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CHAPTER

Preface

This short text is a collection of notes I made for a commutative algebra course I am
currently taking (Math 220B, winter 2022). This is a first-year graduate course on (com-
mutative) rings and module theory. Topics to be covered include: rings and ring homo-
morphisms; ideals and quotient rings; zero divisors, nilpotent elements; prime ideals and
maximal ideals; nilradical and Jacobson radical; fields of fractions; localization; mod-
ules over commutative rings; submodules and quotient modules; isomorphism theorems;
direct sums; free modules; tensor products; flatness; Noetherian rings and their finitely
generated modules; Hilbert’s Basis Theorem. Additional topics will be covered if time
permits.

The main references for this course are Atiyah and Macdonald [1]], Lang [2], Dummit
and Foote [3]]. The first book is the main textbook. Some of the problems will come from
D/F.




CHAPTER

Rings and Ideals

1.1 Rings and Ring Homomorphisms

Definition 1.1. A ring R is an abelian group (R, +) under addition, together with a
multiplication X : R X R — R, sometimes denoted by r - s or simply rs for elements
r,s € R, such that

1.
2.

3.

Multiplication is associative: ry - (rp - r3) = (ry - 1) - I3.

Multiplication distributes over addition: ry-(r, +7r3) = ry-r, +ry-r3, and similarly
(ri+r2)-r3=ry-r3+ry-rs.

There exists element 1 € Rsuchthatr-1=1-r =r forall r € R.

If multiplication is commutative, then we call R a commutative ring.

Example 1.2. Here are some examples of rings:

1.
2.

Integer Z with the usual addition and multiplication.

7,/ nZ with the usual addition and multiplication under modular arithmetic.

. Q, R, C with usual addition and multiplication.

Let R be aring, the n x n matrices with entires in R, denoted by M, x,(R), is aring
under matrix addition and multiplication.

. The polynomials R[x] with coefficients in a ring R is a ring under polynomial

addition and multiplication.

Let G be an abelian group, let R = Hom(G) be the set of all group homomorphisms
G — G. Then define, for ¢, € R, the addition (¢ + ¥)(g) = ¢(g) + ¥ (g),
and the multiplication (¢¥)(g) = ¢ o ¥(g). Then 1 = idg. This gives R a ring
structure.

. Let X be any set, let R = 2% be its power set. Then define for E, F € R, E+ F :=

(EUF)\(ENF),and E-F = ENF. Thenl1 = X € R. This gives R a ring
structure.

Definition 1.3. Let R, S be rings. A ring homomorphism is a map f : R — S such
that f(r +s) = f(r) + f(s), f(rs) = f(r) f(s),and f(1r) = ls.
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For example, let w : Z — 7Z/nZ be the projection map, n(a) = a = a + nZ. This is
a homomorphism between rings.

Definition 1.4. A subring S of a ring R is a subset that is closed under addition and
multiplication inherited from R, and 1 € S.

Definition 1.5. Let R be a ring.

(I) A subset I C R is called a left ideal of R if I is closed under addition, and

R-I1 CR,ie.rsel forallr e R,sel.
(IT) Similarly for right ideals / - R C R.
(IIT) Anideal / € R is simultaneously a left idea and right ideal.
(IV) Suppose I € R and ideal, the quotient
R/I ={r+1:re€R}
inherits addition and multiplication from R:
r+D+G6+1H)=U+s)+1 r+0D(s+1)=rs+ 1.

Then R/ with this addition and multiplication is a ring with 1 = 1 + /. Note that
R /I make sense since R is abelian, and / is normal. This is called the quotient
ring. The quotient map 7 : R — R/I,r + r + [ is a ring homomorphism.

1.2 Ideals and Quotient Rings

Before we present more definitions, there are two exercises that we present. In fact they
are two very important results in undergraduate algebra class. Here we simply leave the
proof to the reader.

Theorem 1.6 (Correspondence Theorem). Let R be a ring, I C R be an ideal, and
¢ : R — R/I with ¢(r) =7 = r + I be the quotient map. Then there is a bijective
and order preserving correspondence between ideals J C R that contains I and ideals
in R/1, where the correspondence is given by

J = o))

with inverse
$1(A) < A.

Theorem 1.7 (First Isomorphism Theorem). Let ¢ : R — S be a ring homomorphism.
Then we have the following claims:

(I) ker¢p = ¢~ 1(0) is an ideal of R.
(II) im(¢p) = ¢(R) is a subring of S.

(I11) ¢ induces a ring isomorphism R/ ker ¢ = im ¢ via the map r + ker ¢ — ¢(r).
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Definition 1.8. Let R be a ring.

(1) A zero divisor in R is an element x € R such that there exists y # 0 in R with
xy =0=yx.

(2) A nonzero commutative ring R without nonzero zero divisors is called an integral
domain.

(3) Anelement r € R is nilpotent if 7" = 0 for some n > 0.
(4) Anelement r € R is a unit if there exists s € R suchthatrs =1 = sr.

(5) Let x € R. Then the multiples rx form a left ideal, denoted by Rx. If R is
commutative. Similarly, xR form a right ideal. And if R is commutative, denote
(x) = Rx = xR. We call (x) the principal ideal generated by x € R.

(6) A field is a nonzero commutative ring R in which every nonzero element is a unit:
R* = R —{0}.

Remark 1.9. Here are some respective remarks for the definitions above:

(1) 0is a zero divisor unless R = {0}. Another example: 2 € Z/6Z is a zero divisor.
(2) Examples of integral domains: Z, k[x1, ..., Xx,] where k is a field.

(3) Note that r is nilpotent implies r is a zero divisor: let n > 0 be the minimal integer
such that such that x” = 0 but x"~1 =£ 0. Then x"~1 . x = 0. The converse is not
true. For example, 2 € Z/6Z is not nilpotent. Note that 0 = 0! is nilpotent.

(4) Example of units: 5 € Zg, for5-5 =1 € Ze.
(5) Note that (x) = R if and only if x € R* (x is a unit of R).

(6) Note that if x is a unit, then x is not a zero divisor. Say x is a unit and a zero divisor,
soletxy = yx =0withy # 0,andlet xs = sx = 1. Then (sx)y =1y =y # 0
but (sx)y = s(xy) = s0 = 0. Contradiction. Then it follows that if R is a field,
then R is automatically an integral domain.

Proposition 1.10. Let R be a nonzero commutative ring, then the following are equivalent
(TFAE):

(1) Ris afield.
(2) The only ideals in R are (0) and (1).
(3) Every ring homomorphism ¢ : R — § is with § # (0) injective.

Proof. (1) = (2) : Let I be a nonzero ideal in field R. Then there exists x # 0 such that
x € I.So x isaunit. Then R = (x) € I € Rimplies I = R.

(2) = (3) : Let ¢ : R — S be aring homomorphism with S # (0). Then ker ¢ is an
ideal. Since S # (0), we have ker ¢ # (1). Thus ker¢p = (0).

(3) = (1) : Let x € R such that x is not a unit. We want to show that x = 0. Since x
is not a unit, (x) # R. So R/(x) # (0). Let ¢ : R — R/(x) be the quotient map, then
(3) implies ¢ is injective. So ker¢ = (0) = (x). Thus x = 0. U
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Definition 1.11. Let R be a commutative ring.

(1) A prime ideal / C R is a proper ideal such that for all ,s € R, we have rs € [
implies eitherr € [ ors € I.

(2) A maximal ideal / C R is a proper ideal such that for all ideals J € R, we have
I € J C R implies either / = [ or J = R.

Proposition 1.12. Let R be a commutative ring and / C R be a proper ideal. Then R/[
is an integral domain if and only if / is a prime ideal.

Proof. Suppose R/I is an integral domain. Then let r,s € R such that rs € I. Then in
R/I,wehave (r + I)(s+1) =rs+1 =1 =0 € R/I. Since R/I is an integral
domain, eitherr + 1 = Qors + 1 = 0,soeitherr € T ors € I.

Conversely, let I be a prime ideal, assume r + I € R/I # (0) is a zero divisor. We
want to show that r + I = 0 € R/I. By assumption there exists s + / # 0in R/I such
that (r + I)(s+ 1) =rs+ 1 =0,sors € I. By assumption s # [ and [ is prime, we
haver € I,sor +1 =0€ R/I. O

Proposition 1.13. Let R be a commutative ring and / C R be a proper ideal. Then R/ [
is a field if and only if / is a maximal ideal.

Proof. Let R/I be a field. Let / C R be an ideal such that / C J. We want to show
J = R. Take x € J\I. Sox + 1 # 0 € R/I. Thus there exists y + [ such that
x+0)(y+I)=xy+1=1+1since R/I isafield. Thenl —xy € I < J. But
x € J,soxy € J. Thus

l=(0-xy)+(xy)eJ

implies J = R. Conversely, let I be a maximal ideal and x + I # 0 € R/I. We want to
show this is a unit. Since x 4+ I # 0 we have x ¢ I. Thus we consider

J={a+rx:ael,reR}

We can check that J is an ideal in R containing /, and I C J for x € J\I. Thus
J = R by the maximality of /. In particular, since 1 € J, we have 1 = a + rx for some
acel,reRThen(r+1)x+I1)=rx+I1=(0—-a)+1=1+1. ]

Corollary 1.14. In a commutative ring, every maximal ideal is prime.

The converse is not true. Example: Let R = Z[x]. Let I be all polynomial with
zero constant terms in Z[x], that is, / = (x). Then [ is prime since Z[x]/(x) ~ Z
via the isomorphism ¢(p(x)) = p(0) € Z. But I is not maximal. In particular, let K
denote all polynomials with even constant term. Then we can check that K is an ideal,
and I C K C Z[x].

1.3 Existence of Maximal Ideals

Definition 1.15. A partial ordering on a set A is a relation < such that:

(i) x < xforall x € A.
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(1) Ifx <yandy < x,thenx = y.
(1) If x <yandy <z,thenx < z.

Note that we do not require any pair in A be comparable by <. Otherwise we would call
< a total ordering. A tuple (A, <) is called a partially ordered set.

Definition 1.16. Let A be a partially ordersed set (or simply a poset).

e let BC A. Wesay x € A is an upper bound for B if y < x, forall y € B. Note
that we require x be comparable to all elements in B.

e A subset B C A is called a chain if < is a total ordering in B, i.e. forall x,y € B,
eitherx < yory < x.

Lemma 1.17 (Zorn’s Lemma). Let A be a nonempty poset in which every chain has an
upper bound. Then A has a maximal element. That is, there exists x € A such that for all
y € A, either y < x, or x, y are not related.

Zorn’s theorem cannot be proven, since it is equivalent to the axiom of choice.

Theorem 1.18. Let R be a nonzero commutative ring. and I C R. Then there exists a
maximal ideal J containing I.

Proof. Consider the set
A = {all proper ideals of R containing [}

with partial ordering < being the inclusion €. Then since / € A, so A # . Let
C = {aj}iecp € A be achain. We have the following observation: The element

a = Uak

is an upper bound for C. We only need to check the following:

e ais anideal of R. Let x,y € a,say x € a,,y € a,. Since C is a chain, WLOG
say ay € a,. Thenx,y € a,. Sox +y €a, C a. Letx € a, assume x € a,,
thenrx € ay C a forall r € R, since a, is an ideal.

e a is proper. If 1 € a) for some A, then @), = R, contradicting our hypothesis.
e ¢ contains I, for each ideal contains /.
Applying Zorn’s lemma, we see A has a maximal element, as desired. 0

Corollary 1.19. Let R be a nonzero commutative ring. Then R contains some maximal
ideal.

Proof. Apply the theorem above to the ideal I = (0). 0
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1.4 Operation on Ideals

From now on, unless otherwise noted, all rings with be commutative with identity.
Definition 1.20. Let R be a ring. Then:

(1) Ifaq,...,a; € R are ideals, then define their sum to be the ideal

a1+...+at:{al+"'+at:ai Eal}.

(2) If x4, ..., x; € R, the ideal generated by them is the ideal

(X1, Xy) ={rixy + -+ 1x 01 € Ry = (x1) +--- + (xp).

