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Problems Given by Ron Donagi

Problem Set 1

Problem 1. Show P1 ∼= S2 and that P1 is simply connected.

Problem 2. Compute the algebraic dimension of Pn and of the torus T = C/(Z+ iZ).

Problem 3. Prove that holomorphic maps P1 → T are constant, where T is a complex torus.

Problem 4. For the Hopf manifold in n = 1, identify it as an elliptic curve and determine its lattice.

Problem 5. Explain how to recover the bundle E corresponding to a locally free sheaf F . Define
the sheaf O(k) on projective space and check that it corresponds to the correct bundle.

Problem 6. Show that the Grassmannian Gr(2, 4) is a 4-dimensional quadric. (Use the Plücker
embedding Gr(2, 4) ↪→ P5.)

Problem 7. Explain why the flag varieties are projective varieties.

Problem Set 2

Problem 8. Let L := OPn(d). Show that the map φL is a morphism iff d ≥ 0, an isomorphism
iff d = 1, and an embedding iff d ≥ 1. The image is called the Veronese variety. For a hyperplane
H ⊂ Pn, what is φ−1

L (H)?

Problem 9. In the above setting, let p ∈ Pn and let V ⊂ H0(Pn,O(d)) be the linear system of
sections of OPn(d) that vanish at p. Show that φV is no longer a morphism on Pn but only on Pn\p.
Describe the closure of its image.

Problem 10. Consider P2 with homogeneous coordinates x, y, z. Let p ∈ P2 be the point (0, 0, 1),
and let C ⊂ P2 be the curve with equation y2z2 = x4. Let Y be the blowup of P2 at p. Describe
the strict and total transforms in Y of C. What happens if you blow up a second time?

Problem 11. Let (X,ω) be compact connected Kähler, dimX ≥ 2. Show: wedge with ω is injective
on 1-forms. Deduce: if φ is a smooth function and φh is Kähler, then φ is constant.
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Problem 12. For a holomorphic vector bundle E of rank r and a line bundle L, prove P(E∗⊗L∗) =

P(E∗) and OP(E∗⊗L∗)(1) ∼= OP(E∗)(1)⊗ π∗L.

Problem 13. The space of conics in the plane P2 is parametrized by a P5. This has a stratification
into three strata. If we interpret P5 as P(Sym2 V ∗) where P2 = P(V ), then the strata are distin-
guished by the rank of the symmetric 3 × 3 matrix. If we think of P5 as parametrizing conics, the
3 strata are characterized by the topology of the conic: double lines, line pairs, and non-singular
conics, respectively.

How far can you push the analogous stratification of the space of cubics in the plane? Focusing
on the topology of the cubic, you should get a finite number of strata. One of these is Zariski-open
(i.e. open and dense). Try to prove that, for each non-open stratum S, all the cubics corresponding
to points of S are isomorphic to each other. (You’ll need to agree on what “isomorphic” means here.)
Show also that this is false for the open stratum: all the corresponding cubics are topologically the
same (they are tori), but they are not all isomorphic to each other.

Hint: you may want to consider the action of SL(V ) = SL(3,C) on everything.

Problem Set 3

Problem 14 (Residue Theorem, Voisin Vol I, p.113). Let X be a compact complex curve. Let µ

be a volume form on X. We can consider µ as a closed form of type (1, 1) on X.

(a) By considering the integral
∫
X µ, show that µ is not ∂̄-exact. Deduce from this that H1(X,KX)

is different from {0} and admits a surjective map

Tr : H1(X,KX) → C, ω 7→
∫
X
ω.

Let D =
∑

i xi be a divisor of X (all of whose multiplicities are equal to 1). We denote by
KX(D) the holomorphic line bundle (or sheaf of free OX -modules of rank 1), whose sections
are the holomorphic forms of degree 1 on any open set not containing any of the xi’s, and
in the neighbourhood of each xi, the meromorphic forms which can be written as ϕ(zi)dzi/zi
where zi is a local coordinate centred at xi and ϕ is holomorphic.

(b) Show that we have an exact sequence

0 → KX → KX(D)
Res−−→

⊕
i

Cxi → 0,

where each sheaf Cxi is a “skyscraper” sheaf supported at xi, whose group of sections over any
open set not containing xi is {0} and whose group of sections on an open set containing xi
is C. Here the map Resi : KX(D) → Cxi maps a meromorphic form ω to its residue at xi,
defined as

Resi(ω) =
1

2πi

∫
∂Di

ω,

where Di is a disk centred at xi not containing any of the xj ’s, i ̸= j.
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(c) Let δ :
⊕

iC = H0(X,
⊕

iCxi) → H1(X,KX) be the arrow appearing in the long exact
sequence associated to the short exact sequence above. Show that δ(1xi) is the class in
H1(X,KX) of the form ∂̄µi, where µi is a differential form of type (1, 0), which is C∞ away
from xi, and equal to dzi/zi in a neighbourhood of xi.

(d) Show that ∫
X
∂̄µi = −2iπ.

Deduce from the long exact sequence associated to the short exact sequence above the following
result: If ω is a meromorphic 1-form on X having poles of order at most 1 at each xi, and
holomorphic otherwise, then ∑

i

Resi ω = 0.

Problem 15. For a manifold C and an integer d ≥ 2, define the symmetric product C(d) to be
the quotient of the Cartesian product Cd by the action of the symmetric group Sd permuting the
factors. Show that C(d) is smooth iff dimC ≤ 1.

Problem 16. Let C be the projective curve in P2 whose affine equation is y2 = Π50
i=1(x − i)i.

Characterize its singularities and calculate its arithmetic genus and its geometric genus: the genus
of its desingularization.

Problem 17. The dual of a plane curve C ⊂ P2 of degree d is the curve C∨ ⊂ (P2)∨ consisting of
all lines meeting C in fewer than d distinct points. For C non-singular, this is simply the family
of tangent lines to C. Show that for most non-singular curves C of a given degree d, the only
singularities of the dual curve are nodes and cusps. For such C, determine the degree and number
of nodes and cusps of the dual curve. Show that if d > 2 there are non-singular C whose dual has
singularities worse than nodes and cusps. What happens if C is singular?

Problem Set 4

Problem 18 (Hyperelliptic curves). Let C be a hyperelliptic curve of genus g. Is the natural
multiplication map

H0(C,KC)⊗H0(C,KC) → H0(C, (KC)
2)

surjective? What is the dimension of its image?

Problem 19 (Canonical map). Let C be a curve of genus g for which the map

H0(C,KC)⊗H0(C,KC) → H0(C, (KC)
2)

is surjective, and let ϕ : C → Pg−1 be the canonical map. Use Riemann–Roch to calculate the
dimension of the linear system of quadrics in Pg−1 containing the image ϕ(C). What is the base
locus of this linear system? Does it depend continuously on the curve C? What happens if C is
trigonal? What happens if C is hyperelliptic?
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Problem 20 (Abel map). Consider the Abel map Mg → Ag. Is it an immersion at hyperelliptic
curves? Is it an immersion at curves as in Problem 19?

Problem 21 (Fubini–Study Pullbacks).

(a) Show that restricting the Fubini–Study Kähler form ωFS on Pn to the standard hyperplane
Pn−1 ⊂ Pn yields the Fubini–Study form on Pn−1.

(b) Let A ∈ PGL(n + 1,C), and let FA : Pn → Pn be the induced automorphism. Show that
F ∗
AωFS = ωFS if and only if A is in the image of U(n+ 1).

Problem 22 (Harmonicity of the Kähler Form). Let (X, g) be a Kähler manifold with Kähler form
ω. Show that ω is harmonic with respect to the Laplacian ∆ = dd∗ + d∗d.

Problem Set 5

Problem 23. Let S be a non-singular quadric surface. We saw that S ∼= P1 × P1. For C ⊂ S a
non-singular curve, define its bidegree (a, b) by intersecting C with the lines P1×{pt} and {pt}×P1.
Compute the genus of C in terms of a, b.

Problem 24. Let S be a non-singular quadric surface and p ∈ S. Show that Blp(S) is a del Pezzo
surface dP2.

Problem 25. Prove that a non-singular cubic surface S is rational, i.e. there is a rational map
S 99K P2 which is an isomorphism away from some curves in S and P2. Hint: you may want to
prove first that S contains two disjoint lines.

Problem 26. The Veronese variety is the image of Pn under the embedding given by the complete
linear series O(d). The Segre variety is the image of Pm × Pn under the map (xi), (yj) 7→ (xiyj).
Compute the degrees of the Veronese and Segre varieties.

Problem Set 6

Problem 27. Find the smallest integer a such that every curve C of genus ≥ 2 is embedded via
sections of K⊗a

C .

Problem 28. Compute the Euler characteristic of a rational elliptic surface. Assume each singular
fiber has a single node. How many such fibers are there? What changes if some of the fibers have
cusps? Tacnodes?

Problem 29. Show that the Fermat quartic surface is elliptic. How many singular fibers does it
have? Show that not all smooth quartic surface are elliptic. (Hint: The period map for K3 surfaces
goes to a quadric in P21. Show that the image of the locus of smooth quartic surfaces is an open
subset of a hyperplane section, which is a quadric in P20. What is the image of the elliptic quartic
surfaces?)
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Problem 30. Let X be the smooth complete intersection of two quadrics in P5. Show that X

determines a smooth curve C of genus 2. Show that X contains a line ℓ. Describe the set of lines
in X that intersect this ℓ. Describe the set of all lines in X. Generalize to the smooth complete
intersection of two quadrics in higher dimensional projective spaces.

Problem Set 7 (All from Huybrechts Chapter 4 Except the First
Problem)

Problem 31. Prove a holomorphic version of the splitting principle.

Problem 32. Let ∇i be connections on vector bundles Ei, i = 1, 2. Change both connections by
one-forms ai ∈ A1(X,End(Ei)) and compute the new connections on the associated bundles E1⊕E2,
E1 ⊗ E2, and Hom(E1, E2).

Problem 33. (a) Show that FE1⊕E2 = F∇1 ⊕ F∇2 .

(b) Show that F∇∗ = −F t
∇ (curvature on dual bundles).

(c) Compute the connection and curvatures of the determinant bundle.

Problem 34. Find an example of two connections ∇1 and ∇2 on a vector bundle E, such that F∇1

is positive and F∇2 is negative.

Problem 35. Show that for a base-point free line bundle L on a compact complex manifold X the
integral

∫
X c1(L)

n is non-negative.

Problem 36. Show that td(E1 ⊕ E2) = td(E1) · td(E2).

Problem 37. Compute the Chern classes of (the tangent bundle of) Pn and Pn × Pm. Try to
interpret

∫
Pn cn(Pn) and

∫
Pn×Pm cn(Pn × Pm).

Problem 38. Let E be a vector bundle and L a line bundle. Show

ci(E ⊗ L) =
i∑

j=0

(
rk(E)− j

i− j

)
cj(E)c1(L)

i−j .

Problem 39. Show that c1(End(E)) = 0 on the form level and compute c2(End(E)) in terms of
ci(E), i = 1, 2. Compute (4c2 − c21)(L⊕L) for a line bundle L. Show that c2k+1(E) = 0, if E ∼= E∗.

Problem 40. Let L be a holomorphic line bundle on a compact Kähler manifold X. Show that for
any closed real (1, 1)-form α with [α] = c1(L) there exists an hermitian structure on L such that
the curvature of the Chern connection ∇ on L satisfies (i/2π)F∇ = α. (Hint: Fix an hermitian
structure on h0 on L. Then any other is of the form ef · h0. Compute the change of the curvature.)

Problem 41. Let X be a compact Kähler manifold and let E be a holomorphic vector bundle
admitting a holomorphic connection D : E → ΩX ⊗ E. Show that ck(E) = 0 for all k > 0.
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1 Solutions to PSet 1

Solution 1. The simplest way is probably to use the CW complex structure on P1: It has a 2-cell
e2 and a 0-cell {∗}, and the attaching map is given by φ : ∂e2 ∼= S1 → {∗}, and there is only one
such map. This is also the cell structure on S2, hence we conclude that P1 ∼= S2.

Alternatively, we can use the stereographic projection. Note that C ↪→ P1 via z 7→ [z : 1]. Hence
we can identify C ∪ {∞} with (S2 \ {N}) ∪ {N} stereographic projection. Concretely, one checks
that the map Φ : S2 → P1 given by

Φ(x, y, z) =

{
[x+ iy : 1− z] (x, y, z) ̸= (0, 0, 1)

[1 : 0] (x, y, z) = (0, 0, 1)

is a continuous bijection with continuous inverse.

Solution 2. Recall that the algebraic dimension of a complex manifold X is defined by a(X) :=

trdegCK(X). Siegel theorem shows a(Pn) ≤ n and a(T) ≤ 1. We show that these upper bounds
are actually achieved: a(Pn) = n and a(T) = 1.

To show that a(Pn) = n, we note that every ratio of homogeneous polynomial with same degree
in C[z0, ..., zn] defines a meromorphic function on the entire Pn, and such ratios form a subfield Q
of K(Pn). Moreover, it can be seen that

Q = C(z1/z0, ..., zn/z0).

The is true because we can recover any expression zi/zj from (zi/z0)/(zj/z0), and all elements of Q
are generated by all the zi/zj ’s. One can check that z1/z0, ..., zn/z0 are transcendental and linearly
independent, hence trdegCQ = n. Therefore, a(Pn) = n.

To show that a(T) = 1, we recall that from complex analysis, we showed that K(T) = C(℘, ℘′).
But in fact we have the identity 2℘′ = 12℘−g2. Hence in fact K(T) = C(℘) which has transcendence
degree 1 over C, hence a(T) = 1.

Solution 3. We identify the complex torus T with C/(Z+ iZ) (The same argument works for any
lattice Λ ⊂ C). In fact, this is just a square with boundary identified in the obvious way.

Since T = S1 × S1, C ∼= R × R is the universal cover of T, and P1 ∼= S2 is simply connected.
Hence by algebraic topology, any holomorphic map f : P1 → T factors through the universal cover,
meaning there is a constant map (we only know it is continuous) g : P1 → C such that the diagram
below commutes:

C

P1 T

π
g

f

where the vertical map is projection π : C → C/(Z+ iZ). The commutativity of the diagram shows
that the function g : P1 → C can be obtained by f : P1 → T by extending the value of f periodically
on the entire complex plane. This also shows that g is holomorphic:
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Indeed, inside the square, by assumption g is clearly holomorphic because f is. On the boundary
of the square, by definition of holomorphicity, we can find neighborhoods U on the square as shown
in the figure below such that f : f−1(U) → U is holomorphic.

But for sufficiently small U ⊂ T, the set U is biholomorphic to π−1(U). Thus g : f−1(U) → π−1(U)

is holomorphic. Since homomorphicity is a local condition, it follows that g : P1 → C is a globally
holomorphic function, which must be constant. Hence f = πg must also be constant.

Solution 4. The Hopf manifold X is given by C∗/Z, where Z acts on C∗ by k ·z = λkz. Let Γ be the
lattice generated by log λ and 2πi. Then I claim that there exists a well-defined holomorphic map
f : C/Λ → X that is a biholomorphism. To see this, we first note that there exists a well-defined
f : C/Λ → X making the following diagram commute:

C C∗

C/Λ X

exp

f

In the above the vertical maps are quotient maps by the group action. We define the map as follows:
Let [z] ∈ C/Λ represented by z ∈ C. Then send it to [exp(z)] ∈ X. The diagram clearly commutes
if f is well-defined. To see f is well-defined, suppose that z′ ∈ C also represents the equivalence
class [z] in C/Λ. Then we must have

z′ = z + 2πim+ n log λ

for some m,n ∈ Z. But note that

exp(z + 2πim+ n log λ) = λnez.

Therefore, under the quotient C∗ → X, this will be mapped to [exp(z)]. Thus f is well-defined.
Also, f has a well-defined inverse, by taking logarithm (well-defined because elements in C/Λ is
well-defined up to a shift of 2πim for any integer m). Finally, we note that f is a biholomorphism,
because the quotient maps are local biholomorphisms (in fact we only know that f is a holomorphic
bijection, but then the inverse function theorem tells us that its inverse is also holomorphic), and
the claim follows from commutativity of the diagram above. Hence, we conclude that X ∼= C/Λ
where Λ is generated by 2πi, log λ on the complex plane.

