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Preface

This is a collection of notes for math 240B at UCSB, winter 2023, taught by Prof. Rugang
Ye. The first part of this course will focus on tensor fields and differential forms, the
references are

e John Lee, Introduction to Smooth Manifolds, [1]]

e William Boothby, An Introduction to Differential Manifolds and Riemannian Ge-
ometry, 3]

For the second part of the course, we will study Riemannian geometry, and the text-
book is:

e Manfredo Perdigao do Carmo, Riemannian Geometry, [2]]
I also refered to the following book quite frequently:
e John Lee, Introduction to Riemannian Manifolds, [4]

Homework for the class are also contained inside the notes. Some homeworks may
be omitted if they were already proven in the theorems or in main text. Sorry for the
inconvienience.
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1 Vector Bundle

1.1 The Cotangent Bundle

Throughtout this note, we use M" to denote a smooth manifold of dimension n. Recall
that a derivation at a point p € M is a linear map v : C*°(M) — R if for all f,g €
C°°(M), we have

v(fg) = f(p)vg + g(p)vf.
Then the fangent space at p, denoted by 7, M, is the set of all derivations at p. This is

a vector space that should be thought of as the geometric tangent plane of M. Now let
(U, @) be a smooth chart of M. Then the set of tangent vectors

0
= (‘/)*)_(1 )(_i ) i=1,...n
PN 0 |y

is a natural basis for T, M. Here, (¢x)p : TpyM — Ty,R" = R” is the differential
(or pushforward) of the diffeomorphism ¢ : U — ¢(U) C R", and %Lp( p) are ordinary
directional derivative operators in Euclidean space. Expanding the expression above using
nothing but definitions, one sees that for f € C*°(M)

d 0

ox! ox!

ox!

p

(foe™)

f =

p

o(p)

A more detailed treatment of tangent vectors can be found in [1, Chapter 3].
Definition 1.1. The cotangent space T; M is the dual of T, M.

The following lemma immediately shows that dim 7, M = dim T, M .
Lemma 1.2. For a finite dimensional vector space V, we have dim V* = dim V.

Proof. Let vy, ...,v, be a basis for V. Define ¢!, ...,e" € V* by ei(vj) = 8; Now
let £ € V*. Then one can check that £ = ), £(v;)e'. Moreover, this expression is
unique. [

Now we want to find a natural basis for T;‘M , using the natural basis axil Ips e axin |p
of T, M. We need the following definition

Definition 1.3. Let U be an opensetof M and p € U. Let f € C*°(U). The differential
df, of f at p is defined as follows: forany v € T, M,

dfp(v) = vf.
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This is clearly a linear map, so df, € T,y M forany f € C°°(U) where U is any open
set containing p. Let x’ : R” — R be the i th coordinate function, i.e., x’ (£!, ..., ") = &,
Let (U, ¢) be a chart on M containing p. Then

Proposition 1.4. The covectors d(x! o ¢),, ...,d(x" o ¢), is a dual basis of T, M to the
basis axil|p,. 01, of T,M.

c0y Jpnt

Proof. Note that we have

, d
d(xlogp)p(@
p

This concludes the proof. 0

) = i(xi O(poq)_l) = 5;

dx/ o(p)

We usually commit the following crime of abusing notation by simply writting d (x* o
®)p as a’xﬁ,. Then we refer to dxll,, e dx;’, as a basis of T;M.

Recall that we can construct the tangent bundle TM of M" by

™ = || T,M.
PEM
This is a smooth manifold of dimension 27z in a canonical way. Let (U, ¢) be a smooth
chart of M, then define # : TM — M by n(p,v) = p. Then the charts on TM will
be 771 (U) = [I,cv TpM. The induced chart ¢ of TM is given by ¢ : Y U) —
o(U) x R", where
¢(p.v) = (p(p). v, ...v")
where v = vi%|p.
Homework 1.5. Let (U, ¢) and (V, ) be two intersecting charts on M. Let ¢ and v be
the corresponding induced charts on TM . Prove that ¢ o ¢~ is smooth.

Solution. Based on the proof of [1, Prop 3.18], we can explicitly write out the transition
map formula:

wog’é_l(xly-.-,xna Uly-.-’ Un) = yl(x)7"" yn(x)’ y'v‘]"“’ yv]
ox/ ax/

which is clearly smooth. [

Note that we can define another map ® : 7~ 1(U) — U x R”", given by simply

d(p,v) = (p, v, ....0").

Then note that @’ is a diffeomorphism, and ®'(7z~!(p)) = p x R”. One can check that
if we define ny : U x R" — U to be the projection on U, then the following diagram
commutes:

7 (U) =2 U x R”

Moreover, the map ® := ®|,-1(,) : 7~ '(p) — R" is a linear isomorphism. This map ®
is called a local trivialization.
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One can do similar constructions for to get the cotangent bundle. This is defined by

T*M =[] T;M.
PEM

Again, given a chart (U, ¢), there is a natural chart on 7* M. One define the projection
map  : T*M — M similarly by

7(p,a) =p aeT; M, peU.
Then for every & € T,y M, one can write
o= Eidxi|p
for some real &, ..., £,. Here we define ¢ : 7~ 1(U) — ¢(U) x R" by

(f)(p, O[) = (‘P(P)’ gl’ oo Sn)

Then we have a natural chart (7~'(U), @) on T*M. Similarly one can define the local
trivialization ® : 771(U) — U x R" by

O(p,a) = (p, &1, .. én)-

Then once again one can verify that 7y o @ = 7. The tangent bundle and cotangent
bundle are examples of a vector bundle, which we will define in the next section.

