Lec 1. Homob')_\/_
Homn-\-o?7 .\f»\e,or\}: 6—\««.&\, sPa(gs Osr N N\Ngs uuP’l-o Condinowns dg,F.eroA'td“"

€x:
@ :

"De‘f. A homo—\'opy % a comhinous furekiorr F: X xT — V., where
Xy ﬁpo\os.‘mﬂ, Spoeess amd T=0o0).  For telo]), the
map Tyt XDy is defined sy

F—k("(): F(x,-l:),
Fo, Fii X Y ofe haﬂ\c-l-v(??c rrops «'.F Here 3 a horvlo'l'op)l
E connechng them. Weite: Vo ~F,.
(RNote: =~ homo-l-rPYc, o )vomevmv\‘w\rv:g = TSOMM‘JMC)
We say {f % nul) h,,m.\_‘,‘)(c qi {o & comstoust e X

Ex: 1) b £9: X > . Dekine e stwight ne houvolopy
F: XTI = R
Flx4) = 40> + (1-$24(<) .
Then F is cowticows (check). So —f’.\:ﬁ

» W S'=f2eC:12)=1). Given neZ, F
f,: 8 =¢ fal@=2".
Lotesr we shall see that £ = £ & m=n.

Def. Tf AsX, ad V46T | FRla=1a, we say £ 75 o

homo-('opy feladive to A oc hoMoJroPy el A. We write
To SF rclhA.
‘r\na‘) = Cowtinouws Mo T «\-oPolac\i)y (

'De-f. (ot AcX. A map i X=X is & haghov oo A T O =A
ord tla=1a . (& mx-ax, r=C, P(><>=A>, Fwther,
ris a4 deformetion rettadion owo A L o xddibon

r = 1x.
e I XX V\mﬁ\by sk R=1, F=r.



Ex: W) v 8> H] ot oy

S/
s o rekration bwr nk & Q 7€ 8!
Aa—{-a—(moi\'\\w \‘a-\«uu\r?w -

2> r: €- fo — g by
r(?(e;e)'—' e?@ (% >0)
is & deforemoion reltachbn i ot
F(xe'®, ) = (Q-t) x +4) e'®
Then Fo=1, F =c.
(3) There & no feXfeuhonn T: Lo} —2 io)l} (¢ ot be CM?A«:A)

Since Tma.je_ e". o ceected 5()04_2 wrdet A centinow) —Fw\‘«'\‘\\o“"
15 Connected .

'j?g-lr. L{_‘I’ ,F X - >/ , 6 \/ —é)( Then 2 S homO’\?’);/ nverse # ]C

T—f %of ~ 1y ad {ocsfx 17. “Then £ is o homa‘\'ov eqnivalene.
X ad Y ace hom;b‘:/ eqwialodt Spates . LWORte X =Y.

"De-\— X 39 CN—\'('M*\ble :{’ X = is*f\e_‘)o:n‘\”ﬁ .

(ogm I.]. E\/e,(y defsrma*’s‘em tebrochen is o homo{@“) b e?w:\/olzﬂce,

ﬁ let A <X ad ¢ a deendo AL Then 3 hom°"'0037 Fe: XX
¢f. Fo=1x, T =r. t (: AKX, Then ri=1, ond
i(:rf—‘:":]:o: lx' O

lom 1-2. kom°+o‘37 (&) & e £7u£vn(w relotion on C(X,)’)%{:x‘—?yi
T?f Exercye.

Prop 2. X s controchidle & 1y = & Constant rcp
7 P
@é‘ (%) X Coviotble 7mp\‘\es X ’_"\/ . Thas 33:7’9)( <+ f-'X—>)’
5x 304: =1k, But 50-]: s & Constant mop,
(&). COMVerQQly SHppre lx"—ﬁ-F, (ot 3C XS \/ = S.PS . f_Q,_(;:S(x),
Then 2 F: X xT >Y si. Fo=-1lx oand F,=F.



:{'08 = 1>, . And
So-f = g ~ 1)( \J:Dt F
Thus :F s h‘{'py e_(ifva\?»fd‘ 0O

"\De)[ W+ £ X*)’ ‘Dekme the TV\&PP‘“A C\/\\nder My -F§ by
f’ (% xI)lL\/ /z\, whevre  ((«, |) NJC(.,O
The associatey 1%@,&— P
TW: (X*I)hy —V
w(p) = Cpl.

s'xT
Ex: x=8"3s ¢. -
[om -4 ~There is a dedsrmodidmn
tetoeRon T: ML Y. ¢ $(x) =0x,1]
pf ! Stash the cpinder oA Lk 2=00<Twy. Defing hootop
Fi2zxl — 2

FlOor),)= (% (-H¢'+4) (x>8)) e X% T
~ ’F\'J(\Sl’t)=3. ‘aé)’
Thew Fo=13 . {-’—i:\"w el (xxl)_u.y
here 2 — (X=x)ay

Flxot) = (D) F(y=%.
—Then T 15 a eleformodﬂon retuchow. We have Hie _F.,||W:~3 Commutehive
A?G3<am L

~

Al

2x — 2
“—,‘11[ l ™ MeF = Fo(wxly), (%)

M{ *xLT —> Mf
3F

(%) an\\e,s F s Cor\'\'\hﬁus S £ is Cowtfaoud> omrd  F = ﬂ,..\_)c )
Fize. Thus 7 15 a de][ormwl'-m etrachon - O

T Given o pt XeMEXT, pick o ot Xe2xT Sf, TxAz(0)=X.
Define F(R)= wo T (X). Chede Huis is well—defined.



Qemaf[l. on \QM ]u, .

et Oty be opem. Thor

(rx1g)™ (F"(o)) = (Tro'\;)_‘(o)
IS Obew 6N Tr, F oxe covdinous. Thew shice Tx 1y is «
7ua4?w+ rop ((Hefther Prep AR, (rxaz)'( F(0)) ope~

HF F0) open.