Solution 5. Given a vector bundle E → X, for any open set U ⊂ X, we can define the sheaf of
sections F : U 7→ Γ(U,E), where Γ(U,E) denotes holomorphic (smooth, continuous...depending on
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which category we want to work with) sections of E over U . By construction F is a locally free
sheaf of OX -modules, because of the existence of local frames on E.

Conversely, suppose we are given a locally free sheaf F , then we have an open cover X =
⋃

i Ui

such that F|Ui
∼= O⊕r

Ui
via some Ψi. We define the vector bundle E by gluing together O⊕r

Ui
’s on Ui

via some set of transition functions. On the intersection Uij := Ui ∩ Uj , we consider

Ψij := Ψi ◦Ψ−1
j |Uij : O

⊕r
Uij

∼=−→ O⊕r
Uij

.

One can check that the above two constructions are inverses of each other.
Finally, we give a definition of O(k) on Pn. We define

O(d)(U) =

{
g

f
: g ∈ C[z0, ..., zn]d+m, f ∈ C[z0, ..., zn]m for some m ∈ Z, f(p) ̸= 0 for all p ∈ U

}
.

Using this definition, it clearly follows that O(d) = O(1)⊗d. Hence it suffices to check that O(1)

agrees with the vector bundle τ∨, where τ is the tautological bundle on Pn defined by

τ = {(ℓ, z) : z ∈ ℓ} ⊂ Pn × Cn+1.

Therefore,
τ∨ = {(ℓ, φℓ) : φℓ ∈ Hom(ℓ,C)}.

So for any U ⊂ Pn, an element of φ ∈ Γ(U, τ∨) is given by an element of the form

φ :
⊔
ℓ∈U

ℓ → OPn

that is linear on each fiber ℓ. Clearly, any element in O(1)(U) satisfies this requirement. We claim
that these are the only ones.

To see this, we first study the transition functions on τ∨. We consider the open sets Ui ⊂ Pn

defined by Ui = {[z0 : · · · : zn] : zi ̸= 0}. Let ℓ ∈ Ui, then there is a unique vector e(ℓ) ∈ ℓ ∈ Cn+1

with i-th coordinate being 1. In fact, this is a basis of the line ℓ. This provides local trivilizations
of the vector bundle π : τ → Pn, by

Ψi : τ |π−1(Ui)

∼=−→ Ui × C (ℓ, z) = (ℓ, λ(z) · e(ℓ)) 7→ (ℓ, λ(z))

where λ(z) ∈ C is the component of the vector z ∈ ℓ under the basis e(ℓ). Now suppose ℓ ∈ Ui ∩Uj .
Let ei(ℓ), ej(ℓ) be the unique representative of ℓ, whose i-th and j-th coordinate is 1, respectively.
Then note that the i-th coordinate of ej(ℓ) is given by zi/zj . Hence we must have

ei(ℓ) =
1

zi/zj
ej(ℓ) =

zj
zi
ei(ℓ).

Therefore, we conclude that the transition function gij ∈ Γ(Ui ∩Uj ,O∗
Pn) of τ on Ui ∩Uj is given by
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zj/zi. Hence the transition function on τ∨ must be given by

g−1
ij = zi/zj . (1)

On the other hand, since the charts ξi : Ui → ξi(Ui) ∼= Cn on Pn is given by [z0, ..., zn] 7→
(z0/zi, ..., ẑi/zi, ..., zn/zi), the chart transition maps ξj(Ui ∩ Uj) → ξi(Ui ∩ Uj) is given by multi-
plication by zi/zj . Hence the transition map

Γ(Ui ∩ Uj ,OUi∩Uj )
∼=−→ Γ(Ui ∩ Uj ,OUi∩Uj )

must also be given by mutiplication by zi/zj . This means the vector bundle defined by O(1) has
the same transition functions as (1), the transition function of τ∨. Hence they must be isomorphic:
τ∨ ∼= O(1). This concludes the proof.

Solution 6. We first define the Plücker embedding and show that it is indeed an embedding:

Theorem. Let Gr(k,W ) be the complex Grassmannian of k-planes in a vector space W . Then the
Plücker embedding

i : Gr(k,W ) → P(
∧k

W )

defined by i(e1, ..., ek) = [e1 ∧ · · · ∧ ek] is an embedding.

Proof of Theorem. First, we note that i : Gr(k,W ) → P(
∧k W ) is an injection, because given a line

[e1 ∧ · · · ∧ ek] in
∧k W , we can recover K = span(e1, ..., ek). Namely,

K = {w ∈ W : w ∧ e1 ∧ · · · ∧ ek = 0}.

Also note that diK : TK Gr(k,W ) → Ti(K)P(
∧k W ) is injective (hence i is an immersion). Indeed,

recall that a neighborhood of K ∈ Gr(k,W ), and suppose we choose a complement V with V ⊕K =

W , then an open chart of Gr(k,W ) at K is given by the open sets

UV = {Z ∈ Gr(k,W );Z ∩ V = 0}.

Any such vector space Z will be isomorphic to K via the projection πK : W → V . If we denote the
projection to V by πV : W → V , any such Z can be identified with the graph of the linear map
hZ : πV ◦ π−1

K |Z : K → V . Therefore, the open neighborhood UV is identified (via the graphs hZ)
with the set Hom(K,V ), where K ∈ Gr(k,W ) corresponds to the trivial element 0 ∈ Hom(K,V ).
Since V ∼= W/K, we have

TK Gr(k,W ) ∼= Hom(K,W/K).

Now choose a basis e1, ..., ek of K. Then a small deformation of these basis will be given by

vi(t) = ei + twi wi ∈ W/K.
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Then under the Plücker map the tangent space become

v1(t) ∧ · · · ∧ vk(t) = e1 ∧ · · · ∧ ek + t
k∑

i=1

e1 ∧ · · · ∧ wi ∧ · · · ∧ ek +O(t2).

Taking derivative of t and set t = 0 gives the linear term of the expression above, which vanishes iff
each wi ∈ K. Therefore, the map

diK : TK Gr(k,W ) → Ti(K)P(
∧k

W )

is injective. Hence the Plücker embedding i : Gr(k,W ) → P(
∧k W ) is an immersion. To show that

i is an embedding, we note that Gr(k,W ) is compact and the Plücker map is clearly a continuous
injection, so it is a homeomorphism onto its image.

The Plücker embedding gives an embedding Gr(2, 4) → P5 = P(
∧2C4), by sending (v, w) ∈

Gr(2, 4) to the class of

v ∧ w =
∑
i,j

viwjei ∧ ej =
∑
i<j

(viwj − vjwi)ei ∧ ej .

in P5. In Plücker coordinate [z12 : z13 : z14 : z23 : z24 : z34], where zij is the component scalar in
front of ei ∧ ej for i < j, the point v ∧ w maps to

[v1w2 − v2w1 : v1w3 − v3w1 : v1w4 − v4w1 : v2w3 − v3w2 : v2w4 − v4w2 : v3w4 − v4w3].

Hence one can check that these points satisfies the polynomial equation

Q : z12z34 − z13z24 + z14z23 = 0.

Hence it remains to show that every point in Q ⊂ P5 comes from some point in Gr(2, 4) under the
Plücker embedding. This is entirely a matter of linear algebra. Suppose we have a point where the
equation above is satisfied, then suppose without loss of generality that we are on the chart where
z12 ̸= 0. Hence say z12 = −1. Consider

v = (1, 1, z23 − z13, z24 − z14) w = (1, 0, z23, z24).

Then one simply check that v ∧ w maps onto the given point. This shows that Gr(2, 4) ∼= Q, hence
is a 4-dimensional quadric since Q is.

Solution 7. Let F (V, k1, ..., kℓ) denote the flag variety where dimV = n + 1. Then a point in
F (V, k1, ..., kℓ) is the flag W1 ⊂ W2 ⊂ · · · ⊂ Wℓ ⊂ V with dimWi = ki and 0 ≤ k1 ≤ · · · ≤ kℓ ≤ n+1.
Then this gives a natural map

ϕ : F (V, k1, ..., kℓ) → Gr(k1, n+ 1)×Gr(k2, n+ 2)× · · · ×Gr(kℓ, n+ 1).
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We first note that

Lemma. ϕ is a closed immersion.

Proof of Lemma. It suffices to show that its image is a closed subvariety of the product of the
Grassmannians, and that ϕ is an isomorphism onto its image. Because ϕ simply maps the flag
(W1 ⊂ · · · ⊂ Wℓ) to the tuple (W1, . . . ,Wℓ), it is clearly injective. Furthermore, the flag variety
F (V, k1, . . . , kℓ) is typically constructed locally by taking sub-charts of this exact product, making
ϕ a local isomorphism onto its image. It remains to show ϕ has closed image.

Over an affine open set, W is spanned by the rows of a k× (n+1) matrix A of full rank, and W ′

is spanned by the rows of a k′ × (n + 1) matrix B of full rank.The condition W ⊂ W ′ means that
the row space of A is contained in the row space of B. Equivalently, the combined (k+ k′)× (n+1)

block matrix: (
A

B

)
must have rank exactly equal to k′ (since the rows of A don’t add any new dimensions to the span
of B).Since k < k′, the rank of this block matrix is ≤ k′ if and only if all (k′+1)× (k′+1) minors of
the block matrix vanish. These minors are just polynomial equations in the local coordinates of the
Grassmannians. Since the condition is defined locally by the vanishing of polynomials, the image is
a closed set.

Then we also have the Plücker embedding

Gr(ki, n+ 1) → P(ΛkiV ) = P(
n+1
ki
)−1

.

Also the Segre embedding embeds products of projective space into large enough projective space:

P(
n+1
k1

)−1 × · · · × P(
n+1
kℓ
)−1 → PN .

Hence the composition of this sequence of closed immersions gives a closed immersion

F (V, k1, ..., kℓ) → PN .

We conclude that F (V, k1, ..., kℓ) is a closed subset of a projective variety, hence also a projective
variety.

2 Solutions to PSet 2

Solution 8. First assume d ≥ 0. We see from Proposition 2.4.1 of Huybrechts that global sections
of O(d) are degree d homogeneous polynomials on Pn. And p.86 of the textbook shows that

φL(z0 : · · · : zn) = (zi00 · · · zinn )i0,...,in (2)

where I = (i1, ..., in) satisfies
∑

k ik = d, and I runs through all such multi-index.

11



Since h0(Pn,O(d)) =
(
n+d
d

)
, and φL : Pn → PN where N = h0(Pn,O(d))− 1, we see that when

d = 1, φL : Pn → Pn is just the identity map, hence is an isomorphism. Moreover, this is the
only case where φL is an isomorphism because in all other cases the dimension of the domain and
codomain does not match.

When d < 0, we have h0(Pn,O(d)) = 0. Since φL is defined through basis of H0(X,L), we see
that φL is only defined iff d ≥ 0.

Now we prove that (2) is an embedding when d ≥ 1. Clearly (2) is smooth, and we further note
that it is an injection: To see this, we can go to open sets Uk ⊂ Pn defined by Uk = {(z0 : · · · zn) :
zk ̸= 0}. Suppose (z0 : · · · zn) ∈ Uk, then as long as there exists any zi ̸= 0, for i ̸= k, we can
recover zj/zk because zj/zk = zjz

d−1
i /zkz

d−1
i , for every j. Hence this recovers the point (z0 : · · · zn).

If no such zi exists, then (z0 : · · · zn) must only have a 1 in the k-th component (WLOG we take
zk=1). Moreover, this procedure actually constructed an inverse φL(Pn) → Pn which is obviously
continuous. Moreover, a standard computationg shows that dφL has full rank: Indeed, up to a
permutation of rows, we have

φL(z0, ..., zn) = (zd0 , z
d
1 , ..., z

d
n, ...)

hence the holomorphic Jacobian is given by the block matrix

J =

(
∂φI

L

∂zj

)
=

(
M A

0 B

)
M = d


zd−1
0

zd−1
1

. . .
zd−1
n


which is clearly of full rank. Then since the total differential dφL is given by

dφL =

(
J 0

0 J̄

)
,

it is also of full rank. Hence we conclude that φL is an embedding, because it is an injective
immersion (since dφL is injective) and the domain Pn is compact.

Finally, let H ⊂ PN be a hyperplane. Then it is cut out by a linear equation, without loss of
generality we may assume it is w0 = 0, where (w0 : · · · : wN ) are coordinates of PN . Then φ−1

L (H)

is given by the equation zd0 = 0.

Solution 9. Let p ∈ Pn and V < H0(Pn,O(d)) be the linear system of sections of O(d) that vanish
at p. Then we define φV similarly: Let s0, ..., sk be a basis of V , where k = dimV . Then define

φV : Pn \ Bs(V ) → Pk

(z0 : · · · : zn) 7→ (s0(z) : · · · : sk(z)).

Note that Bs(V ) := Z(s0) ∩ · · · ∩ Z(sk) = {p}, hence by definition φV is no longer a morphism on
Pn, only on Pn \ {p}.
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We need to describe the closure of the image clφV (Pn − p). Let π : X → Pn be the blow up of
Pn at p. We first claim that blowing up resolves the indeterminacy of φV , giving a well-defined map
φ̃V : X → PN such that the diagram

X

Pn PN

π
φ̃V

φV

commutes. Indeed: Let E ⊂ X denote the exceptional divisor. On X \E of course we define φ̃V by
φV ◦ π. To determine how to define φ̃V on E ∼= P(TpPn), we argue as follows:

In order to extend the map φV : Pn 99K PN , we should somehow include the “correct” value
of φV (p). This value should be well-approximated by the following procedure: We take a curve
γ : (−ϵ, ϵ) → Pn such that γ(0) = p. Then we should have φV (p) = limt→0 φV (γ(t)). Suppose
γ′(0) = v ∈ TpPn. Let s0, ..., sN be a basis of V . Then Taylor expanding at p should give

si(γ(t)) ≃ 0 + dsi(v)t

to first order in t. Therefore, we should define the limit limt→0 φV (γ(t)) as

lim
t→0

φV (γ(t)) := lim
t→0

(tds0(v) : ... : tdsN (v)) = (ds0(v) : ... : dsN (v)).

Moreover, we take all curves approaching p from different tangent directions under consideration.
Hence, from this argument, it is clear that we should define φ̃V on E by

φ̃V (v) = (ds0(v) : ... : dsN (v)) v ∈ TpPn ∼= E.

Moreover, it is clear from the description above that we have

clφV (Pn − p) = φ̃V (Blp Pn).

Next, we claim that for d > 1 the map φ̃V is an embedding, so that clφV (Pn − p) ∼= Blp Pn (When
d = 1 take p to be the point (0 : ... : 0 : 1) we see easily that φV is a projection Pn → Pn−1 and is a
closed map, so the closure is still Pn−1).

This can be checked in local coordinates. We first describe the rational map φV : Pn 99K PN

locally. Let x1, ..., xn+1 be homogeneous coordinates on Pn, and let p = (0 : ... : 0 : 1). Let us look
at the chart xn+1 = 1. Then the map φV : Pn 99K PN is locally given by

φV (x1, ..., xn) = (xa11 · · ·xann )a1,...,an 0 < a1 + · · ·+ an ≤ d.

Indeed, before we dehomogenize by setting xn+1 = 1, the map φV sends a point x to the tuple of
all possible monomials xa11 · · ·xan+1

n+1 where
∑

i ai = d, except xdn+1. Since d ≥ 2, at least some ai for
1 ≤ i ≤ n is nonzero. Now let us look at the blow up at zero of this chart. The blow up is given by

{(x, u) ∈ Cn × Pn−1 : xiuj = xjui},
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where u1, ..., un are homogeneous coordinates on Pn−1. Now look at the chart un = 1. Then this
tells us that the coordinate in this chart satisfies

xiuj = xjui i, j ≤ n− 1,

xi = xnui.

Hence locally the map φV : Cn 99K PN in the blow up becomes

φV : (u1, ..., un−1, xn) = (ua11 · · ·uan−1

n−1 x
|a|
n )a

with 0 < |a| ≤ d, where |a| =
∑n

i=1 ai. But the right hand side lives in PN and is divisible by xn
since |a| ≥ 1. Thus the rational map φV : Cn 99K PN can be resolved by the map

φ̃V (u1, ..., un−1, xn) = (ua11 · · ·uan−1

n−1 x
|a|−1
n )a.

