2ct.
(32) UCT: Lk C Le chain complex 6\. free oLtlive Grovp , Haien 3 SES
0> ExtlHaa(0)3 6D — W(C,6) > Hor(Hu(0), 6) =0
h s He evaluotion mop ((Sudeekion), The sequernce splr.  Thus
H™(C, 6D = HomHule),6) ® £t (Rnale) s 6).

i.z. P .
) p)
Q 72 G — c, o
(v} e w ¥2
Al 2 U 203

Hi(kPY) =0  H(RP) =T, HolRPY)=7Z

Cahomvlaa\, w & —c«:eff'.cfewl'; Duelize gives
265 2 5 2
H’(RPY) =0 R () =0 H*(RPY) = 7., .

Brlk: I 6 &5 o field, 4uew xt (-5 6) =0. Ths H(-F) = H(-F))*

Def. Choose a frea vesslution cA— H (o exact seq & aloeline %ro»fS)

—aF-si‘—;Fz—aF. f—DF S H —o0

ot K*= Hon (WK, 6) Hre dwel g a Oad  consider

K . 4 . g
el EerEre Eyr o

—then
Ext(H,6)= Kerk [ Tm ¥ = H'(F*,6) .

e-‘& bt G=7. H"Z.. P free resolHiom & 2. i
“202022 52 — 2. —o0

() oG Uy TG o

o



Ext(2.,2)= Uer b [ Tof”
= Z/Zl =1-~.

Must Show xt i fndependest o (hoices of free resoludion.
(Hotther (gmma Z1).

_EEJf Vo g (Hssmtvg R e 31D

Lt (C,?) be a chas calecx. et 2u=Kerdn , Pu=TIMmOay.
Tle 3 SES

0 — Z..\—:BC,.?—) RBuy — 0,
Bu-t @ free (sutgp & Co) . Thus SES spis. Thes 3 o: Buade,,
st. 0o=14. 5o

Ca €20 B 0(Bna) S 240wy o)
Prove evaluckion h 5 outo. (Givew (4le Hom (HalC), 6) , whese
P: 256G a-k P(BN=O  (K) D (on exte-d };: > 6 st
bla. =% by Sedrig O (5 (@) =0. Thew F€ CF . aud

§é= 622 =0

%0 [&)e R(C>;6). Thes h 1 outo.

Define TP =($) e H(C36) . Tuew

0 = Rerh = WV(L5H ) —> Hom( Ru(C), () —D 0
|
T

ts & splir SES. WTS Werh= ext(H,6)-

2
O_azw\,\ %Cu-\'\—é &h — 0

oL 2 23]

0 = 2. = Cu B R0

(S « Conmutebive o\.ir»‘a\'w with @xact rows 5€S srl:’fs.



Lize :
Duelie ;

D 2% —cf. e i o0
T4 16 fs

0 e— 2% e— X es— rf,:‘__‘.g_o

vheSe ron, i sHIl SES ( splits D dwelize sl SBSD. TS R e SRS
4 thain commplexes (c* 7) , (Z*, f=0) ) (B*, )—=o). Thws Set
o LES & homolegy :
i
e B - 2T e H(C,6) B gz«
(onnecHung h,ﬂm,rmw

3 cgrees with o
bn 2%, lewce also
on 4te g“L(j""f’

BX .

ConnCcting hern

0O e— 2: C,:f. «« 6::,«—0

0 ?Zvi-l — Cv.*u 1&:" o R
f

s map Aolles B, o zew.
der SES: Simce SE Spits (CRE 2X @ B,
O «uerih & H(C, () €& Coker ik &0
SES gves free regolution 4 Hale):
O = Bna b3 Zaa = Haa(C) 20
Ducl) 0 X, <2k e wE o
So  CoUer b, = Ext( HaalC) 5 G) by Ae{ .



(p 183-204) Relative Cohonotogy. ([ec3),

AcX.  CalXA)= CalR/Catr)  Sped reltive choiws.
G= b grep- lot
Cn(XA5 () = Horm (Cu(X,R) 5 Cn) reloXive cochoins .
SES:  (splds. FRET: Cu(XiA) Free Aloelion)
0 = cu(r) 5> CalX) =2 CalXW =0 free abelian
(Duelize) SES by opglTy Hom(—)6)

. 3
o 0 e G C0X6) &= ™ (x,p0) & O .

Define 8+ CUAXIA) — C V(R R)  resdeickion o I3 CUXO 27100,
This & beawe §* 5 M. So CT(RIA) =C(0.
So 3 LES
w :)f w :: “ a_ wntl
w2 HY(XA) =2 RO = KT = BT (A =

Tnduced homomorplusm f:h=2Y  aves Lo CLO0O =2C(Y). Tha
He dual mep £ €M) = (0.

- £ Sends Co cycle (cobow-o\nr\p +o Ccc~/c(€_ (_Coloowa‘aﬁ-p.
So induces X HT(Y) = H7(R). G~ cweeX

- @DF=*e

Homotopy Towsiomce: L £ 28: (0R) = (xR). T £1=8%

5 e chain hemoropy P Ca0X) = Con (V) . We have
BT = 20+ PO
Lk P% ™M) > (N Thew
-5 = 5P+ 0¥ ) >
Thes ST -f*=0: HY(Y) > H(X). o



Excision: I§ BechA <K st cllB) S we(R). Then

¢ (X-2,A-2) — (%A)
Tnduces an isomorplaiers Ly Hnl(X-2, A-2) =2 Hu(XA).
Therefore (¥ H" (X, A) => R"(%-2, A-2) .

MU’V‘Q'\"’Tisz Wy K= imﬁlA)UCw‘tL‘b} vhaue ABEXR . Thea ALEsS

KKk
S H mﬂ M) ® H(e) A %8,

whee ta: AoX, ig: B OOX. jar APBA, jg: ANG B,

?S E,XCGFW\—\— LES o&. ~ Pwir
s
0 —=2C"(h+B) — (" (R BB —>C"(RoR) =0,
A+ig J'A'de

g:ue,s a LBS 6‘. h°M°'°%‘1 LS&; HMU)-

Axioms for Reduced Co homology :
B Contravosinut $wnctor _
h: W — Ab
¥ notusold colbonndesy homomor pluism
§: hn — W (wAd A sulocomplx % X
. (1) f=h > §F=gF
(2 aues Acx, q: xex/A
— W (X/A) Ly &) EARTY LN W ()R = -
3y I§ W= Vo R ek Gp: X DX, Hew
T weo ST Rk

% An i.SOMorflr\;SM.