Faqons F(0002,6)= (0 Q0¥+ = (£(x0.0) L )0
f(xe)= % £ 2xT > X
lel UYeX a?ey\ J(,"(LL)= ?((x,f'),—t-)é ZxTL : 'xé\A?)
= ?Cxat')éxq:fxelxlxl
=(LLXI>X'L y‘ww
Ta((xfc')/’o) = (1-t)¢'et (8 )e XxI Fo: Z2x1DL
b LS T be om opon set - U=(ab) WG
L= (), 1) € ZxT 0 (-DE'+t € (o).
= X% WD THT - @Den(a)]
where N:IxI—>T r)(%’rt): C(1-+)t7+3
= XA X 0,\32'\- = e -

Thes \07 mivexsol prehesty ;vXY e Yroc\u;\', E:(x«)XL 5 2
S Con¥inous. Plso, Fiy xT — 2 corTows , where
?(3,-&:)= K é(XX'.Y>_u\/. Lt SLéy be av ﬂ’r% setf,

E(V)=xT ope~ o yxT. The F s ok e~
Huo dpen sebs + (XxI)xT amd YxI. & F & o

Note : Aug= (Axid)u(extd)
(RuB)xT= (Arted=T ) v (fx 23 *T)
= (A*T)U(RxT).

Oper set in (Au®)=T 5 of ahe for (Opn Og)» U



Lec2. Cell Complexes

Neototion : QD%= 87.

3
]"= fxe e 1x\= \3 Tha un¥ N - sphese - ~ v
D= fx e R \x\é\&, The uwnk N- disk.
20"= 8" N

n-cel: et=p"-0".

'De_-& (C_\,J ComP\ex>:
D) Staex with & discree set XP il dyscrete -,—o“aalo%\/.

(2_) Ihéuc:\—‘wely -Fofm —H,.e_ n—sb,e'{;l-on ><V\ -FroM Xn“ 197 Q’H'O.C«""\V'ﬂ
h-celle €% Vie e octtovthing mops WL - D5 = X", This
meand

}7= (x" UL, DY) [~ whee  x~yR0x) for xR
Thas a5 a seb, X = X" Uy €a, where each €2 s an
e n-d.TSQ.
3y 1§ X= X" for some n<cd, hen cal] Nn=dim X . Otheanse
dTMX =00 onvd X= Uan. ’X_ﬂ Hats Caxse KX Ts za\\/c_vx He
U‘)e“'ll- '-‘\"D?D]Og\}f A Se'{' AEX s OFQ,\/\ T‘FP A(\Xﬂ S oFem
o X', ) 'FO(‘Q.“ n.

Ex: )y A &m | CW complex X = %!
’s celled a 3“’?“‘

(2) Sh can oe olstorned b\/ gus‘\' duo cells -
elond e Plipn" el i 4he
Conshonst o.*k'az\'ﬁvz mop.

" can ako be obtoined from a:)ﬁaLhM&

[~ -~

RN . '
dwo b-cells for lk=0,1,...,n. An examPlc \/
a& SL s ?f\/cw_ g

n

We ¢an a\SD de{‘re_ S’o = U S

NS>0



(3) ,Rp“: 3 w (Tnes +hc°"‘%h Of:%;\f\ o 'RV\-\-( 1.
Each e ta RP" s detormined |o~/ o Nenzerd Veckor v (R

nt(
J

Unique wp 4o scedoR MAHV\chH‘w. So 4—»‘»\&%(%& N follows
Re"=(R" - §03) [ vy, Ao,
We can restrict o uni¥ vectors , %o
Re"= S/ (v~ -v).
This 7 Hhe épl«e,fe_ «iHa WA'\'\‘P\\&O-L Q)(S TJ@/\*’:%?@A
& pp” = Tv\ak-?mzc‘r Spoee é&, o hesvisphere = O with Ww\.")odol pts a:‘r
0" identiied.

v D‘n D-f\
Sn ﬁ‘\
n —— -
lQP =~ o T -v = =
N 20" e

But 20"/(omtipedallprs ~) = RP™" . So RP" is obtvined from
lQPH b\/ o&:\'\'o\cl«:ns on n—cel\ en R w?‘\’\/\ P"; DDJ\% (QPV‘—\
be,Tr\j 4he q\;.u-&-‘\ew& moap HProdk }Q\q,d-(-(?es M-\-(deaQ, ‘){'S .

It follows by induthion Pt IRP” hes a cel) daoMFas;#w

2 s ONAVYS eode_‘\)-"‘eﬂ WP ewe (q)\ e' n exehh dinmm (¢N.

Def. Eacw cell ey Tn oo W cem‘:\ex X has o chororer®ic map
Oy DY > K vhieh extends the oaww«\:\ ~of Yo cand is
a* homgomof‘)h,lsm fromm 'm‘t(D;\) o 0= DI-205.
Nc\mely,
Po: DI o XU, OF 5 XN K.

Del. A sm‘omm‘)\ex e%. a CW W\o\axx s a cleded swbspae A X
Shot s a wnien é&, ceMhs amd (X, A) s a CW poAT.

prep 2\ The n- skeledon X" s closed 7n X .
72£ 21A midrerm Q1 & g 313 s bPa\aﬂé\) i \Nl\(owl\'*ulvly many
'I’ecxf no-l—es. I:l



Del Tf X is a finide - dim (O complex. define +he Cder Chowartardhic

A X vy .
Xix)= 2(")Ln; whete Nn;= 4 o} cells of Jimn ¢ 0 X.

“Thm. 1{: X,7 oce Hindte Cw com()lex, Pen X=V =2 %(X)" (X’<\/>

T~€.. 2v~\€( C\/\M (s 0~ 1 kamo\o%y ’;mor?o.v\-\—/’_

P-,[- LO.‘"QX . D

QFe,roJ\'{“ov\s on g?at%

(To BE OONE)



loc 3. Twe HOf"\ﬁ‘\’o?y Extension (Prsfex%\g .

Del. Lot X be a spromnd ASX. The paic (X,A) B said 1o have
the homotopy extersion property T for Qury Spoee Y, e 4 hometepy
Je: A=Y, omap Fo: X2y, s Rlaz §:A2Y, awe can always
£nd « V\onrm-l'opy Fr: X2Y st Fela= g't; Yt
(R, Since +wp mops agree on in;erSean‘w, ot e mop xfod UA"I—W)
E“]";\’MHW avery poX & maps Xxie} Y, AxLT->Y cam be extended
0 ~ Mop KT =2V,

Dy y

X*L AxI

w fod

<) |

(g_w.\ A post (X>R) has the hom0'f:aw extersion ‘we‘?e)rk\k wF xxioo ArI

15 a exock $( XTI .