Definition 1.21. A ring R with exactly one maximal ideal m is called a local ring. Often
we denote this by (R, m).

Example 1.22. Fields are local rings with m = (0): recall that maximal ideal is proper.
For any prime p € N, the ring

Z(p):{%Za,bEZ,p Xb}c@

is a local ring with m = (p).

Lemma 1.23. Let R be a ring with m C R be a proper ideal such that every element
x € R\m is a unit in R, then R is local and m is the unique maximal ideal in R.

Proof. Let I C R be a proper ideal, then / must not contain any unit (otherwise / = R).
But by assumption I N (R\m) = @, so I € m. This means any proper ideal that contains
m with be equal to m. Hence m is the unique maximal ideal. [

We can use this lemma to check the previous example.

Proposition 1.24. Let R be a ring, m C R be a maximal ideal. Then (R, m) is a local
ring if and only if every elementx € 1 +m = {1 + ¢ : ¢ € m} is aunitin R.

Proof. Let (R, m) be local, but x € 1 + ¢ with ¢t € m, and suppose x is not a unit in R.
Then (1 +¢) C R is a proper ideal. But (R, m) is local, and any proper ideal is contained
in a maximal ideal by the theorem in the last section, we have (1 +¢) C m,so 1+t € m.
But 7 € m implies 1 € m, which contradicts the assumption.

Conversely, let x € R\m. Since m is maximal, we have m + (x) = R. Then
t+xy=1forsomet e m,y € R. Thusxy =1—+¢ €1+ misaunit. So xy is a unit,
which means x is a unit (Let z be the inverse of xy. We claim that yz = x~!. Clearly
x(yz) = 1. Now, (yz)x = y(xy)~'x = yy~'x~1x = 1. This proves the claim.). Then
we are done by the previous lemma. 0

Proposition 1.25. The set A/ = {all nilpotent element in R}, i.e. all elements x such that
x" = 0 for some n > 0, is an ideal of R. Furthermore, R/N has no nonzero nilpotent
element.
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Proof. Let x € N. Thenax € N forall a € R. Suppose x,y € N, say x" = y™ = 0.
Then by Binomial expansion, we have

=y =) (:)x‘r—y)f.
i+j=r

Letr =n +m— 1. Then (x — y)"*™~1 = 0. So NV is an ideal. Now suppose X € R/N
is represented by x € R. Then X" = 0 implies x” € N, so (x")™ = 0 for some m > 0.
Then x € N. This proves the last claim. [

Definition 1.26. The ideal )V is called the nilradical of R.

Proposition 1.27. The nilradical of R is the same as the intersection of all prime ideals

of R. That is,
N = ﬂ 0.

©C R prime

Proof. Let N be the intersection of all prime ideals g in R. Pick x € Nand p C Ra
prime ideal. Then x* = 0 for some n > 0. So x” € . Thus x € g by induction. Thus
x € N’ since g is arbitrary.

Conversely, suppose f ¢ N, we want to show f ¢ N’. Let

3 = {ideals I C R such that /" ¢ I for all n}

and let ¥ be ordered by inclusion. Then (0) € X # by definition. We can show that every
chain in ¥ has an upper bound (exercise). Then by Zorn’s lemma, there exists a maximal
element p € X.

We claim that p is a prime ideal. Let x, y ¢ g, then

p <o+ (x) P e+ ().

Since p € X is maximal, we have that o + (x), 9 + (y) ¢ 2. Then f" € p + (x) for
some n and f € g + (y) for some m. Then we see that

f" e (p+ ())(p + (1) S o+ (xp).

Therefore, by definition of X, we have p 4+ (xy) ¢ X. Thus xy ¢ g. Therefore, o is a
prime ideal with /" ¢ o foralln > 0. So f ¢ N". O
1.5 Chinese Remainder Theorem
Definition 1.28. Let Ry, ..., R, be rings. Their direct product

Ry x -+ xRy ={(x1,....xXn) : Xi € R;}
is a ring with componentwise addition and multiplication.

Definition 1.29. Let {a;};.; be a collection of ideals in a ring R.
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e Thesumof{a;};c;istheset) ;, , a; = {Zie] X; : X; € a;,x; = 0 for all but finitely many i}.

e The intersection (),; a; is again an ideal.

e The producta;---a, = {Zﬁnite X1 Xp I X; € a,-} is an ideal.

Note that the unions of ideals need not be ideals. In fact, a + b is the smallet ideal
containing the union a U b of ideals a, b.

Example 1.30. Let R = Z. Leta = (m) and b = (n). Then one can show that
a+ b = (gcd(m,n)) and a N b = (Icm(m,n)). This motivates the following definition:

Definition 1.31. We say two ideals a, b are coprime if a + b = R.

Proposition 1.32 (Chinese Remainder Theorem). Let R be a ring, a4, ..., a, be ideals in
R that are pairwise coprime. Then we have

n
al...an = ﬂal
i=1

and the natural map

¢:R— R/a; x---x R/a,

X+ (x moday,...,x moday,)
induces a ring isomorphism
R/ay---a, ~ R/a; x---R/ay,.

Proof. We show that a;---a, = ﬂ?zl a; by induction on n. When n = 2, clearly
aia; € a, N a,. Conversely, one can check that

agNaz; = (1) (a1 Naz) = (a1 + az)(a; Naz) = ai(a; Naz) +az(a; Naz) € aa,.

Now suppose n > 2 and the equality is true for a; ---a,—,. Letb = ay---a,—,. For
i=1,...n—1,wehavea; +a, = R,so 1l = x; + y; for some x; € a;, y; € a,. Thus

ﬁxi = ﬁ(l —y1) =1 mod a,.
i=1

i=1

Note that LHS is in . This means b +a, = R, for 1 can be written as some elements in b
plus some elements in a, shown above. Thus ba,, = b N a, by the base case of induction.
This proves the equality.

For the second claim, ¢ is clearly a ring homomorphism, since every component of
¢ is and the multiplication is defined componentwise. We claim that ¢ is surjective. We
will show that there exists x € R such that ¢(x) = (1,0,...,0). Similar argument will
show that there exists x; € R for each j such that ¢(x;) = (0, ..., 1,0, ..., 0) where the 1
is in the jth position. Then for any r = (ry,...,7,) € R/ay x---x R/ay, letn; € R such
that ¢(n;) = ri, then y = > ', n;x; € R is the desired element such that ¢(y) = r.
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Now, fori = 2,...,n, we havea; +a; = R. Sou; + v, = 1 for some u; € a,,v; € a;.
Then

n

- 1 mod a;
X = v = 1 —u;) =
ill H( ) 0 moda;,i >2.

i=2
Thus x is the desired element such that ¢(x) = (1,0, ..., 0). This shows that ¢ is surjec-

tive. Now, note that ker¢p = ()'_, @; = ai - a,. Apply the first isomorphism theorem
concludes the proof. U

Corollary 1.33. Ifm = [[/_, pi’ is the prime factorization of m € N, then
Z)mZ ~ 1L/ p{'L x -+ X L] pZ.
Definition 1.34. If ¢ is an ideal of R, the radical of a is defined to be
rad(a) = {x € R : x" € a for some n > 0}.

Note: clearly we have the nilradical N' = rad((0)). Also, if ¢ : R — R/a is the quotient
map, then rad(a) = ¢~ (Ngra).

Proposition 1.35. The radical of @ C R is the intersection of all prime ideals p C R
containing a.

Proof. Let ¢ : R — R/a be the quotient map. Then

rad@) =¢"'Ne =97 () ®]= [) ¢'®= [) &
©CR/a prime ©CR/a prime aCgpCR prime
The last step follows from the correspondence theorem. [

Example 1.36. Let R = Z anda = (m). Letm = [[/_, p;* be the prime factorization.
Then

rad(a) = (p1) "'(pn) = (pl pn)
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Localization

2.1 Extension and Contraction

Definition 2.1. Let f : R — S be ring homomorphism, leta € R,b C § be ideals.
e The contraction b€ of b is the ideal b¢ := f~1(b) C R.

e The extension a° of a is the ideal of S generated by the image f(a). That is,
a® =13 "yif(x):yi €S, x €ap.
i

You can check that contraction of an ideal is an ideal. However, in general, the image
f(a) of an ideal a need not be an ideal. Consider the inclusion map f : Z — Q. Let
a = 27. Then a is an ideal in Z, but not in Q. We make a few more remarks:

Remark 2.2.

(I) If b C S is a prime ideal, then b¢ C R is also a prime ideal. To see this, notice that
the composition

RL SZ s/

induces an injection

R/bS < S/b

by the first isomorphism theorem. Now since S/b is an inyegral domain, so is
R /b€. Thus b€ is prime.

(II) If a C R is a prime ideal, then a® may not be prime. For example, a = 27 extends
to a® = Q under the inclusion map f : Z — Q.

(III) Any ring homomorphism f : R — S can be factored as
&
R/ker f

For v, we know prime ideals for R containing kKer f is in 1-1 correspondence with
prime ideals of f(R). But for ¢, the situation is much more complicated and require
analysis case by case.
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Proposition 2.3. Let f : R — S be a ring homomorphism. Leta C R,b C S be ideals.
Then

(1) a C a®“ and b D b°e.
(2) b = b°“ and a® = a®“.

(3) Let C be the set of contracted ideals in R and E be the set of extended ideals in R.
Then we have

C={aCR:a=a"}
E=1{bCS:b“=hb}

More over, C and E are in bijective correspondence via the maps n : C — E,
§:E— C,n(a) =a® &) = b°.

Proof.

(1) If x € a, then f(x) € a®. Then x € f~1(f(x)) € a®. Similarly, if x € b,
then x = >, y; f(x;) for some y; € S,x; € b¢ = f~1(b). Then f(x;) C
f(f~Y(b)) C b. Thus x € b. This proves (1).

(2) The previous two results implies the two sided inculsion a® C a®“® and a® D bh®°°.
Thus the claim follows. The second claim also follows from (1) immediately.

(3) We first prove the equalities. Let a € C. Then a = b¢ for some b € S. Then
a® = b = b° = a by (2). Conversely, if a = a®, then clearly a is the
contraction of a® C §. A similar arguments shows the equality involving E. Now
it is straightforward to check that 1, £ are indeed inverses of each other.

This concludes the proof. 0

2.2 Ring of Fractions and Localization

What motivates the construction of ring of fractions is how one construct Q from Z.
We take all ordered pairs (a,s) with a,s € Z, and we set up the equivalence relation
(a,s) ~ (b,t) if and only if at — bs = 0. Then we define Q to be the set of all equivalent
classes of such pairs. This motivates the following definition:

Definition 2.4. Let R be a commutative ring with 1. Then a multiplicative subset S of
the ring R is a subset such that 1 € S, and 5,7 € S implies st € S.

Example 2.5. Here are some examples of a multiplicative sets:

(1) If p is prime, then S = R\ g is multiplicative. Note that g is proper by definition,
so it cannot contain 1, thus 1 € S. Moreover, if ab € g, then either a € p or
b € wp. Taking contrapositive, this means ifa € S and b € S, thenab € S.

(2) If R is an integral domain, then S = R\{0} is multiplicative.
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(3) Forany f € R, the subset S = { " : n > 0} is multiplicative with f° = 1.
Next, we let S € R be a multiplicative subset, define the following relation on R x S:
(a,s) ~ (b,t) < (at — bs)u = 0 for some u € S.

You can check that this is indeed and equivalence relation. Then we define
a
— = {all equivalence classes of (a,s) € R x S}
s

and

STIR = {all equivalence classes g}
s

with ring structure given by

a b at + sb a b ab
st st s t st

You should check that the addition and multiplication is well-defined. We say S™!R is
the ring of fractions of R with respect to S, or the localization of R at S. Notice that
the map

f:R—S'R r—r/l

is a ring homomorphism such that f(s) is invertible for all s € S, with inverse 1/s.

