
 











MATH 236A, F2020

Chapter 1. Categories and Functors

Vocabulary and examples

1. Definitions. A category C consists of

• A class obj C whose elements are called objects ;
• A set HomC(A,B) for each A,B ∈ obj C, whose elements are called morphisms

from A to B;
• Amap HomC(A,B)×HomC(B,C) → HomC(A,C) for each A,B,C ∈ obj C, written

(f, g) $→ gf and called composition;

satisfying

• (Identity Axiom) For each A ∈ obj C, there exists a morphism 1A (or idA) in
HomC(A,A) such that f1A = f for all f ∈ HomC(A,X) and 1Ag = g for all
g ∈ HomC(X,A), for any X ∈ obj C;

• (Associativity Axiom) h(gf) = (hg)f for all f ∈ HomC(A,B), g ∈ HomC(B,C),
h ∈ HomC(C,D), for any A,B,C,D ∈ obj C.

2. Notes and further terminology. Let C be a category.

(1) Morphisms f ∈ HomC(A,B) are often written f : A → B or A
f
−→ B, even when

they are not maps.
(2) It is tacitly assumed that the sets HomC(A,B) are pairwise disjoint. Thus, any

morphism f in C belongs to a unique Hom-set HomC(A,B), in which case A and B are
called the domain and codomain of f , respectively.

If this disjointness condition does not hold, it can be achieved by redefining HomC(A,B)
to be the set of triples (A, f, B) for original morphisms f : A → B.

(3) Identities are unique in the sense that for each A ∈ objC, there is exactly one
morphism in HomC(A,A) satisfying the requirements of the Identity Axiom.

(4) A morphism f ∈ HomC(A,B) is called an isomorphism if it has an inverse, i.e., if
there exists a morphism g ∈ HomC(B,A) such that gf = 1A and fg = 1B. If an inverse
for f exists, it is unique, and it is denoted f−1. Objects A and B in C are isomorphic (in
C), written A ∼= B if there exists an isomorphism from A to B.

3. Examples. (1) Set. Objects: all sets; morphisms: all maps between sets; composition:
the usual composition of functions. Here the isomorphisms are the bijections.

(2) Top. Objects: all topological spaces; morphisms: all continuous maps; composition:
usual. The description of a category of this type is usually abbreviated to “the category
of topological spaces and continuous maps”. The isomorphisms in this category are the
homeomorphisms.

(3) Grp. Groups and group homomorphisms. Here isomorphisms are the usual group
isomorphisms.

The examples described so far are concrete categories – in the sense that the objects
are sets paired with some kind of structure, the morphisms are functions which respect
the structure in a specified way, and composition of morphisms is the usual composition
of functions.
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(4) Let P be any poset , i.e., a partially ordered set with respect to a partial order
relation ≤. There is a category C with

• obj C = P ;

• HomC(x, y) =

{

{(x, y)} (if x ≤ y)

∅ (if x " y)
for all x, y ∈ P ;

• (y, z)(x, y) = (x, z) for any x, y, z ∈ P with x ≤ y ≤ z.

The only isomorphisms in this category are the identity morphisms.
(5) The dual or opposite of a category C is the category Cop with

• obj Cop = obj C;
• HomCop(A,B) = HomC(B,A) for all A,B ∈ obj Cop;
• composition ∗ equal to the reverse of the composition in C, that is, g ∗ f = fg for

all f ∈ HomCop(A,B) and g ∈ HomCop(B,C).
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Chapter II, Section 4. Additive and abelian categories

Definitions. In the following, let C be a pre-additive category, A, B ∈ obj C, and f ∈

HomC(A,B).

(1) • f is called a categorical monomorphism in case fg = fh implies g = h for all
morphisms g, h ∈ HomC(D,A) and D ∈ objC.

• f is called a categorical epimorphism in case gf = hf implies g = h for all morphisms
g, h ∈ HomC(B,D) and D ∈ obj C.