Note that this map is an embedding: Indeed, if an = 1, ai = 1, aj = 0 for j ̸= i we recover ui
(1 ≤ i ≤ n− 1). If ai = 0 for all i and an = 2, we recover xn. This concludes the proof.

Solution 10. We first find the points where the curve C = Z(y2z2 − x4) is singular. Denote
F (x, y, z) = y2z2 − x4. Solving for x, y, z in P2 that makes F = ∂xF = ∂yF = ∂zF = 0, we see that
the curve is singular at two points P = [0 : 0 : 1] or Q = [0 : 1 : 0]. We are blowing up P2 at the
point P .

Since the blow up will produce isomorphic copy away from the blow up point P , it suffices to just
study the blow up at the open set U = {[x : y : z] ∈ P2 : z ̸= 0} ⊂ P2. Without loss of generality,
we may set z = 1 on U . Then the curve becomes

C|U = Z(y2 − x4).

This curve is singulart at x = y = 0, i.e., at the point P = [0 : 0 : 1]. Blowing up this curve gives

Ĉ|U = {([x : y : 1], [u : v]) ∈ P2 × P1 : y2 = x4, xv = yu}.

This is the total transform of C|U . Note that the fiber of Ĉ|U at the exceptional divisor x = y = 0 is
given by a copy of P1, because the defining equations are automatically satisfied. To find the strict
transform, we must eliminate the exceptional point x = y = 0 and take the closure. In practice this
means solve the system of equations defining the set Ĉ|U , and we are allowed to divide by x, y. On
the chart u = 1, the equations become

y2 = x4 xv = y.

Squaring the second equation then substituting in the first gives x2v2 = x4, dividing by x2 gives

v2 = x2
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This is singular at x = v = 0. However, on the chart v = 1, the equations become

y2 = x4 x = yu.

Squaring the second equation then substituting in the first and dividing by y2 gives

1 = y2u4

This curve is smooth.
Now we blow up a second time on this chart. the second blow up will be given by

Q = {((x, v), [a : b]) ∈ C2 × P1 : x2 = v2, xb = va}.

Now we study the strict transform. On the chart a = 1, we have xb = v and v2 = x2. Squaring the
first equation and substituting in the second, we see that b2 = 1, which is nonsingular. On the chart
b = 1, we have x = va and v2 = x2. Similarly we get a2 = 1, which is again nonsingular. Hence we
see that blowing up a second time completely resolved the singularity of C (on its intersection with
the open set U ⊂ P2).

Solution 11. The first statement is a corollary of the following result:

Lemma. Let M be a compact Kähler manifold with Kähler form ω. For every 0 ≤ k ≤ n where
n = dimM , the operator Lk

ω : An−k(M) → An+k(M) is an isomorphism.

In particular, set k = n − 1, then Ln−1
ω : A1(X) → A2n−1(X) is an isomorphism, hence it

immediately follows that Lω : A1(X) → A3(X) is injective.

Proof. We note that Lk
ω : An−k(M) → An+k(M) is a smooth bundle homomorphism between vector

bundles of the same rank. Hence it suffices to show that Lk
ω is injective. Writting k = n− j, we will

show by induction on j that Ln−j
ω : Aj(M) → A2n−j(M) is injective.

The case j = 0 is immediate, for Ln
ω is just multiplication by ωn = n!(dVolg). Assume now

that Ln−j+1
ω is injective on (j − 1)-forms, and suppose α ∈ Aj(M) such that Ln−j

ω α = 0. Then
Ln−j+1
ω α = 0. Since interior multiplication is an antiderivation, direct computation shows that for

every complex vector field X,

0 = X ¬ Ln−j+1
ω α = X ¬ (ω ∧ · · · ∧ ω ∧ α) = (n− j + 1)(X ¬ ω) ∧ Ln−j

ω α+ Ln−j+1
ω (X ¬ α).

The expression on the right hand side is equal to Ln−j+1
ω (X ¬α) because Ln−j

ω α = 0 by assumption.
Hence we conclude that

0 = Ln−j+1
ω (X ¬ α).

Therefore, the inductive hypothesis shows that X ¬ α = 0. Since this is true for every complex
vector field X, we conclude that α = 0, as desired.

Finally, let φ ∈ C∞(X) be a (real-valued) smooth function, and h is the Kähler metric. Then
h = g−iω where ω is Kähler. Hence taking the imaginary part of φh we conclude that φω is another

15



Kähler form on X. It must be closed, hence

0 = d(φω) = dφ ∧ ω ± φ ∧ dω︸ ︷︷ ︸
=0 because dω=0

.

Since we already showed Lω is injective on 1-forms, we must have dφ = 0. Hence φ is locally
constant. Since X is connected, we conclude that φ is constant.

Solution 12. Let E → X be a rank r holomorphic vector bundle and L → X a holomorphic line
bundle. We first show that P(E ⊗ L) ∼= P(E).

One way to do this is through transition functions: Both are Pr-bundles over X, and the transi-
tion function of E and the transition function of E ⊗ L differ by a factor of the transition function
of L, which goes away under projectivization, so the resulting bundles must be isomorphic.

Another way to do this is to construct an actual isomorphism Φ : P(E) → P(E ⊗ L) over
X. A point Vx ∈ P(E) over x ∈ X is a line Vx < Ex. This uniquely corresponds to the line
Vx ⊗Lx < (E ⊗L)x. Hence define Φ : Vx 7→ Vx ⊗Lx. Conversely, every line in (E ⊗L)x is given by
Wx ⊗ Lx for some line Wx < Ex, hence define Ψ : P(E ⊗ L) → P(E) via Ψ : Wx ⊗ Lx 7→ Wx. It is
easy to check Φ ◦Ψ = Ψ ◦ Φ = id hence we have the desired bundle isomorphism over X.

Next, we prove OP(E∗⊗L∗)(1) ∼= OP(E∗)(1) ⊗ π∗L, where π : P(E∗) → X is the projection map.
Replacing E∗, L∗ by E,L and taking the dual it suffices to prove that

OP(E⊗L)(−1) ∼= OP(E)(−1)⊗ π∗L∗.

An element on the right hand side is given by (Vx, v ⊗ w), where Vx ∈ P(E) is a line in Ex, and
v ∈ Vx, w ∈ Lx. We define a map

f : OP(E)(−1)⊗ π∗L∗ → OP(E⊗L)(−1) f : (Vx, v ⊗ w) 7→ (Vx ⊗ Lx, span(v ⊗ w)).

and extend it bilinearly. The inverse is given by

g : OP(E⊗L)(−1) → OP(E)(−1)⊗ π∗L∗ g : (Wx ⊗ Lx, v ⊗ w) 7→ (Wx, v ⊗ w).

It is easy to check that fg = gf = id. This concludes the proof.

Solution 13. We remark that any plane cubic is of the form y2z = x3 + axz2 + bz3. They are
topologically tori but two such curves are isomorphic iff they have the same j-invariant, defined by

j = 1728
4a3

4a3 + 27b2
.

Moreover, a cubic is singular iff the discriminant ∆ = −16(4a3+27b2) = 0. Hence smooth cubic is a
Zariski open set in the moduli of plane cubics. The classification of cubics is given by Figure 1 (with
sample equations in that representative), and the closure relations are given by Fig 2. The idea is
that in the moduli space of cubics, we can deform one cubic continuously to obtain the others.

We start by asking whether the cubic equation can be factored into equations of smaller degrees.
Then there are three cases: (i) 3 = 1+1+1, in which case the cubic is give by 3 lines (case 4,6,7,8);
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(ii) 3 = 2 + 1, in which case the cubic is given by a line and a conic (3,5), (iii) 3 = 3, in which case
we have elliptic curves, smooth or degenerate (1,2,2’).

To see that (2) is in the closure of (1): we see that by setting λ → 0 in y2 = x(x−1)(x−λ) gives
(2); To go from (2) to (3), we can deform (2) such that the two lines coming out of (2) becomes
straight (which now becomes 5), then then move the line into the circle, that is, use y2 = x2(y + t);
To go from (3) to (4), we can shrink the circle and the hyperbola using (x2+y2+ t)(x−1), as t → 0

the smooth conic degenerates into a product of two lines; To go from (3) to (5) we simply move the
line using (x2 + y2 − 1)(x − 1 + t); To go from (4) to (6) we again move the line, in other words
the homotopy xy(x − y + t) gives a deformation from (4) to (6) when t goes from 0 to 1; To go
from (5) to (6), we use use (x2 + y2 − t2)(x− t), as t → 0 the smooth conic collapses into two lines
again; To go from (6) to (7) and from (7) to (8) we move the line using xy(x − ty) and x2(x − ty)

respectively. Finally, to go from (2) to (2’) we just collapse the circle, and to go from (2’) to (6) we
use the use the parameter t in x3 − y3 − ty2 to do the deformation: When t = 0 this is a product
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of three lines intersecting at the origin, which is (6), when t > 0 this becomes x3 = y2(y + t). A
change of coordinates Y = x and X = y

√
(y + t) gives X2 = Y 3, which is (2’).

To show that any two cubics in each of these non-open stratum are isomorphic to each other,
one can show that PGL3 acts transtively on each of these stratum.

3 Solutions to PSet 3

Solution 14. Part (c) is slightly long and is perhaps the most difficult.

(a) We argue by contradiction: Assume that µ is ∂̄-exact. Then there exists α ∈ Ω1,0(X) such
that µ = ∂̄α. Now note that ∂α ∈ Ω2,0(X), so ∂α = 0 because dimX = 1. Hence we see that
dα = (∂ + ∂̄)α = ∂̄α. Since µ is the volume form on X, we have that

vol(X) =

∫
X
µ =

∫
X
dα =

∫
∂X

α = 0

by Stokes’ theorem, which is the desired contradiction.

Now we show that H1(X,KX) ̸= 0. By Dolbeault theorem, Hp,q

∂̄
(X) ∼= Hq(X,Ωp

X). Hence
H1(X,KX) ∼= H1,1

∂̄
(X), which is nonzero since we just showed that µ is a nontrivial element

in it.

Alternatively, we could also use Hodge theory. Since X is a Riemann surface, it is Kähler.
Suppose H1(X,KX) = 0. Then h1,1 = 0. For a Riemann surface H2(X;Z) = Z, so its second
Betti number is b2 = 1. Using Hodge decomposition we have b2 = h2,0 + h1,1 + h0,2. Now
h2,0 = h0,2 by conjugation symmetry and h1,1 = 0 by assumption, so 1 = 2h2,0. But h2,0

should be an integer, again we have a contradiction, as desired.

Finally, we have a surjective map

Tr : H1(X,KX) → C ω 7→
∫
X
ω,

because
∫
X µ = vol(X) ̸= 0, hence all scalar multiple of µ surjects onto C.

(b) To prove that the sequence

0 → KX → KX(D)
Res−−→

⊕
i

Cxi → 0

is exact, it suffices to prove the the stalk is exact at every point p ∈ X. When p is not any of
the point in D, the stalk satisfies KX(D)|p = KX |p, and

⊕
iCxi|p = 0. Hence the sequence of

stalks is certainly exact away from D. Now it remains to check the case that p = xi is one of
in D.

Let ω ∈ KX(D), and let us choose a sufficiently small open disk U around p, and local
holomorphic chart φ : U → φ(U) ⊂ C, such that φ(p) = 0, φ(U) = Bϵ(0) for some ϵ > 0, and
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locally

φ∗ω = ϕ(z)
dz

z
,

for some holomorphic ϕ on Bϵ(0). Then by definition of integration of a differential form, we
have

Resi ω =
1

2πi

∫
∂Bϵ(0)

ϕ(z)

z
dz.

Now suppose ω ∈ Γ(U,KX). Then ϕ(z)/z must be holomorphic, and the integral above
vanishes by Cauchy’s theorem, hence Res ◦ι = 0, where ι : Γ(U,KX) → Γ(U,KX(D)) is the
inclusion map. Therefore, im(ι) ⊂ ker(Res). Conversely, let ω ∈ ker(Res) whose coordinate
expression is given by ϕ(z)dz/z in a holomorphic chart. Then locally we may expand ϕ(z)

as a Taylor series (we can assume U is sufficiently small such that the power series converges
inside U):

ϕ(z) = ϕ(0) + ϕ′(0)z +
ϕ′′(0)

2!
z2 + · · · .

Then substitute this expression into
∫
∂Bϵ(0)

ϕ(z)dz/z, all the other terms in the expansion
except the first vanishes because they are all holomorphic after dividing by z. In other words,
we have

0 = Resi ω =
1

2πi

∫
∂Bϵ(0)

ϕ(0)

z
dz = ϕ(0).

Hence we see that ϕ(0) = 0, which means ϕ(z)/z is holomorphic, thus ω ∈ Γ(U,KX). This
shows that ker(Res) ⊂ im(ι). Finally, the map Res : Γ(U,KX(D)) → C is surjective be-
cause by the calculation above we know Res(ω) = ϕ(0). Hence we can just pick a family of
ω ∈ Γ(U,KX(D)) whose holomorphic function ϕ has arbitrary value of ϕ(0), which certainly
surjects onto C. To summarize, we have shown that for any sufficiently small neighborhood U

around p = xi, we have an exact sequence

0 → Γ(U,KX)
ι−→ Γ(U,KX(D))

Res−−→ Γ(U,
⊕
i

Cxi) → 0.

Taking direct limit, this induces an exact sequence on stalks. This concludes the proof that
the sequence

0 → KX → KX(D)
Res−−→

⊕
i

Cxi → 0

is exact.

(c) Let i be fixed. We first find an explicit description of δ(1xi) ∈ H1(X,KX) as a Čech 1-cocycle.
Let U0 be a small open set around xi and contains no other xj ’s and let U1 = X \ {xi}. We
consider the cover U = {U0, U1} of X. We consider the following commutative diagram of
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chain complexes with exact rows, and columns are given by the Čech coboundary map.

C0(U ,KX) C0(U ,KX(D)) C0(U ,⊕iCxi)

C1(U ,KX) C1(U ,KX(D)) C1(U ,⊕iCxi)

Res

Res

We have 1xi ∈ C0(U ,⊕iCxi) which is given by (1, 0) with respect to the cover U . Consider
the class (ω0, ω1) ∈ C0(U ,KX(D)) given by

ω0 =
dzi
zi

∈ Γ(U0,KX(D)) ω1 = 0 ∈ Γ(U1,KX(D)).

Clearly Res(ω0, ω1) = (1, 0). Moreover, the Čech boundary map C0(U ,KX(D)) → C1(U ,KX(D))

applied to this class is just the difference

ω01 = ω0 − ω1 =
dzi
zi

∈ Γ(U0 ∩ U1,KX(D)).

But note that since U0∩U1 does not contain the point xi, this class also lives in Γ(U0∩U1,KX),
and we have run through the classic snake lemma connecting homomorphism construction,
which shows that the class representing δ(1xi) in C1(U ,KX) is precisely ω01. Note that this
is indeed a Čech 1-cocycle in C1(U ,KX), since there are no three-fold intersections of distinct
open sets in U = {U0, U1}.

Next, we consider a partition of unity {ρ0, ρ1} subordinate to U = {U0, U1}. We consider the
(1,0)-forms

η0 = −ρ1ω01 = −ρ1
dzi
zi

defined on U0

η1 = ρ0ω01 = ρ0
dzi
zi

defined on U1.

Then on U0 ∩ U1, we have
η1 − η0 = (ρ0 + ρ1)ω01 = ω01.

Moreover, since ω01 is holomorphic on U0 ∩ U1, we have that ∂̄ω01 = 0. Hence ∂̄η0 = ∂̄η1.
Hence ∂̄η0, ∂̄η1 glue together to a globally well-defined (1,1)-form. Note that near xi we have
ρ1 = 0, hence ∂̄η0 = −∂̄(ρ1dzi/zi) = 0 near xi. Now, we define

µi = η1 = ρ0
dzi
zi

.

Of course, outside of Supp(ρ0) ⊂ U0 we view µi = 0. Note that µi is C∞ away from xi, and
in a neighborhood of xi it is identically dzi/zi.