Proposition 2.6 (Universal Property). Let g : R — R’ be a ring homomorphism such
that g(s) is invertible for all s € S. Then there exists a unique ring homomorphism
h: ST'R — R’ such that the following diagram commutes:

R—E 5 R
B
fl e
S™IR
Proof. We first suppose h exists. Then for all » € R, we have that h(r/1) = h(f(r)) =

g(r). Therefore, if s € S, then we have h(1/s) = h((s/1)"!) = h(s/1)"! = g(s)7L.
This deduction already tells us how to define 4. Let

h(f) - h(f : 1) - h(f) -h(l) = g(r)gs) "

s 1 s 1 s

According to this definition, /4 is uniquely determined by g. Now it remains to show that
h is well defined to prove the existence, since definition h(r/s) = g(r)g(s)~! is a ring
homomorphism such that g = h o f'. Now, suppose r/s = r’/s’. Then (rs' —sr')u =0
for some u € S. Thus by applying g we have

(g(r)g(s) — g(s)g(r')g(u) = 0.

This is an equation in R’. But since u € S, so g(s) is invertible, hence a unit. Therefore,
we can multiply both sides of the equation above by g(u)~! and get

g(rg(s) —g($)g(r) = 0 & g(rg(s) = g(s)g(r) & g(r)g(s)™ = g(rHg(s)™".
Thus h(r/s) = h(r’/s’). This proves the claim. O
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Corollary 2.7. Let S C R be a multiplicative subset and g : R — R’ a ring homomor-
phism such that

(1) s € S implies g(s) is invertible in R'.
(2) g(r) = 0implies rs = 0 for some s € S.
(3) Every element in R’ is of the form g(r)g(s)™! for somer € R,s € S.
Then there exists a unique ring isomorphism h : ST'R — R’ such thatg = ho f.

Proof. By (1) and the previous proposition we see that g = h o f. We need to show &
is injective and surjective. We know & : ST'R — R’ defined by h(r/s) = g(r)g(s)~!is
the only possible candidate, and it is well-defined by the proof of the proposition above.
surjectivity is clear from (3). Now suppose /(r/s) = 0. Then g(r)g(s)~! = 0. But g(s)
is a unit hence can be canceled from both sides of the equation, leaving g(r) = 0. By (2),
we have rt = 0 for some 7 € S. Now

rt=0=0-1—-s5s-00t=0= (r,s)~(0,1)=r/s=0e S 'R.
Hence 4 is also injective. This completes the proof. [

Example 2.8. Let o C R be a prime ideal. Let S = R\gp. We write R, = S~' R. Note

m:{g:aep,seS}CR@
Ky

is an ideal. If a/s ¢ m, thena ¢ g, hence a € S. Then (a/s)"' = s/a € R,. Thus
a/s is invertible. By Lemma we see that R, is a local ring with m being its unique
maximal ideal.

A special case of the example above is when we take R = Z and g = (p) with p a
prime number. Then

m = L) = {% ca,beZ,a=kp,p ,Yb}.

Passing from R to R, is called localization at .

Example 2.9. Let S = {f"},.o. f € R. Then write Ry for S™'R. This is another
example of localization.

Proposition 2.10. Let S C R be a multiplicative set. Consider the ring homomorphism
f:R— ST'Rbyr ~ r/l. Then we have that

(i) Every ideal of ST!R is an extended ideal.
(i) Ifa C Ris anideal, thena® = S~!Rifand only ifa N S # 0.

(iii) If a C R is an ideal, then a is contracted if and only if S does not intersect zero
divisors in R/a.
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(iv) There exists a bijection
{prime ideals p C R with P N S = @} +-1» {prime ideals in S~ R}
where the correspondence is given by

> Slp={L:repseSh

Proof.

(i) Let b C S™'R be an ideal. We know b D b°®, with equality if and only if b is an
extended ideal from Proposition Thus we want to show b C h°¢. Let x/s € b.
Then since b is an ideal of S~! R, we have
s X

1
Sleb==f(x)eb=xef(b)=b'= ===
1 s 1 s s

1
S = S f(x) e b
1 s

where the last inclusion is by the definition of extension. This proves that b C bh¢®,
hence the equality. Thus every ideal in S~! R is extended.

(i) We note that

T X
a® = Z—lf(x,-) cr; € R,s; € S,x; € a} =S1g:= {— X €a,s € S}.
p Si S
Why is it true? It is clear that S~'a C a®. For the other inclusion, note that we can

always write
i ri Xi Zi L;
— X;) = - =
¥ s = Y - B

i

where each L; € a for a is an ideal. Now suppose a® = S~!R. Then there exists
some x € a,s € S such that 1 = x/s. Then (s — x)u = 0 for some u € § since
(x,s) ~ (1,1). This is equivalent to su = xu € S N a, which holds since su € S
and xu € a. Thus S Na # @. Conversely, suppose S Na # @. Then there exists
t € S Nasuchthat /1 € S~'a, which implies

1= - e S7la=a.

t
t 1
—— N——
eS— IR eS—laideal

(ii) Again from Proposition we know that a is contracted if and only if a®“ C a.
Now suppose S has no zero divisors in R/a. Let x € a®® = f~1(a®). So f(x) €
a® = S~ 'a. Then this is equivalent to the statement that x/1 = y/s for some
y €a,s €S. Thus (xs — y)u = 0 for some u € S. Then x(su) = yu € a and
(su) € S. Thus x(su) = 0 € R/a. If S has no zero divisors in R /a, then we must
have X € R/a so x € a. Thus a® C a and a is contracted.

Conversely, suppose S has a zero divisor in R/a. We want to show a*“ ¢ a. By
assumption there exists x ¢ a such that xs = y € a for some s € S. Then
x/1 = y/s,sox = y/swithy € aands € S. Thus x € S™'a = a*. Thus
a®“ ¢ a for x € a®“\a.
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(iv) If ¢ € ST'R is a prime ideal, then it is safe to say ¢ = S~ !g for some prime
ideal p C R, since by (i) every ideal of ST!R is extended, and the expression
follows from the beginning of proof of (ii). Then ¢¢ = . Since ¢ is prime, so is
its contraction g. By (ii), we must have o N S = @. Otherwise ©¢ will not be a
prime ideal (since it is not proper). Thus we have an injection

{prime ideals pp C R with P N S = @} <—— {prime ideals in S~ R}

given by p < S71p.

Conversely, let o C R be a prime ideal with o NS = @. Then we want to
show S7!1g C S™IR is prime. Let S be the image of S under the quotient map
7 : R — R/gp. Then we want to show S™!R/S~ !¢ is an integral domain. The
ring homomorphism

SR = S—1(R/p) g > ’;8

has kernel S~!g. So by the first isomorphism theorem, we have

STIR/S'p ~ SR/ ).

By (ii), since o N S = @, we have S~1p = ¢ is proper. Thus S—1(R/g) is an
integral domain since it is contained in the field of fractions of the integral domain
R/g. Thus S~'p C S'R is prime.

]

We should add some remark on the proof of (iv). Let R be an integral domain. Then
S = R\{0} is multiplicative. Write Frac(R) for S™!R. Then this is called the field of
fractions of R. The reason is that every nonzero element in S~! R is invertible, making
Frac(R) = SR a field.

Remark 2.11. In the proof above, R/ is an integral domain, and since R /g — {0} is the
set of all elements of the form 7 (), where r ¢ g, we have that Frac(R /) is the set of
all elements of the form 7 (r)/m(r") with r’ ¢ g. Since S N g = @ as we argued above,

we see that L
R/p C STH(R/gp) C Frac(R/p).

So STI(R /) is "squeezed" between two integral domains, hence must be an integral
domain.

We end this section with one more observation. Let g be a prime ideal in R. Then let
R, be the localization S™'R and S = R\ . Then this is a local ring with maximal ideal
S~1o. Then I claim that we have the following commutative diagram:

ToRp
TTo

R/ — Frac(R/gp) = Rp/pRep
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What are the prime ideals in these rings? Going through the map 7w, : R — R/, only
prime ideals containing g will survive by the correspondence theorem: ideals in R /g are
in correspondence with ideals in R containing g. And through the map f : R — R, =
S~IR, only prime ideals contained in g will survive: by (iv) of the last proposition, prime
ideals in R with p NS = @ are in correspondence with prime ideals in S™! R. Now since
S = R\gp, we have ¢ N S = @ implies g C g. So only ideals contained in g survive in
R,,. The last isomorphism =~ is left as an exercise.



CHAPTER
Modules

Note: We denote module isomorphisms by = instead of ~, following the notation of [1].
The ~ is the notation used in [2]. But we use them interchangeably in this notes.

3.1 Modules and Module Homomorphisms

Definition 3.1. Let R be a commutative ring with 1. An abelian group M is called an
R-module if there exists a functiona : R x M — M where (r, m) + r - m such that

(D) r-(my4+my)=r-m +r-myforallr € R,m;,m, € M.
2) (ri+r) - m=ri-m+ry-mforallri,r, € Randm e M.
(3) (rirz) - m=ry-(rp-m)forallry,r, € Randm € M.
@4 1-m=mforallme M.
When there is no confusion, we will omit the dot and write r - m = rm.

Example 3.2. Here are some examples of modules:

(1) The ring R is itself an R-module with addition and multiplication defined on R,
and the map a : R x R — R is simply multiplication (r, s) > rs.

(2) If I is an ideal of R, then [/ is also an R-module. This is because I is closed under
multiplication by elements in R.

(3) If V is an vector space over the field F', then V is an F-module. In fact, the
definition above applied to this special case is equivalent to the definition of an
F -vector space, which we will take as our definition of a vector space.

(4) Let G be an abelian group, then G is a Z-module by the following definition of
a:72xG—G:ForneZ,g eG,let

g+--+g n>0
*—q‘f——d
n times
n-g=130 n=0
(—g)+--+(=g) n<0.
n times

In fact, all Z-modules are abelian groups. So the notion of an abelian group and a
Z-module is equivalent.



21 CHAPTER 3. MODULES

(5) Let V be an F-vector space where F is a field. Let 6 : V' — V be an F-linear
map. Then we can regard V' as an F[x]-module via the action

a:Flx]xV >V (Zaixi,v)l—)ZaiQi(v).

Proposition 3.3. Let M be an R-module. Then we have
i) 0-m=r-0=0forallme M,r € R.
(i) (=r)-m=r-(—m)=—(r-m)forallm € M,r € R.
Proof. Exercise. O
We make one remark. If M is an R-module and let m € M. then
I ={reR:r-m=0}

is an ideal in R and M is naturally an R/I module via (r + I,m) +— r - m. This is
well defined by the definition of /. We call / the annihilator of M in R, denoted by
Anng(m).

Definition 3.4. Let M be an R-module. A subgroup N of the (additive) group M is
called a submodule if r € R,n € N impliesr -n € N.

Proposition 3.5. A subset N C M is a submodule iff it satisfies the following:
(i) N #40.
(1) ny,n, € N impliesn; +n, € N.
(iii)) r € R,n € N impliesr -n € N.

Proof. This is just a restatement of the definition, and condition (1)-(ii1) will imply N is a
subgroup of M in addition. [

Example 3.6. Here are some example of submodules:

(1) If R is a commutative ring regarded as an R-module, then submodules of R are
exactly ideals in R.

(2) If V is an F-vector space over a field, the submodules of V' are exacly subspaces of
V.

(3) If G is an abelian group regarded as a Z-module, then submodules of G are exacly
subgroups of G.

(4) If V is an F-vector space with an endomorphism 6 : V' — V, regarded as an F[x]-
module, then submodules of V' are exactly f-invariant subspaces, i.e. subspaces
W C V suchthat (W) C W.
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Definition 3.7. Let R be a commutative ring with 1. Let M, N be R-modules. Then a
grpup homomorphism ¢ : M — N is called a module homomorphism or just a R-
homomorphism if ¢(r -m) = r - ¢(m), forallr € Rand m € M. If ¢ is a bijection,
then it is an isomorphism and we write M = N.

The definition above is a generalization of linear maps over an F'-vector space V. We
use Homg (M, N) to denote all R-homomorphisms ¢ : M — N. Note that this is again
naturally an R-module via the map

R x Homg(M, N) — Homg(M, N) (r,g)—>(r-¢ - me—r-p(m)).