(2) • A kernel of f is a pair (K, k) with K ∈ objC and k ∈ HomC(K,A) such that
fk = 0 and the following universal property is satisfied: Whenever h ∈ HomC(K ′, A) with
K ′ ∈ obj C and fh = 0, there exists a unique morphism h′ ∈ HomC(K ′, K) such that
h = kh′.

We write K = Ker(f) in the above case and, by an abuse of language, we refer also to
the object K, which is unique up to isomorphism, as “the” kernel of f .

• A cokernel of f is defined dually. In parallel with the definition of a kernel, the term
cokernel is also applied to the object involved in the pertinent pair, and this object (unique
up to isomorphism) is denoted by Coker(f).

(3) The pre-additive category C is called additive if the following conditions (i) and (ii)
hold:

(i) C has a zero object , i.e., there exists O ∈ obj C such that, for every A ∈ obj C, both
of the sets HomC(O,A) and HomC(A,O) are singletons.

(ii) C has finite direct sums and finite direct products , where direct sums and direct
products are defined in terms of the familiar universal properties and the qualifier “finite”
refers to the corresponding index sets.

(4) The pre-additive category C is said to be abelian if C is additive and the following
additional conditions (iii) and (iv) hold:

(iii) Every morphism in C has a kernel and a cokernel.

(iv) Every categorical monomorphism in C is a kernel, and every categorical epimorphism
in C is a cokernel.





















Characterization of split exactness: Sibling of Observation 7

Lemma 6. Let A, B, C ∈ R-Mod and f, g, h R-module homomorphisms such that the
following triangle commutes.

A
f

!!

h ""

B

g##!!
!
!
!!

C

(i) If h is a monomorphism, then Im(f) ∩Ker(g) = 0.

(ii) If h is an epimorphism, then B = Im(f) + Ker(g).

(iii) If h is an isomorphism, then B = Im(f)⊕Ker(g).

Proof. (i) Suppose h is a mono, and let b ∈ Im(f)∩Ker(g). Then b = f(a) for some a ∈ A
and h(a) = g(f(a)) = g(b) = 0. Since h is injective, this shows a = 0, and hence b = 0.

(ii) Suppose h is an epi. Given any b ∈ B, choose a ∈ A with h(a) = g(b). We deduce
b− f(a) ∈ Ker(g). !

Observation 7. Characterization of short exact sequences which are split. For

a short exact sequence A : 0 → A
f
−→ B

g
−→ C → 0 in R-Mod, the following conditions are

equivalent:

(1) The sequence A is split.

(2) There exists f ′ ∈ HomR(B,A) such that f ′f = idA.

(3) There exists g′ ∈ HomR(C,B) such that gg′ = idC .

Proof. “(1) =⇒ (2)” By hypothesis B = Im(f) ⊕B′ for some R-submodule B′ of B. Let

f̃ : A → Im(f) be the isomorphism given by f̃(a) = f(a), and define f ′ ∈ HomR(B,A)

via f ′(b) = (f̃)−1(x), if b = x + y with x ∈ Im(f) and y ∈ B′; this is a well-defined
homomorphism, due to the uniqueness of x and y in the present context.

“(2) =⇒ (1)” is immediate from Lemma 6, and the remaining equivalence is shown
analogously. !

The next Observation supplements this criterion. It addresses exactness in tandem with
splitness.

Observation 7*. Let A, B, C be left R-modules, f ∈ HomR(A,B) and g ∈ HomR(B,C).
Then the following conditions are equivalent:

(1) The sequence 0 → A
f
−→ B

g
−→ C → 0 is split exact.

(2) There exist f ′ ∈ HomR(B,A) and g′ ∈ HomR(C,B) such that ff ′ + g′g = idB and
both triangles in the diagram below commute:

A
f

!! B
g

!!

f ′

$$"
"
"
"
"

C

A C
g′

%%#
#
#
#
#
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Proof. The proof of “(1) =⇒ (2)” relies on the same type of argument as was used to
justify Observation 7.

“(2) =⇒ (1)” We only need to verify exactness of the sequence; splitness then follows
from the previous observation. Since f ′f = idA, we find f to be a mono; gg′ = idC yields
that g is an epi and g′ a mono.