H"( AoR) —L HroYy-> -



Ce\Wox Cohomalo&v -
ot X be a CW complex. X" e s n-slheleton. Thea e cochatn Ao

‘e HY (%, X" ) [ T (\\'\“ (L 3"‘)) =Mz,
&« n-cel (3

‘DCG;.,\& A ° H (XY Xw|) - H“H(XV\H) X") |07

()\,\= g;‘oi,m Vhese ...
HV\—\ (xm-\)
AN N
HOEW s W ) S0 B (0 %) LES & (x2x™)
8“\ /8"«\ LES 4 (x"x7)
H" (%)

peet) RO =0

D= HHLXV\H’ u)
“Thew

Ano Awn- = n o (‘&v\" gm-\>° 3“4 =0 \O‘\ ¢ xacdmess,
~——~—
0

Thus Az:'o' T L\'\“(*“:%“-‘) ) dv\) a-“ues n C°h°"“°|°a\’ '“"Qﬂ""/ celled
e cellwlar Coho M°\°b‘1 A'\Awﬁ, .



Cu? Products. (lecw).
Wse g - coefficients, Put genesalizes o O Commututive (g R
O: ¥R x &R = c*Ln)

bilineos . Twduwces & well-defived map ((bifinws) ow H4OY % e H‘**"(y\),
W o: MY >X w a Stvgwlod stmplex. (2t P€CH(N), arecl(x)

Thew
(¢ vd) (o) = ‘P(O’\ [“o»---u"'ul) A (5 ok, vag ']>.
lemma.  d(gu)=(Egoy + (D*pv(iy)

.P‘?- HN\'&\\“ L'.N 3.b.

0
Cloom : Bk vt c 2K
o L peX, ezt e by He Lmma, §(eoy)=0. 0
Caimn: 2% 0B c B4 LU ogle g¥tt
of. Toke (e 2%, §Yer'. The et The
W GUaY = S(guy) - (Fe) o = f(pu)e BEE
o 0
Ty (wduces o woell - defined rmap U HK(X‘)x\-\"(X) —a\-\“*x (X)
bifinea : Lelol¥y =Ceouy]

Thes HY(X) B &



Peope Lt £ XY . Then £ HY D H¥(X) &5 o ring
L\cwomocr\wtsw\: te, PHlocod)= (F*x)v {*P)

Prop. Muli‘il)l/imﬁon IS arap\e_d commetttive : X € HV\ , P,GHI. Then
Xvp = (- pua.

£a. (H.Ex2.7). HM*(TY.
Ho(TY) =2 . H.(TY)= 200 2Zb.
Hz (Tz) =4 .
Univecsal coe“icilwt —~\eover :
HlLT") = 2 ® 2(5 x(a)=1, &(b)=0, F(c.):o, FU’)"'-
KM= Zp , whese p(RrL) =1 ok §=0 on e shfl.

XVp= —pux.
HY(T?) a2 & Qv & 20 2072, 30
W%t = 2*
=20 p: tvk=0 =PuP , ko= -pur>.

Hence (px+qB) v(rotdsp) = (ps—gqr) xop
=det (7 5) 4.

C=Px+1p is dual to pasqb.  Siwilacly  roesp ES raush=d




9.
‘b b ba by U7}
23:- J 0, 'Iiéﬂt :;,\;... 19 \

H(Z) = 2%, Jomeatdd by A be

UCT S R'(Zp) = Horm(Hi(35), 2) F 279 gorereted by el bosh
D(c'rﬁi.

X;ucxj=0=ﬁiupj )

(U H‘(ig)x \"\\(25) —> 2 s bilinear.  The mehix we get

s slew Symwaeteic:

X, P, °(1,Q1.""' Kv\Pm
o« o
b -1 0
oy o |
h -\ 0
X, ™ |
(B -l o

E‘m‘i Qlement d& H' € (losed cures om <4

J —> c.lbe‘ora;& tutergeckon nuwber,
" - "
-‘-\,-'('x) \N‘J x

Crusa
Ths map hag deg I,



£ w* () — B*(4,)

a:{\::"*“s —_ °(|/P, > 0(\\)(1|:VL'

‘P‘L:

£ WR(TIvT, ) — K*¥(S,)

-% 0<5u0(1,=o
d.UB'z"O

Conclusion : Con Aeduce everyting i, H'%) fom H¥CTD.
A nothec troo-f 1w Hokcher.

Del” ( ¢ xtesioc P‘\%doco\)
L+ R be & commumkive (tu(&. Tle § ckecior gt
No Bty osta) = Free Q- Mol Gooercked 0f oy sdka 5.4
Kiely =~ ¢, xLE=0.

{j TM"—'T;:.\ 5‘ . g*(T")ﬁ /\[KU""/ O(u] , «L; € H\(T“D )
P{ Deduce Jefov"\ H" (T ILS;v'a duction -

_.r\.—l L—)Th Ta T"‘_' T Puj owto -r.'fs»{— n-l @ud-orS.

\_/

|

Tvduckion, judwced ™maps ou H*



lee S.
Then. o(up,:(-u)"‘ipu.x fo weH(%), Pe HT(X).

pf. (b o ATV (X)L Thes
«vb (o) = (0 |L%,.,vp])B( 0 [TV, - paq 1)
By (o) = B (o (Tw,-0q1) (6] LV, 0pg ) .
Lot R: AP — o by R (%opers XY= (%, %0 5 20), (ot
0 = roR. Thea
(xof)(&) = () (Pvo(o).
@t P CpralX) = Coua (O, o 0.
Show 2
e £ i5 a chain rMap of =80.
« Fis chain homotopic to Hae CdomEiy:

3AP: Ca(X) D Cwn+i(XY st 5P+P’D=J’-JL.

“ "JI

AN'«T = V2

et T AT = A" be He peejection. - Vo

n )
PE)= D (1" €ni (00T Lo, 0, wn,... 1]

where
= ()7
CpMFu&mtton shows Hot
oP+rPo=pP-1 .