For example, if V, W are F-vector spaces, then Homg(V, W) = L(V, W), the set of all
linear maps from V to W. If G, H are abelian groups, then similarly Homz (G, H) are
just all grpup homomorphisms between them.

Proposition 3.8. If ¢ : M — N is an R-module, then im¢ = ¢ (M) is a submodule of
M, and ker ¢ is a submodule of N.

Proof. Exercise. [
Definition 3.9. If N C M is a submodule, then the quotient abelian group
M/N ={m+ N :me M}
can be made into an R-module via the map
RxM/N — M/N (r,m+ N)+— (r-m)+ N.

This map is well-defined, because N is a subgroup (check). We call M/ N the quotient
module. Then the natural map 7 : M — M/N by m — m + N is a module homomor-
phism.

Theorem 3.10 (1st Isomorphism Theorem). If 6 : M — M’ is an R-module homomor-
phism, then 0 induces an R-module isomorphism via the map

M/kerf — im6 m + ker 0 — 6(m).

Proof. Same as for (abelian) groups. Exercise. [

3.2 Free Modules

Definition 3.11. Let M be an R-module, and A C M a subset. The submodule of M
generated by A is defined by

(A) = N N.
submodule ACN CM

It is eacy to check that

(A) = ({finite sums Z)Lia,- A €R,a; € Ay.

4
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Definition 3.12. If an R-module M is generated by a set A = {a;};c; C M (possibly
infinite) and every element m € M can be written uniquely in the form m = ) ; A;a;
with A; € R,a; € A, A; = 0 for all but finitely many is, then we say M is a free module
with basis A.

Example 3.13. Here are some examples/nonexamples of free modules:

(1) R is a free module since {1} is a basis.

(2) Similarly the n-fold product R” = R x --- x R is a free R-module with standard
basis {ei}lsisn.

(3) If F is a field, then every F-module is free: By definition, every F-module is an
F -vector space, which admits a basis.

(4) 7Z/27 is NOT a free Z-module: It is generated by 1, but the element 1 -1 =3-1 €
7,/ 27 does not have a unique representation.

(5) Generalizing the nonexample above, if G is an abelian group which is not torsion-
free, i.e. there exists an element g € G and n € Z nonzero such that ng = 0, then
1-g = (1+n)-g. Hence g does not have a unique representation by its basis
element, making G impossible to be a free module.

We make an observation: If M is a free R-module with basis 4, and N is another
R-module, then any function f : A — N extends uniquely to an R-homomorphism
fr : M — N by defining

0r (Z/\iai) =Y Xif(a).

Proposition 3.14. Let L be a free R-module, and let ¢ : N — N’ be a surjective
R-homomorphism, and 6 : L — N” be an R-homomorphism. Then there exists an
R-homomorphism ¢ : L — N such that ¢ oy = 6. That is, we have the diagram:

L

al/i// le
k/
N ﬁ N//

Proof. Let A = {a;};c; be a basis for L and for each i, choose n; € N with ¢(n;) =
f(a;). Then define the function f : A — N by f(a;) = n; and extend f uniquely to an
R-homomorphism ¢ : L — N such that

w(z Aiai) = Xijxin,-.

Then by construction,

¢o W(Zkiai) = ¢(Z/\ini) = Z/\ﬂﬁ(ni) = Z)L,-G(ai) = 9(2)%'01‘)-

O
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Note that in general 1 is not unique. Any n; such that ¢(n;) = 6(a;) can be used to
define ¥ (a;) = n;. Also, in general, the statement of the proposition above is not true
when L is not free. For example, Z /27 is not free. Does there exist a 1/ that makes the
following diagram commute?

7.)27.

3?1//// ll
e
7 ——= L[27
Suppose v : Z/27Z — Z has the desired property. Then let ¥ (1) = n € Z. So then
2n =2-Y(1) =y 2-1) = ¥(2) = ¥(0) = 0. And 2rn = 0 is an equality in Z, so
n = 0. Thus ¥ = 0. So there is no way by composing ¥ and mod 2 we get the identity
on Z/27.
In fact, the Z-module Z /27 will continue to be important counterexamples in many

cases, as we will see.

Proposition 3.15. Let M be an R-module, then there exists a free module L and a sub-
module K C L, such that M =~ L/K. Thus any module is a quotient of some free
module.

Proof. First, we note that given any set A, we may construct a free R-module with basis
A given by

R* = {functions f : A — R with f(a) = 0 for all but finitely many a}.

We can add functions, multiply them by elements in R. And note R* has basis {84} ,c 4>
where 8,(m) is 1 if m = a and is 0 otherwise.

Now let A C M be any generating set, (e.g. A = M). Take L := R4. Let 6 :
L — M be the unique R-homomorphism extending the inclusion f : A — M by the

following:
G(Zki&,i) = Zkif(ai) = Zliai-

Then 6 is surjective because A generates M. And set K := ker 6, use 1st isomorphism
theorem we have L/ K =~ M. O

3.3 Exact Sequences

Definition 3.16. A sequence of R-modules and R-Homomorphisms

fi- £
i My T My S My —>

is called exact at M; if im(f;—;) = ker(f;). A sequence like this is called an exact
sequence if it is exact at every M;, fori = 1,2,3, ...

Example 3.17. Here are three extremely important example that will serve as the building
block of exact sequences:
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(1) The following sequence is exact iff f is injective: 0 —> M’ i) M.

(2) The following sequence is exact iff g is surjective: M 5 M —o.

(3) The following sequence, known as a short exact sequence, is exact iff f is injec-
tive, g is surjective, and im( /) = ker(g):

oM L mE M —o.

Here is an example of a short exact sequence. If f : M — N is an R-homomorphism,
then

O—>ker(f)<E>Mi>im(f)—>O

is a short exact sequence by (3) above. We also note that, any exact sequence can be split
up into short exact sequences, specifically by the following, using the fact thatim( f;—;) =

ker( f;):

> O

fi incl
i

D My L M L My ——

N X
ker(fi) im(f;)
0 0
and we can continue this process. The remaining of this section will be devoted to the

following proposition. From a categorical language, this proposition says that Hom is a
left exact functor.

Proposition 3.18.

(1) Let 0 —> N’ i> N 5 N’ be an exact sequence consisting of R-modules and
R-homomorphisms. Then for any R-module M, the sequence

0 — Hom(M, N') EN Hom(M, N) LA Hom(M, N")

is also exact. Here, we define f to be the map ¢ — f o ¢, and similarly g to be
the map ¢ — g o .

(2) Let M’ i) M 5 M” — 0 be an exact sequence consisting of R-modules and
R-homomorphisms. Then the sequence

0 — Hom(M', N) LA Hom(M, N) EA Hom(M",N)

is also exact. Here we defineg : ¢ > ¢pogand f : ¢ — o f.
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Proof. We will only prove (1), since (2) is entirely analogous to (1). Suppose we have an
exact sequence

0N L NE& N

given above, to check that

0 — Hom(M, N') 2> Hom(M, N) % Hom(M, N
is exact, we need to check two things:

e f is injective: Let ¢ € Hom(M, N’) be such that f(¢) = f o¢ = 0. Then
im¢ C ker f. But f is injective by assumption, so ker f = 0 implies ¢ = 0.

e im(f) = ker(g): By definition, for any ¢ € Hom(M, N’), we have

(8o f)P)=8(fogp)=gofog.

Since im f = ker g by exactness, we have (g o f)(¢) = 0 for arbitrary ¢. Thus
im(f) C ker(g). To prove the inclusion in other direction, let ¥ € kerg. Then
g(Y) =goyy =0. Thusimy C kerg = im f by exactness. Now letm € M,
then vy (m) € im(f) as we just saw. And since f is injective by exactness, there
exists a unique n’ € N’ such that ¢ (m) = f(n’). Then define the map¢p : M — N
by letting ¢ (m) be the unique n’ € N such that y(m) = f(n’). Then we have the
following commutative diagram:

2l

N/—>N

Now, we see that ¢ is well-defined, because f is injective and im ¥ C im f. Also,
¢ is R-linear since both ¥ and f are. Finally, commutativity of the diagram implies

fop =1y = f(¢). Soy € im(f). Thus ker(g) C im(f). This gives the two-
sided inclusion, hence the equality.

Together, these two condition will show that the desired sequence is indeed exact. U
Remark 3.19. In the context of part (1) in the previous proposition, suppose now
0N LNEN S0
is exact. That is, suppose in addition g is surjective. Then obviously for general M, the
sequence
0 — Hom(M, N') EN Hom(M, N) LA Hom(M, N")

is still exact. But g need not be surjective in general even if g is. That is, the sequence
above with "— 0" added in the end need not be exact in general. For a counter example,
we have shown that
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Sol:7Z/27Z — 7Z/2Z is not in im(g). However, there are cases where g is surjective.
And such a module M is called a projective module, which we will discuss later.

Similarly, in (2), if f is in addition injective, f need not be injective in general. But
when the module N is chosen such that f is injective, N is called an injective module,
which we will discuss later as well.

3.4 Snake’s Lemma
Definition 3.20. Let @ : M — N be an R-homomorphism. Then define
cokera := N/ima.

Proposition 3.21. Let the following be a commutative diagram of R-modules and R-
homomorphisms with exact rows:

0 oM LM s M0
a/ al a//l/
0 >N/p s N 7 s N/ —— 0

Then there exists an exact sequence:

0 —— kero«/ —— kera« ——— kera”

"

cokera’ —— cokeroe —— cokera” —— 0.

If we arrange the diagram as below, the boundary homomorphism & : ker«” — coker o’
"connects" the diagram like a snake, giving the lemma its name:

0 —» keroe —» kera/ —» kera”

S g

O——™ M —> M —> M —>»0

-

|
la la//
P q

0O—N —>N—>»N' ——»0

—» cokera’ —» cokera —» cokera” —» 0

Proof. See [4] Lemma 4.7, which contains a full proof. OJ
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3.5 Projective Modules

Theorem 3.22. For an R-module P, the following are equivalent:

(1) For every diagram of R-module and R-homomorphisms as follows, with g surjec-
tive, there exists v : P — N such that ¢ = g o .

N s N” > 0

(2) For every surjective R-homomorphism g : N — N, the induced map that we had
before g : Hom(P, N) — Hom(P, N") given by g() = g o ¥ is surjective.

(3) P is adirect summand of a free R-module: i.e. there exists a free R-module F and
an R-module M such that P & M = F.

(4) Every short exact sequence of the form
0>M-—>N->P—0
splits, i.e. there exists B : P — N suchthata o f = 1p.

Proof. Clearly (1) and (2) are equivalent.

To show (2) implies (3): We know from Proposition that P is the quotient of a
free R-module F. So there exists a surjective R-homomorphism g : ¥ — P. Then by
(2), the induced map g : Hom(P, ) — Hom(P, P) is surjective. In particular, there
exists ¥ : P — F,suchthat goy = 1p. Now

g oy = 1p = g is surjective and ¥ is injective.

Injectivity of ¥ follows by applying g to ¥ (p) = ¥ (q) and gives p = ¢q. If p € P, then
g(¥(p)) = p so g is surjective. Now let M = ker g. We claim that then the map

P:MeP—>F (x,y)>x+y0Q)
is an isomorphism. Clearly ® is R-linear.
e & is injective: Let (x,y) € ker®. Then x € M = kerg in particular. Then
x + ¥ (y) = Oimplies x = —(y) = ¥(=y). S0 0 = g(x) = g(¥(=y)) = —y
since goy = 1p. Then y = 0. Sox = —y(y) = 0 as well and P is injective.
e ® is surjective: Let z € F. Consider the element z’ = z — Y (g(z)). Then g(z') =

g(z—v(g(2) = g(z) —go¥(g(z)) = 0. Soz’ € kerg = M. Thus z =
z' + Y (g(z)) € im ®. So P is surjective.
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Thus we proved this direction.