?ﬁ (=>): gk (%5 BA) howe HEP. Thwem Comsider 4,50 AxT — AXT
osd i,uqc} .Xmiv&—D NEST) 3 —Them Hals PM« owounts +o
o mop A: Xxiax VAXY — x%ﬁo’su/&mlg which bxtends
to amap v X*T S X ~fo] VAXL it s fc/enff-@ on X xfefoAsI
by HEP. Twis v is the deSired ek o .
(D (Griven ¥ FXEROART Y, we wortt o axtend E clly.
37 ad.))v-wx?k.,e'w A oo T K x T —3 ') wx§od v ART, So:
Sov ¢ RxET T>hxte} U AT 3, y
% the desiced axtersiow o



13(_9’(? tH)P'OPO-’G:\_ I‘P (X;A) 55 a CW Pa;fz then it has the homofoo?y
extension ‘)mra(ba,.

({ZE WTS: (by previous lam) J wehratrion ©: X xT—> Xxfo} v A%

(T) There is a retrcbon & : D" xT

- D“x?OS OO xT .
Done. by rodial projextion: For every (%,8)¢€ O'x1

there is a straight bne Conneching (0.2) od (x,8) theit
wits eifber QO"XT or D'x$ob. et S(%3) be
st. G(x:8) is where +he ling hits oither 0% T oo T
or an %o},
Specbically, Lot (x,5) € DL be guor, AeR,
Liete

T = N2+ (1-29(0,2) = (A%, 27 Als-2) .
So When A=0, Hig TS (o,?_)_ when =)y His s (x,8) . We
Showld sdve foc some K=zl st edher 12xI=1 (on 3C'xT)
or 24+A(s-2)=0 (e~ D™x30 1) We %c\'-'

Naxl=) = = (\\x\)) n n) Q b 22
2+9D=0 S cue)= (mxx>0) o lxle 1-5

Checle: & & continoud B osbh domadns aund oqree o\ M tersed,

D"x o}

(X)) We coeider Yne éyeual cose ohefe K R Just A with one more
) altached: Xe= Ave”. Dencte Z= (X x§ OD (AxT).
We wort o find o petrction T2 X<T —> 2. Denobe
@30 = A otodnied cap
DD X chomderdic
P ORI XXT by W(xA)= (D).
Then We com View

YxT= 2 3-\-(0“%1) (Xt) ~Y(xt)

if ()€ (0°%se)v(90%L) -
Then sur retrosions r: X xT —> XxPJUAXT =2 X

r(Pz'(:)_—% (P> T—‘— (Pr‘ﬂég

W(s(xt) F§ pt)= Plxot) -
Rgoin, Checl X B & comtinowd map.



M. We com consiler Yo .@Um»)m% MaMP[C.' X=S\, A=e® amd e¥=¢'
s juat a d-cell. We wad 4o find o retoekien fom XxT o XxboArT.
We Unow how 4o febods € xT ¥ D'XT 10 D x{olu0'xT by profechon.
Ths we &x F°7ﬂ+5 on X *fyy AXT amd we retroct e,aexx/-l—‘mvlz else

onto .

(o,ﬁ)u
| U Dk Cpr D
‘ O 6 \’_/ D‘XI
X=S=
e’ R /I'_\
D % {01 \\l_/ X"{OS .

(m) A=A Ux A %m—‘c fe.?eo& the S+ef,s ™ @_—D sfmil'mnews()z.
(mv) S“‘)Peﬁ)ﬁ auchvely, there exisfs a retrachon
Fat (X"UA) xT —> (x3e3) U(AXT)
¢f. Yo Ts an extension A vau. TThis s the case X=x"VA, ad
note +hot
(s (R x fo) YfpxT)
= ("% 103) v (Ax{el) v (A1)
= (Xx{d)v (AxT),
buch an T exits, for 7" =7oll cells in ) il dimend and ench
febrockion (2" VA)XT —> (€"x 10l )u(A*I) coan be cnshructed by
(A1), and dotag (I simuttonesunly for all cells gives T by (W)
FTM\I)' define o frebiochon T3 X®xT —> % % $0) v AXT by
= Urn.
&y this, we mean whenever Cx;t)é KxLT, we mMmust have
(xtre (XPUA)xT for come n. Then TIxE)=Ta(xt). Since
On 4he intersections ;s ayee ) 1 s wgllvcle-g‘/\ed. —tlen
dom () = dorm (U \'0 = Vdomlfn)=\) @“UA>X1 = X xT,
Tt femnins to check v+ 75 conbiaows. Note that (XVA)xT
%5 cloced for ench n, aince X" closed in X, By gv_bmp)cqu, i
cloced in X, and TET cloed, S0 (X“UA)XI 2% ®I s cloed. Ad
X= U, (KOR) =T,

I—]mJ rICX"UF\)XI =Th & Continons, So 1 s (Centinous, O



Prop. (Hon). Tf the pax (X,4) has the HEP amd A s corttockble, then Hhe
Guotient map 9: X > X/A 75 a hamoeah. ealu;um@,

Tf; To show Hue cloiaWolls, we need 4o fird o mrap A:WADX St 98 =y
ond 99 e, First, since B X }\oMotoP\‘c o Prrtvd?, we Can find o
homotopy Gz AP, itk A=y ond A (AY= 0, €A . By Hue hEP,.

We Can extend the poe (%e:A.;A/ _ﬁ,vj_x; x_,>(> o a hoMO&P
fioxosx with £.= 1y, LM =0ve b, od L|a=%:A3A, ie
Lp>eh.

Step1. We claim Hwt s X/A-5x/A & hommotopy, st he following
s Commudes (Te0C)
{e

X —— X _

1J, v 17' Z°R=ﬁ£°ﬁ,.

X/h ——> X/A
We define Ee(t"])zf'&(x)]. T mop % we\\——&e{«‘ned/ for i
[x)=[6] wth aeA , Since ‘Qt(A)SA/ we howe Gl ()=[a] for

oy OEA. Now we show PoiX/A —> x/A s comtiean. |
O<SX/A be an opem set, then

(1497 (0)= =Y (0) = (%' (0)).