Details v Hodkchwex \’* Tw 2010, n



loc b,
MY connected o rlewtable MO""”PH .

tt Hv\(M) ‘3'2, e Jerewsor s called o fudomentel cluss amd getesemines

v orie-tokYow -

DC{'“. Wt 2. be o Commuinkve ‘-(.,3 ’ M” =closed N~ Monnfold . Then
M 75 R~ oriesdoble ((‘ Ha(MOR) 2 R,

I MP, NP owe cloved driembable mosifolds.  f: M LI

Def", d«.s(&): oJ-%Q\orm;L nuwber c% prcfma.aes d}— ' W&c Pa{,,.k
T § ® affereione,

Cop Peoduct b Cross Prodwck:
i HUOO % RAY) S HY (xxw)
oaxb = (p¥ () < (pFeL))
whate Pt X xY 2K, 0y Xx{ O aw projestions .
This 5 well- defined and bilineas.

“Thn (W 3.\9) (IA\A.VW\Q_-\'\A Forw\w\k\).
L KX be (W tomplexes and HX(Y;R) & a §u. free R-medule
Thew
X HY(xR) ® R*(¥;R) — H*(xxy 3 R

(S hu ESOMOFE\/\;SM :

n

let M/N e graded R-medele, M=O. M, N=@;N;. The
M®N := M@KN/ % “‘055=(“)‘:j 53@0\;.‘%.

Sraded . - . .
o aative, a.eM; ’ b_‘éN_,



2q. Th= S'x---w 8 ncircles.

Then gowes
H*(T“'f -&-) =N ltpooes o] o () =1 .
AR IR
) <°<(°(_', = ol ;i D
>
HP(T"52) has basis  (o=0).
f"(i\“im""o(:,‘, : (,\46-.,4---4(,‘,75
Co

dim HOCT5 2= (5)

Thm (R 3-12), H* (eP*52,) = 2,[x] /(o(,'“") , M=l
HF(CP"; 2) = 2[xT/(«"*")  dimx=2,

Tam (H320), If R" s o Avision olgebra , ¥t K=2™.

pl. Ow N D bilivere b QT* IR R with wo 2o Aisers. Defive
(S° cir") 9: SV xS =5 8

6(“13) - _'x‘ﬂ_
\ 'xﬁ\l

biliveas Ar Y = - glag) = 90x,-9).

Bc'\'
h: 2P x 2" — rP"



e,
MR™ xRN - R MulHplcokion
weeys S ade,
o Want Kssociotive : I«(fuu,v),w) z F(.L,,“(u,w))_
T reskriction T o ger eY( equehons [, a':j,

® Want no TUo AWWBICS,

\_,QN\W\A. H*cﬁph % \(LQ“ 3 _&1—) ~ l)_(—x'ﬂj /(xnﬂ':)v\ﬂ) {rbw\ Unaneth .
Pf U wnnet\n o]

The (H3.21). I§ IR & a dlvision o\\sl\a('-‘-/ Hhen n=2".

ph. DA D b xR OR"™ muttiplication 13 Lidinear. This ges
he RPTRRPTIS 2Pt
W(Cw3,0v3) = LRiww)]
(s wel- defiwed .
(Use 2, —colfpicients), (by He lgpmad
laiom W R D H(neT T < P = 2,09 2,8

20,2 % +— «x+f

Assumivg Anis, Y' =0 sine WNRP")=0. Thus (B =0, Thes
(o("'@o)n"" E. (:) x P“'K € Zz{“lﬁj/(o(“,[;“)

Ths (L)=0 Ve mod 2. <? n=2"

humbes -Hntoﬂ,
Ee claim: IR'> awp. Defire §: 12" R g Bb)=ab. No 2e0 divsas:
b © jective. Thus & B A vechr sprce TsoMo/rl@s"" (5;"56 i+ 3 a buear
Mep). TThen O overs mop

—

5 IRP™T — Rp”7!



5Lvl v [ov]

The~
he: ROUROT < RPTT) — 1, (RP™)
reH, (RP) > ce R (RP")
N 2
Qx?s{wnce_dg b > hx(r):c de-erotor

Seds ae»uoﬂtor +to aQy\on-ibC Since —\‘-N?v% (;)Q&\QP“" 8&:25 o £Somonrl~.‘sM.

S.\M“(o‘l“' -co.. . LQ*\' Coﬁ; h* (_1) =C.
=, h*(x):.o(-\—ﬁ_ 12

lal\b]

Groded Commutudive Rtv{)%_? &-b= (D
If A‘IB are S‘Md \':'*'65 a\so R’NN*"“‘C', Hew con make A@QB nto
& r\‘m%-.
Witel, )
(adb)(a'@V) = () (@2)B(bb).
We devote Huis ‘:v% \n

Ag. B,

CRC0 x LR = % (X))
$ Y v v+t

(P () = b (o | [vo,- ) Yo\ T, Vi),

Relotive Cup Paduct: RASX, BCY.
w: W% A) x HY, 8) = <R Rrxg, Axy o Xx).
(o)) P/ o&xb

axb = p¥od o PFL)

where P XXY 3K, Pt XxY DY |
T forwnla malkes Semse when RA=0=¢p.

b-a aeR;, lal=



Whew AiBF G, you Geb (ochains which dogset vawish on (AxT)o(X*B).
M{M‘ Worlk with Cw cowmple¥ aud cellujor Cohor\wfvjy st. Axp, XxB
0l subcomplores 4 Xxt. et a=Cel. e C*(x/AD.
b=C¥), vecty, ™.
Zveluaie P\*‘(’ v P—f‘l’ ov o€ Curt (X2, AXY oXaBY) wlere & a cell.
Case1: OTeEAxY = PochA. Then
) (I tr0ad) = ¢ (Pro 6 | [¥e,-0uD)
=0 Since c(e CA O, R).
Gese 2. Similesly i 6me X x®B, twen (pF) (5100, VueeJ) =0.
“Thesefore -
GFe) v Lpre) e CHH e, Ast o Bxx).

lomma. o gemesokoc H'(T,2T) 272, Then
H(Y) —— H™'(TxY, 21*Y)
P > ot rp

5 an isorv\orrlmlswu .

‘){, LES for (T xy, 9Lxv):
=2 Y TxY, 9TXY) oe\-\“(l*ﬂ - -

1% bCCG\u.SL:
RY(TxY, 2TX7) = 1" (T=Y)

\ o /’
H"tT=Y, {o3%Y)
Siact oM Tndluced \o~1 Tnclusion.