1.2 Vector Bundles

Definition 1.6. A smooth vector bundle of rank k over a smooth manifold M" is a triple
(E, M, ), where E is the total space of the vector bundle (we often say that E is the
vector bundle) which is a C ®°-manifold of dimension n +k, and 7 : £ — M is a smooth
surjective map, such that

(I) For each p € M, the set E, := 7 ~'(p) is a vector space of dimension k.

(I) For each p € M, there is an open set U of M containing p and a diffeomorphism
®: 7 Y (U) - U x R¥ such that 7 = nry o ®, i.e., the diagram

N (U) =25 U x R”

®|g, : E, —> p x RF = RF

commutes, and

is a linear isomorphism for each p € U.
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As mentioned before, (U, ®) is called a local trivialization. This is because a smooth
vector bundle E is locally diffeomorphic to the product U x R¥ via ®. Therefore, a vector
bundle is something that locally looks like a product. One can also define vector bundle
(not necessarily smooth) in a topological sense, by replacing every word "smooth" in the

definition above to "continuous", and "diffeomorphism" to "homeomorphism", "smooth
manifold" to "topological manifold".

Example 1.7. Let M" be a smooth manifold. Then M xR* is a vector bundle with global
trivialization ® : M x R¥ — M x R¥ being the identity map.

Example 1.8 (Whitney Sum). Let M be a smooth manifold and let £ — M and E/ — M
be smooth vector bundles of rank k and k' respectively. The Whitney sum E & E' — M
is a new smooth vector bundle over M of rank k + k’, constructed as follows: The total
space is defined by
E®E = ]| E,®E,

DPEM
There is an obvious projection 7 : E @& E’ — M. For each p, choose a neighborhood
U of p small enough that there exists local trivializations (U, ®) of E and (U, ®') of E’.
We then define W : 7~ (U) — U x RFtK by

(v, v') = ((v), (wpx © P(v), TR © P'(V))).

This actually makes £ @ E’ into a smooth vector bundle. See [1, Example 10.7] for
details.

Example 1.9 (Dual Bundle). Let E . M be a smooth vector bundle over M. Define

the dual bundle to E to be the bundle E* 2> M as follows: The total space is given by
E*=1]] pem E, with m*(E7) = p the obvious projection. For each local trivialization

®: 7 ' (U) - U x R¥, we define ®* : (7*)"1(U) — U x (R¥)* by
**(p.w) = (p. (D) o).

Note that ®|g, : E, — RF is a linear isomorphism, so <I>|£p : (R)* — E3 is also
a linear isomorphism, hence we can take its inverse. Note that we can identify R with
(R*)* by identifying the standard basis ey, ..., ex of R¥ with the dual basis ¢!, ..., £* of the
standard basis. Hence ®* is a local trivialization of £*. More information can be found
here and herel.

Homework 1.10. Show that ®* is a diffeomorphism.

Solution. We check the conditions for Lemma 10.6 of Lee. Note that we have constructed
the local trivializations ®*s by choosing a set of open covers U of M first. So (i) is
satisfied. For (ii), note that (®*)|gx = (<I>|£p)‘1, which is a linear isomorphism between
vector spaces since ®|g, is. So (ii) is satisfied. For (iii), Suppose (V,W¥) is another
local trivialization such that U NV ## @. Then (¥*) o (®*)~! : (U N V) x (RF)* —
(U NV) x (RF)* is given by

(W) 0 (@) 1(p. 1) = ¥*(p, (DI, )0) = (. (WE,) " o (DR, )n)


https://math.stackexchange.com/questions/1286371/dual-bundles-local-trivializations-confusion
https://www.math.uni-hamburg.de/home/lindemann/material/DG2020L10_slides.pdf
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and note that (\I’|Ep)_1 ) (CI>|EP) is a composition of linear isomorphisms that depends
smoothly on p just because both ®|g, and W|g, are according to Lemma 10.5 of Lee.
Therefore (iii) is again satisfied. Hence by Lemma 10.6, E* has a unique topology and
smooth structure making it into a smooth manifold, with 7* : E* — M as projection, and
the set of (U, ®*)s as local trivializations. Hence in particular, ®* is a diffeomorphism.

]

Example 1.11 (Trivial Line Bundle). Let Rr = R — {0}. Let £ — R” be the bundle
defined by E =[] pein Ep, where E), is the line passing through p and the origin. Then
for every v € E,, we have v = £p for some real number £. Hence a global trivialization
of E can be given by

P(v) = ®(Ep) = (p.§) e R" xR

Example 1.12 (Tautological Bundle). Let n be fixed and let 1 < k < n. Then the
Grassmannian G(k, n) is defined by all k-dimensional subspace of R”. This is studied in
detail in [1, Example 1.36]. The tautological bundle E — G (k,n) is defined as follows:
The total space is given by the disjoint union of all pairs

E= ] ww

VeG(k,n),veV
with the projection map being 7 (V,v) = V.
Homework 1.13. Show that £ is a smooth vector bundle.