UPQV\ \07' Cm‘\'?nu-t‘c*( ) W"\“C‘)'\ -FDFCQS :Ee-\(o) To \M Urey\ \py ‘,\pﬂ"‘l‘ul*- ‘/valoa,.,.
Step 2. Now we find Hne Tverse i} 4. Clogam: 34 XA X sk
T‘F:OC 'r'l

w P x — —

g g 4 . . 103:% ’.L'.ﬂ,= j—x/A
...... 1y .. Which -mrltes —‘F N-p =4

X(A——=> xIA 3eqF T =r T A

Dekne %(&%:i Go  for xef
£ for xe X\A
Cleas\y g malies te q[\‘o%rowm comwnrty Romains 4o showd % ok
ek 0 X b opom. Then by commucttiity
£0) = (40" (@)= T'(50%) .
LHS (s opem, So %-\(o) S ope- '\a-./ Ol..,oJc-.‘wdr b?,,{oxm O



(D_gi- T§ AeX ad 3?’ A=Y s o ks rmap ., de{.‘ne
X gy = () ARE"

A~ f(r)

Reep [HOET . ¢ homotopic ahiadhing mops Give hemotopy equivalsd™ spaces”.,
1"? (X\’A) is & CW [’N:fj '?;'3'- A—oXo ot -\,—ﬁ’k —The~r we howe
KM X, & %o QSX‘ el X, .

?E T F:AXT=>Xo 15 o hometopy fom B 40, ie. Fomd Fiog,
Ihen cons'der +he space XoUp (x,xTD. WS Contans both
Xo Upg (X,xT) mrd %o Ua (X xT) as GubSPlACGS, Then b\, EHo-!b])
3 o de%""“’c\"\o"‘ tekcochion X\XI——) X|X§°3\JA%1/ which nduces
o deformotion tebrtdkhan Ko We (K xIL) = X, Up X, S,‘M\‘lorly/
RoWp (X(xT)  deformekion rertocke to W VR, | 8o
Koo X > Xo LLF(X\)(I) ~ Xousx\
o~d these de{o(MO*f”“ fetrochons reghricked 4 Yo 16 TJewf’"’&y. 0
X, x T

A\

) VY S
push to the r-‘aht) push +o the [H
dr- o X, g X, Ky T dr o X UpX,

@ Given the de{ormatrm fetrockom X, x T LX\%ZOS voAxT , we can
-Q/X(?@’\d q over Xo '\37 ;dev&\f/ I_\_x, ~ _TLQ-\,\ (ﬁ- : )(o LJF(X,XI)'_;XO\—L(,’X, "}’
7 o /A{(Xo)':'x:o ) I\‘F %o éXD-
20 f*-e ('x-\)3>= nt<xl>s> ':F (’KUS)E X, xX




Lec 4. More on HEP.
?_._,_o[) [H b-lq_l . 4-1«?‘)0’32 (X/A): (Y/A) Wes HEP O\V\é- ‘F-’ X"ay £ a homffoloy
e?u,.‘va.{ewcc amd ‘F’A:'lA. Then _r s a ho""ofaloy efw‘w‘/enc& rel A.

Ph Lt 3V X the homotopy invese 44 . Then 3§ = e Lot he: XX
k. ho= ‘3“'; Wi=A4lx.  dince .fl,,"fﬂA/ view ‘I\tlA «s C L\omofopf from
Yla tods. Extend e pair (he: A2X, ho=y: Yo%) to & l’lbmoﬁopy
8e: Y% 2028, dla4a, for (V,A) hes HEP.

Npw We Show —Hok
(D Af=1 v Aj
() f4.=12 w\A.
To choo (TD, we consttuct @ “hometapy dk die homotopy”. A hemotopy
forn §b o Ax
kf% flout  octeX
hag =4te .
This mop B wel-defad, and k=¥ e on A. Alo, kola =kala = 1p.
Defne & homotmpy &t homotopy by as follows : Define Ro: A-SX
L\I He @‘Suxe, ow tue ris\nt‘ For every pt

Ctﬂl)ET—l/ F « 6‘{ua-fe (the +he blue one, A (b ki )
Cvn'fm‘nina (tw) - Thew o1 s Squaz, Let
Eeumly . I} e move Ca'fR“°“5[7 on T, Fhen .
)

the £ coordinate moves comthausly, S0 K, TS ko
Varging corstineusly, Ths e rap

K: AXxIxT — X (020) . =t

(atw) ¥ Ko@) t

% Comons, loF TSI danste W pucgle Vre., Then T & fo(]:
Thas K= balpae: = Fals AN kalds =4a o0 AL Viewng Few as
& homotopy 7 keln, and note (X,R) hes HEP = (xxI, AxT) kas
e (we R Prep on  pg 16), extend (Ié,m tADOX , Ke=ke: XOX)
to & MEP Ep: XOX. Thus i ve restict Fp:X=oX 40 T,
this 5 @& homa"’o,oy k‘t-=kt: ILH ¢} kt|\p‘= 1pn. —Thew W2

L\o\ve, @ }\omtff‘omf '6\? ’21 tel A oo the dmﬁ?v\% QW\S.

-
3



(I) Nov -P%\‘_\_)i’l So W& (oA wee @ :va\e\—?on spac r.q'WfS
sintilor or%*m@& fo (I) omd show

thed we com JE{MM R hoMJ('&\O\/
Ne Y-y, Mo=T14, 7+t

to & homoi'o(»/ {-’rx?ng A. Thus S
g, >4 o A
s \Droucs He cloam . O

Qi[H 0wy, If (X/A) hes HEP od 1:A O X s a horv\a'lv]o\/ QS‘W:"MW,
Len A s o Ofef;rmad'ion re{:rad:»f X .

’Pf 1=4a: A%, %7 previows PreP a.f)r)lt'ed & (A,A)/ (X,A)/ A NK,
A a htm')o-fo/;y mverse y: XA of (r = 1)1 rte] A. The haMa'f'Dpy
Sards with dx, ends ith (r=c: XA . Thes Hils s o defurma*"n

fetndion o % onto A- o

@ (H 0.7,1)- '?X——)\/ S & homrf‘opj eﬁv.,t\laley\cq_ @ X N de.‘,éfﬂldi'fa'\
redroct o Mp.

?J_ (L‘\’ L: X > Mg, 3: Y 5 Mg be foo aclusion maps . Since
Mg defbrmetion fetract +o v, % ¢ & hem -4V And
i~ }of Wa b= [0,
Since also of we (ot LS Y be e def . re¥mction, Hhon
§3=(‘:, We hawe :
£is hern. eqv & L is hom. egu. /
(%): S\A‘DPo:)e 1 s hom.eqv. —~Yhen \a\( Rodther Ex olS, CMQ,X)
has Hhe HEP. Thus ‘01 presions CoC, M def retretd P X.
(©: If st Heox o def. vetwdkion, then s Hhe hembpy
tnverse st [. Th T s a hor\.efiv > S 8 -F n

shown beloow .