HY(T#7 7 103w ) 2 R (teixy, fadx) =0
def - reck, Tduces ¥

Av& ComuMiva( Prov($ e clokm -



Thus, %c& Ses

s K g "
0—> K lTxy) = R (T*Y) = W™ (Ixy,2T2Y) —0 |
12

R (403%9) ® 1" (143 xY).
Kee § =T ¥ whese
o s M) = (5,8
W (436D B 1 (143%9)

8‘ \'\“(Sl"’?! x\l’> S oaw Csomof?h&sm .
rete: ) (52)
KD *xW"(¥) > H'(T,T) % K (Y)

xl u lx

HRIxY) —F 5 W™ (1xy,2T59)

oo Foan ME...

CthﬂluQv\SQS'.
® 3 map HY) SR8y, t84x?) .S,
G = xxp

® a3 H (™) S R TT)



(oc8.

Recall - HY (%,A) x H"( v, — H“+Q(X*Y , AXY o XxR)

orl = ¥y o pECL)-

Yrmea, xew'(I,2L). Tue-

Rn” (%) =, R (1Y, BT«Y)

P — x=f

Cpr. H*(T“) = ’\Cﬂn--';ﬂnl .

F:. Todawet on N, N=1 Axfeck calculokion.

-\-3=. S: sz‘ %S-.: @Té ""-S;XSJ-'
~_ 7
™t .
)

H'(7?) = <&y oz, otg®>

Induckion showsS “ oLy %W&oﬁk& H‘LL_‘-‘—‘Z) 'EZ
erains do show o4 ok, w3 Jememtes B*(T?) .

(T % RT3 —— H3(T>)

oy ? — v F
deduce from Wmrman R'(T L) :'r:' H'(S, ts63)
€xcision -

Cor =
HCT) xWI(TH) —— ™)

ol

Th= TOxTS

@ |— ot = %2“2(‘0&0",



ST= Ci-cell)
> HET, T x RICT, T) — P (T T

gew x ¢ —> &< e
% .
H' (18 91h) « v (T}, 9T°) — Rp"(17,21")
< <
BQ’,\ ol p ('—’3 D(#‘() ae""

Um. ACBeX % B od. e %o A. The % H*(X;X-A)i)]—\"‘(x,x-B)

Pf. LE51' (X, X-R) awd (%, X-B):

e—HNAY = H'(X) &—H"(%x,A) «— H"'(A) «e—u"(R) &« .-
$ rect |« l e | rr | w
e H(BY €= H'(X) ¢—H"(x,®) «<— H""(B) e —H"(X) & -
s‘lﬂ"‘“"‘\ ¥
fouc Meqs CSomorThI.SV"\ = RH(™H) = H'(X, ). a

Core ¥+ H*(w, R -§03) BN ad 21")

pf. W' -1e%  det. fet, 4o 2T, WS2  2Xeisien to delete
" "

WRI\NT". prejeckivization : P(V)= % a
L

km. ey w= WOV  (aal vector space. —Then P(W) —PIWY def ceX.
4o FU). T packedlor f crj=na, =1 N= iR
WEIR™ L Uk RPN EP = p(R™Y), Heen PP def. ref.
to PY In pochieanr, P7-tpt3 Aok ret. £ P



e EW—oW teloa],
Fe (w+v) = (Tu) +V.
Fi=idw, F (wv)=v. F,: WOV YV,
> Pl W —wW-W" .
induces rettnction P (W-U) = P(W) —P(W) onte PV, ul

R

. D HTCPN PR) > RPN
pl. Wse LES & (PY, PXD . Ank wR Unow what [(pM) 5. 0O

Tam. R*(P"3T) 2 Z.[xT/(a™*')  \al =1 @

Pf. ® = P VIRY, whee +at

vdemtification (s Shown On +he (i‘jhf‘.

P =PURT™) hes besis ey, Quad
Pl = P(<en-"ne€*‘>> 'P’= P(<QCH)"')C““>>

Whee (+Fyz=v. TThus fhe picthwce s - P
1N
We how@ o diogeom Pl e P
HEPT) xH(PY) —Y—  n(P™) J
r O

T
H(P, P P2) = RIPD PP-PY) —Z— p(P", P"- $p%)
| @ )
RO, -0 x 1R 1D —Ls w12, IR 0D
l |

W (Th,oTE) x 1Y (33,7T9) —4o (=7, 5T7)

\IQ“\';CﬁQ V"\&PS {V‘AU\CCA bﬂ twnclusion m Cu‘) ‘)\‘o&&c“' (\a‘\'w"at ='> A/zfnaﬂi'l’t Co'“""'is



Claim : Pll verkicall mops are ;soMorrhzsms_ Botrom wop duie
Seme.winf ‘o Smem-br, So oS R w\a?u rop Done
H“ (\R“ , |K“—§°‘i) H” (Pm/ P"- %?3) xeLion .
H* (e, RE-t03) ¥ ¥ (T, 915 by Cor.

1?2

W2

HW* (23128, @5 x(Rt-4%))

Z W (e , R \(LS)
H (RN »-0) ¥

H (T—WQI‘«) \'7‘7 Cor.

RU(PS £ P2) < KPS P7-0%) U—f HE(P™) x H (P7)

O: ' nheen et e)——e H PP ) —u—a ™ (P™)
cloove [zmmo\
. . J
@ P"-P k. .  P-p

weivd B restricted .

cel decop

WLP™, P7-P) =2 ni(PY, pt- ) = B Poegd)
gxeision

_ R : .
g H L"ZL/ IQL"O) .
Produt“' (i~9

o
& (o,0)(c,) =Cac, bd)
Prop (3a) . RF (XU = HT(x) x H¥(Y)

PF: (X D RUT iducts om, [

PHY (RS Y) — B* ()
w2

H* () @ HF(y)



lac o,

Def”, Two cell Aecomposition C oud D of K okt Qual if 3 ljeckion H:(2D
st. O(k-cet) = (n-K)~cal gd
® o0elr, beDun, aob+$ & b=
& A Wk of auvb , h:u—2IR" b WeYERC k0, hb)Eo X%
@ cael, Hen cca & HD200). (0 inclugion rcuusn‘u3>.

9. ® X= St =913,

Poin ok (DML—\'W (V@(‘S“,ﬂ /\) .
If Spact X hes frutt dual cell Aecaw[)osi{—l'o«\, Lrk A =n, thew
Hu(R52) = ™ (15 22) .