To see that Im(f) ⊆ Ker(g), note that f = idB f = ff ′f + g′gf . The first summand on
the righthand side of this equation equals f since f ′f = idA, which shows that g′gf = 0.
Since g′ is a mono, this implies fg = 0 as required.

To see that Ker(g) ⊆ Im(f), let b ∈ Ker(g). Then b = idB(b) = ff ′(b)+ g′g(b) = ff ′(b)
clearly belongs to Im(f). !
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Chapter II, Section 5. Flat Modules

Definition. A right R-module M is flat in case the functor M ⊗R − : R-Mod → Z-Mod
is exact. Flatness of a left R-module is defined symmetrically.

Remarks and Examples. (1) We know that any tensor functor M ⊗R − is right exact.
Hence MR is flat precisely, when M ⊗R − takes monomorphisms to monomorphisms.

(2) As we saw before, the abelian group M = Z/2Z fails to be flat in Z-Mod. Indeed,
M ⊗Z − takes the monomorphism Z → Z, z $→ 2z, to the zero map M ⊗Z Z ∼= Z/2Z →
Z/2Z ∼= M ⊗Z Z.

(3) Since tensor products commute with arbitrary direct sums, a direct sum
⊕

i∈I
Mi is

flat if and only each Mi is flat.

(4) The regular R-module RR is flat, because R⊗R− ∼= idR-Mod. In light of the preceding
remark, we find that every free R-module is flat, and hence so is every projective R-module.
In particular, if R is semisimple, then all R-modules are flat.

Caution: Here the converse does not hold. In fact, all right R-modules are flat (equiva-
lently, all left R-modules are flat) if and only if R is von Neumann regular, meaning that,
for any r ∈ R, there exists s ∈ R with rsr = r. For instance: The endomorphism rings of
infinite dimensional vector spaces are von Neumann regular, but not semisimple.

(5) Using the adjointness of tensor and hom functors, one obtains: If SMR is a bimodule
such that MR is flat and N ∈ S-Mod is injective, then R HomS(M,N) is injective in R-
Mod. The proof is a carbon copy of that for injectivity of R HomZ(R,D) in case D is
injective in Z-Mod.

Flat Facts. (Proofs will follow.)

Theorem 26. For any MR, TFAE:
(a) M is flat.

(b) For any left ideal I of R, the homomorphism idM ⊗(I
incl
−−→ R) : M ⊗R I → M ⊗R R

is monic.
(c) For any finitely generated left ideal I of R, the homomorphism M ⊗ (I

incl
−−→ R) :

M ⊗R I → M ⊗R R is monic.

Our argument for Theorem 26 will be based on a converse to Remark 4 above in the
special case where S = Z and N = Q/Z (Lemma 28 below).

Lemma 27. Let A, B be abelian groups and f ∈ HomZ(A,B). Then f is a monomorphism
if and only HomZ(f,Q/Z) : HomZ(B,Q/Z) → HomZ(A,Q/Z) is an epimorphism.

We will find that the functor HomZ(−,Q/Z) is in fact a testing device for flatness.
Indeed, considering the left R-module M+ := HomZ(M,Q/Z) for M ∈ Mod-R (the “char-
acter module of M”), we obtain

Lemma 28. For any M ∈ Mod-R,

MR is flat ⇐⇒ RM
+ is injective.

Combined with Baer’s Criterion, Lemma 28 will yield a smooth proof of Theorem 26. We
next specialize to a PID. The following fact is readily derived from Theorem 26 (Homework
2).
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Corollary 29. Let R be a PID and M an R-module. Then M is flat precisely when M
is torsionfree (the latter meaning that rx )= 0 for r ∈ R \ {0} and x ∈ M \ {0}.)

Proofs of the above facts

Proof of Lemma 27. First suppose that f is a mono. Then surjectivity of HomZ(f,Q/Z)
follows from divisibility of Q/Z, alias injectivity of Q/Z.