Nou we prove Hoxcher  Ex o.(5.
Prop: Let £: x>y s Then (Mg, %) has HEP.



’(?,E We want 4o show 3 a retackion Bi MpxT = (Mexo) 0 ((xxedx L)
Step 1. Thete & A retmetion o T*— (0xT) v(Txos) by

(o) (&2)h-5) t=2¢ /

(@$-©/)a-t > 0) 4228
Note Pt L(1-t)= (1,o). s
The plchwre is shown ia Hhe Lt This s reclly
Sws+ +he rodal Fmsecsr:ovx Lam (1,2),

g—l—e‘p 2. Tlhi retrvackon ™ induces a Tetrecton

B: Mex1 —> (Mexo)vu ((x*O)x‘L)

aAA(sit)* {

%)

o(5t) R ()= (150)

Do & on
eatln xxI1?

(X’“’)XI o tn M{g xT

X‘LO’/

L1900}
Y = [(F1»°)3

(X*Toy)xT

~~

The retracton Qoes as Lolows : Le“’ Pe M# xT =

o p=(y ) ey *T | thewn PCF)= Yxo.

o T p= L)) eMpxT, Let P(F)‘—[(*;ousﬂc))].
These ‘o coses agree when b U(x=DxT] e MpxT: Let xeX, f)=y,
“Thew ve have

b Leen, ©)3 = Lt aat>63)) = [ (56, 050)) 3= [ (x),0)

=[(fx,0)| = Blye).

Ad we hoie B o s mMop on v sulspeses TyxI) od [X«T'] o

MexT, which agreet on Hhe nterSeckion | Thws P s cks. Butte

O tence dl( Ne ettaction P: M{ XL = (H{: xO) u((xxo)xl) fm,)(res

the pair ('Vlf,}() has +ae HEP.




(M 1. The FMW%‘\'UQ, G'\vovfs_

Lee 5. Tedrodudkion

D;QF' let X be o Wo\o%co»l space .
o A losp based b XoeX Js a cfs map X ToX ot R(JD)=Xo.
J LMPS Ko, Ay OQ h°m°+opfc rel +the base pt % if 3 a hometopy
Ay ' T % st (L) =%, VteI.
o Tf ot=P, dhen Yhey ove o He same homotopy class . Denote [o]

+he ]"\OMO'{’»P\/ closs o{— +he bosed \oo() < (i.e,- ol based \oer kamaﬁ‘;‘c
o ).

Def. Lok A% : X be +wo loops lonsed
at x,€X. The Composiion or prosiuct path -
15 thee \DOP
(d-@)(s>=i =0 2%
B (as-1) s=24
If A, Be: T,2L X, % ore \\ovv\o-l—oP;eg. Thew o By s o hova'DJrop‘j
feom oliBo 4o olyoB

Del —The Rudamestal Growp of K af the
base P+ %.€X, denoted by (X, %),
15 the set
T X% = D43 ot T,0T 5 X, x|
tofether with e prodwel o T(X,%) xT(X,%0) = T(X, %) by

[=-Tp) = [« P,

Thm, ('n',Uk,xo), ) dgg:ned abeve s & A p-
(Lome Prosk!)
pf e verlly e axioms ok o e diatucly ;
(I): Shoo o ts well-defined .
ot <=, d=t. The W+ §¢ be o hometopy conmecking X fd) 7, lr
tt be e homafapy canneci-mj {bta T . Then $¢f. Connects AP bo T So
Lx3-[#]=[x-B)= e3=03J-Td . v



NoTE: Deline o fepasarietrization V{ o Pm’r"\ oL 2 be o composiion oL where

:T-=>T is cts <+ @(o)=0, QU1)=1 . "Then X = \07 Fle }\umo-\-opy

A, whert P, ()= (1-t) P(sy +tS. So Y.=¢, @ (5)=5. Note
C-8)4s) +ts € [Gsy,s) = [os) . Bo 0 s well—defined.

(@) hol o s assocatve.

I‘F We Can Show CO(%)X o~ O{(B \5)) +hew
(BTR))-[¥l = Dobd Tl= )y 3= Lot (e-1)= [0 -(p 0 =[] ([8 T¥T)
ond We ofe done. So e WTS (A-p) Y = o (B Y). Now:

t(u4s)  selot] ol (28) selox]
(Lol'(s‘)-b’) ()= PGS_D se[k.4] (o(' (%) ()= Bles-2) se(3, 32 -
¥las-) el Blasy  se(n].
Comsider the Qwe*r?b* \
_) (+e)s selo]
C@(s)-t sHtfy se[E4)
- (90-9)=5+(18)s  se[3.0]

Then (y shits He inteial T=To,13 o5 follows:

ch @,
/ / He sale fodor s
% P (‘/z‘ﬂ@)/('/z)

//I - =
&0 —s

LQ‘\’ owr \\omo+°(3\( S(( \OOPS be = (o(((ﬂf))ocﬁ;
Then one Con Check: (@,= 11 =D = O((B \1) . wf;‘H‘fr\J owt @, , we

v\’
N

.m-
¥

Seg - (5= 25 selor]
S+% se(%,5
ye+y se[3,1)
Se (2(25)) A (1)
B plerstH)-2) = ¢ ples) = (B ¥)s)-
¥ (a(§stL)-3) Y(as-1)

Thus wWe hove (AP) ¥ = - (B¥). Hexe i proves H.e
associhivihy {,



[T) Existence ¢ Wewtity <lement:
Dch‘ne AL comstant loop  C: T T 2%, %o by ¢($)=%., VseL .
WTS * C-aA~ ot & AL So TA\-T) =T\ = [ [T
To show C.l T &K, Consides Hwe rqume-\'r?%ak-‘of\
'L’ C\‘71
=] 0, 3¢
T %Il‘i S€ [-%—)\.3'
Thom @)=0, @) =] ,Vt. Ad Q=5 , §5)= iif‘;
Thes «@,=o °<(Pl= c-A, Go g =ol.