F( Lt ¢,D dwal covm?\o.xts. Cuz Uy - choin Cow\rltﬂes 01— U-cells v C,
Smilacly for k. Pr= Hom (Px,22). et @y-1@m basis of Du.-
Thew @) -, 0% dusl basis of DX, (it N, : Dy—>D be e
ieouorrhisw\ hele:)= e X

Uey: 6eDr , Hutn D0 = Swm of ®K-Y-cells in o
§(0%)= sum of dunls of (ur)~cells Hhat Coutnins o

(.'-Q,.. LQ_“' Fu---; ‘FM loﬁ‘;s o{ DK-H, Hen _c:k,“_, 'F“"( O{hﬁa beasis '.F DK‘H.



fef = 2%

fioe;
: ?
No w _— Cb( L) CI/\—\ ﬁ'}
’loOE S P ¥ ned
S Dy\-u 'D“—K-\-\ 3
B s o vector 5‘304& :SO‘N\O"‘)(ARSM. So s 'I_ Hence so ¢S 'Zob
Shoe— Hae J&Jraw commutls
(A # Z cells i~ C N4
qoel g j N6
e —2

> I (cells Hot contuin Ble))*
Thew 4 {ollews thet Hv.(x "21’) = H"-“ ( X224 ) . a

“The E’“eﬂ( Srooth closed manifeld M” has dual cell—decanos-'-l-r‘ovn.

P‘f‘ . @ [WLH'V\eﬂ M an be 4 Gvau‘ﬂted ( hom@m«:ffhn'c to Su'w\r)&'c:bﬂ.
(,omfalex),

take points Su{ff;_{ng\’
PR St. r‘q;:ons bounded by
2 5 — ?o‘-“ ofe b&S;CG“w
2w
R

flet. Thus we et o
horveo mMolphism .

@ Ths -\-(icmfbulw’c:o"' hes o Auel Lt W be He 8\‘(/&-4 'ff"&ugq(a-hbn

ot bar"co_w\-(?c subdiuision
e p-simplex

IA(‘) = _r

Bie)=cl (wwiond} simplicies T tn K Pt Coutoin

&>
G ¥ Tno=8) s
boary cewte €



@ 0@ = B"™ Lo dimo=K. Pwh B i indeed the desiced
dual Wiep- 0!

Theas -co( chﬁ( CN‘MM;-'FO(& ) HK(M/Z-L) < Hn-K(Mizt)»
Poincose ’DMQAHI ((Verion ) .

T M s o closed orientable n-momifold, Hhee
He(M12Z) 2 H"™ (M5 2) .

o Hak :( a
Yorsion
Reds M compact > Hx £o-tbely goesdad . So Hg’lnueTx¢
VeT > hR=72™@ Tu-1- I no torsion, +uem
He(M32) € Ha (M2,

ta. Ho(TH2) @ 2® 2280 2 Hewe™;2.

Puk : e h:o
Hu (IRP?) = ( Z. b=
O h=2
Z b3
Poir tcxe (D“-“Q':{"l (\I&(Sl'o» 3 . / Fundamevtal class

et M” be closed , orvewtsde, connected & (M) awuro.-l-f,s Hu(Mmiz)=Z
3 nodwel Sormorplsmn
H*(M)5>2) — Hau (M5 2)
X +—> [M]}od

Cop Qro Auwct



C°\‘> Product: k2L.
N Cu (XD X CHX) =2 Cpag (OO

o Y
R Cu-2 (X)
< w

o ny= (Y Coory) (10w wd) .

lamwa. (6N )= (—!)q((aa')f\q; —ondy).
pk. B p2w 0

This wdwees A Ru(X) < 1) — Hu-2(x)
[zl & (43 > [2ay],

S‘Mc?aﬁ e K= 2
recall h: H¥(X) —> How (Hu(r)» R)
(h Ctr'])tﬂ = (23 n l'_<r'J i (OF

mma, (o) = (0ng) A,

iy
Hl(zg) =<0\(: b¢.>

WeT= HYZg) =<°;£; B>
U"\]G Bugg) ¥z | dual bos:s .

(IMac) ay  YeH'(m).
= [M) A (i)
L 380)‘“'3{“ ‘\ W 9 ’(=Fi
0 , else
=2 (M) ax: = b SoPD (M) —> R, (M)

% > b i
&j \ 5 0\3.6— Caw worl 6w Slﬂlb‘f‘y



lge 1.

Poincare Duelity: (ot M” be o closed orieddble Mmanifald . Thew Huee s

oun iSoMof'NSM
D: HY(M3D) — Ra (M32)
D(¢)) = [MI algl.

Qriontation ( Offecontial Topology Version):

Oef*.  Au orientotion on R™ s an equivellence class of ordeced basis (c.e.frame),
(G- ~(Wiswn] € det T7o, whee T(ZAv)= 2 hw,

Zx. There owxe 2 orentekion on IR™: [-3-_-0_‘,64,..-,6‘,],

Def”. An n-himensionall mavifold is & Hausdorff , - countuble, focally

Zuclidenn (lvc«llv =R") hfo(ojicaﬁ space .
Smooth wwmifolJ : replace home,oMoth&% b\/ A;ﬁ'comofrh,ism.

Tha (whnidmey), Cver| Smooth manifoli M” ewbeds iv 122"

¢ M
— P =p.
homeo

(Aifeo)

TN = Im 4§, = IR",
Téavgeit bundle TM =$_(p~) : PEM, VGTPM& a In-dima Manifold .

" a3
e "



Det”. Av orientedion on M" (s an orienwtedion on each 'tcv'jjcu-t'sface TeM,
PEM that 15 “locally consistet”.  \peM, A nbd peh M and &
dﬁ“—eomorp\/l&Sm h: We— R s+ Vxeu, dh,:T,M>T, @ 2R

S alwmis oriewtchon Pmscrviné.

TM TpR" ="
q s 4 hatv))
Ah |.‘ L/bhi-(vﬁ

5 o

Prop . If M closed (compact | aM=9) and MciR"™, tnew M s

oriewtable .