To show (3) implies (2): Suppose P is such that FF =~ P & M with F being a
free module. Then by proportion for any surjective g : N — N”, the map g :
Hom(F, N) — Hom(F, N”) is also surjective. And since F =~ P & M, we have that

Hom(F, N) = Hom(P, N) & Hom(M, N)
Hom(F, N"”) =~ Hom(P, N") & Hom(M, N").

This forces g = gp @ g, to split as well. Thus gp : Hom(P, N) — Hom(P, N”) is
surjective. This proves (2).

To show (1) implies (4): By (1), given a surjective R-homomorphismo« : N — P,
the map 1p is in the image of « : Hom(P, N) — Hom(P, P) where« : B — o o B.
Since there existsa B : P — N witha o B = 1p, we have proven (4).

To show (4) implies (3): Let N be a free R-module. By exactness « is surjective.
Now do exactly the same argument as we did in the proof of (2) implies (3) above, with
F replaced by N and g replaced by «.

Thus we have shown that (1),(2),(3) are equivalent. And since (4) implies (3) and
can be obtained from (1), we conclude that (4) is equivalent to (1),(2),(3), concluding the
proof. 0

Definition 3.23. An R-module satisfying the equivalent conditions (1)-(4) above is called
a projective R-module.

Example 3.24. Free R-modules are projective by (3) of the theorem above.

Note that although free modules are projective, the converse is not necessarily true.
Consider (once again) P = Z /27 as a module over Z/6Z via

7]6Z x P — P (a,b) — (a mod2) - b.

Now, Z/6Z =~ P @& 7 /37 by the Chinese remainder theorem, with Z/6Z being a free
7,/ 6Z-module with basis 1. So P is projective. But P is not free, otherwise say P = (1)
(since 0 is not a choice), then P must contain all elements of the form A-1 with A € Z/6Z,
and different A corresponds to different elements uniquely. So |P| = |Z/27Z| = |2| > 6,
which cannot be true.

3.6 Injective Modules

Lemma 3.25. An R-module Q is called injective if it satisfies the following equivalemt
conditions:

(1) For every diagram below of R-modules and R-homomorphisms with f injective,
there exists W : M — Q suchthat ¢ = Y o f.

f

0 > M’
¢l
R

Q

M

N2
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(2) For every injective [ : M'" — M, the map f : Hom(M, Q) — Hom(M', Q)
defined by f : +— ¥ o f is surjective.

(3) For every short exact sequence
0—Q SEN>M—=0
splits, i.e. there exists B : N — Q such that Boa = 1g.

Proof. Parallel to the theorem of projective modules before. [

Theorem 3.26 (Baer’s Lemma). Let Q be an R-module. If for all ideals I C R, every
R-homomorphism ¢ : I — Q extends to R, i.e. if the following diagram commutes,

0 > I < > R

then Q is an injective module.
Proof. Consider a diagram of R-modules and R-homomorphisms with f injective:

LNy

> M’
‘|
0

We want to show that ¢ extends to a homomorphism ¢ : M — @, which proves the
claim by (1) of the lemma above. We identify M’ with its image under f, which is an
injection. Therefore, we assume WLOG that M’ is a submodule of M, i.e. M' C M and
the map f is given by inclusion. Consider the set

o/ = {submodules N s.t. M' C N C M and 3¢y : N — Q with ¢n |y = ¢}.

That is, 7 is the set of all intermediate submodules between M’ and M to which the map
¢ extends. This set <7 is ordered by the following relation:

Ni <Ny < N, CN, EJ.HCngﬁNlel = ¢N1'

Every chain has an upper bound, which is the union of all the chain elements. Hence by
Zorn’s lemma, there exists a maximal element N in <. We claim that N = M.
Suppose otherwise N C M. Let m € M\ N and consider the ideal

I ={reR:rmeN}.

By hypothesis, the R-homomorphism ¢, : I — Q defined by

¢m:r|—>rmeNl¢—N>¢N(rm)eQ
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extends to R:

Clearly we have
Anng(m) = {r € R:rm = 0} C ker¢,, C ker ¥,.

Hence the map v, factors as follows:

The isomorphism R/ Anng(m) = Rm is given by the map r +— rm whose kernel is
exactly Anng(m), and isomorphism follows from the first isomorphism theorem. The
factored map v, : R/ Anng(m) — Q is defined as

Y (r + Anng(m)) = Ym(r).

This map is well-defined, for if » + Anng(m) = r’ 4+ Anng(m), then r —r’ € Anng(m),
and Y, (r) — ¥ (r') = ¥, (r — r’) = 0 since Anng(m) C ker v,,. Also, we note that if
x € Rm N N, then we can write x = rm for some r € R. Then

Vi (X) = Y rm) = Y (r) = G (r).

In the first step we identified R/ Anng(m) with Rm, and in the second step we used the
definition of v,,. In the last step we used the fact that rm € N implies r € I, so ¢, can
take values on r. Thus

V| RmAN = ON|RmON -

But since m € M\ N, we have N + Rm is strightly larger than N. And we can extend
¢n : N — Q tothe map ¢y : N + Rm — Q by ¢\, = ¢n + ¥,,. Thatis, we let
¢y = ¢~ on N and ¢}, = v, on Rm. This contradicts the maximality of N and ¢|x.
Thus we conclude that N = M, proving the claim. 0

Definition 3.27. An abelian group G is called divisible if for every n € Z\{0}, the
multiplication by n map G — G, g > ng is surjective.

Proposition 3.28. Let G be an abelian group (thus also a Z-module). Then G is an
injective Z-module iff G is divisible.

Proof. Suppose G is injective. Let g € G and n € Z\{0}. Consider the following Z-
modules and Z-homomorphisms, where we choose ¢ such that g = ¢ (1) (since ¢ is a
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homomorphism, this is all the information we need to know what ¢ is) and let f = xn
be the multiplcation map. Then there exists ¢ : Z — G suchthat¢p = Y o f:

77

%A

The existence of { follows from the hypothesis that G is injective. Then from commuta-
tivity of the diagram we have

g=9oM)=yv(f() =y 1) =ny).

And since ¥ (1) € G, we jabe that g = n x ¥ (1) € im f. So G is divisible.

Conversely, let G be divisible. Then by Baer’s lemma, we want to show for all ideals
I C Z, any Z-homomorphism ¢ : I — G can be extended to Z. If I = (0), then just
take the extension to be the zero map. If I is not trivial, then since every ideal in Z is
principal, we assume I = (n) withn # 0. Let g = ¢(n). Since G is divisible, we have
g = ng' for some g’ € G. Then let Y : Z — G by mapping 1 to g’. Then the following
diagram commutes and y is an extension of ¢:

I =0n)— 7
¢l /
Iy
G
To see that ¢ agrees with ¢ on I, we note

Y =ymx)=nxy(l)=n-g' =g

And since V¥ is a Z-linear map that agrees with ¢ on the generator, they agree everywhere
on /. This concludes the proof. [

3.7 Localization of Modules

Let R be a commutative ring with 1. Let M be an R-module. Let S C R be a multiplica-
tive set. We can define a relation ~ on M x S by

(m,s) ~ (m',s") < t(ms' —sm’) = 0 for some ¢ € S.
Then this is an equivalence relation, as you should check. We then define

m
— = {equivalence classes of (m, 5)}.
s

And we define

S_le{?:meM,seS}.

Then S~!'M is an S~! R-module via

m m  ms +sm’ r m rm
t

K s/ ss’ st

=]
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If f: M — N is an R-homomorphism, then the map

sM sy M S
S S

is an S~! R-module homomorphism. We denote this map by S™! f.

Proposition 3.29. Let M’ LM —%- M" be an exact sequence of R-modules and
R-homomorphisms, then

S~ lg
—_—

S—lM/ S__IJ; S—IM S—IM//

is an exact sequence of S™! R-modules and S~! R-homomorphisms.

Proof. We need to check that im(S~! ) = ker(S~!g). On one hand, we know im( f) =
ker(g) by assumption, so g o f = 0. Therefore S~!(g o f) = 0. Also, it is clear from
definition that 0 = S™!(go f) = S~ !goS~! f. Thus we have im(S~! /) C ker(S™!)g.
This already gives half of the proof. Conversely, let m/s € ker(S™!g). So g(m)/s = 0.
Thus by definition g (m) = 0 for some ¢ € S. Since g is R-linear, we have that g(tm) =
0. So we get tm € ker(g) = im(f), which implies tm = f(m’) for some m’ € M’.

Then we have that ) )
S ts ts ts

Therefore ker(S~'g) C im(S™! f). This completes the proof. ]

Corollary 3.30. If N C M is an R-submodule, then S™'N is an S~! R-submodule of
S™YM. And we have a S™! R-module isomorphism S'M/S™'N =~ S~ (M/N).

Proof. Apply Proposition [3.29]to the following exact sequence

0 » N —— M —— M/N —— 0

where ¢ 1s the inclusion map and 7 is the natural projection. Then we will have an exact
sequence

SN STy g1y 37 g-1(M)N).

Then S~ !7 is a surjective homomorphism from S™!M to S™!(M/N) withker(S~'x) =
im(S™1) = S~!N. Now applying first isomorphism theorem concludes the proof. [

We introduce some notation now. Let R be a commutative ring with 1 and let g be a
prime ideal of R. Then S = R\ is a multiplicative set. We use the notation M, and f,,
to denote the localization module and maps S™'M and S~! 1.

Proposition 3.31. Let M be an R-module. Then the following are equivalent:
(1) M =0.
(2) M, = 0 for all prime ideal p C R.

(3) M,, = 0 for all maximal ideal m C R.



3.8. NOETHERIAN RINGS AND MODULES 34

Proof. The implication (1) = (2) is obvious. And since every maximal ideal is prime,
we have (2) = (3). It remains to show that (3) = (1). We argue by contradiction.
Suppose (3) holds but (1) fails. Then let x # 0 € M. Then denote

I = Anmng(x) ={re R:rx =0} C R

be the annihilator of x in R, which is a proper ideal of R since x # 0, so 1 ¢ [I.
Therefore there exists some maximal ideal m C R containing / by Theorem [I.1§] Now
since x/1 € M, and by (3) we have M,, = 0. So x/1 = 0 implies tx = 0 for some
t € R\m C R\I (sincem D I). Thent ¢ I. Buttx = 0 implies € Anng(x) € I. So
this gives the desired contradiction. 0

Corollary 3.32. Let f : M — N be an R-module homomorphism. Then the following
are equivalent:

(1) f isinjective.
(2) fo: My, — N, is injective for all prime ideal p C R.

(3) fm : My, — Ny, is injective for all maximal ideal m C R.

Proof. To show (1) implies (2), let f be injective. So the sequence 0 — M i) N is
exact. By [3.29] the sequence
0— M, &) Ny

is exact. So f,, is injective for all prime ideals gp C R. To prove that (2) implies (3), just
use the fact that every maximal ideal is prime. To prove (3) implies (1), let K = ker f.
Then the sequence

O—>KL>M£>N

is exact. Apply the proposition again gives an exact sequence

0= K,, = M, 2 N,

Therefore ker( f,,;) is the image of the inclusion from K, to M,,, which we identify with
K. And by assumption of (3) we know that K,, = ker f,, = 0. So by Proposition [3.31]
we have K = 0 implies f is injective. 0

Remark 3.33. In the statement of the corollary, the same holds if we replace "injective"
by "surjective" everywhere. The proof is similar and is left as an exercise.

3.8 Noetherian Rings and Modules

Recall that an R-module M is called finitely generated if there exists fi, ..., f, € M such
that M = (f1, ..., fy). In other words, if every element in M is of the form Y :_, A; f;
with A; € R. From the experience of linear algebra, it would be reasonable to guess that
every submodule of a finitely generated module is also finitely generated, since the sub-
space of every finite dimensional vector space is also finite dimensional. This, however,
is not true in general. We give a counterexample below.
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Example 3.34. Let k£ be a field and let R = k[xq, x5, ...] be the polynomial ring over
k with countably many variables. Then R, viewed as an R-module, is clearly finitely
generated, since R = (1). But the ideal / = (x, x»,...) C R is not finitely generated
as an R-module. (f1, ..., f;) C I. We want to show that this subset is proper in /. Then
take N > max(deg fi, ..., deg f;). Then the variable xy, Xy +1, ... don’t occur in any f;.
Then consider the the k-linear homomorphism ¢ : R — k defined by

0 1<j<N
@ X; = .
1 j>N.
Note that if we pick any x; for kK > N, then xx € I but x; ¢ ker¢. Then since any
element in (f,..., f;) can be factored as a linear combination ryx; + -+ + ryxy, we
have that

(fi,..s fy) Ckerp C 1.