Solution. Let X € G(k,n) be a point. Let U be the set of all V' € G(n, k) such that
the orthogonal projection p onto X maps V' isomorphically to X. Then define the local
trivialization ® : 771 (U) — U x X by ®(V,v) = (V, p(v)). Then one can check that
conditions in Lemma 10.6 of Lee are satisfied. Hence E is a smooth vector bundle. [

1.3 Mobius Band and Fiber Bundle

The most intuitive definition of a Mébius band is defined as M = ([0, 1] x [—1,1])/ ~,
where (0, y) ~ (1,—y). The space M is endowed with the quotient topology. Let g :
[0,1] x [-1, 1] — M denote the quotient map. The disadvantage of this definition is that
it is hard to find a local chart for a point g(x) € M, where x € (0 x [—1,1]) U (1 x
[—1, 1]), thus making it difficult for us to give M a manifold structure. Therefore, a more

convenient way is to define
M = Rx[-11])/ ~

where
(x,y) ~(x+n,(=1)"y) nez.

In this way, for every x € R x [—1, 1], we can take a small enough chart (U, ¢) of x, such
thatg : U — ¢(U) is a homeomorphism. Then this gives a chart around ¢(x), and the
homeomorphism is given by

aly!

q(U) =% U S Rr2,

This makes M into a manifold.
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......

Figure 1.1: With previous definition it is hard to construct a chart near ¢(x) because we
can only find a chart ¢_ : U_ — ¢_(U-) C R* and a chart ¢/, : U_ — ¢/, (U}) C R*.
But when we identify the space, the chart is no longer injective. In this case, our problem
is solved since U/ is equivalent to U, . Hence we have a nice open set U, U U_ around
X.

Note that now the projection 7 : R x [-1,1] — S! defined by 7(x,0) = ¢ o
mr(x,0) = €2 ¢ S! induces a projection 7 : M — S! such that the following
diagram commutes:

Rx[-1,1] -5 M
|

JT]R\L : T
\y

This map  : M — S! actually leads to another important definition.

Definition 1.14. Let £, M, F be topological spaces and # : E — M be a continuous
surjective map such that for every p € M, there exists a neighborhood of p and a home-
omorphism ® : 771(U) — U x F such that the following diagram commutes:

W U) —25 UxF
\ lﬂu
U

then (M, E, F, i) is called a fiber bundle.

If we properly replace the word "continous" by "smooth", "topological space" by
"smooth manifold", and "homeomorphism" by "diffeomorphism" in the definition above,
we get the definition of a smooth fiber bundle.

Homework 1.15. Show that the Mébius strip (M, S, [-1, 1], ) is a smooth fiber bundle.

Solution. Since € o i1 is constant on each equivalence classes, it descends to a continuous
map 7 : M — S!. Since ¢ : R — S! defined by e(x) = ¢2™* is a smooth covering
map, for every x € S!, let us take U C S! that is evenly covered by ¢, and UcCR
be a component of e }(U). Since ¢ : R x [-1,1] — M is a local homeomorphism,
by choosing U small enough we can assume that g restricts to a homeomorphism from
U x [-1,1] to 7~1(U). Now, define ® = (¢ x idi—1,17) o ‘1|;ll(U)' This will serve as
our local trivialization. Then it is a rountine (and tedious) check that the diagram in the
definition of fiber bundle above commutes. 0
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Figure 1.2: The Mobius band is a smooth fiber bundle. A smooth fiber bundle is just
locally diffeomorphic to a product (in this case, locally diffeomorphic to S x [—1, 1] via
the local trivialization ®).



2 Tensors

2.1 Tensor Product of Vector Spaces

Let V", W™ be finite-dimensional real vector spaces of dimension n, m respectively. Let
V*, W* denote their respective dual vector spaces. Then we define the tensor product
V* ® W* to be the set of all bilinear functions o : V x W — R. This naturally gives
V* ® W* a vector space structure.

Note that if we choose w € V*,n € W¥*, then we can construct a bilinear map
w®n:VxW — Rby

(@ @ N(v. w) = w@)n(w)

forv € V,w € W. This is clearly a bilinear map, hence indeed w ® n € V* @ W*.
The next proposition shows that every element in V* ® W* can be written as a linear
combination of these tensor products.

Proposition 2.1. Let vy,...,v, be a basis of V and wy, ..., w, be a basis of W. Let
v!,...,v" denote the dual basis of V*, i.e., v'(v;) = &%, and similarly let w!, ..., w™
denote that dual basis of W*. Then v' ® w/ is a basis for V* @ W*, where 1 < i <
n,1 < j < m. In particular, dim(V* ® W*) = nm.

Proof. Leto € V* @ W*. Then it is easy to check that

o= Za(vi,wj)vi Q w’.

i,J

Hence we see that v' ®w” form a spanning set of V*® W *. To check linear independence,
suppose ), - a;jv' @ w/ =0 € V* ® W*. Then note that ) ; ; a;;v’ ® w/ (vg, w;) =
ay; = Oforalll < k <n,1 <[ < m. This shows linear independence of v ® w/,
completing the proof. [

Similarly, for real vector space V1, ..., Vi, one can define V* ® --- ® V¥ to be the set
of all multilinear functions o : V; x --- x V,,, —> R.

One might wonder how do we define tensor product of vector spaces V' ® W? This
can still be defined in terms of multilinear maps, via the following lemma from linear
algebra:

Lemma 2.2. For a finite dimensional vector space V, we have a canonical isomorphism

(V*)* = V.

Proof. The isomorphism ® : V' — (V*)* is given by ®y(w) = w(v) for v € V and
@ € V*. The proof that ® is an isomorphism is left as an exercise. 0
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Therefore, if we identify V' with (V*)*, via v — @y, we can define tensor product of
vector space V @ W to be all bilinear functions V* x W* — R. This can also be extended
to tensor product of multiple vector spaces.