PP. 3 continons owtwam normal veckor N(XY. Choose €15:€n€ TxM sit.
[,Q(X); C.,---.en-_) ~ [Q”-'-;euuj. a

és . Dfl.tu‘l able : le‘/ GP“/ |qu-" .
I-Q M” oriamtable amd W e M” .,r(zve\'c\lo\e, NBen WY prientable

If M,N oriewtvble, MxN, M #N oriewrtde .
va

V‘V\ o ™M -
F\)‘
l:dlw{';{\a’ M ﬂ: N )

Def”. M™ s a Moanifold with bowndosy f M s Housdorff, 2" - Countabl,
and ‘-5 IOCQ"7 IRV.:. = i (X;,-”:le) : Xh ZO?}

M<w ,.,: ¢ R
'—-’n _I_



Lt Cvnonvnnd € Tp(BMY. Tvew defive (v 6aa) positively orieted
iff [".L.U'.,...,d'..-,] positively oriented iw M.

Tf M orievtable with M= A" UR™ and {:A D6 siffeorophism. Thew

Mlmg =N orievtoble &> { orie~tetion reyersing .

O

TOT\AS K‘dﬂ Bo-“’\e
OdQV\M:OV\ 'Dm»b\ﬁ. Cova(:

Def”. WM™ connecked Momifeld. Dgme 0: T (M, %) = 2,
o (tr)=0 <=>uwall<inj atourd ¥ presesves tue occmtmbion’’
© 3T continously vorying faeme Bz (G001, 10)) € Ty M
sv. [1=003.

r1'\
Claim . B s a well- defined hmoMocthsvw.
%

Pro?. M orieutealle < p=0.

T 0%0, Hhew UerD g (M) . ~Thew A double cover P:FE——>M sk.
Pe( (R, %)) = Ker®,

lem. Ha (IR, IR™-0) 2 2 , N22.
pl. LES 4 (IR, R™-0) 9ives  Hu(®', R™0) T Kos(iR"-0) Z R (S™).
0

Obsecvation: Choice OF jeugfa‘\'bf 1\ € Hv\(\Q“\ \Q“—O) cprres'pondg +> choice



O]L of itwtution on R .

Fix we Ha(R%12%-0) genertor. (o B=[(4is- )] basis of R
Define f: " —e" £:(R" R-0)—=>(R", IR™-0).
Exne P INv,
Define
Mg = Fe(p) € Ha(iR?, R"-0).
Check B~B'&S pg=pgr

Def®. st XeM™. An oriewdstion of M ot x & & choice of gemerotor
Mx € Ha(M, M-x) 'T-E Ho(IR", IR™-0) =72 .
excision.
Proof of 4 isomorphtism:
M R>M-50° B=8° T "
GHED ™ (B,A08) s (M,A)
(nduces csomorphisr
o 2@ bpew Halb D) % Ha(a)
HACR™, R0  Ha(M, M-x) .

Local Cms-‘sﬂv[7-. %2 open ball BEM Ly

H..(M,M-xﬂT’~= Ha(Mm,M-2) —%H,,(M,H-y)

/*X b - >,4\1.

oy
ISO"”I’PI/UGM b7 Sxeision .



lec 12,
Thm. ™" is conneted ound closed manifold . Theu M & prienteble off
Han(M52) 2 2.

P‘ro Wse vawf%ciao. homplogsl, Tue °"lT Possibfe n C\Iclt 'S

PREYS

a(l U'GCn(M)
To see +his, note every (n-1)- Siw-fhx is Contained in ,ora;’se/r pa
n- S;MF/A't-‘es. Thes once a ko (Rez) & chosen, r.ycle Coudition

forces us b pove ko’ Y o'eCa(m). o

Thm. M\" closed , connecred n-menifeld . B

Then Hu(P\iZz)’-’:Zn.

P{. Similar 4o above. o

Wniversel Coefticiend Twm for Homolgy (PF [aker) :

ol %5 A) 2 (Ru(A32)®, A) ® Tor(H, (2i2)5M).

Thm, M closed connected n-moavifold. Thew e Horsion Subarow? of
Fea (M32)is O if orcentable, is Z, i§ not.

Pl M compact D R, G5 fradely goverated and abelin. Thus
Haa(M) 22 2“® T whete T torsion, with 1T < 9. Choose
prime 2%pl ITI . By UCT for hoMo(Oa~1;

He (M5 20) 2(Hn(M>2) ©Z5) ® Tor(Ha-(Mi2) 52,) .

Zgor O Zpor 0 . Ms?sor
Orietable or rot Otiewtable or riot )



Thes |T)= K. Otherwise i (T( odd ; hen ton choose p st. Tor(T)Zp)*D-
(o oﬂ\\1 chance whee Toc(T '2?) %0 5 when ‘>=2 T the orievtslle cose, @ %d—
2 .20B2, ® Tor(T,22) - So T is 4rvial. In non-oriewhble case,
2,2(0®2.)® Tor(T,22). S0 T22.. O

©y. H, (RPY) T s

Thm. Closed n-manifeld MFP s 1RV
findtely Mouy ells B A
£ =8P guotiest by cdllepsig B; b0 apt
£k s M s S nexsP
CRP o QP o

Pf.

Thm, Smeoth manifolds can be {r;’amau_lafe&.

Ps.

take poivts sufficiewHy

‘)u\hhi
— Them St. RaionS bouwnded by
ST _ Points are pasically
flet. Thus we Jet o
2w
<R honeo mo fplhigm . a

Handle Decomposifion : M tricugulated . Thicken each n—simplex

Mv\

to be a n-hendle.
tofe tocore
y J
Def"s N U-hondle in M js PAxR zp”

Rk, T M” w-mnid with \oouwiafy , thew M=2M is a nencompact
n-manfold.



Cahomo(og\‘l with Com?ad' Su"ppo(‘}

Wit cellwlor or simplicial chain complleves . 3 subeomplex &y Cochain
Oomplex Consisting o]l Cochans tHhat ofe non—zem on -Fiwi’rel\, Many cells:
§: Cr(¥) e C.

De{“. Cochain Cfe C,i()o hes cow.Fo.d— Suﬂ)or-t ({r 3 (,ovw‘»c-\— set K X
$t. 9(0)=0 Vo a cham i X-K, e, e C(X%,%-K).
Denote CL(X) +e Cochoans with compact Support ) and s (3 6 Subconplex:
§: Colx) = ' (x).
Define
BE (X = R*(CEX)).
But: HE(R)Z2 5 not hometopy invariont

Prop.  M" Gompact nomnfd with 9. Then L (RL4) <> (MM) iedduces
Corwrphivn . WP(M, M) ¥ HY (),

Ph. M hes a collar r\d(&hborhooo\ Mx[o1): DM x [s))
5 o Hetther . —Thew

Cim)= U c* (M, aMxlo)).

n=l

Note +het Y, HE(M, OMxDE) = HR(M,2M).