It remains to check that δ(1xi) = ∂̄µi under the identification H1(X,KX) ∼= H1,1

∂̄
(X). To be

more specific, let us recall how this identification arises: We consider the short exact sequence
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of sheaves
0 → KX → A1,0

X
∂̄−→ Z 1,1 → 0

where Z 1,1 is the sheaf of ∂̄-closed (1,1)-forms. The corresponding long exact sequence reads
in part

H0(X,A1,0
X )

∂̄−→ H0(X,Z 1,1)
δ′−→ H1(X,KX) → H1(X,A1,0

X ) = 0

where H1(X,A1,0
X ) = 0 because A1,0

X is an acyclic sheaf (due to the existence of partition of
unity). Therefore by the first isomorphism theorem, we have

H1(X,KX) ∼= H0(X,Z 1,1)/∂̄H0(X,A1,0
X ) = H1,1

∂̄
(X).

Now the question is, given [ω01] ∈ H1(X,KX), we want to find a representative Θ ∈ H0(X,Z 1,1)

such that δ′(Θ) = [ω01].

Since we have a trivial inclusion KX → A1,0
X , we can view ω01 ∈ Γ(U0 ∩ U1,A1,0

X ). Because
H1(X,A1,0

X ) = 0, every cocycle must be a coboundary. This means there exists smooth 0-
chains (smooth local forms η0 on U0 and η1 on U1) such that their difference gives back our
1-cocycle:

η1 − η0 = ω01

on U0 ∩ U1. This is exactly what we constructed previously using partition of unity. Now
we apply the map ∂̄ : H0(X,A1,0

X ) → H0(X,Z 1,1) to get the form (∂̄η0, ∂̄η1). From the
classical construction of connecting homomorphism in the snake lemma, we see the global
form represented by (∂̄η0, ∂̄η1) ∈ C0(U ,Z 1,1) is precisely the class that get mapped to [ω01]

via δ′, which is the global form ∂̄µi = ∂̄η1 on U1 (recall that ∂̄η1 = ∂̄η0 on U0 ∩ U1).

(d) We show that for the form ∂̄µi = δ(1xi) given in (c), one has∫
X
∂̄µi = −2πi.

Again we first note that µi is of type (1,0), hence dµi = (∂ + ∂̄)µi = ∂̄µi. We cannot directly
apply Stokes’ theorem to dµi = ∂̄µi on X because µi is not well-defined at xi. But, we can
take a disk D around xi, and let its radius shrink to zero. Thus let us compute:∫

X\D
∂̄µi =

∫
X\D

dµi =

∫
∂(X\D)

µi

by Stoke’s theorem (Technically, stokes’ theorem require dµi to be compactly supported on
X \D. But we note that integrating on X \ D̄, on which dµi is compactly supported, is the
same as integrating on X \ D because the difference of these two sets is the boundary of a
disk, which has measure zero). Now note that we have a change of orientation

∂(X \D) = −∂D,

as the outward pointing normal on X \ D points toward the interior of the disk, while the
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outward pointing normal on D points toward the exterior of the disk. Thus we conclude that∫
∂(X\D)

µi = −
∫
∂D

µi = −
∫
∂D

dz

z
= −2πi.

Now shrinking the radius of D to zero, we see that∫
X
∂̄µi = −2πi,

as desired.

Finally, to deduce the residue theorem on X, we note that the long exact sequence induced by
the short exact sequence in (b) reads in part

· · · → H0(X,KX(D))
Res−−→ H0(X,

⊕
i

Cxi)
δ−→ H1(X,KX) → · · · .

Exactness implies δ ◦ Res = 0. Hence given any ω ∈ H0(X,KX(D)), we have that

δ(Resω) = δ

(∑
i

(Resi ω)1xi

)
=
∑
i

(Resi ω)∂̄µi.

Now integrating and using
∫
X ∂̄µi = −2πi we get

−
∑
i

Resi ω = 0.

Solution 15. Let C(d) = Cd/Sd be the d-fold symmetric product. We show that C(d) is smooth iff
dimC ≤ 1.

When dimC = 0, C(d) is just a point, so there is nothing to prove. Let dimC = 1. Since
smoothness is a local question, WLOG we can assume C ∼= C. Then Cd = Cd = SpecC[z1, ..., zd].
C(d) is by definition the quotient of Cd by the group Sd acting on Cd by permuting the coordinates.

In general, if X = SpecA is an affine scheme and A is the ring of coordinate functions, then
X/G = SpecAG, where AG is the element of A fixed by the G-action. This is just the geometric
statement that functions on X/G are in bijection with the G-equivariant functions on X.

Now, C[z1, ..., zd]Sd = C[σ1, ..., σd], where σ1, ..., σd are elementary symmetric polynomials: σ1 =∑
i zi, σ2 =

∑
i<j zizj , ..., σd =

∏
i zi. Thus, we see that

C(d) = SpecC[z1, ..., zd]S2 = SpecC[σ1, ..., σd] ∼= Cd

if we make holomorphic change of coordinates (z1, ..., zd) → (σ1, ..., σd).
Next, we show that if dimC ≥ 2 then C(d) is not smooth. We note that it suffices to prove this

in the case where d = 2. Indeed, we note that if C(d) is not smooth, then neither is C(d+1): To see
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this, we pick disjoint open sets U, V ⊂ C. Since U, V are disjoint, we have

im(Ud × V
/Sd+1−−−−→ C(d+1)) ∼= im(Ud /Sd−−→ C(d))× V.

Now we show that C(2) is not smooth if m = dimC ≥ 2. Again, this is a local question, so
assume C(2) = SpecC[x1, . . . , xm, y1, . . . , ym], where the S2 action swaps xj and yj . We perform a
linear change of coordinates to diagonalize the S2 involution. Define:

uj = xj + yj (invariants)

vj = xj − yj (anti-invariants)

The coordinate ring is now C[u1, . . . , um, v1, . . . , vm]. Under the S2 action, σ(uj) = uj and σ(vj) =

−vj . The invariant ring AS2 is generated by the uj coordinates and all quadratic combinations of
the vj coordinates.

Let wj,k = vjvk for 1 ≤ j ≤ k ≤ m. The invariant ring is generated by:

AS2 = C[u1, . . . , um, w1,1, w1,2, . . . , wm,m]

Because m ≥ 2, we have at least two anti-invariant coordinates, v1 and v2, which yield the
generators w1,1 = v21, w2,2 = v22, and w1,2 = v1v2. These generators are not algebraically independent
(whereas in 1-dimensional case the elementary symmetric polynomials σ1, ..., σd are independent).
They satisfy the relation:

w1,1w2,2 − w2
1,2 = (v21)(v

2
2)− (v1v2)

2 = 0

Therefore, AS2 is not a free polynomial ring. It is isomorphic to a quotient ring:

AS2 ∼= C[uj ,Wj,k]/I,

where Wj,k are formal variables and I is an ideal containing the polynomial F = W1,1W2,2 −W 2
1,2.

To see that this defines a singular space, we compute the Jacobian of F with respect to the variables
(W1,1,W2,2,W1,2):

∇F = (W2,2,W1,1,−2W1,2)

This gradient vanishes identically at the origin (0, 0, 0). Pulling back to our original coordinates,
the origin corresponds to v1 = v2 = 0, which is the locus where x1 = y1 and x2 = y2 (precisely
the diagonal of C ×C). Because the Jacobian matrix loses rank at the diagonal, the quotient space
Spec(AS2) is singular.

Solution 16. Note that
∑50

n=1 n = 1275. Hence taking the homogenization of C we see that

C = Z

(
z1273y2 −

50∏
n=1

(x− nz)n

)
,
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which has singularity at (n : y : 1) for 2 ≤ n ≤ 50, and (0 : 1 : 0). Because degC = 1275, the
arithmetic genus is given by

g =
(d− 1)(d− 2)

2
= 810901.

Now consider the singularities. We first work on the chart Uz, where we have C ∩ Uz = Z(y2 −∏50
n=1(x− n)n). For each isolated singular point (n, 0) (2 ≤ n ≤ 50). Locally at x = n the equation

looks like y2 = xn, so by the formula for general double point of the form y2 = xn, we have δp = ⌊n2 ⌋
(Slides p.5). Thus δ-invariant is given by δ(n,0) = ⌊n2 ⌋. Hence in total this contributes

50∑
n=2

⌊n
2
⌋ = 625

to the δ-invariant.
For the singularity at (0 : 1 : 0), we go to the chart Uy. Here Cy := C∩Uy = Z(z1273−

∏50
n=1(x−

nz)n) has only one singularity at (0, 0) with multiplicity 1273 (The multiplicity k of a singularity
at the origin is simply the degree of the lowest-degree term in its polynomial. Here, the lowest
degree term is z1273, so k = 1273). By the formula for general algorithm (Slides p.5), when we blow
up a singularity of multiplicity k, it contributes k(k−1)

2 to the total δ-invariant of that point. For
k = 1273, this gives exactly 809628.

The blow-up of Cy at (0, 0) is given by π : Bl(0,0)C2 → C2 with the strict transform

Z

(
t1273 − x2

50∏
n=1

(1− nt)n

)
.

which only meets the exceptional divisor at (0, 0), where (0, 0) is a double point: Indeed, locally
around (0, 0), the product

∏
(1−nt)n evaluates to 1. Thus, the local equation looks like t1273−x2 = 0.

Once again, this matches the slide’s formula for a general double point y2 = xn (just with the
variables flipped and n = 1273). Its δ contribution is ⌊1273/2⌋ = 636. This strict transform is now
smooth after this local resolution, so the algorithm terminates.

Putting everything together, the geometric genus is given by:

ggeom = g −
∑

p∈Sing(C)

δp

= 810901− 625︸︷︷︸
Uzsingularities

− 809628︸ ︷︷ ︸
(0:1:0) first blow up

− 636︸︷︷︸
(0:1:0) second blow up

= 12.

Solution 17. Let C = Z(f) ⊂ P2 be a smooth projective curve of degree d. Since the dual curve
C∨ consists of all lines meeting C in fewer than d distinct points, the lines must be tangent to C at
some points. Hence the dual curve is simply the collection of tangent lines of C. More precisely, it
is the image of the Gauss map

G : C → P2 p 7→ (Fx(p) : Fy(p) : Fz(p)).
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The Gauss map G is a well-defined morphism between projective varieties. Hence it has a closed
image, so C∨ = G(C) is closed in P2. Moreover, for nontrivial C (not a line), C∨ parameterizes all
the tangent directions of C, hence is 1-dimensional, i.e., a curve. We will give a more explicit pa-
rameterization of C∨ in local coordinates next, which also allows us to describe possible singularities
of C∨.

Let us choose local holomorphic coordinates in P2 near a point p such that p = (0, 0) in this
coordinate and the curve locally takes the form

f(x, y) = 0
∂f

∂y
(0, 0) ̸= 0.

Then by implicit function theorem, locally one can write y = g(x). The tangent line at (x, g(x)) has
slop g′(x) and is given by the equation

Y = g′(x)(X − x) + g(x).

Putting this equation into general form αX + βY + γ = 0 (remember Z = 1 in our chart), we have
that

α = g′(x) β = −1 γ = g(x)− xg′(x).

So locally the gauss map G is given by

G(x) = (g′(x), g(x)− xg′(x)),

where we ignored β because β = −1 constantly. Hence we see that the image of the Gauss map,
i.e., C∨, is parameterized by x and has coordinate (g′(x), g(x)− xg′(x)), which is a curve.

Now let us analyze the type of singularities on C∨. If g′(x) and g(x) − xg′(x) vary smoothly
with x and the gauss map G is locally injective with nonzero derivative, then C∨ will be smooth.
There are two possible types of singularities:

• If C has a bitangent, i.e., if there is a line that is tangent to C at two distinct points x1 ̸= x2.
Then g′(x1) = g′(x2) and g(x1)− x1g

′(x1) = g(x2)− x2g
′(x2). Then we see that in the image

of the Gauss map, this produces two branches of C∨ crossing each other transversely. Hence
C∨ has a ordinary double point (node).

• Suppose p ∈ C is an inflection point. We quickly define what this means: We expand g(x) as
a Taylor series near x = 0. Then the expansion looks like g(x) = amxm + am+1x

m+1 + · · · ,
where am ̸= 0 is the first nonzero coefficient. Since g(0) = 0 by assumption, we always have
m > 0. If m = 1, then g′(0) ̸= 0, and we see that the tangent of C to p has some nonzero
slope. If m = 2, then g′(0) = 0 but g′′(0) ̸= 0. Then the tangent at p is the x-axis, but p is
still a smooth point and C behaves like the parabola y = x2 near the origin. When m ≥ 3,
this is what we call a inflection point, where C looks flatter than a parabola, think y = x3.

Now suppose p ∈ C is an inflection point. Then locally we can write g(x) = ax3 +O(x4). So
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g′(x) = 3ax2 +O(x3). Then

α(x) = g′(x) = 3ax2 +O(x3) γ(x) = g(x)− xg′(x) = −2ax3 +O(x4).

Hence we see that locally
γ ∼ α3/2.

Therefore near p = (0, 0), the curve C∨ behaves like γ2 = α3, which means this is a cusp of
C∨.

In the parameter space of plane curves of degree d the locus where more complicated contact (e.g.
higher-order flex or tangent with higher multiplicity) occurs is a proper closed subvariety, so a general
smooth C avoids it. Concretely: the Gauss map G is an immersion except at simple inflection points,
and for a general C the ramification is simple and bitangents are all ordinary (two simple tangency
points). Hence the only singularities of C∨ for a generic smooth C are ordinary nodes and ordinary
cusps.

Now we determine the number of nodes and cusps on C∨. Let C ⊂ P2 be an irreducible plane
curve of degree d whose only singularities are

• δ: the number of ordinary nodes of C,

• κ: the number of ordinary cusps of C.

and set

• d∗ = deg(C∨),

• δ∗: the number of ordinary nodes of C∨,

• κ∗: the number of ordinary cusps of C∨.

Then the classical Plücker formulas (for a proof, see Griffiths and Harris, p.277-280) are:

d∗ = d(d− 1)− 2δ − 3κ, (P1)

2δ∗ + 3κ∗ = d∗(d∗ − 1)− d, (P2)

κ∗ = 3d(d− 2)− 6δ − 8κ. (P3)

Eliminating κ∗ between (P2) and (P3) gives an explicit expression for δ∗:

δ∗ =
1

2

(
d∗(d∗ − 1)− d− 3κ∗

)
=

1

2

(
d∗(d∗ − 1)− d− 9d(d− 2) + 18δ + 24κ

)
. (P4)

If C is non-singular (so δ = κ = 0), then

d∗ = d(d− 1),

κ∗ = 3d(d− 2),

δ∗ = 1
2d(d− 2)(d2 − 9).
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Hence for a general smooth plane curve of degree d, the dual curve C∨ has only nodes and cusps,
with degree d∗ = d(d− 1), 3d(d− 2) cusps, and 1

2d(d− 2)(d2 − 9) nodes.
For d > 2 there do exist smooth plane curves C whose dual C∨ has singularities worse than

ordinary nodes and ordinary cusps. The simplest source of such worse singularities are hyperflexes
(a tangent line meeting C to order ≥ 4) and tangents with higher-than-simple ramification (e.g.
a tangent line having contact of order ≥ 3 at one point and also tangent elsewhere, or bitangents
with non-ordinary contact). Locally, such higher contact produces ramification of the Gauss map of
order > 1, and the image singularity on the dual is a ramphoid cusp, tacnode, or more complicated
singularity.

If C is singular, then the dual becomes more complicated: the Plücker formulas acquire correction
terms (the degree d∗ decreases, and the counts κ∗, δ∗ change by local contributions), and the dual
can acquire more severe singularities, multiple components, or multiplicities coming from the tangent
cone at singular points.

4 Solutions to PSet 4

Solution 18. A hyperelliptic curve C is a degree 2 branched cover π : C → P1. We will use two
facts:

(i) For any line bundle L on P1, the map H0(P1,L) → H0(C, π∗L) is injective.

Proof. The pullback line bundle π∗L on C is defined so that for each x ∈ C, the fibre satisfies
(π∗L)x ∼= Lπ(x). Given a section s ∈ H0(P1,L), its pullback section π∗s ∈ H0(C, π∗L) is defined
pointwise by (π∗s)(x) := s(π(x)) ∈ (π∗L)x ∼= Lπ(x). Equivalently, in a local trivialization of
L over an open set U ⊂ P1, if s corresponds to a holomorphic function f on U , then π∗s

corresponds to the holomorphic function f ◦ π on π−1(U). Thus we obtain a natural linear
map

π∗ : H0(P1,L) −→ H0(C, π∗L), s 7−→ π∗s.