This counterexample motivates us to look at a nice subset of modules. Thus we intro-
duce the following definition:

Definition 3.35. Let R be a commutative ring with 1.

e An R-module M is called a Noetherian R-module if every submodule of M is
finitely generated. In particular, M itself is finitely generated.

e We say R is a Noetherian ring if R is Noetherian as an R-module. Equivalently, if
every ideal of R is finitely generated.

Example 3.36. If F is a field, then F is a Noetherian ring, since the only ideals are
(0), (1). If V is an F-module (vector space), then V is Noetherian if and only if V is
finite dimensional.

Example 3.37. If R is a PID, for example Z, F [x] where F is a filed, then every ideal
is generated by a single element. Therefore it is a Noetherian ring. If M is a finitely
generated R-module with R being a PID, then M is a Noetherian R-module. In fact, we
will see that R can be any Noetherian ring.

Proposition 3.38. If M is a Noetherian R-module, then so is every submodule and every
quotient module of M.

Proof. Let N be a submodule of M. Then every submodule of N is also a submodule
of M, so finitely generated. It follows that N is Noetherian. For quotient, let M /N be
a quotient module of M, i.e. N is a submodule of M. Let L C M/N be a submodule,
we want to show L is finitely generated. Let ¢ : M — M/N be the natural projection.
Consider g~ (L) C M, this is a submodule (check this). So ¢g~!(L) = (ay, ...,a,). Then
we claim that

L = (q(a1),....q(a,)).

Clearly g(a;) € L. Let A € L. Then since ¢ is surjective, we have A = g(m) for some
m e q ' (L). If we write m =), r;a; then A = >_. r;iq(a;). O
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Definition 3.39. An R-module M satisfies the ascending chain condition (ACC) if any
chain of submodules of M
N1CN2CN3C"'

eventually stabilizes, i.e. there exists r > 1 suchthat N, = N, 41 = Nyyp = -+

Theorem 3.40. M is a Noetherian R-module if and only if M satisfies the ACC.

Proof. Suppose M is Noetherian. Let Ny C N, C N3 C --- be a chain of submodules
of M. Let N = J;.; N;. Then one can check that N is a submodule of M (in general
no but in this case y_es). So N = (ay,...,a,) since M is Noetherian. Then for some
sufficiently large k we have a; € Ni foralli. So N = (a;,...,a,;) C Ny C N. Thus the
chain stabilizes at Ny.

Conversely, let N C M be a submodule. We’ll show this is finitely generated. Pick
a; € N. Then (a;) C N. If (a;) = N we are done. Otherwise pick a, € N\(a;) and
consider (ay,a,) C N, and repeat this process. Thus we have a chain

(a1) C (a1,a2) C (a1,az,a3) C---
that will eventually stabilizes by ACC. Therefore, N = (ay, ..., a,) for some n. ]

Proposition 3.41. Let M be an R-module and N C M be a submodule. If N and M/N
are Noetherian, then sois M.

Proof. Let Ly C L, C --- be an ascending chain of submodules in M. We want to show
this chain stabilizes. Now L; "N C L, NN C --- is a chain of submodules of N. Let
q : M — M/N be the projection then g(L;) C q(L) C --- is a chain of submodules of
M/ N. So these chains will stabilizes at some step, say:

L, NN=L,,;NN=--. g(L,) =q(Lyyy) =---.

The index r can be taken to be the same in both cases WLOG since we can take the max
of both index. We claim that
Lr = Lr+1 =

It suffices to show that L, D L, 1, and the case for r 4+ k follows. Let m € L,,;. Then
m+N =qg(m) € q(Lr+1) = q(L,). Sowecanwritem+ N = y+ N forsome y € L,.
Thenm = y + n forsomen € N. Thereforen =m—-ye NNL,y1,=NNL, CL,
(sinceme€ L,andy € L,41). Hencem =n+y € L, (sincen,y € L,). ]

Corollary 3.42. If M and N are Noetherian R-modules, then sois M & N. In particular,
if R is a Noetherian ring, then R* = P, R is Noetherian.

Proof. Since N =~ N & {0} C N & M is asubmodule and M =~ N & M/(N & {0}), the
claim follows from the previous proposition. 0

Proposition 3.43. If R is a Noetherian ring and M is a finitely generated R-module, then
M is Noetherian.

Proof. If M is generated by (ay, ..., a,), then the map ¢ : R” — M defined by taking
the ith standard basis e; to a; extended by linearity realizes M =~ R"/ker¢. Since R"
is Noetherian by the corollary above, its quotient ring R”"/ ker ¢ is also Noetherian. Thus
M is Noetherian. 0
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3.9 Hilbert’s Basis Theorem

Theorem 3.44 (Hilbert’s Basis Theorem). If R is a Noetherian ring, then so is R[x].

Proof. Let J C R[x] be an ideal. We want to show that J is finitely generated. For each
n > 0, consider

I, := {r € R : J contains a polynomial of the form f(x) = rx" +---}.

Then Notice two things: (1) 7, is an ideal of R, since J is closed under R[x]-multiples,
hence R-multiples. (2) I,, C 1,41, since if f(x) € J, then xf(x) is also in J. Since R is
a Noetherian ring, there exists N > 0, such that Iy = Iy+; = In42---. Now for each
0<n <N, we write

I, = (al,...,a*m).

e Uy

Here k,, is some constant depending on n. We can do this since every ideal in R is finitely
generated. Pick

fl(x)=alx" +---eJ.
We claim that

==V, 1=/ =

Denote the thing on the right hand side by A, we say J = span(A). Clearly span(4) C J
since f;/ (x) € J foreachO <n < N,1 < j <k, and J is an ideal. Now we show that
J C span(A).

Let g(x) € J. WLOG assume g(x) # 0. We argue by induction on the number
deg(g(x)) = d. Write g(x) = rx? +---. If d = 0, then

relo=(agnah) = (f (). e f52(x)) C span(A)
since deg foj = 0. Now suppose d > 0. We have two cases:

1.Ifd < N,thenr € I; = (a}i,...,a];"). implies that r = le-d:lkjag for some
A; € R. Consider h(x) = ZI;":I Aj f](x) € span(4) C J. Then the leading
term of /(x) is rx?. So we have deg(g(x) — h(x)) < d. By induction hypothesis,
g(x) — h(x) € span(A), and combined with the fact that 4(x) € span(A) we have

g(x) € span(A).

2. Ifd > N,thenr € I; = Iy by ACC. Write r = leﬁl /ljaf;,. Now argue just as
above in 1 but now with (x) = (A1 fy + -+ Aky fj\’,{N)xd_N € span(A).

This concludes the proof. [
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Tensor Products of Modules

4.1 Existence and Uniqueness of Tensor Product

Definition 4.1. Let R be a commutative ring with 1. Let M, N, P be R-modules. Then a
function f : M x N — P is called bilinear if it is linear on each argument:

frmy +my,n) =rf(my,n)+ f(ms)
f(m,rny, +ny) =rf(m,ny) + f(m,ny).
forallm,m;,m, € M,n,n{,n, € N,r € R.

Proposition 4.2. Let M, N be R-modules. Then there exists an unique pair of R-module
M ® g N together with an R-bilinearmap g : M xN — M Qg N satisfying the following
universal property: For any R-module P and any R-bilinear map f : M x N — P,
there exists a unique f': M Qg N — P such that f = f’ o g. That is, the following

diagram commutes:

MxN—L 5 p

T
S’

M QRr N

Proof. We first prove the uniqueness of the pair (M ®x N, g). Suppose there is another
pair (T, g’) satisfying the universal property stated above. Then by the universal property
of M ®g N, we have the following diagram:

MXNL>P

T
g -~
l Ty

M ®r N
And similarly by the univeral property of the pair (7, g’), we have
MxN —5— M&gN

g'l //)r
-7y

-

Thus we have the relation
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But notice that if we connect these two diagrams together we have

MxN—55T

g M ®r N

But then we have two choices of maps 7" — T’ to make the diagram below commutes:

And by the universal property of the pair (7, g’), we have that j o j' = idy. By a similar
argument j' o j = idy. Therefore M ® g N = T via the isomorphism j, and the two
maps are related by an isomorphism g = j' o g.

Next, we prove the existence of the pair (M @z N, g). Let RM*¥ be the free module
with basis M x N, that is, the set of all finite linear combinations ), A;(m;, n;) with
Ai € R,and m; € M,n; € N. Next, consider (4) C RM*N generated over R by all
"bilinear relators"

A :{(ml + mZ’n) - (ml’n) - (mZan)7 (m9n1 + n2) - (manl) _m(nZ)a
(rm,n) —r(m,n),(m,rn) —r(m,n) :m,my,my € M,n,ny,n, € N,r € R}.

Now define M ® g N = RM*N/(A), andlet g : M x N — M ®pg N be defined by
sending the pair (m,n) to g(eum.n)), where ¢ : RM*N — M ®pg N is the projection
and e,z is the basis element corresponding to (m,n). We abuse the notation and write
q(emm,n) = q(m,n). And often this is denoted by m ® n := g(m,n). Then notice that
M ®pgr N is generated by elements of the form m ® n, subject to the bilinear relations

(mi+my))@n=m; @n+myQn
mmy+n)=men, +maen,
(rm)®n=m® (rn) = r(m Q n).

Now we check two things:

1. g is bilinear. This is easy from definition. We have that

g(my +my,n) = q(my + ma,n) = q((my,n) + (mz,n))
= q(my,n) + q(my, n)
= g(my,n) + g(ma, n).

And all other bilinear relations follows similarly.
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2. (M ®gr N, g) satisfies the universal property. Let P be an R-module and f :
M x N — P be an R-bilinear map. Then f extends uniquely to an R-linear map
f i RM*N . P by

) hilming) = Y A f(miony).

Since f is bilinear, we have f (a) = 0foralla € A. So f factors through the
quotient M @ g N = RM*N / (A):

RM*N L> P (m,n) |L> f(m,n)
ql ///Elf’ ql /
M ®r N mQn

and f’ is uniquely determined by m ® n — f(m, n), and it satisfies

fn.n) = fm.n) = f'(g(m.n)) = f'(g(m.n)).
So f = f’ o g. This proves the universal property.

Therefore, we have proven the existence and uniqueness of the module M ® g N. This
module is called the tensor product of M and N over R. When the context is clear, we
simply write M ® N. 0

4.2 Properties of Tensor Products

Before we study some properties of tensor products, let us calculate a few examples:

Example 4.3. We claim that (Z/37Z) ®z (Z/27) = 0. To see this, let a € Z3,b € Z5,.
Then we see that

a®b=3a®b)—2(a®b) =Ba)®b—a®(2b) =0.

Example 4.4. Let R be a commutative ring with 1. Let /,J C R be ideals (hence R-
submodules of R). So R/I,R/J,R/(I + j) are R-modules. Then we have

R/I®R/J =R/ +J).

In particular
(Z/mZ) ® (Z/nZ) = 7Z/dZ where d = gcd(m,n).

To see the isomorphism above, we check that R /(I + J) satisfies the univeral property of
the tensor product. Let us considerthemap g : R/I xR/J — R/(I+J)be (r +1,s+
J)+—rs+ (I + J). Then g is bilinear. Let P be an R-module and f:R/I x R/J — P
be an R-bilinear map. We need to find an R-linear map f’: R/(I + J) — P such that
f = f'og. Note that

(r—i-l,s—i-J)%f(r—i—l,s-i—]):rsf(l—i-l,l-l-J)

R

rs+U+J)=rs(1+1+J)
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So fmustsend 1 + (I +J)+— f(1+ 1,1+ J). And this uniquely determines f’ with
the desired property f':t+1+J +—tf(1+ 1,1+ J)suchthat f'og = f. So by the
univeral property, we have R/(I + J) = (R/1) ®r (R/J).