Ther Suppose M'cs R orteelle (hnat is bhe Totecior o o compack n- Mowifold ),
then 3 natural isomor phism
Dm = HEMMHER Y — Haw(M5R).



Lac 12,
Ry veT, T F « fied, e Bxt (AF=D So
H" (% F) E Hom (H(X32) 5 F)
2 Home (He (x3%) 5 F) UCT for homology
Therefore. evaluation natural
Ui W00 2 (ko) ¢
Poincace Duality: M closed manold, I natuml iSomorlakESM
D : HX(M3R) —— Hax(M)1R)

dual Vector space

PD +vs. vwxm‘h'-'
HY(MHE) 2 RV (MHF)
2 n
He(Mi® 2 Hnw (M)IF)

NoT NATURAL .

ocX-K *

LAST TIME: Cohorv\oloa\/ with comlm.cf Swfﬁrf‘
2O = ()

K
o xX-K

K

Def”. Call T o dicected set i it i a set itk & packiol order s+
Vo, peT , 2 ¥eL st x<f ad Pey,
(Ge)ocx 5 colled a dicect $ystem <4 4 tovps F bu's abelion roupS
e I is o directed set.
o whevever K‘P, 3 homomorfhiﬂ“\ 'F“P: G — Gp.
o If x<p<¥, then i =Fexofan.
Define +he direcred Yimit

Yiy Gra = 1l 6a/ . - @"‘“G‘*
oEL <a—b= RE G, bebp,
A¥>et,p 4. ‘Fu((ﬂ=-(p:(b)&6i>




Rk, Sugpose ¥ moxinnf demet in T, Then
i G = 6% .

€4. Recall = AcK,
o0 e— CHAY &— ¥R «—C*(x,AV&—0
H¥(xA)= B¥CC*(x,R)) .

Define  H*¥CHK) = H¥(% , %K.
Similaly R x(x1K)= Hax(Cx( X, XWD) = He (X X-K).
Note. TIf cL(W)cW open =%, +aen

P¥(x1K) = R¥(oIk) .

Now +ke T=§ Kex : K Corpoct§  with € 05 a Potiol order.
(riven KEL,LET. Thew Kel €T St K,LE Kul.
Thus T divecred Set. (ot
G = H*(XIK).
@ Kel . —hew
O HEOXRIKY) — (% (xIL) .
Thus (O)yex dicecked system.

Pror (\-\‘5.%77), 3 nodund Csomorfhﬁsw\
§: Jimy H¥(XIK) —=5 W%

pf. owtor Wt cfe HE(K) sk @ vanishes ovtside K. Then P comes
frons Corres?ondina R¥XIK),
-1 0lgl =0 . Then ¢= §Y whe ¢ yanishes outside some
K. Then [p]=0 € H* (XKD, n



Spea‘aﬂ Cuce: X com‘m:\'. Then X is a moximel gleneut.

Thas HEOX) = w*0OO.

bm., IS M s a compack matd with D, Then

o R*CM, M) = HX% (MUM xCoa1) T HE (r°).
(LAST TIME)

et KeLcM |, L .L Conpact-

Ha(MIK) x g4 (MIKY

L*\I, 1'5* an—u(M)

H o (MIL) x HEBMIL) /

Commntes. W@t M = orieved n-mafd , Adefine

P HE(M)

> Ha-k (M)

[t“g’] ¢ RRUEUKY  for seme K
Om £43 =pu ~ Ly

(MY,

Poincact Daaliky 1 If M is R-orieded, suen

Om: HEWM R)i Ha (M5R) .

4
PF. Assane M is ivhexior &g Somt Comost amifold . Then 1= Uiss e, u; ="
open = 8" Tnduck on g u;“ui‘:if’r'zé"
p=1: HE(R") = Haw (™).
For inductive step, use

lam (H336). T M= WUV, where U,V open, oriented n- manifdds,
dhen 3 conmutotive a;u&e.m (_“? o 3.‘3.,.) .



W+

c =3 R Cuav) — R ® HE (V) = RE(M) — H

=|b ‘Elo :lp LD zlo

(wavy = -

<= Hn-k(unv) — Hn—ucu) @Hrun(.v) - Hr\-K(M) — Hn-(m)(unv> -

Pf b lam: Tue Aingcort oMty (wp to s\‘zu) ord e vertical
Maps qxcer%— e niddhe onl ore fSOmorfMSm.«S oy induckive hﬂ)oflaeStS
Then by S- lemma, HEOM) = H au (M) (,somorrlwsﬂ as well.

Thenw b\, T nluction , dme.



Lec 4.
3 versions .& ?etr\c«té 'Dma\i‘hr

©) M" closed ;) ociented,
HE M) — H o (M)

¢ — [M] A ?.

@ M" oriented.
Onm: Hyé (ﬁ) i) \*\“_KUV\)

@ MV\ (_ompar.'\', oriented Mm'-(:o\& v it }
H (M) —=— Hax (M)

@ Lﬂ.&(chd—s D*«os\"\'vlz
ot Mm be a COMFac:l' Connected R — ociented - nmnfd .
AL B CM conpadt suomanifold with .
Aog= M Ans = 2R =26

Om: B¥(M,A>R) — Ho-k(M,R35R)
¢ — [M)og.

of.

o HE MM —> B, — HE M D — HR (M, M) — -
M |2 i x| 2] MIa

- = Hp(M) = Hnx(™M,® = Ra-xi(d) = Hpuae (M) -+

e black veeteal ™Mops kR CSomorfh,;smS \9\, po\“nmre' Duo.,@.‘-éy. Then

GPP[‘7 5- ltmma . ul



€3 M= S'xD.

A
H4(8'%0%) % Haoe (8'xD%) §'x8) € B
Ha(M,2M)= 2
Co
Jovemtor o] € H'(M).

oM=¢xs!
=2 = % (dn DY)
/\szo
M=2,x000) . eZxo. E@O()‘d e

Z S H (M) 2 HU(M)

[:o(:IJ — [¢] o _ﬁ (/\_)

PR = #(Ba (xxT)).

xXxt

Summam’: Corfesvudonce o{, (ekschety, &w&zﬂa P 3&/9«4 oy

d & LY“
Counts  ntersechon At Lith of.