Qimilasly, oC is o CQ?MM&*<{M?°M “&x R ‘0\/ / @
0<C =°<L?1 A, _\—\,\Q_ _P\,,N;\':OV\ o A’\/\C f:z\,\*

Sy &CTA,

1
T
23 -

(1) Exislence 3 Twerse.
Given o T,91—> K, % . Dehne b ()= (1-3). So P s juwot & loop
Jhat %oe.s on the \oop o backwerds. WTS
oA® = C = Bol  so Awek [)[pl=[cl= [} [«] .
Consider He Mop

_§ eks AN G,
() = 3 20-s)  se(hail /\
Then g, (3)= 0. And AQ ()= %o, So b, =C.
@ m:% ST SOk i 109 sebil - as.

2-25 €[] o(201-5)) S€[3.1)
Thas X C. S}ml\o.:\r bt >C com Ve proven \01 cowsx‘lu.‘n%

- sefot
the Mmay (6, ()= t (-25) é[Dl—l
L(25-1) se (4,0

Then ( (8Y=0, xo@.=C. @,

_ ¢ seloy
w= i 9s-) se [+4,1)
- (29)
S oG (o) x (1-28)  _ i?’ = Bd.
s id(z%—l) o (28-1)
Thws %-o( ~C. v
W proves Hie claim.



(0c 6. Mote ow Fumdamenind Geowps o Covec 4 Qpaces |
o Depevdence & Frndorotold Goap ow bosepot :
Peepls. let X be o~ ‘Nﬂ'l'\—conncd—ed %Paloa\‘cd_ spoce amd  Xo, X, €X  Then
T, (X, %0) = (% ,%))-

et h:Lo]J—=X be o FaJrl« connectng %o, %, , Lek h=h(1-t) , telon)
denste +he “reverse” él— h by travelyg heckuacds . Lt §: ToX te
o lesp bosed o K. Thew hof W T o loop based o %
This gives a map X
Po: (X, %) —> T (X,%)
43 +— [Wwihw],
The map s wel—defwed, oo i} L =4 vie i, Hen
hfhehdfh vie Wik, Ths & a homomof‘;hu‘sw\;
$or B [53)= [h5aR]=[hshnghl=BIE1609].
This 6 « bisec\'(ov\ Witk Terse ?‘, S
B frl5)= BT h503= (i s bk} =[5)
ad siedtacty brB 51 (57, o

Bmk . BY olbove 'ig X Ts PWHA-'COWVWC‘L&{J He -FMAJ&MU\'\-uL ‘anwf i3 -an
Same wp Yo '(gornor\pkts\rv\. o vswedly we do not make ditnchon o’_{
base prs amd fwot orite RO

@eg. A sEo.ce_ S STM‘,ls/ —connected T—F o PGCH«-'COnnCC'}’Cd ond has
ENY ) J:mq\o\mwzd—aﬂ, %&‘ow(é L le. e\/e_rx( |00F con be d_q_}otMQd
C‘\'$\7 tnte Hhe Constant l'°°P ofowrd e bobe Fb“\\‘/\-_\--

E/x- |M()\ CDVW\e.C\'CA- O

NOT evenN
@ PATH CONNECTED'

[NE



a\.vw/ 4evo ?-\—5 n ><

Pop 1.6 X 7% Ginply Connected & 3! homotopy clase ﬁ%_ poths  conmech'aq
P

T—gl— (’—?) Then X aﬁr\n—Co"\“ec-}edM'ﬂ—u()&):io}, I—? f,a Pod‘hs dm?vv:w%
Xo, % €X, Hon = FEY=(§4)4 =9 dor Fy o loop

ot Ko ord %% O\LSD (ev() ok X, Stace T\(x\)=§0§/
*\"‘\Q\’ sge b homstepic ‘o e constoud |oop.

Xo€X. So oMl (00ps o Wewrotepl o Comstont loop D T)(x) 2o,
* Covesinde Speaed oad Moy lﬂl}—\‘«xﬂ.

(&) : Thowthexe 3 sy ove home%[w, clen> 4— lgors bosed ot oy

O
Def. Wt pESB be o cs Swileckve waep Vehveon Top. spacas. The
em sk Ue® 3 sad 4o be e»em\7 covered by P L dhe Tnverce
imege '\7_‘('(7) S & wunion -5\, dt%%o«\"\' 0">e/~/\ sete Vo €E st Sor
each « ?l\/u maps Vot )’\oMQ,aMo(‘Pl’\A'Cm\\y onto . The 5Q+§Vo<3
(s called o pokiition o ?"(U) jnto Slices

iVaﬁ

P ()

Ex.

P —¢

+thew 14 s called o Coue,f\‘vxta Mop , or~d
P: IR—> s' by P> (cosoms, S 2TS)

f every ¢ be® hos o b Tt 3 evewly (overed by P,

Lo~

E
?d' 1
#\

b .-

o Covesind cpace & B
e
5

IS



‘;Dgi_ LQ.+ 'F: E—%B ’be o MD‘P' I-g 5; X—BB s O cte MQP) o8 ["g-]—.\nj
A fis amap T:XE sx po§=§,
~ E
f E
P
X TB

Manres
o St

lam 6.1 ot p‘-E"’B be o CO\/Q,(\‘V\% mop, (gt plead=Do. A"“/ Pc-"\’\/\
§:[on) =B sx S@)=bo has o waigre W 1o o path
/.S?-. [, > sk O

?_g_. Cover D \0~7 ope- sede U Hok o052 avenly covesed by p. Find o
pw(-\—?-\-tov\ {S( loV 947 0=5,<¢8%,¢- <Sn=1 st. -S-o( ecch |,
S0, Siv)) lies msde Such aw opemt set U (‘oy Ldoesav\& number

lzmmned) . Tefine § indwckively
o Define §lo) = e,
e Suppode T defined on [0,5:]. The et §([s S.*H':D Ives >n
Some U 4uot 15 evenly covered by p. Lot {Val be o posrihlon
4 ?"CU—) who clices. Y&, Va ﬂé‘" U. Now -F(S) lies ' one
5{— Hese sebs, say in Vo, Debine
FH=l)'(33)  Jor Selsiisinl.
Ty & chs (pab'\'\\w"a QMMoD_
o Continue with fiathely many s{e\oowcl Qet o mop ? [o1]—> E .
CSV\‘\'D\J‘\ﬂ ér 'QV by posting (grawne m-d ‘)gfgtf s cleor feom def
To pfove \M\tc\meness. Qwﬂmoa ?l/: [, ) S E R owetheS !;-E:\‘va k.
;l\(o):eo 5 Pfr\[‘-‘f Thev ?f(o):ea:?(o), Swasae ';l\'r—j' on [D;S;—}_
leb Vi be 4he Some ob qbove. Since [ 3 a Ly st §,
M (0)= UaVe
i\/v(]s oce tr‘)e/vx o &«‘;%&w\'. [s:, $in) tonnecred = ?[([S.‘.S:+D> nMast
e ankiely e ong V. Bk Qs) =FED Vo D H les i Vo
For se [5i, s, 6(3) Mgt Q,Clg\_q,q, Sovne 6)‘3: Y A Vo 17fma n f"(((s))
Bt J) suchh o, Teen (RW'(S5)) . So =F on [ 5]
0



lam 62 [M Lsua).  lat p: E B he o covenng mop. (ot plead=bo. [oF
F: IXxT 5B he cks W E(00)sho. Thew 31 Hvwy & F to encls
Map Ei IxITSE <Ff Tleo)=eo, I{ E 5 a Ped'\f\ 1’[0M~7+D‘>‘1, So 8 f;.