Homework 2.3. Let V" be a finite dimensional real vector space, and let ey, ..., e, be
one of its basis, and ey, ..., e,y be another basis of V. For any w € V*, we can write
w = 0;0" = wj 07" where 6',07's are the corresponding dual basis. Find a relation
between the numbers w; and ;.

Solution. In this problem we study how vector and covectors transforms under change of
basis. Let A be a linear transformation that takes the ordered basis ¢; to the ordered basis
e;-. In index notation, we can write

e = Aljlei.
Now, for any vector u € V', we have that
u=u'e =ule; =u’ A’j,e,-.
Hence by linear independence, we get that
-/ _ j/ .
u/ = Aju'
where A{ AZ, = Si,. Now, for covector we have
o) = w0 (Wker) = wu' = Cl)j/uj/ = a)j/A{ u'.
Therefore, we get that (equating the third and the last expression and for each k let u’ = 1
fori =k and O foralli # k) w; —w;»A] = 0, which gives
w;r = A’j,w,-.
]

There is an alternative way of defining tensor products V' ® W of vector spaces V, W.
Let Z(V x W) be the free vector space generated by V' x W. That is, a general element
in this vector space is of the form ) . a; (v;, w;) for a; real numbers and v; € V, w; € W.
Then define an equivalence relation ~ on .% (V x W) as follows

(avl + bv2’ w) ~ a(Ul, w) + b(UZ,w)
(U,Cwl + de) ~ C(U, wl) + d(v’ w2)

a(v,w) ~ (av,w) ~ (v,aw)
where a,b,c,d € R and v, vy, v, € V and w, w, wo, € W. Then we define
VW=%VxW)/~.

Note that using this definition we can directly make sense of V* ® W*. To see that
the multilinear function definition is equivalent to this definition, consider a map F :
FV*QW?*)/ ~— V*® W*, where the RHS is the multilinear function space defined
previously, by mapping an equivalence class [, B] to F(a¢ ® B) € V* ® W*, defined as
follows:
Fla® p)v. w) = a(v)p(w).

Of course, one needs to check this is well-defined and is an isomorphism, which is easy
to do.
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2.2 Symmetric and Alternating Tensors

Now we can define mixed tensors. Denote

TWV)=7/(V) =V ---VV*®---V".

r s

Then T%¥(V) = ®FV* is the set of multilinear maps ]_[k V — R. Then we have two
types of important tensors: If o« € T%(V), then « is said to be symmetric if

a(Vy, ..., Vi) = (Vg (1)s -os Vo (k))

for any (vq,..., V) € ]_[k V and 0 € S;. Equivalently, one can define « to be the un-
changed by interchanging any pair of arguments. We say « is alternating if

a(vy, ..., vk) = sgn(o)a (Vg (1), ---» Vo (k))

for any (vq, ..., ¢) € ]_[k V and o0 € Sk. Equivalently, one can define « to be the tensor
that takes the negative of the original value by interchanging any pair of arguments.
Now, given any o € T%*(V), we can define its symmetrization .# () to be

1
5”(06)(1)1, ceey vk) = F Z Ot(v(,(l), vees vo'(k))
’ gEeSk

It is clear that .(«r) is a symmetric tensor. One can also define the antisymmetrization
() to be

1
A (@)W1, 08) = 1 D sgn(0)a (Vo(1): --nr Voth))-

' oeSk
Proposition 2.4. For any « € T%%(V), its antisymmetrization .27 () is alternating.

Proof. Let t € S and (vy, ..., V) € ]_[k V. Then we calculate

1
A (@) Ver). - Vo) = 5 > sgn(0)a (Voor(1): - Voor(k))

g€Sk

1 sgn(n)
>, a(Un(1)s -+ Vpk))

k! s sgn(7)
= sgn(7) A () (V1) -0 Ve())

where we made the substitution = o o v and we used sgn(n) = sgn(o)sgn(r). But
since sgn(t) = =1, so dividing by sgn(t) is the same as multiplying by it. ]

Now we may define
ANV = (QV*) ={o € V™ : o alternating}.

Theorem 2.5. Let V" be a n-dimensional real vector space. Then dim A" V* = (")
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Proof. Let vy, ..., v, be abasis of V and v!, ..., v" be the corresponding dual basis of V' *.
Then we claim that the set

A={%(vi'®---®vir):1§i1<i2<---<i,§n}

is a basis of A"V*, which proves the claim since this set has (’;) elements. Let 0 €
ATV* C ® V*. One can check easily that {vil ® @V 1 <iy iz, iy < n} is a
basis for ® V' (See Lee Prop.12.8). Therefore one can write

.....

Now, if iy = i; for some k # j, then &/ (v'' ® --- ® v'r) = 0. Therefore, the sum-
mand above will only be nonzero for those terms with distinct indices iy, ...,i,. Then
we can make all indices to be in increasing orders with costs of a plus or minus sign in
front. Hence this shows that A4 is a spanning set for A"V *. To show that A is linearly
independent, suppose

where [ runs over all r-tuples with increasing indices. Then apply both sides of the
identity let J/ = (J1, ..., j») be any increasing index. Then apply both sides of the identity
above to the vectors (vj,, ..., v;,) gives

Za;vl(vj) =ay =0.
I

Hence a; = 0 for all increasing J. This shows linearly independence. [

2.3 Wedge Product and Orientations

Definition 2.6. The wedge product A is a bilinear map A : ATV* x ASV* — ATTSV* by

|
A f) =aAB = (’rfsf)'d(a ® B).