Now we show that this natural map π∗ is injective. Suppose s ∈ H0(P1,L) satisfies π∗s = 0.
Then for every x ∈ C,

(π∗s)(x) = s(π(x)) = 0 ∈ Lπ(x).

Since π is surjective (as a branched covering of P1), this implies s(p) = 0 for all p ∈ P1. Hence
s ≡ 0, proving that π∗ is injective.

(ii) We have KC
∼= π∗OP1(g − 1) where g is the genus of C. This can be proven using Riemann-

Hurwitz.

Proof. Let B ⊂ P1 denote the branch divisor of π and let R ⊂ C denote the ramification
divisor. By the Riemann–Hurwitz formula applied to the degree 2 map π we have as divisors

KC = π∗KP1 +R.
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Taking degrees in this equality gives

2g − 2 = deg(KC) = deg(π∗KP1) + deg(R) = 2 · (−2) + deg(R),

hence
deg(R) = 2g + 2.

Since every branch point p ∈ B is simple for a double cover, the branch divisor B has degree
deg(B) = 2g + 2 and satisfies π∗B = 2R.

A (standard) description of degree 2 covers shows that there exists a line bundle L on P1 with

L⊗2 ∼= OP1(B) ∼= OP1(2g + 2),

and such that the ramification divisor satisfies

OC(R) ∼= π∗L.

Since Pic(P1) = Z, so we conclude that

L ∼= OP1(g + 1).

Hence OC(R) ∼= π∗OP1(g + 1). Now substitute into the Riemann–Hurwitz formula:

KC
∼= π∗KP1 ⊗OC(R) ∼= π∗(OP1(−2)

)
⊗ π∗OP1(g + 1) ∼= π∗OP1(g − 1),

as required.

There is a multiplication map

H0(P1,OP1(g − 1))⊗H0(P1,OP1(g − 1)) → H0(P1,OP1(2g − 2)).

Note that the dimensions of the left hand side is g · g = g2 and the dimension of the right hand side
is 2g − 1. Now by (i) and (ii), this fits into a commutative diagram

H0(P1,OP1(g − 1))⊗H0(P1,OP1(g − 1)) H0(P1,OP1(2g − 2)))

H0(C,KC)⊗H0(C,KC) H0(C,K2
C)µ

where µ is the multiplication map in question. But since h0(C,KC) = g, the left vertical map is
actually an isomorphism. Hence we conclude that the

dim imµ = h0(P1,OP1(2g − 2)) = 2g − 1.
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To compute h0(K2
C), we use the Riemann-Roch formula for line bundles

h0(L)− h0(K ⊗ L−1) = degL+ 1− g

where we set L = K2
C . Note that h0(K ⊗L−1) = h0(K−1

C ). Since degK−1
C = 2− 2g < 0 when g > 1

(which is true because C is hyperelliptic), we have h0(K−1
C ) = 0. Hence

h0(K2
C) = 3g − 3.

Hence we conclude that µ is surjective iff 2g − 1 = 3g − 3, i.e., when g = 2. Otherwise, µ will never
be surjective.

Solution 19. If g = 1, then Pg−1 is trivial. Hence, the space of quadrics in Pg−1 containing the
image ϕ(C) is zero-dimensional. Now assume g ≥ 2. Let

µ : H0(C,KC)⊗H0(C,KC) → H0(C,K⊗2
C )

be the multiplication map. The canonical morphism ϕ : C → Pg−1 is given by

p 7→ [α1(p) : . . . : αg(p)],

where {αi} is a basis of Ω1(C) = H0(C,KC). Rather, we should understand α1, ..., αg ∈ OC under
a trivialization of KC , which is well-defined everywhere because projectivization do not care about
choices of trivialization, which differ by elements in O∗

C .
Let us compute the dimension of the linear system of quadrics in Pg−1 that contain ϕ(C). We

claim that these quadrics correspond to kerµ. Let V = H0(C,KC), so Pg−1 = P(V ∨). Suppose
{xi} is the dual basis of {αi}. Quadrics in Pg−1 correspond to symmetric bilinear forms on V ∨, i.e.
elements of Sym2(V ∨), which map to

ϕ∗(q) =
∑
i,j

λijαiαj ∈ H0(C, 2KC)

under the multiplication map.
For any p ∈ C, we have ϕ(p) lies on q =

∑
λijxixj if and only if ϕ∗(q) vanishes at p, i.e.∑

i,j

λijxixj [α1(p) : . . . : αg(p)] =
∑
i,j

λijαi(p)αj(p) = 0.

Hence, q vanishes on ϕ(C) precisely when
∑

λijαiαj = 0 in H0(C, 2KC). Thus, the relevant space of
quadrics is kerµ. However, since multiplication in H0(Pg−1,O(2)) is symmetric and bilinear, we must
interpret kerµ as a subspace of Sym2H0(C,KC). That is, we need to consider the multiplication
map µ : Sym2H0(C,KC) → H0(C,K2

C).
Now we compute its dimension. Since Sym2H0(C,KC) has basis αi ⊙ αj with 1 ≤ i ≤ j ≤ g,

we have
dimSym2H0(C,KC) =

g(g + 1)

2
.
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By Riemann-Roch, h0(2KC) = 3g − 3. Therefore,

dimkerµ =
g(g + 1)

2
− (3g − 3) =

(g − 2)(g − 3)

2
.

The base locus of this linear system is the set

{x ∈ Pg−1 : q(x) = 0 for all q ∈ kerµ}.

We first examine the hyperelliptic case. For a hyperelliptic curve C, we have the following result:

Proposition. We can always write the affine part of a hyperelliptic curve C as the equation y2 =∏2g+2
i=1 (x− xi) in C2. Moreover, the differential form ω0 = dx/y is nonvanishing on the affine part

of C. Then a basis of H0(C,KC) can be given explicitly by

H0(C,KC) = ⟨ω0, xω0, ..., x
g−1ω0⟩.

Proof. See my notes on curves, Jacobians, and linear system notes, Proposition 4.5 for a proof.

Let {zi} be the dual basis. For a quadric q =
∑

0≤i≤j≤g−1 λijzizj ∈ kerµ, the corresponding
element in H0(C, 2KC) is

∑
0≤i≤j≤g−1

λij
xi+jdx⊗ dx

y2
=

2g−2∑
k=0

 ∑
i+j=k

λij

 xkdx⊗ dx

y2
= 0.

Thus, q ∈ kerµ if and only if
∑

i+j=k λij = 0. Therefore, the base locus is Z(I) where I is generated
by the union of the ideals of quadrics such that

∑
i+j=k λij = 0. In particular:

• when g = 2, I = ∅, so the base locus is Pg−1;

• when g = 3, I = ⟨z21 − z0z2⟩, and the base locus Z(z21 − z0z2) is a conic;

• when g = 4, I = ⟨z21 − z0z2, z0z3 − z1z2, z22 − z0z4⟩, and the base locus Z(I) is the twisted
cubic.

Next, consider non-hyperelliptic cases:
For g = 3, ϕ(C) is a plane quartic (as discussed in curves and ppavs, p. 21), so no quadric

vanishes on ϕ(C), otherwise ϕ(C) ⊂ Q which means 4 = deg ϕ(C) ≤ degQ = 2. So in this case
kerµ = 0, and the base locus is Pg−1. For g = 4, ϕ(C) = Q ∩ S3, where Q is a quadratic surface
and S3 is a cubic surface. If Q is smooth, it is a quadric, and the base locus is Q. If Q is singular,
it must be a cone, and ϕ(C) is a trigonal curve.

Solution 20. The Abel map J : Mg → Ag has differential dJ : TCMg → TJ(C)Ag at a point
C ∈ Mg is given by

dJ : H1(C, TC) → Sym2H1(C,OC).
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Using Serre duality, this is exactly the dual of the multiplication map

µ : Sym2H0(C,KC) → H0(C,K2
C).

Thus dJ is injective iff µ is surjective. So in the hyperelliptic case, J is an immersion when g = 2,
and not an immersion in any other hyperelliptic case. In Problem 19, the multiplication map is
assumed to be surjective, so J is an immersion for all cases in Problem 19.

Solution 21. In an affine coordinate chart [z1 : · · · : 1 : · · · : zn] of Pn, identified with (z1, ..., zn) in
Cn, the Fubini-Study metric ωFS = i

2Θ, where

Θ = ∂∂̄ log
(
1 + |z|2

)
. (*)

In explicit coordinate form, this is given by

Θ =
1

1 + |z|2
∑
j

dzj ∧ dz̄j − 1

(1 + |z|2)2
∑
j,k

z̄jzkdzj ∧ dz̄k. (**)

(a) We can identify Pn−1 in this local chart of Pn as the hypersurface zn = 0. Then dzn = dz̄n = 0

identically, and we see immediately from (**) that i
2Θ|Pn−1 is the Fubini-Study metric on Pn−1.

(b) Suppose A ∈ U(n + 1). Then A preserves the norm |z|2. Hence we see immediately from (*)
that F ∗

AωFS = ωFS.

Conversely, suppose F ∗
AωFS = ωFS. We first remark that pullback commutes with ∂, ∂̄, because

they are just d composed with projections to Ωp,q’s and pullback commutes with d. Therefore,
we have

∂∂̄ log |Az|2 = ∂∂̄ log |z|2.

Now we put
u = log |Az|2 − log |z|2.

This is a real function satisfying ∂∂̄u = 0. We first need a lemma:

Lemma. Suppose u is a real valued function satisfying ∂∂̄u = 0 on Pn. Then there exists a
holomorphic function f : Pn → C such that u = Re f . Hence u is a constant.

Proof of Lemma. Write f = u + iv for some real valued v. So we want to find v such that f

is holomorphic, i.e., ∂̄f = 0. In other words,

∂̄v = i∂̄u.

Since u, v are both real valued, we can take the complex conjugate of the equation above and
get

∂v = −i∂u.
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Adding the two equation up gives

dv = i(∂̄u− ∂u). (3)

So the problem is equivalent to finding the solution v to the PDE (3). We define α = ∂̄u−∂u.
Note that α is closed because

dα = (∂ + ∂̄)(∂̄u− ∂u) = ∂∂̄u− ∂2u+ ∂̄2u− ∂̄∂u = 0

by ∂∂̄u = 0, conjugation, and ∂2 = ∂̄2 = 0. Moreover, note that H1
dR(Pn) = 0, so in Pn, every

closed form is exact. Thus the solution v exists on Pn. Also note that since i(∂̄u− ∂u) is real,
v can be taken to be real. So a holomorphic f = u+ iv exists on Pn, as desired.

Therefore, we conclude that u = C for some constant C. Then log |Az|2 − log |z|2 = C. So
⟨Az,Az⟩ = eC⟨z, z⟩ for all z which implies AA∗ = A∗A = eCI, so A ∈ PU(n+ 1).

Solution 22. To show that ω is Harmonic, we need to show that ∆ω = 0. Since ω is Kähler,
dω = 0. Hence ∆ω = dd∗ω.

Lemma. On a Kähler manifold of complex dimension n, one has the identity ∗ω = λωn−1, where
λ is a constant that depends only on the dimension.

Proof of Lemma. Recall that for α, β of the same degree, ∗β is the unique form such that α ∧ ∗β =

⟨α, β⟩ dVol. On a Kähler manifold dVol = ωn/n!. Hence

ω ∧ ∗ω =
∥ω∥2

n!
ωn,

which implies that

∗ω =
∥ω∥2

n!
ωn−1.

This concludes the proof.

Therefore,
d∗ω = ± ∗ d ∗ ω = ± ∗ d

(
λωn−1

)
= 0.

Hence we conclude that ∆ω = 0, as desired.

5 Solutions to PSet 5

Solution 23. The claim is that for a curve C ⊂ P1 × P1 of bidegree (a, b), the genus is given by

g(C) = (a− 1)(b− 1).
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Let πi : P1 × P1 → P1 be the projection to the i-th coordinate, where i = 1, 2. Since C is a section
of O(a, b) = π∗

1O(a)⊗ π∗
2O(b), adjunction formula gives

KC
∼= KP1×P1 |C ⊗O(a, b)|C = O(−2,−2)|C ⊗O(a, b)|C = O(a− 2, b− 2)|C .

Taking the degree gives

degKC = 2g − 2 =

∫
C
c1(O(a− 2, b− 2)) =

∫
C
π∗
1c1(O(a− 2)) +

∫
C
π∗
2c1(O(b− 2)).

Now let P1×P1 have coordinates ([u : v], [s : t]). Let H1 = {v = 0} ⊂ P1
[u:v] and H2 = {t = 0} ⊂ P1

[s:t].
Then they generate the cohomologies H2(P1;Z), and π∗

1H1 = {v = 0} = [1 : 0]× P1 ⊂ P1 × P1 and
π∗
2H2 = {t = 0} = P1 × [1 : 0] ⊂ P1 × P1. Hence

degKC = 2g − 2 = (a− 2)

∫
C
π∗
1H1 + (b− 2)

∫
C
π∗
2H2 = (a− 2)b+ (b− 2)a.

Solving 2g − 2 = (a− 2)b+ (b− 2)a gives g = (a− 1)(b− 1), as desired.

Solution 24. Let S = P1 × P1 be a nonsingular quadratic surface, and denote B = Blp S be the
blow up of S at a point p. We want to show that B ∼= dP2. By definition, this means that we need
to show that the anticanonical divisor −KB is ample and K2

B = KB ·KB = 7.
We recall the intersection number of two divisors: If X is a smooth surface and C1, C2 are two

divisors (complex codim 1, so real codim 2) on X. Let ηC1 , ηC2 ∈ H2(S,Z) denote the Poincaré dual
of C1, C2 respectively. Then

C1 · C2 =

∫
X
ηC1 ∧ ηC2 .

Since ηC1 = c1(OX(C1)) and similarly ηC2 = c1(OX(C2)), we also have that

C1 · C2 = deg(OX(C1)|C2) = deg(OX(C2)|C1) = C2 · C1.

We will first show that K2
B = 7. Let π : B → S be the blow down map. Then by Huybrechts

Proposition 2.5.5, we have
KB = π∗KS + E,

where E ∼= P(TpS) ∼= P1 is the exceptional divisor. We first study how the intersection numbers of
these pieces interact with each other. We claim that:

• E2 = E·E = −1: This follows from Huybrechts Corollary 2.5.6. We have OB(E)|E ∼= OP1(−1).
Hence by definition of intersection,

E · E = deg(OB(E)|E) =
∫
E
c1(OB(E)) =

∫
P1

c1(OP1(−1)) = −1.

• π∗KS ·E = 0. In fact, we will prove a stronger statement: Let D be any divisor on S, we have
π∗D ·E = 0. To see this, note that we can always perturb D such that it does not intersect p,
Then pulling back preserves intersection number since π : B \E → S−{p} is an isomorphism.
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• π∗KS · π∗KS = 8: First, we show that KS ·KS = 8 in S. Indeed, since S = P1 × P1, we have

KS = O(−2,−2) = p∗1OP1(−2)⊗ p∗1OP1(−2).

A simple computation shows that Pic(P1 × P1) ∼= H2(P1 × P1) = Z ⊕ Z, and by Künneth
formula we know that H ·(P1 × P1;Z) = Z[H1, H2]/(H

2
1 , H

2
2 ), where the two generators are

H1, H2 ∈ H2(P1;Z). Viewing H1, H2 as divisors in S = P1 × P1, we have ηH1 = p∗1c1(OP1(1))

for the first component P1 in S, and ηH2 = p∗2c1(OP1(1)) for the second component of P1 in S,
where p1, p2 : S → P1 are projections. Therefore,

H1 ·H2 =

∫
P1×P1

ηH1 ∧ ηH2 =

∫
P1

c1(OP1(1)) ·
∫
P1

c1(OP1(1)) = 1

by Fubini theorem. Now the canonical bundle, under this correspondence, is given by

KS = −2H1 − 2H2.

Hence
K2

S = (−2H1 − 2H2)
2 = 8H1 ·H2 = 8

because H2
1 = H2

2 = 0 in H ·(P1×P1;Z). Now it remains to show that pullback along π preserves
the intersection number. Essentially, this is because π : B − E → S − p is a diffeomorphism,
and both E and p are measure zero submanifolds in B and S. Concretely, this is because

π∗KS · π∗KS =

∫
B
ηπ∗KS

∧ ηπ∗KS
=

∫
B
π∗(ηKS

∧ ηKS
) =

∫
B\E

π∗(ηKS
∧ ηKS

)

=

∫
S\p

ηKS
∧ ηKS

=

∫
S
ηKS

∧ ηKS
= KS ·KS = 8.