® Plexander ’DMM":
Lt K be a Loadlly contractible , Compact, non-emply , proper subspace
o]C . Then
A (3~%52) = W™ (KD,

Pl Assume K =M" = Corpact manifold with 9,
H:(8"-M) ;—) U (9=M) ¢ W™ ("M, M)

~
=

H“-{ (5", M)

@xctision .
T RTT(M) O LES S (SM),
(ASl'nj
H*s") =0
a

usuclly



O K= s'kp' = S
cs® WK =2
" ‘nomolaj\' Adoes not See Mndﬁnﬁ ”,

oK

@ s*kcS".
Hpekor (8- 8%) 2 R¥(SX) =2
(0] €—— [Y}]

o =,3 DK-\-I

TE) =#(Fod)ed.

Ralf Lives, Holf Dies:
M= Compact, ofiewtable (2nh)- mnfd and  Ui: Han (3’4) = Hal).
Then  rank(Aer () = ramk (Im Cx),

?f. For S.’mpﬂn’c?h,, Assume Zn+ =%, LES (M, oM):
0 = H3(M) = Hy(M,2M) = HoM) —> .- —> Ho(1) > Ho (M, M) 0.
In e middle, ]
HalM,9M) 25 H, M) 5 R, )
n

Kel TETm in
K=Kerey = Tm D,

Lemma3.5. If M is a compact orientable 3-manifold then the image of the boundary
map H,(M,0M)—H,(0M) has rank equal to one half the rank of H,(0M).

Here ‘rank’ means the number of Z summands in a direct sum splitting into cyclic
groups. Equivalently, we can use homology with Q coefficients and replace ‘rank’ by
‘dimension.”

Proof: With Q coefficients understood, consider the commutative diagram

Hy(M,oM) —2— H,(0M) —L s (M)
14 @ 14
H'(M) —=— H'(aM) —2— H*(M,0M)

where the vertical isomorphisms are given by Poincaré duality. Since we have coeffi-
cients in a field, the map i* is the dual of i,,, obtained by applying Hom(—, Q). Linear
algebra then implies that dimKeri, = dimCokeri*. Hence dimImd = dimKeri, =
dim Coker i* = dim Coker @ which implies the result. [u]



LQ-C /5 °
Universal Coefficets in Homologa .

Tensoe Ccoducks :

Given 4wo Ao 6\|>_s AB . Wat 4o Mmalkt o tarw‘: A@B . The 3@,,.24-&1
elemest 5 of he form

¢, ®by+ -+ AnBbn a:€A, bieh
st. A®(bi+v) = ¢ ®b
\ 1—) 1+ Aa®bz i =2 ha®@b= a®nb. 03
(0 %2.)®b = 2, ®b+ 220) .

ta r R=727 =g e, B=2" =k s 80D
AOB=<e®f| 1cicm, (<j¢n>,
Thes we may define
A®B = FAL (A,B)/N where  ~ safisties  Gh).
I f:A>A, 3:8 B hamomorlak.isms, Hhen defing
i®3: A®@B — A® B
28b > {)@af).

Def". A free resdution of & gref k& an exad sef
0 =R S5F IH5p—>0
st R.F ace free oloclion.

Rop. Given abelian a0 A, talte o free resolokion of A
o) >Rt £ 5Sp—o0
thewn
ROG —> FB6 =5 pwa —> 0
is exack. Now defme

Tor (A, 67) = KQ((C@I).




(e (b,

lam (R 30).  Given o {22 (RSolukion F o\' ~ Y Fef H, and o homomorrh’sm

X 2R Then 3 & chain Map oK. ¢r. e Najrm Commutes :
. %
"_’Fz{ F‘ ro_’H >0
- oy ey

F/—>F’LF)—>H — 0

Moreoves; avy +wo such ®’s a2 chan homa*o[)-’c.

P’}, Indux_‘ctvd\/. asswme o TS Aefined o Uaﬂram commukes.

x > 0
Fm\-\ ‘cm-l \F 'Fn Ff\—-\
\g{o(,.,. 2 \I,K'\ Ed l L
Fn-rl ’Fv: \Fn—u
3 4 3 du(fa) P
Pick free fonerativg, set fo¢ Fauy  choose 4 for otk emecutor AGFMS Oln+1.
C\eN\~1 olicxﬁmm commutes (X is a Chein rmf).

Su‘;gos& o, F—F be 4o sk chain Mnfs. ‘T"\QY agmee on
o, ¥ H>RY Oebine & dnaan homotopy Ao Fi = F sS4
2+ A =x-Y:=§.
A T
£ ¢
More specifically,
‘F"-I-/l A+ Ain 'f,; =Pe.
De{.'.\e A.. =0 Thew
fy 2e = Bi-A.,F: . (*)
Consider te dmsvow\ below 1 Pssume Ao 05 de.[.’neol. SupPost 2= )\ (X).
Thew weed Fon (D= P (0= Apo (§: 00O



S

£ (-2 )+ %.:(x)) =0

\97 Exockness.
wt:c:ce,'s e = ({' B - ('Fe’ A ()
= (Bi-l ‘Fc)(‘/\) - (%i—l “Aia ‘F.;—\)(-F{(")) = Atk (>0)
2 T
P chain map by GO =0.
X (
> Fs—l >t
F,;.:’| ’ > > FV‘

Z & twis @xists b; e Qeeviows Mauwevﬂ’

Hewce we have o C;'\Cm‘ﬂdd) Pd‘oo): !

Cor. Toc(N,G) 15 wdl—del::v\ul.

Pf. Griven & free fed

. of A.
> Fa > &, > Fo > A >0
wllo wlle,  afle | ®a
> Fy > > f¢ — A —0

et chain mop . Then oot F/—>F'

OW‘A Koo : F'aF Chosn koMD“'aP"C
to idaity be previous (gmma

. Aply ®6G:

»F®6 — F 96 — F.8g — A®G — D
ofwiT 1*101 “.GIL,[ \[“.01 x.onT log,on_ 1101
—h®6 — F'®6 — F e —> A®G — D
Toc (A, G) wsing F s Hm(\: ®k). Since

O (d]®1) omd
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