Now we study the properties of tensor product. All of these can be proven by univeral

property:
Proposition 4.5. Let L., M, N, M, M, be R-modules. We view R as R-module. Then:

(@ RIrM =M.

(b) M @ N =2 N Qr M.

(©) (LR M)Rr N =L Qr(M QrN).

(d) (M; ® M) g N = (M; ®r N) & (M2 Qg N).
Proof. All of these are proven via the univeral properties.

(@) Themap g : Rx M — M by (r,m) — rm is R-bilinear. Given any R-bilinear
map f : R x M — P, we have the diagram

RXML;P (r,m)n%f(r,m):rf(l,m)
// //7
g e ///
\L /// alf/ gl /////a!f/
M rm

So there exists a unique map f' : M — P such that f' o g = f. Namely
f'(m) = f(1,m) for all m € M and extended bilinearly. Since the pair (M, g)
satisfies the univeral property of R @ g M, we conclude that they are isomorphic.

(b) Let ¥y : (m,n) — (n,m) and Y,(n,m) = (m,n) form € M,n € N. Then from
the universal properties, we have the following commutative diagram:

MxN -2 s NxM —" 5 MxN

gl g’l gl
M®RNT].>N®RMWM®RN
But notice that if in the second row we choose idyg,n : M R N - M Qr N,
the diagram also commutes. Therefore by uniqueness we have idy g,y = ko j. If

we reverse the arrow, we get j ok = idygm. Therefore M Qg N = N Qg M.

(c) We show the univeral property for R-trilinear map. Let P be an R-module and f :
LxM x N — P bean R-trilinear map. Foreach/ € L,themap f; : M xN — P
defined by f;(m,n) = f(l,m,n) is R-bilinear. So there exists a unique R-linear
map j; : M g N — P such that

MXNL)P

T
l /// 3']1

M QRr N
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(d)

By varying [ € L,wegetamapJ : L xM g N — P via J(I,h) = j;(h).
We check that J is R-bilinear. J is clearly linear on the second slot. To show J is
linear on the first slot, let /;,/, € L, ry,r> € R, and we notice that

rijn +ra2jn

also makes the diagram above commute (check this). Therefore by uniqueness we
have j,1,4r1, = r1ji, + r2ji,. Therefore, there exists an R-linear map J’ such
that the following diagram commutes:

LxMxN

(l,m,n)b—)(l,m@n)l \‘§
Lx(M®@rN) —v—5 P
(l,m®n)l—>l®(m®n)l %

LQr (M ®rN)

Thus L ®g (M ®g N) together with the map (/,m,n) — [ ® (m ® n) satisfies
the universal property of R-trilinear maps. A similar arguments shows that (L ® g
M) ®r N together with (/,m,n) — (I ® m) ® n satisfies the same property. So
they are isomorphic.

Let f : (M; & M,) x N — P be an R-bilinear map. Let g : (M; & M,) x N —
P — (M ®r N) & (M, ®g N) be the map such that g(m; & my,n) = (m; ®
n,my ® n). We will show that there exists a unique R-linear map f’ such that the
diagram below commutes:

(M, & M) ®r N % P

lg -7y

(M @r N) ® (M, ®r N)

Namely, this map is given by ' = f; @ f,, where f; is induced by the universal
property of M; ® g N and the map f oy, where ¢y : My X N — (M; & M,) x N
is the natural inclusion. And similarly for f,. That is, we consider the following
diagram:

M, ®r N

I

M1XN

My x N #)(M1€BM2)®RN

l f2 ///’/a!f/

M, ®r N (M, ®r N)® (M, ®g N)
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And it is not hard to show that f’ makes the diagram above commutes. So (M; ® g
N) & (M, ®g N) satisfies the same univeral property as (M; & M,) ®g N, con-
cluding the proof that they are isomorphic.
[
Corollary 4.6. R™ ® g R" =~ R™".

Proof. By (d) above, we have that R" @ g R" = R" ®g (P" R) = §" R™ = R™". [

4.3 Exactness Properties of Tensor Product
Definition 4.7. Let f : M — M’, g : N — N’ be R-linear maps. Then the map

n:MxN—-> M QrN’
(m,n) — f(m) Q@ g(n)

is R-bilinear. Therefore, there exists a unique R-bilinear map, denoted by f ® g, such
that the diagram below commutes:

MxN —— M'x N’
l ////5!/]:®g
M Qg N
And by looking at the diagram, we see that
f®gmen) = f(m)Q gh).

This map f ® g is called tensor product of maps f and g.

Lemma 4.8. A sequence M’ i) M S M = 0is exact if and only if for all R-module
P, the sequence

0 — Homg(M", P) % Homg(M, P) 2> Homg(M’, P)

is exact. Recall that g : Hom(M", P) — Homg(M, P) is defined by g(¢) = ¢ o g, and
similarly f () = f o .

Proof. The "if" part is proven already (Proposition [3.18). To prove the "only if" part,
suppose the second sequence is exact. We check two things:

e g is surjective: Take P = M"”/img. Let w : M” — P be the projection, so
kerm = img. Thus o g = 0. But w o g = g(;w) = 0. So by exactness of the
second sequence, we have that g is injective, i.e. 1 = 0. Soimg = kerm = M.
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e im f = kerg: Take P = M", ¢ = idp;». We have that

0=(fog)(idy)ogo f.

This shows that g o f = 0 and im f C kerg. Conversely, let P = M/im f.
Somo f = ?(7{) = 0. Therefore m € ker7 = im g by exactness of the second
sequence. So 7 = ¢og for some ¢ € Homg(M”, P). Thenim f = kerw D kerg
and we are done. The last inclusion is due to the observation that if g(x) = 0 then

n(x) =¢og(x)=0.
This concludes the proof. [
The following lemma says that ® and Hom are adjoint functors.

Lemma 4.9. There is a natural isomorphism
Homg(M ®g N, P) — Homg(M, Homg(N, P)).

Proof. There is a 1:1 correspondence « from the set of R-bilinear maps M x N — P
to Homg(M ®g N, P), where a( f') is the unique f’ such that the universal property of
M ®pg N is satisfied. Also, there is a map f from the set of all R-bilinear maps M X
N — P to Homg(M,Homg(N, P)), where B(f) is the R-linear map m +— f(m,-) €
Hompg (N, P). And the isomorphism above is realized via f o o™, O

The next proposition, in summary, says that ® is a right-exact functor.

Proposition 4.10. Let M’ i> M £ M” — 0 be an exact sequence. Then for any
R-module N, the sequence

MoNI® meN 2 v e N =0

is also exact.

Proof. By the left exactness of Hom (See Proposition [3.18), we have the following exact
sequence by applying the functor Homg(—, Homg (N, P)):

0 — Homg(M", Homg(N, P)) <> Homg (M, Homg(N, P)) ~> Homg(M', Homg(N, P)).
By the previous lemma, this induces the following exact sequence:
" f®id g®id ’
0 - Hom(M" ® N, P) — Hom(M ® N, P) — Hom(M' ® N, P).

By Lemma[4.8] the sequence above is exact if and only if the sequence below is exact:

MoNI® menN 2 v e N o

This proves the claim. 0
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Now we are in a similar position as we were in the discussion of projective and injec-

. . " S g .
tive modules. Now, suppose that in addition, the sequence 0 > M’ - M — M" — Qs
exact. Then the sequence

oM N 2 veN 2 v e N -0

need not be exact. The problem is that f ® id need not be injective. This can be shown
via the following counterexample:

Example 4.11. Consider the Z-module exact sequence (abelian groups)

0->Z%>Z%>Z/22->0.

Applying ®; N with N = 7Z/27 we obtain

0 287/22 228 707/27 52S 7279 7./27 — 0.
This is not exact, since f ® id is not injective: For all x ® y € Z ® Z /27, we have that
(fRDx®y) = f(X)Qid(y) =2x®y =xQ (2y) =x®0=0.

We will remedy the situation, again, by introducing a class of nice modules called flat
modules.

4.4 Flat Modules

Definition 4.12. We say an R-module N is flat over R if for every R-module exact
sequence
Ji—1 Ji
cee —> Mi—l — Mi — Mi+1 —> e
the sequence

i—1®i iQN
...%MH@)Nﬂ)M@N&,MM@N%...

is also exact.
Proposition 4.13. Let N be an R-module. Then the following are equivalent:

(1) N is flat over R.

2) If0— M’ i) M 5 M” = 0is a short exact sequence of R-modules, then

0 M N2 Me N2 M o N >0

is also exact.

(3) For any injective R-homomorphism f : M’ — M with M, M’ arbitrary R-
modules, the R-homomorphism f ® id: M’ ® gk N — M ®g N is also injective.
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(4) For any injective R-homomorphism f : M’ — M with M, M’ finitely generated
R-modules, the R-homomorphism f ®id : M'®@gr N — M Qg N is also injective.

Proof. (1) = (2) follows from definition, and (2) = (1) since every exact sequence
splits into short exact sequences. (2) < (3) follows from Proposition and the re-
marking following it, which suggests that (2) fails if and only if f ® id is not injective.
(3) = (4) is clear. So the only statement that needs some work is (4) = (3).

To prove this claim, suppose that (4) holds and that f : M’ — M is an injective
R-homomorphism with M’, M arbitrary. Letu € ker(f ®id: M@ N - M @ N). We
want to show u = 0. We write

n
U= Zx,- ®y; withx; e M, y; € N
i=1

where we have absorbed constant A;s into x;s. Then consider the restriction of f to the
span of {x;}s, denoted by fo. By (4), fo ® id is injective. Since

0=(f®id)) = (f ®id)<zxi ® yi) =Y ) ®yi =) folx) ® y;

i=1 i=1

= (fo ®id)(u)
we have that u = 0, as desired. O]
Example 4.14. If N is free, then N is flat (over R). Indeed, suppose N = R" (the infinite
case is similar) and g : M’ < M is injective. Consider g ® id: M’ g N - M ®r N.
But the isomorphism M@ N = M’ ® R" =~ (M’)" and similarly for M implies we have

the following diagram:

M' ®g N %M@)RN

o| Iv

(M/)n gn ; Mn

Now, g" = @"g is injective, and ¢, ¥ ! are bijections, so g¢ ® idy is also injective.

4.5 Restriction and Extension of Scalars
Definition 4.15. Let / : R — S be a ring homomorphism.
(1) If N is an S-module, then N becomes an R-module via

RxN —>N
(a,n) — f(a)n.

This is called restriction of scalars of N from R to S.
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(2) If M is an R-module, then Mg := M ®g S, which is an R-module (since S has
R-module structure), becomes an S-module via

Sx Mg — Mg
(s,m ®b) —>mQ sb.

This is called the extension of scalars of M from R to S.

Proposition 4.16. Let f : R — S be a ring homomorphism, M be an R-module and
N, P be S-modules. Then we have

M ®gr (N ®s P) = (M ®r N) Qs P.

This equation can be viewed as either an R-homomorphism or an S-homomorphism via
the following two perspectives:

e N ®g P is an S-module, which can be viewed as an R-module via restriction of
scalars, thus the LHS is an R-module. Similarly, (M ® g N) can be viewed as an
S-module via extension of scalars. So (M ®g N) ®s P is an S-module, which
becomes an R-module via restriction on scalars.

e N ®s P is an S-module, so M ®g (N ®s P) can be viewed as an S-module
via extension of scalars. Similarly, M ® g N can be viewed as an S-module via
extension of scalars, so the RHS is also an S-module.

Proof. Basically the same as associativity of tensor products, so we omit the proof. [

Corollary 4.17. Let f : R — S be a ring homomorphism, and M be an R-module.
Then M is R-flat implies that Mg is S-flat. Thus flatness is preserved under extension of
scalars.