Therefore, combining our 3 pieces of calculations, we have

K2
B = (π∗KS + E)2 = π∗K

2
S + π∗KS · E + E2 = 8 + 0− 1 = 7,

as desired.
Next, we show that −KB is ample. We use the following result:

Lemma (Nakai-Moishezon). A line bundle L on a smooth surface S is ample if and only if the
corresponding divisor D with OS(D) = L satisfies

(i) D2 > 0;

(ii) For any C ⊂ S irreducible curves, we have D · C > 0.

Partial Proof of Lemma. We will only prove that L is positive implies (i) and (ii). The converse is
highly nontrivial and we will omit it.

Suppose L is ample. By Kodaira’s theorem, L is positive, meaning it admits a Hermitian metric
whose curvature form ω ∈ c1(L) is a strictly positive, closed (1, 1)-form (a Kähler form) on S. The
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self-intersection of D is given by the integral D2 =
∫
S ω ∧ ω. Since ω is a Kähler form, ω ∧ ω is a

strictly positive volume form on the surface S, ensuring D2 > 0. Furthermore, for any irreducible
curve C ⊂ S, the intersection number is D · C =

∫
C ω. The restriction of ω to the smooth locus of

the complex curve C is a strictly positive volume form, meaning
∫
C ω > 0. This establishes (i) and

(ii).

In our case D = −KB. We already calculated D2 = −KB ·−KB = K2
B = 7 > 0, so (i) is satisfied.

To check (ii), we need to discuss the cohomology ring of B. The cohomology of S = P1×P1 is given
by H ·(S) = Z[H1, H2]/(H

2
1 , H

2
2 ). Since π is an isomorphism away from the exceptional divisor

E ⊂ B, we have that

H ·(B) = Z[F1, F2, E]/(F 2
1 , F

2
2 , F1 · E,F2 · E,E2 + 1, F1 · F2 + 1),

where F1 = π∗H1 and F2 = π∗H2. To see the relations above, we note that F 2
1 = F 2

2 = 0

directly follows from H2
1 = H2

2 = 0, and E2 = −1 follows from our calculation above, same for
F1 ·E = F2 ·E = 0. Finally, to see F1 · F2 = 0, we recall from our calculation that H1 ·H2 = 1, and
since π is an isomorphism away from the exceptional locus, we can perturb H1, H2 so that they are
disjoint from p ∈ S so F1, F2 is disjoint from E.

Now let us check that (ii) holds. Let C ⊂ B be an irreducible curve. There are two cases:

• C = E: In this case, −KB · E = −(π∗KS + E) · E = −E2 = 1 > 0. Done.

• C is the strict transform of a curve on S = P1 × P1 of bidegree (a, b), and has multiplicity
m ≥ 0 at the blown up point p. Note that the multiplicity m condition states that the strict
transform intersect E at m points, hence C must be given by

C = aF1 + bF2 −mE.

Then it follows from a straightforward calculation that

−KB · C = −(−2F1 − 2F2 + E) · (aF1 + bF2 −mE) = 2b+ 2a−m.

But note that m ≤ a + b, as the multiplicity of the curve at a point cannot exceed its total
degree, which is a+ b. Therefore we conclude that −KB · C > 0.

This concludes the proof. In our class we identified dP2 as the blow up of P2 at 2 points. We briefly
discuss why we can identify Blp(P1 × P1) ∼= Blp1,p2 P2. The cleanest geometric proof that I know of
uses toric geometry 1. The picture is Figure 1.

Both P1 × P1 and P2 are toric varieties (i.e., variety that contains an algebraic torus as an
open dense set). The shapes drawn are moment polytopes (or equivalently, the duals of the toric
fans) that correspond to these toric varieties. In toric geometry, there is a dictionary between the
geometric features of the variety and the combinatorial features of the polytope: The polygon itself
corresponds to the complex surface; The edges correspond to torus-invariant divisors (curves); The
vertices (corners) correspond to torus-fixed points where these divisors intersect.

1This was explained to me by Anson Law.
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P1 × P1

P2

Blp(P1 × P1)

Blp1,p2(P2)

Figure 1: The toric polytopes of Blp(P1 × P1) at one point is equivalent to that of Blp,q(P2).

The Cartesian product of two projective lines is represented by a square. The four vertices
correspond to the four torus-fixed points of P1 ×P1 (the intersections of the rulings 0×P1, ∞×P1,
P1 × 0, and P1 × ∞). The complex projective plane is represented by a right triangle. The three
vertices are the three standard torus-fixed points [0 : 0 : 1], [0 : 1 : 0], [1 : 0 : 0].

In toric geometry, blowing up a torus-fixed point corresponds exactly to "chopping off" a vertex
of the polytope. The new edge created by this truncation corresponds to the exceptional divisor.
Take the square P1 × P1 and blow up one point. You chop off one corner. A square with one corner
removed becomes a pentagon. Take the triangle P2 and blow up two points. You chop off two
corners. A triangle with two corners removed also becomes a pentagon.

Because both operations yield the exact same polytope, up to affine transformations in GL(2,Z),
the fundamental theorem of toric geometry dictates that the resulting blown-up surfaces are isomor-
phic.

Solution 25. Let S be a nonsingular cubic surface in P3. We use the following lemma:

Lemma. S contains two disjoint lines l,m.

Proof of Lemma. We first assume that S = {x30 + x31 + x32 + x33 = 0} is the Fermat cubic. Then
consider the lines given by l = {x0 + x1 = 0, x2 + x3 = 0} and m = {x0 + ωx1 = 0, x2 + ωx3 = 0}
where ω is a 3rd root of unity, i.e., ω3 = 1, but we require ω ̸= 1. Then clearly l,m are contained
in S. We show that they are disjoint.

Suppose not, and let p = [x0 : x1 : x2 : x3] be in the intersection of l,m. Then it must satisfy
both sets of equations. So we have x0 = −x1 and x0 = −ωx1. Thus x1 = ωx1, or equivalently
x1(1 − ω) = 0. Since ω ̸= 1, we must have x1 = 0. This immediately forces x0 = 0. Similarly,
x2 = x3 = 0. But this cannot happen in projective space. So we conclude that l,m are disjoint.

Now, let P19 = P(
3+3
3 )−1 be the parameter space of homogeneous polynomials of degree 3 in

variables x0, x1, x2, and let U ⊂ P19 be the open set of smooth polynomials.
Let Gr(1, 3) be the Grassmannian of lines in P3. We can construct an incidence correspon-
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dence—the relative Fano scheme of lines—defined as:

F = {(S,L) ∈ U ×Gr(1, 3) : L ⊂ S}.

The projection map π : F → U is a finite, étale morphism. For smooth cubic surfaces, the fibers
are always reduced and 0-dimensional. Because U is connected and π is an unbranched topological
covering space, the number of lines is constant across all fibers (which happens to be 27). More
importantly, any continuous path in the base space U lifts uniquely to the covering space. If you
continuously deform the Fermat surface into another smooth cubic surface, its lines deform smoothly
along with it.

Finally, we note that disjointness is a topological invariant: We showed that on the Fermat
surface we have l ·m = 0. Hence if t ∈ U then lt ·mt vary continuously with respect to t. Hence we
conclude that lt ·mt = 0 for all t ∈ U , concluding the proof.

Using this lemma, we construct a birational map Φ : S 99K P1×P1 with inverse Ψ : P1×P1 99K S.
From Problem 2, we know that dP2 is isomorphic to P1×P1 blown up at a point, but dP2 is just P2

blown up at two points, and since blow up preserves rationality, we have that P1 × P1 is birational
to P2, and we are done.

Let l,m be two disjoint lines in S as given as in the Lemma, note that both are isomorphic to
P1. Now if p ∈ P3− (l∪m), then there exists a unique line n through p that intersects both l,m at a
point (If a line n passes through p and intersect l, then it must lie entirely on the plane H spanned
by p and l. But a plane H intersects another line m at exactly one point). Therefore, we define

Φ : S 99K P1 × P1 Φ(p) = (l ∩ n,m ∩ n).

Conversely, let (p, q) ∈ l × m. Let n be the line n = pq ⊂ P3. Then there are only finitely many
lines of S that meets l again by the above lemma. For almost all values of (p, q) ∈ l ×m, the line
n intersects S at three points p, q, r (three points because degS = 3 by assumption, so S · n = 3).
Then we define

Ψ : P1 × P1 99K S Ψ(p, q) = r.

One can check that Φ,Ψ are inverses of each other when restricted to the common intersection of their
respective domain and codomains. Moreover, both maps are rational by writting out coordinates.
This concludes the proof.

Solution 26. Let X ⊂ PN be a projective variety of dimension k. Then its degree is defined to be
the intersection number degX = X · L where L is a linear subspace L ∼= PN−k of complementary
dimension. Short answer:

deg(v(Pn)) = dn deg(σ(Pm × Pn)) =

(
m+ n

m

)
.

To prove these two claims, we will first need the following lemma:

Lemma. Let f : X → PN be the morphism defined by the basepoint free linear system |L|. Then we

37



have
f∗OPN (1) ∼= L.

Proof of Lemma. This is Huybrechts Proposition 2.3.26.

Now we first look at the Veronese embedding v : Pn → PN given by

v(z) = (zI)I ,

where I = (i0, ..., in) runs through all multi-index with |I| =
∑

k ik = d, and zI =
∏

k z
ik
k . The

corresponding linear system is OPn(d). The degree of the variety v(Pn) is by definition the inter-
section number v(Pn) · PN−n. A general linear subspace PN−n is the intersection of n hyperplanes.
In PN , a hyperplane H is given by the equation z0 = 0, which corresponds to the line bundle
OPN (1) by Proposition 2.3.18 of Huybrechts. Hence the Poincaré dual ηH of H corresponds to
c1(OPN (1)) ∈ H2(PN ;Z). Therefore, the Poincare dual of a general linear subspace PN−n which
corresponds to intersection of n hyperplanes is given by

ηH∩···∩H = ηH ∧ · · · ∧ ηH = (ηH)n.

Therefore, using the previous lemma, we have

degX = X · PN−n =

∫
v(Pn)

(ηH)n =

∫
Pn

(v∗ηH)n =

∫
Pn

(v∗c1(OPN (1)))n =

∫
Pn

c1(OPn(d))n.

As discussed above, the Poincare dual ηh of a hyperplane h ⊂ Pn is given by c1(OPn(1)). Hence
c1(OPn(d)) = dηh. Therefore

degX =

∫
Pn

(dηh)
n = dn

∫
Pn

ηnh = dn

because n hyperplanes in Pn intersects at a single point: for example, take hi = Z(zi−1). Therefore,∫
Pn η

n
h = 1.

Next, we consider the Segre embedding

σ : Pm × Pn → PN σ(z, w) = (ziwj)0≤i≤m,0≤j≤n.

In this case N = (m+1)(n+1)− 1. In fact, we can define a line bundle O(1, 1) over Pm ×Pn given
by

O(1, 1) = p∗1OPm(1)⊗ p∗2OPn(1).

Then σ : Pm × Pn → PN is precisely the canonical map determined by the complete linear system
O(1, 1).

Let a = c1(OPm(1, 0)) and b = c1(OPn(0, 1)). In PN , a hyperplane H is given by the equation
z0 = 0, which corresponds to the line bundle OPN (1) by Proposition 2.3.18 of Huybrechts. Hence
the Poincaré dual ηH of H corresponds to c1(OPN (1)) ∈ H2(PN ;Z). Therefore, by the previous
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lemma again,

σ∗ηH = σ∗(c1(OPN (1))) = c1(O(1, 1)) = c1(O(1, 0)) + c1(O(0, 1)) = a+ b.

Therefore,

degX =

∫
σ(Pm×Pn)

(ηH)m+n =

∫
Pm×Pn

(a+ b)m+n =

(
m+ n

m

)∫
Pm×Pn

ambn =

(
m+ n

m

)
,

where in the second to last step, we used the observation that only ambn survives the integration
among all the terms in the expansion (a + b)m+n. This is because a = p∗1c1(OPm(1)) =: p∗1α and
b = p∗2c1(OPn(1)) =: p∗2β, and αm+1 = 0, βn+1 = 0. The last equality follows from Fubini’s theorem:∫

Pm×Pn

ambn =

∫
Pm

αm ·
∫
Pn

βn = 1.

6 Solutions to PSet 6

Solution 27 (I interpreted this problem wrong. See my oral exam transcript for how Ron expects
us to solve it.). Answer: a = 3. The question is equivalent to asking the minum a such that K⊗a

C is
very ample, i.e., the map φK⊗a

C
: C → PN is an embedding. We use the following criterion:

Theorem (Hartshorne Proposition 3.1). A divisor D on a curve C is is very ample if and only if
for every two points P,Q ∈ C (including the case P = Q), we have

h0(D − P −Q) = h0(D)− 2.

We use this criterion to check very ampleness, with D = aKC = aK. By Riemann-Roch, we
have

h0(aK)− h1(aK) = h0(aK)− h0((1− a)K) = a(2g − 2) + 1− g = (2a− 1)(g − 1).

Let us assume a > 1, we have h0((1− a)K) = 0 because degK⊗(1−a) = (1− a)(2g − 2) < 0. Hence
we get that

h0(aK) = (2a− 1)(g − 1). (4)

Now we compute h0(aK − P −Q). Again by Riemann-Roch and Serre duality, we have

h0(aK − P −Q)− h0((1− a)K + P +Q) = a(2g − 2)− 2 + 1− g.

Now let L = (1− a)K + P +Q, then

deg(L) = (1− a)(2g − 2) + 2 < 0
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unless a = 2, g = 2. So when a > 2, we have h0(L) = 0. Therefore,

h0(aK − P −Q) = a(2g − 2)− 1− g. (5)

Comparing equation (4) and (5), we see that we always have

h0(aK − P −Q) = h0(aK)− 2.

Hence, we conclude that for all a ≥ 3, the divisor aK (hence the line bundle K⊗a) is very ample.
Now it remains to show that a = 3, so we need to show that a = 2 is not ample for some genus
g ≥ 2.

Let us consider the case where a = 2, g = 2. Using Riemann-Roch gives

h0(2K − P −Q) = h0(−K + P +Q) + 2(2g − 2)− 2 + 1− g = h0(−K + P +Q) + 1

while
h0(2K) = 2(2g − 2)− 1 = 3.

Hence 2K is very ample iff h0(−K + P + Q) = 0. Or equivalently, 2K is not very ample iff
h0(−K + P +Q) = 1. But −K + P +Q is a degree 0 divisor, so its h0 is 1 if −K + P +Q ∼ 0 and
is 0 otherwise. Hence 2K is not very ample iff there exist points P,Q ∈ C such that P +Q ∼ K.

But note that C is a genus 2 curve so is hyperelliptic, and the 2:1 branch cover to P1 is given
precisely by φK : C → P1. Now we claim that if P,Q are the fibers of φK at a point [a : b] ∈ P1

then P + Q ∼ K. Indeed, let s0, s1 ∈ H0(C,K) be a basis, then φK(P ) = [s0(P ) : s1(P )] and
φK(Q) = [s0(Q) : s1(Q)]. To say that these two points is [a : b] ∈ P1 is to say that P,Q are zeros of
the s := bs0 − as1 ∈ H0(C,K). That is, (s) = P +Q. Note that there cannot be any more points
because degK = 2. But since s ∈ H0(C,K) we have (s) ∼ K. So P +Q ∼ K. As a result, 2K is
not very ample.

Therefore we conclude that the smallest integer such that aK is ample is a = 3.

Solution 28. Since S is a rational elliptic surface, we know that S is the blow up of P2 at 9 points
p1, ..., p9. Therefore,

S ∼= (P2 − {p1, ..., p9}) ⊔
9⊔

i=1

P(TpiP
2) ∼= (P2 − {p1, ..., p9}) ⊔

9⊔
i=1

P1.

Since χ(A ⊔B) = χ(A) + χ(B), we have that

χ(S) = χ(P2)− 9χ(pt) + 9χ(P1) = 3− 9 + 9 · 2 = 12.