Then we have

Theorem 2.7. The wedge product A is associative: o A (N AN E) = (w An) AE.

Proof. This is Lemma 14.10 and Lemma 14.11-(b) of Lee. L]
Now if we define A*V = @92, A" V*, then (A*V, A) is an associative algebra.

Remark 2.8. Note that if V" is of dimension 7, then AKV* = {0} for any k > n. To
see this, if we pick a basis vy, ..., v, of V, then a(v;,,...,v;,) = 0 for any @ € N
since « is alternating and since a tuple (i, ..., i) with values in just 1 to » must contain a
repeated index. Then by multilinearity, « = 0.
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Theorem 2.9. Ifo e N"V* andt € AN°V*, theno At = (—1)" 1t Ao.
Proof. This is Proposition 14.11-(c) of Lee. [

Definition 2.10. Let V" be a vector space and L : V' — V be a linear map. Then this
induces a map L(vy A --- Av,) = (Lvy) A+ A (Lvy).

Now, suppose that Lv; = ) j aij v;. Then we see that
Lwi A= Avg) =) (@] ai) (v, A-ovj,)
J

where J = (ji,..., jn) runs over all n-tuples where each entry takes value between
1,...,n. However, the previous theorem tells us that if J contains any repeated indices,
then v;, A --- Avj, = 0. Therefore we can in fact take J to run over all permutations of
(1, ...,n). Therefore the equation above actually becomes

Ly A Avg) = ) @] -al ™) woy A Vo)

oES),

= > sgn(@)@ ™ - al®) vy A A vy)

gES),

= det(aij)(vl Ao Avy).

Definition 2.11. Let V" be a vector space and let vy, ..., v, and wy, ..., w, be two basis
for V. Then these two basis are said to be equivalent if the linear map A : V' — V such
that w; = Av; has positive determinant, i.e., det A > 0.

Corollary 2.12. The two basis vy, ..., v, and Wy, ..., w, of V are equivalent iff
Wy A AW, =AUy A Avy)

for some A > 0.



3 Differential Forms

3.1 Differential Forms on Manifolds

Definition 3.1. Let ¥ : E — M be a vector bundle. A mapo : M — FE is called
a section of E if m o 0 = idys . The section o is called said to be a smooth section if
o0 : M — E is a smooth map between smooth manifolds.

locally

EXMxR"

-
O(M)MM

Figure 3.1: Image of a smooth sectiono : M — E.

As an example, it is clear that a smooth vector field X € X(M) is a smooth section of
the tangentbundle X : M — TM.

Now let M™ be a smooth manifold. Define T*T*M = Hpem ®k(T;M) to be
the bundle of covariant k-tensors on M (More details in Chapter 12, p.316 of Lee).
There is a natural induced chart (U, @) of T¥T*M associated to the chart (U, ¢). There
is an obvious projection 7 : T¥T*M — M, solet U = n~'(U). Then write every
o€ TET*M as

o= Zéil...ikdxi‘ ® - Q dx'

where the indices are summed over. Then the map

$(0) = (9((0)). &) € R" x R™

will be a chart map. It can be shown that such collections ((7 , @) satisfies the smooth
manifold chart lemma (Lee Lemma 1.35), hence this is a smooth manifold structure on
TET*M.

Now, we consider a subset of 75T *M consisting of alternating tensors:

ANT*M = [ [ AR M).
PEM
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Then one can verify the condition of Lemma 10.32 of Lee, which implies that AKT* M is
a smooth subbundle of T¥T*M , hence is a smooth vector bundle of rank (Z) over M.

Definition 3.2. A section of AKT*M is called a differential k-form. The integer k is
called the degree of the form. We denote the space of smooth k-forms by Q¥ (M).

Proposition 3.3. Let M be a smooth manifold and let (U, ¢) be a chart of M with coor-
dinates x’. Then a form w € Q¥ (U) can be written as

w = Zéil...ikdxi‘ Ao Adx
where §;,..;, : U — R. Then w is smooth iff all the coodinate functions &;,...;, are smooth.

Proof. The chart W from AKT*U — o(U) x R() is defined by

WO &y dx™ A A X () = (9(p), Biyeiy) € 9(U) x RE.

Therefore we have a commutative diagram:

U —2 5 AkFT*U

] |

p(U) —— o(U) xR
Therefore, we see that

B(x) = Powop™ (x) = (X &j-iy (97 (%))

Since ¢! is a diffeomorphism, we see that w is smooth iff @ is smooth, which is equiva-
lent to smoothness of coordinate functions &;,..;, : U — R. ]

Corollary 3.4. If (U, ¢, x') and (V, ¥, y') are two overlapping smooth coordinate charts
on M", then the following identity holds on U NV :
P i
dy' Ao Ady™ = det(a—yj)dx1 Ao Adx® =J (W op ) opdx! A Adx"
X

Proof. p.281 of [1] gives a formula of the differential dy’ in terms of dx*, which is
dy’ = %d x!. Then the discussion in the previous chapter gives the desired formula. [

3.2 Orientations of Manifolds

Definition 3.5. A smooth atlas A of a smooth manifold M is called an orientation atlas
if the following holds true: For all (U, ¢, x*) and (V, ¥, y/) in A such that U NV # @,
we have

J(ogp™ =det(8yl) >0

ox/
for all x € U N V. A maximal orientation atlas is called an orientation. A manifold M is

said to be orientable if an orientation exists. An oriented manifold is a manifold with a
chosen orientation.



