, @/Z))
is an epimorphism, and the naturality of the adjointness isomorphisms
HomR(—, HomZ(M, @/Z)) = HomZ(M SQr —, @/Z)

therefore shows that Homy (M ®g f, Q/Z) : Homz(M ®rY, Q/Z) — Homz(M ®r X, Q/Z)
is onto as well. By Lemma 27, we conclude that M ®p f is a mono. [

Proof of Theorem 26. The implications “(a) = (b) = (c)” are obvious.
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We first show “(b) = (a)”: Suppose that (b) is satisfied. To establish flatness, we will
prove that g M is injective and apply Lemma 28.

Our proof for injectivity of RM™ uses Baer’s Criterion: Let ¢ : rI < RrR be the
embedding of a left ideal I of R. By hypothesis, the map M ® ¢t : M ®r I — M ®gr R is

in turn injective. Consequently, injectivity of Q/Z in Z-Mod shows that the upper row of
the following commutative diagram is exact.

Hom(M ® ¢, Q/Z)

Homy (M ®gr R, Q/Z) Homy (M ®r I, Q/Z) 0
+ h — h (oA +
Homp(R, M) Homp(I, MT) ——— =0

Hence the lower row is exact as well. This means that every map in Homg(I, M™1) is a

restriction of a map in Homg(R, M), whence Baer indeed guarantees injectivity of M,
and the argument is complete.

“(c) = (b)”: Assume (c) and suppose there exists an embedding ¢ : I — R, where [ is
a left ideal of R, such that M ® f : M ®r I — M ®pr R fails to be a monomorphism; say
2= 1cicnMi®T; is a nonzero element of M ®@p I which belongs to the kernel of M ® f.
Consider the finitely generated left ideal Iy = Y 1<ij<n BRzi. The element

20 = 1< i<n Mi ® x; is a fortiori nonzero in M ® Iy and the canonical map

M ®p Io — M ®pr I sends 2 to z; in other words z is a nonzero element in the kernel of
M ® (embedding of Iy into R). Thus condition (b) fails as well in this situation. O
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