We also now that S → P1 is a fibration with generic fiber an elliptic curve, hence homeomorphic to
a torus T 2. Assume each singular fiber has a single node. Let n be the number of singular fibers,
and let the singular locus be q1, ..., qn, with singular fibers S1, ..., Sn respectively. Then we know
that

S − {S1, ..., Sn} → P1 − {q1, ..., qn}
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is a fiber bundle. For a fiber bundle F → E → B, we have χ(E) = χ(F )χ(B). Using the additivity
of Euler characteristic on disjoint sets, we get that

χ(S)− nχ(S1) = (χ(P1)− nχ(pt))χ(T 2) = 0 (6)

because χ(T 2) = 0. Now it remains to calculate the Euler characteristic of the singular fiber S1 = F

which is homeomorphic to a pinched torus, as it has a single node, as shown in the figure below:

Figure 2: A singular fiber F which is a pinched torus.

Clearly H0(F ) = Z. If we are pinching the torus, then we are killing one generator in H1(T
2) =

Z2, so H1(F ) = Z. To compute H2(F ), we use the Mayer-Vietoris sequence, and we choose two open
sets U∪V = F , with V ≃ ∗ a small neighborhood around the pinched point, U ≃ S1 a neighborhood
complementary to V , such that U ∩ V ≃ S1 ⊔ S1. The Mayer-Vietoris sequence reads

· · · → H2(U)⊕H2(V ) → H2(F )
α−→ H1(U ∩ V )

β−→ H1(U)⊕H1(V ) → · · ·

which becomes
· · · → 0 → H2(F )

α−→ Z2 β−→ Z → · · ·

So we know α is injective. By exactness imα = kerβ. But β : H1(U∩V ) → H1(U)⊕H1(V ) = H1(U)

is the inclusion of two copies of S1 in U ∩ V into U , hence β(a) = β(b) = x ∈ H1(U) which is the
generator. Therefore kerβ ∼= Z. Hence

H2(F ) = Z.

Therefore, for a singular fiber, χ(F ) = 1− 1 + 1 = 1. Hence (6) becomes

12 = χ(S) = n.

Hence we conclude that there are 12 singular fibers if the fiber contains a single node. If the fiber
has cusps, then F ∼= P1 since it is a pinched torus with the other generator pinched, so it becomes
a S2. Then χ(F ) = 2. If the singular fiber T has on tacnode, then we can also calculate χ(T ). In
general, by the above precedure, we always have

12 = χ(S) = n+ 2c+ χ(T )t,

where n is the number of a fiber with a single node, c the number of fiber with a single cusp, and t
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the number of fiber with a tacnode, and χ(T ) the Euler characteristic of the tacnode fiber.

Solution 29. The Fermat equation is given by S = {x4 + y4 + z4 + w4 = 0} ⊂ P3. Note that the
equation factors

x4 + y4 + z4 + w4 = (x2 − iy2)(x2 + iy2) + (z2 − iw2)(z2 + iw2).

Hence on the Fermat quartic, we have x2−iy2

z2−iw2 = − z2+iw2

x2+iy2
. Thus we can define a map Φ : S → P1

given by
Φ : [x, y, z, w] 7→ [x2 − iy2, z2 − iw2] = [z2 + iw2,−x2 − iy2].

It is not hard to show that Φ is surjective, and its fiber over a generic point [s : t] ∈ P1 is given
by the system of equations

t(x2 − iy2)− s(z2 + iw2) = 0 t(z2 − iw2) + s(x2 + iy2) = 0.

Hence a generic fiber C is the intersection of two quadric in P3 (which is a curve). Next, we show
that the fiber C are elliptic curves (i.e., of genus 1).

Proposition. Let C = Q ∩ Q′ where Q,Q′ are two generic quadrics in P3. Then C is an elliptic
curve (i.e., has genus 1).

Proof of Proposition. Let C = Q ∩Q′ where Q,Q′ are two quadrics in P3. Then Q,Q′ corresponds
to two sections of O(2). Moreover, we note that the normal bundle decomposes:

NQ∩Q′/P3
∼= NQ/P3 ⊕NQ′/P3

because for transversal intersections Q ∩Q′, the tangent bundle satisfies TQ∩Q′ = TQ ∩ TQ′ , and we
have an exact sequence

0 → TQ∩Q′ → TP3 → NQ/P3 ⊕NQ′/P3 → 0

where TP3 → NQ/P3 ⊕NQ′/P3 is the map χ 7→ (χmodTQ, χmodTQ′). Therefore,

det
(
NQ∩Q′/P3

)
= det

(
NQ/P3 ⊕NQ′/P3

)
= det(O(2)⊕O(2)) = O(2)⊗O(2) = O(4),

where the second to last equality can be checked by considering transition functions. Hence by
adjunction,

KC = KP3 |C ⊗ det
(
NC/P3

)
= O(−4)|C ⊗O(4)|C = O|C = OC .

Therefore, 2g − 2 = degKC = degOC = 0, so g = 1.

Now we need to determine the singular fibers. For λ = [λ0, λ1] ∈ P1, we denote Cλ = Φ−1(λ)

the fiber of S over λ, and

Qλ = {λ1(x
2 − iy2)− λ0(z

2 − iw2) = 0} Q′
λ = {λ1(z

2 + iw2) + λ0(x
2 + iy2) = 0}.

the two quadrics whose intersection is the fiber Cλ.
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Lemma. A point [x, y, z, w] ∈ P3 on the fiber Cλ is singular iff the Jacobian matrix of Qλ, Q
′
λ

(together) has rank strictly less than 2 at that point.

Proof of Lemma. Indeed, Cλ = Qλ ∩ Q′
λ is smooth at a point p ∈ P3 iff Qλ and Q′

λ intersect
transversally at p. This means that the tangent planes TpQλ, TpQ

′
λ intersects transversally at p, or

equivalently the normal vectors ∇Qλ,∇Q′
λ of these two planes must be linearly independent at p.

Therefore, the Jacobian matrix (∇Qλ,∇Q′
λ)

T must have rank strictly less than 2 (obviously it can
never be more than 2) if p is singular.

Now ignoring the overall factor of 2, the Jacobian matrix J = (∇Qλ,∇Q′
λ)

T is given by

J =

(
λ1x −iλ1y −λ0z iλ0w

λ0x iλ0y λ1z iλ1w.

)

For the rank to be less than 2, all six of the 2 × 2 minors of J must vanish simultaneously. Let’s
compute them:

∆xy = (λ1x) (iλ0y)− (λ0x) (−iλ1y) = 2iλ0λ1xy

∆xz = (λ1x) (λ1z)− (λ0x) (−λ0z) =
(
λ2
0 + λ2

1

)
xz

∆xw = (λ1x) (iλ1w)− (λ0x) (iλ0w) = i
(
λ2
1 − λ2

0

)
xw

∆yz = (−iλ1y) (λ1z)− (iλ0y) (−λ0z) = −i
(
λ2
1 − λ2

0

)
yz

∆yw = (−iλ1y) (iλ1w)− (iλ0y) (iλ0w) =
(
λ2
0 + λ2

1

)
yw

∆zw = (−λ0z) (iλ1w)− (λ1z) (iλ0w) = −2iλ0λ1zw.

Let’s assume λ0λ1(λ
4
0−λ4

1) ̸= 0. If this is the case, then λ0 ̸= 0, λ1 ̸= 0, λ2
0+λ2

1 ̸= 0, and λ2
0−λ2

1 ̸= 0.
Looking at our minors, this assumption forces:

xy = xz = xw = yz = yw = zw = 0.

This means the product of any two coordinates is zero, which is only possible if at least three
of the variables {x, y, z, w} are zero. However, no point with three zero coordinates can satisfy
Qλ = Q′

λ = 0 since all squared terms have non-zero coefficients. Thus, for a singular point to exist,
λ must be a root of λ0λ1(λ

4
0 − λ4

1) = 0. This polynomial yields exactly 6 points in P1:

λ ∈ {[0 : 1], [1 : 0], [1 : 1], [1 : −1], [1 : i], [1 : −i]}. (7)

We claim that these are indeed singular points. Since the argument is mostly similar, we will only
illustrate this for λ = [0 : 1], [1 : 1]. In this case,

Qλ = (x2 − iy2) = (x−
√
iy)(x+

√
iy)

Q′
λ = (z2 + iw2) = (z −

√
−iw)(z +

√
−iw).

Both quadrics split into a pair of planes. Their intersection is the intersection of two reducible
quadrics, which forms a cycle of 4 projective lines (a Kodaira I4 fiber). The singular points of this
curve are the 4 “corners” where the lines meet, which occur when both planes in either quadric
vanish simultaneously.
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When λ = [1 : 1], the conditions λ2
1 − λ2

0 = 0 force ∆xw = ∆yz = 0. The remaining minors
dictate that either (x = 0 or y = 0) AND (z = 0 or w = 0). Setting x = 0 and w = 0, the quadrics
evaluate to

Qλ = −iy2 − z2 = (
√
−iy − z)(

√
−iy + z)

Q′
λ = iy2 + z2 = (

√
iy − iz)(

√
iy + iz).

Hence we have found the singular fibers, which are fibers over the points in (7). As a sanity check,
S is a K3 surface so its Hodge diamond is

1

0 0

1 20 1

0 0

1

so χ(S) = 24. Moreover, each I4 has Euler characteristics χ(#) = 4. Thus χ(S) = 6χ(#), where 6 is
precisely the number of singular fibers given in (7). Compare this with the previous problem to see
that χ(S) is the product of number of singular fibers and the Euler characteristics of the singular
fiber.

To conclude, we show that not all smooth quartic surfaces are elliptic. The period map for K3
surfaces goes to the period domain MK3 → D, where D is the period domain.

More specifically, For any K3 surface X, the middle cohomology H2(X;Z) is a lattice of rank
22. The Hodge decomposition tells us that H2,0(X) is 1-dimensional, generated by a non-vanishing
holomorphic 2-form ΩX .The period map assigns the K3 surface to the complex line spanned by this
2-form:

X 7→ [ΩX ] ∈ P(H2(X;C)) ∼= P21

Because ΩX is a (2, 0)-form, the Riemann bilinear relations dictate two constraints:

• Orthogonality:
∫
X ΩX ∧ ΩX = 0.

• Positivity:
∫
X ΩX ∧ Ω̄X > 0.

The space of all lines in P21 satisfying these two relations is the period domain D:

D = {[α] ∈ P(H2(X;C)) = P21 : (α, α) = 0, (α, ᾱ) > 0}

This space has complex dimension 20. Consequently, the moduli space of all K3 surfaces, MK3, is
20-dimensional.

We claim that each inclusion

MElliptic quartic ⊂ Mquartic ⊂ MK3

has image one dimension less. Let X be a quartic surface in P3. Then, there is a hyperplane class
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h which is the restriction of the hyperplane class OP3(1).

Lemma. h2 = 4.

Proof of Lemma. The class h ∈ H2(X;Z) is the Poincaré dual of a hyperplane section. Geomet-
rically, it is the curve H defined by intersecting the quartic surface X with a generic hyperplane
Π ∼= P2 in P3.To compute h2, we look at the intersection of two generic, distinct hyperplane sections
H1 and H2 on X:

H1 ∩H2 = (X ∩Π1) ∩ (X ∩Π2) = X ∩ (Π1 ∩Π2)

In P3, the intersection of two generic planes Π1 and Π2 is a line L ∼= P1.Now we are just asking for
the intersection of a line L with a surface X of degree 4 in P3. By Bézout’s theorem, a general line
intersects a degree 4 surface in exactly 4 points.Thus, h2 = 4.

Now h2 = 4 implies h ̸= 0. By Lefschetz (1,1)-class theorem, c1 : Pic(X) → H2(X;C) has image
H1,1(X) ∩H2(X;Z). Since h is defined by a divisor, we have h ∈ H1,1(X) ∩H2(X,Z). By Hodge
theory (p, q)-forms are orthogonal to (p′, q′)-forms under the intersection pairing unless p + p′ = 2

and q + q′ = 2. Therefore, any class in H1,1 is strictly orthogonal to H2,0. This gives us a linear
condition (h, α) = 0 for all α ∈ H2,0(X).

Now let X be an elliptic quartic surface. That is, there is an elliptic fibration X → P1. Let f be
the cohomology class of a generic fiber of this fibration. Again f ∈ H1,1(X) ∩H2(X;Z).

Lemma. f2 = 0.

Proof of Lemma. To find f2, we intersect two generic fibers F1 and F2. Because they are generic,
we can choose them to lie over two distinct points t1, t2 ∈ P1. Since t1 ̸= t2, their preimages are
completely disjoint in X. Since the curves literally do not share any points, their intersection number
is 0. Therefore, f2 = 0.

Since f2 = 0, we conclude that f is not a nonzero multiple of h. Also, we note that f must
intersect the hyperplane class:

Lemma. (f, h) > 0.

Proof of Lemma. The pairing (f, h) is the intersection number of the fiber curve F with the hyper-
plane section H. Algebraically, the class h is the restriction of the line bundle OP3(1) to X. Because
O(1) is an ample line bundle, its restriction to X remains ample. By the Nakai-Moishezon criterion,
an ample divisor must have a strictly positive intersection number with any effective curve. Since
the fiber F is an effective curve, we immediately get (f, h) > 0.

Thus f ̸= 0. It follows from the exact same Hodge orthogonality logic that we have an additional
condition (f, α) = 0 for all α ∈ H2,0(X).

Solution 30. Let X = Q0 ∩Q1 be the complete intersection of two quadrics in P5.
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We first construct the smooth curve C of genus 2 determined by X. Since every quadric in
P5 corresponds to (and is uniquely determined by) a 6 × 6 positive symmetric matrix, we have
Q0 = xTM0x and Q1 = xTM1x, where x ∈ P5. Then consider the set

∆ = {[t0 : t1] ∈ P1 : det(λ0M0 + λ1M1) = 0}.

The geometric picture is the following: for every t = [t0 : t1] ∈ P1, we consider the pencil Qt =

t0Q0 + t1Q1 in P5. This way, we get a family Q → P1 with fibers being quadrics in P5, and ∆ ⊂ P1

is precisely the point where the fibers of the family Q → P1 is singular. Since the defining equation
of ∆ is a degree 6 equation, we should expect 6 points in ∆, say p1, ..., p6. Then we define the curve
C to be the branch cover C → P1 of degree 2 branched at p1, ..., p6. Since this a degree 2 branch
cover branched at six points, the Riemann-Hurwitz formula tells us

χ(C) = 2χ(P1)−
∑
p∈C

(ep − 1).

Hence
2− 2g = 4− 6 = −2,

which means g = 2.
Next, we show that X contains a line ℓ. We first recall the following construction: Let I be the

incidence variety defined by I = {(ℓ,Q) : ℓ ⊂ Q} where ℓ is a line in P5 and Q a quadric in P5. The
space parameterizing the projective lines in P5 (which is in bijection with planes in C6) is Gr(1, 5),
which has dimension 8. The space parameterizing all quadrics in P5 is P(Sym2C6) = P(

7
2)−1 = P20.

Now I comes with natrual projection maps

I

Gr(1, 5) P(Sym2C6) = P20

p q

with p : I → Gr(1, 5) being a fiber bundle, because the group PGL6 acts both on Gr(1, 5) and
on I in an equivariant way. We study the dimension of the fiber of p : I → Gr(1, 5). Let ℓ ∈
Gr(1, 5) be given by x2 = x3 = · · · = x5 = 0 in P6. Then the quadric Q contains the line ℓ iff
Q(x0, x1, 0, ..., 0) = 0 for all x0, x1. This means that Q is spanned by the degree 2 monomials in
x0, ..., x6 except for x20, x0x1, x

2
1. Hence the dimension of the fiber is dim p−1(ℓ) = 20 − 3 = 17.

Therefore, dim I = 17 + 8 = 25. Next we consider the map q : I → P20, which maps to the space
of quadrics in P5. If we could show that the fiber q−1(Q) has positive dimension, then we would be
able to show that a quadric in P5 contains a line. Indeed, since dim I = 25 and dimP20 = 20, the
fiber has dimension 5.