3.2. ORIENTATIONS OF MANIFOLDS 18

Theorem 3.6. An n-dimensional manifold M is orientable iff M admits a nowhere van-
ishing n-form w.

Proof. Let w be a nowhere vanishing n-form on M. Then for each chart (U, ¢, x') there
exists a nowhere vanishing function f # 0 such that o = fdx! A --- A dx™. We can
always take such a chart near each point so that f > 0, otherwise we can replace x!
by —x!'. Now suppose (Uy, ¢y) and (Ug, g) are two such charts. Then suppose =
fdxy Ao Ndxly = gdxp A--- A dxj where f, g > 0. Then

0<g=w® .. 00 =J(psoe;Hw(®d,..0") = J(pso;") f

So J(pgow,')=g8/f >0.
Conversely, let A be an orientation. For each local chart Uy, we consider the form
wy = dx, A--+ A dx. Pick a partition of unity p, suboridnate to the open cover U,.
Then consider the n-form
w = Z PoPq -
o

We claim that w is nowhere vanishing. For each p € M, there is a neighborhood U of p

such that the sum ), pywq reduces to a finite sum Zle piw;. It follows that near p, one
has

®@}....00) = Y _ J(gi o9y )pi > 0.
This shows that w is nowhere vanishing. [

With this theorem in mind, we can formulate the following (equivalent) definition:

Definition 3.7. We shall say M is orientable if it is possible to define a smooth n-form
on M which is nonvanishing, in which case M is said to be oriented by the choice of w in
the following sense: Two nonvanishing n-forms @ and n on M induces two orientations
as shown by the previous theorem. We call those two orientations equivalent iff ® = fn
for some smooth function f that is positive everywhere.

Theorem 3.8. Every connected orientable smooth manifold has exactly two orientations.

Proof. Let M be a connected smooth orientable manifold. By the previous theorem,
there exists a nonvanishing n-form w on M. Any other choice of orientation will induce
a nonvanishing n-form n on M. Since @ = fn for some smooth function f : M — R
such that f(p) # O forall p € M, then f(M) C R is a connected subset which does
not contain 0, hence f is either always positive or always negative. If f > 0, then w
and 7 induces the same orientation at 7, M for each p € M, hence they induce the same
orientation. Therefore assume f < 0 and w, n induces different orientations on M. Then
any other orientation will induce a non-vanishing n-form 7 such that T = gw for some
smooth function g € C*(M). So g > 0 or g < 0, in which case t induces the same
orientation as w or 1 does. U
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3.3 Pullback and Exterior Differentiation

Let M" be a smooth manifold, and let % (M) denote the set of smooth k-form on M, or
equivalently Q% (M) = C®°(AKT* M), which is the set of all smooth sections of AKT* M.

Definition 3.9. Let F : M — N be a smooth map. Recall that Fy, : T,M — T,N
is given by F,,(v)(f) = v(f o F) forb € T,M, f € C*(N). Then its dual map

F: lef(p)N — T, M is called the pullback of F at p.

If w € Q¥(N), then we can also define the pullback F*w € Q¥(M) given by
(F*w)p(v1, es V&) = OF(p)(Fxp(V1), «vs Fip(Vk)).
Using this definition, we have the following easy observation:
Lemma 3.10. Suppose F : M — N is smooth. Then
(a) F*: QFK(N) - QK(M) is linear over R,
(b) F*(w Am) = (F*w) A F*(n).

(c) In any smooth chart, we have that

F* (Z wrdy™ A A dyik) =) (wro F)d(y" o F) A---Ad(y* o F).
1 1

The exterior derivative d is amap d : QK(M) — QK+ (M) for each k, constructed
as follows: Let w € Q¥(M). Then in a local chart (U, ¢), we may write

w = E wrdx!
1 <..<ig

where w;’s are smooth functions U — R. Then we define

wy . -

_ 1 __ I

dow = | E | dwy Ndx" = | E | D dx’ | Adx (3.1
1 <...<ig 1 <...<ig J

Ow;. ... oL ) . .
= E E %dx’ AdX"Y A AdxtE.
. . - dxJ
i <..<ig J

(3.2)

Note that this definition (potentially) depends on the chart we choose. But it turns out that
this definition is independent of charts.

Proposition 3.11. Let d : Q¥(M) — QK1 (M) be an operator that satisfies the follow-
ing properties:

(i) d is linear over R.
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(ii) Forany w € QK(M),n € QY (M), wehave d(w A1) = dw A+ (=D w A dn.

(iii) d? = 0.

(iv) For f € Q°%(M) = C®(M), df is the differential of f, given by df (X) = X .
Then d exists and is unique. Moreover, in any smooth coordinate chart, d is given by [3.1]

Proof. First, suppose M = R”. Then for ® € Q¥ (R") we define its exterior derivative to
be

d . ) .
d(E a)deJ) = E dwydx’ = E ( aw.de’) AdxIUA - A dxIE,
xl
7 7 i

J

Then one can check that d defined in R” satisfies the properties (i)-(iv). Moreover, one
can check that if F : U — V is a smooth map in Euclidean space, then we have

F*(dw) = d(F*w) (3.3)

the detailed calculation is in [1, Proposition 14.23]. Now for a general manifold M, we
first show the existence of d. Let w € Q%(M), and we define d on chart (U, ¢) by

do = ¢o*d(¢™ " w).