pL Use lom bl 4 adond F 2 4o edge 0xT ond T30 & IxT.
Thew choose \),:\-rs:aws
Co& Sy &+ LS

Lot & <En

s.t. encw seﬂ-ow%\e

T3y = [Si, &) L, 25 ]
14 M"\Pped Y)y E wnbo o~ O“)w ek 0/.{— ® »0\}-0"'\7 (‘_@V&(@Cl b‘f ?(LQLCS\T'Q
s (g_vv\) De}{ne, \iﬂ—\‘v% 'F‘:': 17‘-—5E Sh’.‘() b\, s+e,p IV -2 Sg]]oufv\j

m. I(:o 7‘3-‘&,0
c-_;\«(I.-.“S;)
\
S’fe? O:
L) P, T T ()
o~ set A which 5

AN %ewzxr:&, QN Lo jo. DuppNe F defined emvaM tre previovd
TexJy for {=¥2 ond tcto, omd on OxI V1Ix0. Cheose ow o-")Uﬁ
set U é{ ® we»\7 Covered by P Covd’f’v\\"\‘\"‘% F('_[;O x'j-a,o‘), (ot gl\/d‘i
be a pockiion & (1) tndo slices. \u T, Now F already
cle?v\t& w cz= AN(T, 7‘35,0). Note (. s cormecred. So ’F\'CC) 5
Connected aud mwusk lie emticely in one é‘ A , Sy Vo Thew ot
o =P\, * Vo > U, Since T s a ﬂ—k 6\— Fla, we lwnow for xeC
Po (FON)= p(F0O) = Fx) B F0O= ps ' (Fx) .
Hence ontemd F by cleﬁ.‘m'v%
T 6o (FO) xe Xy, % T5, |
This T extension 3 ks by pooing.  Covkiawh uk ey, we
Jer o« Efr ¥ T'—E o} m:IT7—e.



Uit oness: ate we first exterd 0xL 0 X xo 4 1° uw?ﬁhq‘y b-f lom 6.1,
o~d Aen by e edex &( o Ltemcion (0% above clmw-‘wg, chows) | once
Floo) s fixed , Fis wniquely detesmined,

Now, 7§ F T o poth hebpy , deen FLOXT) § & single gt boeB. So

the Lfrng T dokes 0x L to plbo) SE, «ih dicrie topdeyy oo

@ sebset LB . Since DxT Ts connected
So s TloxT), Thus F(o¥T) is & owe
Pk set Loty F(1<1) is o ome
p vk set. TThuws F 5 ?a:Hn ’homvhp\/‘

This ploves Lo lormma.

“Thege ove ok special cases b the S}Aw:n%

—n”\m 65 A PUO‘(Q], Given o Ma‘) F-’}’YL—%X o o MOop
";: 7;(?01%;2 ﬂ:&‘\ﬂn% F)yx?o\ 5 =6 MQP ’*_\_;’.' yx_f—_a(; 9_:{‘"\“_3 E
ond ertndivg '\\z"\)xio] _

<\>£ First, Construct m Lt FimxT =X for some i N d o gk Yoe .
Since £ s obs, evexry pF (%o, e YT s & ‘)raéu&\ nblh
N{-7‘(0\t,\0e§ sk, F(Nk"(a{-,be)> 5 Contoan@d in O Q,\;e,v\\7 covered

b\ tﬁf F(\%o £) - By compociness I T P~ -
o T

L

& 14AxT (21), We can choose == 3

a . . .
a ow'\';{-\‘ov/\ (w‘i. F\A ©
D=to &t - dtn=) Y " Fl80,t)

d I od a single W N o (Twkersechon) , 54 foc eachh i,

FlNx [, t50d) € T, where T s some avemly (Covered now . Rsswme
fnduckively F hos been Comstracked on Nx [0 ti) | shosbig with

tue qien Fon Nxfol. We wewe F(Nx¥Tti )< T, awd T
TiJSOWLe, QMM\{ covered nWol ) %(3,,\;;) Mmast Yo contouved ' & slice
Ui st 9: 0> Ti is a homesmophsm.  WLOG asswmg
TN ST, 5 oPeswise feploce NxEviY vy (Nx?{—:l])(\('IEIN,&.,)_'(T'J’:).
Thew we dehune:




= fla)eF on  Nx[bi, 4]
After a frvate number A( Skeps we gk a it ErnxT ->X , &S
beforr. @nce Yo, N afe arbdory | d gies o L F: Y x19X,

B 165 s m Cone. vb\/\m\[=%a1>a:m+ﬁ_ Them Suppaoe T T ox

be two QRS;‘\‘"V%Q st F st )= o). —Thew by Le\oe,s?fw!,'kt larn choos e

® ‘30-’\'\’\\'% O=toct, & ctm=] st Soc @ach [, F([ti Bed) 3 in Somne
oty covered nbh Ui sx . Psswmg fadwhively B’ o0 [ot]. Siace
[-{;i,{;.-,,.] t6 connected | s0 o F([t;;t,-nj), vhich mugt Men Ve in o 9:‘u\5}¢
shees T 4 T: in X St loly  For E (Btwd). B F@)= Pt phes

E’(El'ffh'H])Qﬁ as well. Since plf is injectie and FEW??" > F=F on

Ctitind.