Proof. Let g : N’ — N be an injective S-homomorphism. This is also an injective
R-homomorphism by restriction of scalars. Since M is R-flat, we have that g ® idy, is
injective. Then we have the following diagram:

N/®RM&>N®RM

Al Lo

(N'®s S)®r M (N'®s S)®r M

nl [

N s Mg ———— N ®s Mg
g®ldMS

where @1, 2, Y1, Y, are all isomorphisms. Since the diagram commutes, we have that
g ® idy is also injective. Thus My is S-flat. [

However, note that for arbitrary ring homomorphism f : R — S, if we assume Mg
is S-flat, then M need not be R-flat. That is, the converse of the corollary above need
not be true. For example, take f : Z — 7 /27 be the natural projection and M = Z/27
viewed as a Z-module. Then

Ms = (Z/27) ®; (Z)2Z) ~ 7.)2Z.

is a flat Z/27Z-module since it is free (Example in the last section). But we already saw
that Z /27 is not flat over Z by the example in section 4.3.
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4.6 Local Nature of Flatness

Proposition 4.18. Let S C R be a multiplicative subset, and M be an R-module. Then

we have
(ST'RY@r M =S~ 'M

where the RHS is the localization of module M.

Proof. Consider the R-bilinear map

B:ST'RxM —S'M

r rm
(L) T
S S

If f:S7'Rx M — N is any R-bilinear map and N is an arbitrary R-module, and f is
the map that makes the following diagram commutes:

STRxM -5 N (£, m) l%f(g,m):rf(%,m)
ﬂl af ﬁl %
s'm rs

Then f": % > f (%, m) is the unique R-linear map such that the diagram commutes.
Thus by the univeral property of (S™'R) ® g M, we have the desired isomorphism. [

An example of this is given by the following: Recall that if R is a local ring with
m being the unique maximal ideal, then S = R\m is a multiplicative subset. Denote
S™!R = R,,. Then by the Proposition above we have that

Ry ®rM = S'M =M,

The same result holds if we consider a ring R with the multiplcative subset S = R\
where g is a prime ideal. Then we have that

Ry ®r M = S™'M = M,
Corollary 4.19. For any multiplcative subset S C R, S™'R is R-flat.

Proof. If M is an R-module and M’ C M a submodule (this is sufficient instead of
considering any injection M’ < M). Then S™'M’ C S~!M is a submodule. By the
Proposition above we have the isomorphism S™'M’ =~ (S™'R) g M’ and S™!M =
(S7'R) ® g M. This proves the claim. N

Now we prove a statement which says that flatness is a local property:
Proposition 4.20. Let M be an R-module. Then the following are equivalent:
(1) M isflat over R.

(2) M, is flat over R,, for all prime ideals pp C R.
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(3) M,, is flat over R, for all maximal ideals m C R.

Proof. (1) = (2): Let M be R-flat. Since flatness is preserved under extension of scalars
by Corollary if M is R-flat, then M, =~ R, ®g M is R,-flat if we consider the
natural ring homomorphism f : R — R,,.

(2) = (3) is easy since any maximal ideal is prime.

To show (3) = (1): Let g : N’ — N be an injective R-homomorphism. We want to
show that g ® idy is injective. Let K = ker(g ® idys : N ®r M — N ®r M). We
need to show K = 0. We notice that from definition the following R-module sequence is
exact:

0>K->NoMEZ2SNe M.

Forany m C R maximal, we know R, is R-flat by Corollaryd.19] So tensor the sequence
above by R,, gives the exact sequence in the first row below, and the diagram commutes
with vertical maps all being isomorphisms by Proposition 4.18

inc idpsid
—>K®RRm —1>N/®RRmMN®RRm

T T

Km > Nr/n ®Rm Mm E— Nm ®Rm Mm

~

where we have used the equality
N Qr ®rRm = N' @r My, 2 N' Qg (R Qr,, Miw) = N,, ®r,, M,

where we have repeatedly used Proposition .18] Therefore the sequence of the second
row is also exact, hence

K, =~ ker(N,’n QR M,, — Np, QR Mm)

But g : N’ — N is injective, and R,, is R-flat. Therefore the map g ® idg,, : N’ ®r
Ry — N ®Rr Ry, is injective. Since N Qg Ry = N’ ®g (ST'R) = S7IN’ = N,, and
similarly N ® g R, = N,,, and by the assumption that M,, is R,,-flat, we have that the
map N,, ®r,, My = Np ®r,, My, is injective. Thus K, = 0. And since K,, = 0 for
all maximal ideals m C R, we have that K = 0 by Proposition [3.31] O

4.7 Equivalence of Flatness and Free

The last section of this chapter is dedicated to the goal of proving the following theorem:

Theorem. Let (R, m) be a local ring with residule field x = R/m and let M
be a finitely generated module. Then M is R-flat if and only if M is R-free.

This is such a nice result, and few nice results in mathematics can be obtained without
hard work. Indeed, to be able to carry out this long and technical proof, we need a
number of preliminary results first. We start with a Proposition, which is a generalization
of Caley-Hamilton theorem in linear algebra:
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Proposition 4.21. Let M be a finitely generated R-module and I/ C R be an ideal. If
¢ : M — M is an endomorphism, i.e. R-linear map to itself, such that (M) C IM,
then ¢ satisfies an equation of the form

¢n +al¢n_1 +...+an_1¢+an =0
where a; € I.

Proof. Let {x1,---,Xx,} be a generating set for M. Then ¢(x;) € I M, so we can write

n
¢(X,‘) = Za,-jxj with aij € I.

j=1
So we have the system of equations
¢ —an —di2 —d1n X1 0
—az1 ¢ —dax - —dy, X2 0
—dn1 —dn2 e ¢ —dpn Xn 0

The matrix on the LHS has entries in the ring Endg (M). If we denote this big n X n matrix
by A and the column vector by x, then we have Ax = 0. Let adj(A4) denote the adjugate
matrix of A. Then we have adj(A)Ax = 0. But since we have the identity

adj(A) - A = (det A) - Lnxn

which is a generalize version of the determinant formula A~! = adj(A4)/ det A from linear
algebra, except now A need not be invertible. Therefore

adj(4) - Ax =0 = (det A)x; = 0Vi = (detA) =0Vm e M
& (det A) -idps = 0 € Endg(M).

Expanding det A4 in the last equation gives the desired equation. 0

Corollary 4.22 (Nakayama’s Lemma). Let (R, m) be a local ring with m maximal. Let
M be a finitely generated R-module. Then mM = M implies M = 0.

Proof. Take ¢ = idjs in the Proposition above. We get that
idy +ayidys +---4+a, =0 € Endg(M) where a; € m.

Soweget(l+a;+---+ay)idy =0. Butx :=1+4+a; +---+ a, = 1(mod m).
Therefore x ¢ m. Since R is local, we have that x is invertible in R: If x is not a unit,
then (x) is proper, so (x) C m implies x € m by Theorem[I.18] Now since x is invertible
and xidy; = 0, if we take any y € m, we have that x " 1xidyy =y =0.SoM =0. [

Corollary 4.23. Let (R, m) be local and M be a finitely generated R-module. Let N C
M be a submodule. Then M = mM + N implies that N = M.
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Proof. Since M = mM + N by assumption, we have
m(M/N)= (mM + N)/N = M/N.

Since M is finitely generated, so is M/N. Now apply Nakayama’s lemma to M/N we
get M/N =0and M = N. O

Corollary 4.24. Let (R, m) be a local ring with residue field k = R/m. Let M be a
finitely generated R-module. If {xi,...,x,} C M maps to a k-basis for M/mM (i.e.
maps to a basis of the finite dimensional vector space M/mM over the field k) via the
quotient map, then {x1, ..., X, } generates M.

Proof. Let N = (xy,...,Xx,) C M. We want to show N = M. The composition

incl proj

N—M— M/mM

is surjective by hypothesis. In general, this composition has image {n + mM :n € N} =
(N +mM)/mM. To see this, clearly LHS is included on the RHS, which is the same as
{n+mM :neN+mM}. Also,ifn € N+ mM,thenn +mM € n’ + mM where
n’ € N.Sowehave M/mM = (N+mM)/mM,thus N+mM = M. Apply Corollary
|.23|gives N = M. O

Lemma 4.25. Let R be a commutative ring with 1. Let I C R be an ideal, i.e. R-
submodule of R, and M an R-submodule. Then we have the isomorphism

M & (R/I) = M/IM
mr+I1)—rm-+IM.

Proof. Consider the exact sequence

incl

0—1<5RZLR/T—0.

Then by Proposition 4.10] the first row of the diagram below is also exact:

I®rM —*3 RoxM —V (R/I)Qr M —— 0

Therefore, we have that
(R/I)®r M = RQr M/kery = RQr M/imp = M/j(I Qr M).
This proves the claim. ]

Finally we arrive at the big result of this section:

Theorem 4.26. Let (R, m) be a local ring with residule field k = R/m and let M be a
finitely generated module. Then M is R-flat if and only if M is R-free.
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Proof. Suppose M is R-free, then we have seen that M is flat from the last example of
section 4.4. It remains to prove the other direction.

To this end, let {xy, ..., x,} C M maps to a basis of M/mM over the field k = R/m
under the projection M — M/mM . By Corollary {X1,...,x,} generates M. So
now it is enough to check that xq, ..., x,, are R-linearly independent. Then they form a
basis, which proves the claim.

Suppose ay, ...,a, € R are such that

n
Zaixi =0. 4.1
i=1

We want to show that a; = 0 for all i. Consider the exact sequence

0— ker(f) — R" 5 R

where

[ (broiby) = > aib;.
i=1

Since M is R-flat, the sequence above tensored with M is also exact. Now we have the
diagram

0 — ker(f) @x M —— R"@x M 224 Rer M

| I
EEEE——
D15 Y)Y i =1 @i yi

and by exactness of the first row we have an isomorphism:

¢ ker(f) @r M = ker(f ® ida)
(bi)i ® M — (bjm); C M"

where we identify ¢ with ¢ o ¢. By @.1)), we have that (xq, ..., x,) € ker(y o (f ® id) o
@~ !). But since v, ¢! are isomorphisms, so they do not affet the kernel. Therefore we
may assume WLOG that (xy, ..., x,) € ker(f ® id). Then we can write

¢ (X1, Xy) = Z,Bj ®m;
J
where ; = (,31,3;’) € ker(f) C R"andm; € M. So we have that

X = Z,Bﬂmj foralli =1,...,n Zai,B; = 0 for all j. (4.2)
J

i=1

For the case n = 1 (4.1)) reads: a;x; = 0 and (.2) read:

x| = Z,lem] alﬁ} = 0 for all j.
J
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Since x; ¢ mM by hypothesis (basis element is nonzero), we must have ,3]1 ¢ m for
some j. WLOG B! ¢ m, which means it is invertible since R is local, so we geta; = 0.
This proves the base case.

For the case n > 2, assumpe the statement is true for the case n — 1. If /3}. € m for
all j, then the first equation of (4.2]) shows that x; € mM, so x; maps to 0 in M/mM,
which is impossible, since the reduction of x; is part of a basis for M/mM .

So WLOG, assume ] ¢ m. So B! is invertible in R since R is local. Then

Bi = (By..... BY) € ker(f)

since B; € ker( f) by definition. hus from the definition of f we have that

n
Za,ﬂ’i = 0.
i=1
Multiply on both sides by the inverse of 8; gives that
ay+axy, +---+a,y, =0 wherey; = (ﬂ%)_lﬁ’i i >2.
then equation above implies
Xy + -+ + apxy = —a1x1 = x1(a2y2 + -+ + ayy + n).
This implies that
az(xz — x1y2) + -+ an(x, — x1¥) = 0.

Now define x; := x; — x1¥;. The elements x, ..., x, are k-linearly independent in
M/mM since so do xy, ..., x,. Then we have that a, = --- = a, = 0. Thus a; =
—ayys — -+ — dn Yy, = 0 as well. This proves the claim. O
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