But, I is not exactly what we want. What we want is the incidence variety

I = {(ℓ,Q0, Q1) : ℓ ⊂ Q0 ∩Q1}.
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But this is just the subset of I × I such that the ℓ-component is the same. In other words, we have

I = I ×Gr(1,5) I.

which fits into the diagram
I I

I Gr(1, 5)

⌟
p

p

Over ℓ ∈ Gr(1, 5), we have Iℓ = Iℓ × Iℓ which is of dimension 17 + 17 = 34. Hence dimI =

dimGr(1, 5) + dimIℓ = 8 + 34 = 42. We also have natural projection maps

I

Gr(1, 5) P20 × P20

Φ Ψ

where Ψ : I → P20×P20 is given by Ψ(ℓ,Q0, Q1) = (Q0, Q1). Since dimI = 42 and dimP20×P20 =

40, we conclude that dimΨ−1(Q0, Q1) = 2. Therefore, for any two quadrics Q0, Q1 that intersects
transversely, the space of lines in Q0 ∩ Q1 is 2-dimensional (positive dimension). Therefore, we
conclude that X = Q0 ∩Q1 contains a line ℓ.

We claim that the set of lines in X that intersects ℓ is isomorphic to C, while the set of all lines
in X is isomorphic to Jac(C). We prove the first statement first:

Proposition. The set of lines in X that intersects ℓ is isomorphic to C.

Proof of Proposition. Let ℓ′ be a line that intersects ℓ at a single point. Let Π = ⟨ℓ, ℓ′⟩ ∼= P2 ⊂ P5

be the plane these two lines span.
If for some t∗ ∈ P1, the quadric Qt∗ restricts to zero on Π, then this means the plane Π is entirely

contained in the quadric Qt∗ .

Conversely, suppose there is a plane Π containing ℓ such that Π ⊂ Qt∗ . Then for any quadric
Qs in the pencil, its restriction to Π is a conic containing ℓ, which must split into two lines ℓ, ℓ′. We
note that:

• Qs ∩ Π cannot be identically zero for s ̸= t∗. Otherwise Π ⊂ Qs as well. Since s ̸= t∗, these
two quadric generates X in the sense that X = Qs ∩ Qt∗ , hence Π ⊂ X. However, a smooth
complete intersection of two quadrics in P5 cannot contain a plane, which is a consequence of
the Lefschetz Hyperplane Theorem.

• Moreover, the line ℓ′ in fact does not depend on the parameter s. In fact, we claim that
ℓ ∪ ℓ′ = Qs ∩ Π = X ∩ Π. Indeed, since Π ⊂ Qt∗ , we have Qs ∩ Π = Qs ∩ (Π ∩ Qt) =

(Qs ∩Qt∗) ∩Π = X ∩Π since X = Qs ∩Qt∗ for any s ̸= t∗ in P1.

Therefore, we have shown that there is a bijective correspondence between lines ℓ′ ⊂ X intersecting
ℓ and the plane Π containing ℓ that is entirely contained in Qt for some t ∈ P1. Therefore, the set
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of lines in X that intersects ℓ is isomorphic to the incidence variety

Y = {(t, [Π]) ∈ P1 ×Gr(2, 5) | ℓ ⊂ Π ⊂ Qt}.

There is a natural projection Y → P1 which is a branched cover. Moreover, it is a classical result
that for every smooth quadric Qt there are exactly two planes in Qt that contains a given line ℓ.
Hence for generic t ∈ P1 the fiber consists of two points, hence the covering map Y → P1 is degree
2. Moreover, the cover is branched at precisely the points t ∈ P1 where Qt is singular, i.e., at ∆.
This is precisely the curve C we constructed. Hence Y ∼= C, as desired.

Proposition. The set of all lines in X is isomorphic to the Jacobian variety Jac(C).

Proof of Proposition. This is a result in the paper “Ron Donagi, Group law on the intersection of two
quadrics, 1980” and M. Ried’s Cambridge thesis which is unpublished. (Are you kidding me?)

7 Solutions to PSet 7

Solution 31. Let P be the principal GLn-bundle associated with E.

Lemma. The space of flags is the quotient P/B, where B is the Borel subgroup of GLn consisting
of upper triangular matrices.

Proof. Indeed, if E is a rank n holomorphic vector bundle over X, its frame bundle P is the space
of all ordered bases for the fibers of E. The general linear group GLn acts transitively on these
frames. A "flag" in a vector space is a nested sequence of subspaces (a line inside a plane inside a
3-space, etc.). The Borel subgroup B (upper triangular matrices) is exactly the subgroup of GLn

that preserves a standard flag. Therefore, modding out the frame bundle P by B gives you P/B,
which is the bundle of all possible flags for the fibers of E.

Because E is holomorphic and B is a complex Lie subgroup, P/B is a complex manifold (a
holomorphic fiber bundle over X).

Set Z = P/T , where T is the maximal torus consisting of diagonal matrices. A point of Z is a
point of X, plus n independent 1-dimensional linear subspaces of the fiber of E. Over this space Z,
the pullback of the bundle E splits holomorphically into a direct sum of n line bundles.

Lemma. The projection Z = P/T → P/B (induced by quotient since T < B) is a fibration with
contractible fibers.

Proof. The Borel group B (upper triangular) can be written as a semidirect product of the diagonal
matrices T and the unipotent matrices U (strictly upper triangular matrices with 1’s on the diagonal).
Therefore, the quotient B/T is diffeomorphic to U . The unipotent group U is just a complex vector
space Cn(n−1)/2.

Therefore the pullback morphism H∗(P/B) → H∗(Z) is an isomorphism. Since the pullback
H∗(X) → H∗(P/B) is an injection by the standard splitting principle, the composition of pullbacks
H∗(X) → H∗(P/B) → H∗(Z) is also an injection, as desired.
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Solution 32. Denote the new connection by ∇′ and the old connection by ∇. For the direct sum
connection, one sees that

(∇′ −∇)(s1 ⊕ s2) = a1(s1)⊕ a2(s2).

Hence ∇′ = ∇+ a1 ⊕ a2. Similarly, on the tensor product one can see that

∇′ = ∇+ a1 ⊗ 1E2 + 1E1 ⊗ a2.

Finally, for the hom bundle one can see that

∇′(f)(s1) = (∇2 + a2)(f(s1))− f((∇1 + a1)(s1)) = ∇(f)(s1) + a2f(s1)− f(a1(s1)).

Solution 33.

(i) Since ∇ = ∇1 ⊕∇2, we have

F = ∇2 = (∇1 ⊕∇2)(∇1 ⊕∇2) = ∇2
1 ⊕∇2

2 = F1 ⊕ F2.

(ii) Let s ∈ Γ(E) be a smooth local section of E and f ∈ Γ(E∗) be a smooth local section of the
dual bundle E∗. The natural pairing is defined as ⟨f, s⟩ = f(s). We are given the definition
of the dual connection:

d⟨f, s⟩ = ⟨∇∗f, s⟩+ ⟨f,∇s⟩.

To compute the curvature F∇∗ = (∇∗)2, we must extend the Leibniz rule to bundle-valued
differential forms. For α ∈ Ωk(E∗) and β ∈ Ωl(E), the exterior derivative of their pairing
reads:

d⟨α, β⟩ = ⟨∇∗α, β⟩+ (−1)k⟨α,∇β⟩.

Hence we have (Note that the first equation has a plus sign because ∇∗f is a 1-form so
(−1)k = −1 and when we move it to the other side of the equation we get a plus sign):

⟨F∇f, s⟩ = ⟨∇∗2f, s⟩ = d⟨∇∗f, s⟩+ ⟨∇∗f,∇s⟩
= d(d⟨f, s⟩ − ⟨f,∇s⟩) + ⟨∇∗f,∇s⟩
= −d⟨f,∇s⟩+ ⟨∇∗f,∇s⟩
= −⟨∇∗f,∇s⟩ − ⟨f,∇2s⟩+ ⟨∇∗f,∇s⟩
= −⟨f,∇2s⟩ = −⟨f, F∇s⟩.

Therefore, with respect to the natural pairing, we see that F∇∗ = −F t
∇.

Now we given a connection ∇ on a vector bundle E of rank r, we can define the connection D on
the determinant bundle detE =

∧r E to be

∇det(s1 ∧ · · · ∧ sr) =
r∑

j=1

s1 ∧ · · · ∧ (∇sj) ∧ · · · ∧ sr.
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Differentiating twice gives

(∇det)2(s1 ∧ · · · ∧ sr) =
∑
i̸=j

s1 ∧ · · · ∧ ∇si ∧ · · · ∧ ∇sj ∧ · · · ∧ sr +
∑
i

s1 ∧ · · · ∧ ∇2si ∧ · · · ∧ sr.

Now the first sum is zero by pairwise cancellation: ∇si ∧ ∇sj = −∇sj ∧ ∇si. The second term
becomes

(∇det)2(s1 ∧ · · · ∧ sr) =
∑
i

(F∇)
i
is1 ∧ · · · ∧ sr = (TrF∇)s1 ∧ · · · ∧ sr.

Hence, we conclude that F∇det = TrF∇.

Solution 34. Consider the trivial line bundle O on a complex curve X. We give two Hermitian
metric h+, h− on O, defined by the smooth functions h± = exp

(
±|z|2

)
, where |z|2 is the norm of

the fiber coordinates of O. Then let ∇± be the Chern connections of h±. That is, ∇+ = d + A+

where
A+ = ∂ log

(
exp
(
|z|2
))

= ∂(zz̄) = z̄dz.

And the curvature is given by

F+ = ∂̄∂ log
(
exp
(
|z|2
))

= ∂̄(z̄dz) = −dz ∧ dz̄.

Similarly, we have
F− = dz ∧ dz̄.

So that the curvature forms are
ω± = ∓ i

2π
dz ∧ dz̄.

And it is easy to check that ω+ is negative and ω− is positive.

Solution 35. Since L is basepoint free, there is a holomorphic map φL : X → PN where N :=

h0(X,L)− 1 such that φLOPN (1) ∼= L. Thus∫
X
c1(L)

n =

∫
X
φ∗
Lc1(OPN (1))n =

∫
X
φ∗
L(ωFS)

n ≥ 0

since the pullback of a positive form is semipositive.

Solution 36. Let B = i
2πF∇ and B1, B2 be the same for ∇1 on E1 and ∇2 on E2 respectively.

By splitting principle we may assume that both E1, E2 are direct sums of line bundles. Thus B is
diagonal and so are B1, B2, and furthermore B = B1 ⊕B2. Then note that

det(tB)

det(I − e−tB)
=

det(tB1)

det(I − e−tB1)

det(tB2)

det(I − e−tB2)
.

Evaluating at t = 1 gives
td(E1 ⊕ E2) = td(E1) · td(E2).
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Solution 37. Recall the Euler sequence on Pn is given by

0 → O → O(1)⊕(n+1) → TPn → 0.

Thus
c(TPn) = c(TPn)c(O) = c(O(1))n+1 = (1 + ωFS)

n+1.

Thus
cn(Pn) = (n+ 1)ωn

FS.

We have another exact sequence

0 → TPn → TPn×Pm → TPm → 0.

Hence let α, β denote the Fubini-Study metric on Pn and Pm respectively, we then have

c(TPn×Pm) = c(TPn)c(TPm) = (1 + α)n+1(1 + β)m+1.

Taking the top degree gives

cn+m(Pn × Pm) = (n+ 1)(m+ 1)αnβm.

The integral of these top degree Chern classes are precisely the Euler characteristics of Pn,Pn × Pn

by Gauss-Bonnet formula.

Solution 38. By splitting priciple, one may assume that E =
⊕r

k=1 Lk with c1(Lk) = γk and
c1(L) = γ. Then

c(E ⊗ L) =
r∏

k=1

c(Lk ⊗ L) =
r∏

k=1

(1 + γ + γk).

The idea is that taking the degree i-part directly gives the desired formula. First, recall the standard
formula

r∏
k=1

(x+ γk) =

r∑
j=0

σj(γ1, ..., γr)x
r−j ,

where σj(γ1, ..., γr) are the elementary symmetric polynomials in variables γ1, ..., γr. Since γ1, ..., γr
are Chern roots of E, the j-th elementary symmetric polynomial of these roots is precisely cj(E).
Hence,

c(E ⊗ L) =

r∑
j=0

cj(E)(1 + γ)r−j .

Next, by binomial theorem we have

(1 + γ)r−j =

r−j∑
m=0

(
r − j

m

)
γm.
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Hence, we see that

c(E ⊗ L) =
r∑

j=0

cj(E)

r−j∑
m=0

(
r − j

m

)
γm =

r∑
j=0

r−j∑
m=0

(
r − j

m

)
cj(E)γm.

Taking the degree i piece (i.e., the piece where m = i− j) gives the desired formula.

Solution 39. Note that EndE = Hom(E,E) ∼= E ⊗ E∗. Hence we have

c1(EndE) =
i

2π
Tr
(
F∇E⊗E∗

)
=

i

2π
Tr
(
F∇E

⊗ 1− 1⊗ F t
∇E

)
= 0

where we used F∇E∗ = −F t
∇E

.
To calculate c2(EndE) = c2(E⊗E∗), we use the splitting priciple: Assume E =

⊕r
i=1 Li. Then

E ⊗ E∗ =
⊕

1≤i,j≤r Li ⊗ L∗
j . Let xi = c1(Li). Then note that

c1(E) =
∑
i

xi, c2(E) =
∑
i<j

xixj .

Now the Chern roots of EndE = E ⊗ E∗ is given by yij := c1(Li ⊗ L∗
j ) = xi − xj for 1 ≤ i, j ≤ r.

Therefore, using Greek letter α, β to denote double indices (i, j) for 1 ≤ i, j ≤ r, we have

c2(EndE) =
∑
α,β

yαyβ =
1

2

(∑
α

yα

)2

−
∑
α

y2α

.

Since ∑
α

yα =
∑
i,j

xi − xj = r
∑
i

xi − r
∑
j

xj = 0,

we have that
c2(EndE) = −1

2

∑
i,j

(xi − xj)
2.

Now we compute:

∑
i,j

(xi − xj)
2 =

∑
i,j

x2i + x2j − 2xixj = 2r
∑
i

x2i − 2

(∑
i

xi

)2

= 2r

(∑
i

xi

)2

− 2
∑
i<j

xixj

− 2

(∑
i

xi

)2

= 2r(c1(E)2 − 2c2(E))− 2c1(E)2.

Therefore, we have

c2(EndE) = −r(c1(E)2 − 2c2(E)) + c1(E)2 = 2rc2(E)− (r − 1)c1(E)2.

52



To compute the quantity
(4c2 − c21)(L⊕ L)

we substitute r = 2 to the c2(EndE) formula above and find that the desired quantity is precisely

c2(EndL
⊕2) = c2(L

⊕2 ⊗ L∗⊕2) = c2(O⊕4) = 0

since c(O⊕4) = c(O)4 = (1)4 = 1, which has no degree 2 parts.
Finally, to show that c2k+1(E) = 0 if E ∼= E∗, we note that if E has Chern roots x1, ..., xr, then

cm(E) =
∑

i1<···<im
xi1 · · ·xim , while

cm(E∗) =
∑

i1<···<im

(−xi1) · · · (−xim) = (−1)mcm(E).

Therefore, when m = 2k + 1 is odd, by assumption we have

c2k+1(E) = c2k+1(E
∗) = (−1)2k+1c2k+1(E) = −c2k+1(E).

Hence we conclude that c2k+1(E) = 0, as desired.

Solution 40. We choose an arbitrary Hermitian metric h0 on L, and let Θ0 be the curvature form
of its Chern connection. Both α and i

2πΘ0 are real (1,1)-forms representing c1(L). Hence they differ
by an exact form. Since X is compact Kähler, by the global ∂∂̄-lemma, we can find a smooth real
function u such that

i

2π
∂∂̄u =

i

2π
Θ0 − α.

Now we define a new fiber metric h = euh and let Θ be the curvature form of its Chern connection.
Then we see that in terms of any holomorphic local frame we can write

Θ = ∂̄∂ log |s|2h = ∂̄∂ log
(
eu|s|2h

)
= ∂∂̄u+Θ = −2πiα.

This concludes the proof.

Solution 41. We know from Proposition 4.2.19 that a holomorphic vector bundle E admits a
holomorphic connection E → ΩX ⊗ E iff its Atiyah class

A(E) ∈ H1(X,ΩX ⊗ EndE) ∼= H1,1(X; EndE)

vanishes. Moreover, from the textbook (Proposition 4.3.10) we know that A(E) = [F∇], hence we
have equality in the cohomology ring

c(E) = det

(
1 +

i

2π
F∇

)
= det

(
1 +

i

2π
A(E)

)
= 1.

Therefore, we see that ck(E) = 0 for all k > 0.
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