&Vgggj:- Since rF\:J X3 w\‘c‘lv\e_ wWhem eariyed @ eaes Seameyi' %\[3 x1,
o Q;"\'\V*%S Finx1 o X, PN xT X% Mwsy agree on (NxD) N(N'ST),
Thus we hase o amng and vell—defined wop F: YT X

a



e ?. Fundamedol Cnr-w’e _qv a Cicle.

Recall Hub gince S' & poth-connected ; we can juat write (S,

Thw, Thee @ om TSQM«?MSM ©: Zz =T Fivew by Pn)=[wn) where
Wa: T8 T gGen by Wy(9= (co2MS, Sin2ms),

?/g\; ¢} swyeckive: (of S: I—->3S bea l°°P based at X,=(10) e8! replesenting
om element d\, T (S %), Lt p: R—>8' be NOE (cos2ms , &in2ms)
as in the lagt section , amd by Ume) , 2 & (R §»’ TS0 st §)=o0.
This L3{xed poth ewds ok Sonae Tvd'e%ex o Swnce Pffv(\)=§(|)='xo ou~d
0 (%) =2 R, Now Gnsdec Un:L—>R Fven by +le L & oa
G =ns. Then (H0)=0 amd Gu(D=r. Also, §2 3 uia
N Ne = ()T +45n.
So §EOn. T §= pTmpMTin 5o 18- [,
O injeckive : Suppede S(r) =p(m) = fwn)=[wn] D Wn TWOm .
et §¢ be o hormdrpy fromn L= f:«d wn=51. By lam 6.2
SR V\ovvwloﬁ S Ll b a_ homatspy f . N%‘) He uM\\Q\AE_V\e{_{)
4 Pnle L:Pn‘wb , We howe f5 = (SM ond £ =, . Since £
S « hon@hPLQ- Pedthe, Its PMlF+ I'BNTAW q— & : Thus
M= f0=GL0 = Sad=§ (0= n.
Thes § R & b%acl—ﬁm,.

G HowA : E-OA\1 4 check:
Ginrd = [Pnamnd= [oonr00m) = 0071 o] = Pn) - ).

O
Remk. The rewM RHer TR Z showd be obutevs |, gince 8.\13,,\

< \ooP od' a bm ‘7\' o S() -H,,q_ o-l7 drl\S""‘WC'\’\‘UV\ (\5 how MOM7
himes T s asud S

[w,] [w,] [ [w,]=[ws]



Cor. ]' does nst d‘ago\'mmw ot o o ?o«‘w’r

(Pg @.\.\,\muﬁge) -’:’choes\; gk: Sl’f’S' cks of. go: /(—S' > sl':')(o} ge(_xo)=xo

\dfeiolqa —n’le\/\ K.Q_'\' [wl3 GT\ (S‘) XOB \oe & NN Zefd EAV\/‘\' Thew
W= 5o ¥ Sow =X, = [W]=0,

Contcadicthon - ut

(P—rle' '$ fercoeon \":‘DQ“—) S‘,

T& Thexe ¢ o d\g%vﬁv\o:k'\\é’w cehcocen S_\, Dq' b a (1, o
%€3 ;5 by %
e O0= tXx (1—%) X weDY A
Then Ts' € 15 a petoafion T > — s, Yuew o0*=g!
Feer)ls 7s e mog
g Ty g Tl gy
which ¢ o Qegor on (Y (Revown, C.ovx"cmvl?c-\-.‘u\lk e (‘,oro'\laf)‘, Q

Def. A Fxed pows o} F: XX X o gt peX sk §pd=p.

Thm (Brouue( Fixed Coink 'WM> E.\)e('\l cle g:Dn——) th, hes a ?-‘xed Pm‘vd’.

T&_ LYL-:"()'. D‘:[,\)lj . g" E——\,\-S—B t-\"}' = Lixed Po?-/d‘
This Smetion §1x) hos am Wrdiergectonn

wethh Hhe lRne wo x| _‘l %(
(n=2): Suppde Fheraise §0%x , ¥xedt Then delime vix), for
€ach xeD? 10 be e Trersecion & the Ty chacking of §00,
Crossing X, ousd e bevudory S Clewdy v % cks, S f B
ts, Hen He roy hoo He fooen  FTIOH(-O)x , Sor seme t24
So:ra§7tn5 ) +560 +H1-E)xV =4,  Pse, ndke Fret TXD=X ¥xe g
Thens ¥ 7 a wtrehiom A( o + 8, Ba
b7 the previewd prep, no sueh Cetachion xdts.
Covrodicton -
(n>2)- Not new Qu@.. D

2

D



PL\(‘ Fum Scer 05 aw 0~\>‘>\5C0’H0"‘ 6\. Browwer's Fixed PoTw’\' Th ? Consder
& cup d{_ o fee T o Qs . Thew Colfee = D o %Pl/\u‘e-. Now afi- e
(offee Tn Omy Wy Yor wont.  Given an M\)H—romi porticle stowting od- q;ay(&\‘m
X in Hecwp, b §60: T DD densle Hs positon offer shivig. Thew
§f$d$,-&r4'N0MéQlN@wa> %@wrwq enenee S lorr
Currads ¥ flows ... So —l—m[ a-~d “p net Lax Qo fromn coth Aher.
‘\%7 e Thm, 3 a °>M+:c\e, Haot emd up e come @ here ¥

sharred Whan youw Favosh  siiei-y One packicle
; awded vp where
[T chered

Be}ore 8‘\'\“\-'?‘,\15

g S_Y\A\LCQA HDMDMo\"alM‘sM&.
LZ+ CP: CX/ X") — <YI 3") ‘OQ. [/ 8 M%‘),Tb\% CP Tv\dwceQ own »\oMofV\orlalrt\”Sm
Gy (k%) — Ty, 1)
[=«3 +— [T
Tﬁ' o, well-defined; TF A > Hen

GQoa o 0B . So Pyx]= G, TP, G Yo

(p* % o homammPMSM grnce /N @m
(54 = (e (99),

So @ ((F1031) = (uL5) i3], o

Peop- + (@Wi= Qs Jor o composition (x,x) 45 (y.3) =55 (23,
e 1,=1,
'E% Exercie. A

€x. & §: 3' — g , where 5.- 25 2" ik 6‘\‘ S|=i€;6: 0e[‘o,zv)j.
L(t\' Wi [o0)- S e as be}ore. Th Yhs tonlect Wn= ezm'"'t_ Then

) — Iy (s Sor $elw]= [Sw]
& | ) ssl & = [ (]

Z K n S Z = [ezwini},_ [“’"3
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