For the converse, we prove an auxiliary fact: If a ∈ A \ {0}, there exists a map
h ∈ HomZ(A,Q/Z) such that h(a) )= 0. Once this fact is established, our claim will
follow. Indeed, surjectivity of the map HomZ(f,Q/Z) will then guarantee the existence of
g ∈ HomZ(A,Q/Z) with h = HomZ(f,Q/Z)(g) = g ◦ f , and consequently h(a) )= 0 will
imply f(a) )= 0.

Proof of the auxiliary fact: Let a ∈ A \ {0}. We know that every nonzero finitely
generated module contains a maximal submodule. Applying this to Za, we obtain a max-
imal subgroup C ⊆ Za. This means that Za/C is a simple abelian group; in other words
Za/C ∼= Z/Zp for some prime p. Now Z/Zp embeds into Z(p∞) which is the p-torsion
subgroup of Q/Z, and hence Za/C embeds into Q/Z. Given that Q/Z is injective, we
obtain a commutative diagram

Za !
"

!!

can
""

A

∃h

##!
!

!

!

!

!

!

!

Za/C
"
#

""

Q/Z

and from the fact that a /∈ C we conclude h(a) )= 0. !

Proof of Lemma 28. First suppose that MR is flat. Then injectivity of M+ ∈ R-Mod
follows from the well-known tensor-hom adjointness as discussed before.

Now suppose that M+ is an injective left R-module. To check flatness of MR, let
f ∈ HomR(X, Y ) be a monomorphism. By hypothesis

HomR(f,M
+) : HomR

(

Y,HomZ(Y,Q/Z)
)

→ HomR

(

X,HomZ(M,Q/Z)
)

is an epimorphism, and the naturality of the adjointness isomorphisms

HomR(−,HomZ(M,Q/Z)) ∼= HomZ(M ⊗R −, Q/Z)

therefore shows that HomZ(M⊗Rf, Q/Z) : HomZ(M⊗RY, Q/Z) → HomZ(M⊗RX, Q/Z)
is onto as well. By Lemma 27, we conclude that M ⊗R f is a mono. !

Proof of Theorem 26. The implications “(a) =⇒ (b) =⇒ (c)” are obvious.
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We first show “(b) =⇒ (a)”: Suppose that (b) is satisfied. To establish flatness, we will
prove that RM+ is injective and apply Lemma 28.

Our proof for injectivity of RM+ uses Baer’s Criterion: Let ι : RI ↪→ RR be the
embedding of a left ideal I of R. By hypothesis, the map M ⊗ ι : M ⊗R I → M ⊗R R is
in turn injective. Consequently, injectivity of Q/Z in Z-Mod shows that the upper row of
the following commutative diagram is exact.

HomZ(M ⊗R R, Q/Z)

∼=
""

Hom(M ⊗ ι, Q/Z)
!! HomZ(M ⊗R I, Q/Z)

∼=
""

!! 0

HomR(R, M+)
h $−→ h ◦ ι

!! HomR(I, M+) !! 0

Hence the lower row is exact as well. This means that every map in HomR(I,M+) is a
restriction of a map in HomR(R,M+), whence Baer indeed guarantees injectivity of M+,
and the argument is complete.

“(c) =⇒ (b)”: Assume (c) and suppose there exists an embedding ι : I ↪→ R, where I is
a left ideal of R, such that M ⊗ f : M ⊗R I → M ⊗R R fails to be a monomorphism; say
z =

∑

1≤i≤n
mi⊗xi is a nonzero element of M ⊗R I which belongs to the kernel of M ⊗f .

Consider the finitely generated left ideal I0 =
∑

1≤i≤n
Rxi. The element

z0 =
∑

1≤i≤n
mi ⊗ xi is a fortiori nonzero in M ⊗ I0 and the canonical map

M ⊗R I0 → M ⊗R I sends z0 to z; in other words z0 is a nonzero element in the kernel of
M ⊗ (embedding of I0 into R). Thus condition (b) fails as well in this situation. !




























