This is well-defined, since for any other chart (V, /), the map goy ! is a diffeomorphism.
Hence by [3.3 we have

(poy™)de " w) =d((poy )¢ "0) =dy ™" w).

Therefore, multiplying both sides by ¥*, we get that *d(¢ " w) = y*d(y *w). It
follows quite easily from the calculation in R” that this definition satisfies (i)-(iv).

Next, we prove uniqueness. Suppose d is any operator satisfying (i)-(iv). We claim
that if w,, w, € Qk(M) such that w; = w, on an open set U C M, then dw; = dw, on
U. To see this, let p € U and n = w; — w,. Let y € C°°(M) be a bump function that
is identically 1 on some neighborhood of p and supported in U. Then ¥7 is identically
zero. So (i)-(iv) implies that

0=d(yn) =dy An+ ydn.

Evaluating this at p using ¥ (p) = 1 and dy/, = 0, we have that dw;|, — dw,|, =
dn, = 0.

Now let w € QK(M) be arbitrary, and (U, ¢) be a smooth chart on M. Write v =
Y, wrdx! on U. For any p € U, by means of a bump function we can construct global
smooth functions @7, X' that agrees with w7, x’ in a neighborhood of p. By virtual of
(1)-(iv), we see that dw has to have the expression of at p: More detailed explanation
can be found in [3, p.221]. Since p is arbitrary, this d must be everywhere equal to the
one we defined locally by [3.1] 0
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Proposition 3.12. If F : M — N is a smooth map, then for each k, the pullback map
F* : Q¥(N) — Q¥(M) commutes with d: F*(dw) = d(F*w). In other words, the
diagram below commutes:

Qk(N) —E 5 Qk(M)

a| It

Qk—H(N) T) Qk+1(M)

Proof. We first claim that for any f € C*°(N), we have F*(df) = d(f o F). Thisis a
simple calculation:

F(dfrp)(v) = dfrp)(Fep(v)) = (Fip()(f) =v(f o F) =d(f o F)p(v).

Next, since d is local, for any w € QF (N), we can restrict to local charts (V, ¥, x') of M
and (U, ¢, y’) of N such that F(V) C U. Let

= L J1 A L. Jk
a)—Za)Jl...Jkdx A Adxdk,
J

Then . .
do = Zdwjl...jk AdxTV A AN dxTE,
J
Hence
F*(dw) =) F*(dwj,..;,) A F*dx") A+ A F*(dx'*)
J
=Y d(@j,.jy o F) nd(x" o F) A+~ Ad(x/ o F).
J
Next,
Fro = Z(a)jl"'jk o F) A F*dx/' A+« A F*dx’x
J
=Y (@jjy 0 F) Ad(x" 0 F) Aw- Ad(xP 0 F).
J
Therefore,

d(F*w) = Y d(@),..j, o F) Ad(x" o F) A-+- Ad(x% o F) = F*(dw).
J

This completes the proof. ]

Theorem 3.13. Let F : N" — M" be a smooth map, and let o € Q"(M). Let
(U, @, x"), (V, ¥, y7) be two charts. Suppose @ = hdy' A--- Ady™ on (V, y7). Then the
following holds on U N F~Y(V):

F*o = F*(udy' A--- Ady™) = (u o F)(det Fy)dx' A--- A dx".
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Proof. We have shown in the previous proof that
F*(udy' A~ Ady") = (uo F)d(y' o F) A--- Ad(y" o F).

Now how does the one form d(y’ o F) relate to dx*’s? By the way how 1-forms transform
(p-281 of Lee’s Smooth manifold), we have that

3(yjowoF0(p_1) - aF7
. dx' = —dx*
dx! dx!

d(yj oF)= d(yj oY oF)=
Therefore, we see that

AF1  9Fn"

ale a_xjn

F*(udyl/\---/\dy"):(MOF)< )dxj‘/\---/\dxj”

AF/
= (u o F)det (—.)dxl Ao Adx"
ax!
= (uo F)(det Fy)dx" A--- Adx".
This completes the proof. ]
We conclude with an invariant formulation of exterior differentiation:

Proposition 3.14. Let w € Q(M). Then there holds, for smooth vector fields, X,Y €
X(M),
do(X,Y) =Xo(Y)—-Yo(X) —o(X,Y]). (3.4)

Proof. Since w is local and linear and the commutator is multilinear, it suffices to prove
the statement for X = d/0x*,Y = 9/0dx’ on a chart. Writew = >, frdx*, then

5
do =3 dfi ndx* =Y 8—f;dxl A dx*.
k k,l

Therefore,

Jd 0
d Zodx' A d - —
w(ax‘ Bxl) Zaxl A (8x’ 8x1)

afk k gi
R (8185 — 55 8%)

_ 3fj _0fi

axi  ox/’

One can check that this is equal to the right hand side of [3.4] applies to the vector fields
X =0;,Y = 0;. This concludes the proof. O



4 Integration of Differential Forms

4.1 Basic Definitions and Properties

Let M™ be an oriented smooth manifold (i.e. orientable and has a chosen orientation).
We want to define integral of an n-form on M. First, assume w is a compactly supported
n-form, i.e., o € Q7(M). Further assume that the support of w is contained in a single
chart (U, ¢) of M. Then we define the integral of v over M as

/ w = i/ (e H*w 4.1)
M eU)

where the expression on the right hand side is in R”. And if ¢ is positively oriented, i.c.,
the coordinate frame (3/0x") is a positively oriented basis for each tangent space, then we
choose the plus sign in the expression above. If ¢ is negatively oriented, then we choose
the minus sign in the expression above.

We should be more explicit about the definition above. Let n € Q"(D) where D C
R”. Then using the standard coordinate (x!, ..., x") of R”, one can write

n=gx' ... x")dx" A Adx"

for some continuous function g : D — R. Then we define the integral of n over D to be
/ n= / g(xt, . xMydx Ao Adx" = / g(xt, . xM)dx - dx".
D D D

Then, we can now write (#.1I) more explicitly. Suppose that on the chart (U, ¢, x'), we
have that
o= fdx"A---Adx"

for some smooth function f : Suppw C M — R. Then the pullback formula gives
(recall that on manifolds, the coordinate function x’ is really x’ o ¢):

(0™ D0 = (e )" (fdx' A--- A dx")
=(fop Nd(x'opop ™ ) A--Ad(x"0opop)
= (fo@)dx" A--- Adx"

where the last expression is a differential form in a subset of R”, and x!’s are coordinate
functions in R”. Therefore, using the definition of integral in R” above, we can rewrite

@) as
/ w = :I:/ (@ H*(fdx' A~ Adx") = :I:/ (f oo Hdx'---dx".
M M o)
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One needs to check that this definition is indepent of charts chosen. First, recall the
change of variable formula in R":

Lemma 4.1. Let F : U — F(U) be a diffeomorphism between subsets of R". Let
J(F) = (3F'/dx7) denote the Jacobian of F. Let (y’) denote the coordinate systems in
F(U) and let (x") denote that of U. Then we have, for an integrable function f,

fdy'---dy" :[(foF)|J(F)|dx1~--dx".
F(U) U

Proposition 4.2. The definition of integral above does not depend on which chart we
choose.

Proof. We only need to check the case for positively oriented charts, since the other cases
will follow exact same calculation, except we will get a minus sign when computing
Jacobian determinants. So suppose (U, ¢, x') and (V, ¥, y/) are two intersecting charts
such that Suppw C U N V. And suppose

o= fdx' A---Andx" = hdy' A--- Ady".
Then the transformation for dx’ into dy”/ gives the relation

o =hdy' A Ady"
1 n
:h(ay LDy

dxi1 Ox'in

)oq)d)ci1 Aee Adx™

:hdet(ay )oq)dxl/\---/\dx”

ox/

where in the last step, we reorder every dx'' A ---dx' into dx! A -+ A dx", at a cost of
asgn(o) where o (iy, ..., i,) = (1, ...,n). But that with the partial derivatives combined is
exactly the determinant of the matrix (ay’ /ox’ ) Therefore, the expression above gives

ay’
= det . .
f ( 5 ) op
Now, since ¥ o~ is a positively oriented chart, we have that J (1 op™1) > 0. Therefore,
we have that

/ (how_l)dyl.,-dy":/ hO\ﬁ_lO(lﬁ0§0_1)|J(1ﬂ0§0_1)|dx1---dx”
v (V) o(U)

:/ hol/f_lo(wO(p_l)J(wogo_l)dxl---dx”
oU)

0 i
Z/ (h-det( y,)O(p)ogo_ldxl...dx"
o(U) dx7

:/ (fogp_l)dxl---dx".
oU)

Therefore, this definition is indeed independent of coordinate charts. Note that we may
assume (V¥ o ¢~ 1) (@(U N V)) = ¥ (V) since Supp w is contained in U N V, so outside
of ¥ (U N V) the integration gives zero. O
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Now suppose that w € Q72(M). Let (U;,¢;) be positive charts and let (p;) be a
partition of unity suboridnate to the open cover (U;) of M. Then we may write

w = Zpiw = Za)i.
i i

Since Supp w is compact, it intersects finitely many open cover (U;)’s. Hence we really

have a finite sum
m
w = E w;j .
i=1

Then we define the integral of @ over M to be

/Mw - i:il/Mwi.

Proposition 4.3. This definition is independent of which partition of unity we choose.

Proof. Let (n;) be a partition of unity subordinate to another set of charts (V;, ;). So
w = )_njw. Note that we can write wp; = }_;(wp;)n;. Thus we can swap the sums
since they are finite. Therefore, we have that

ln- oL () Do

Hence this definition is indeed independent of the choice of partition of unity. 0
Some properties are immediate:

Lemma 44. [, (aw + by) = a [, 0 + b [}, n. Also, if @ is a positively oriented
orientation form, then | @ > 0.

Proof. See [1], Proposition 16.6. OJ

Theorem 4.5 (Integration and Orientations). Let M"™ be a smooth manifold and w €
QI(M).

(a) If —M denotes M with the opposite orientation, then

fu=he

(b) If F : N — M is a diffeomorphism, then

/a)::I:/F*a)
M N

where the & depends on whether F is orientation preserving or reversing. We say F
is orientation preserving if for each p € N, the isomorphism Fyp, : T,N — T,M
takes positively oriented bases of T,N to positively oriented bases of T,M, and
say F is orientation reversing if it is not orientation preserving.
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Proof.  (a) Let (U, ¢, x") be a positively oriented chart of M containing Supp w. Then
since —M has opposite orientation of M, this would be a negatively oriented chart.
A positively oriented chart on —M containing Supp @ would be (U, v, y/), where
Vv =Togand T : R" — R" is defined as T (x!, x2, ..., x") = (x2,x!, ..., x").
Then suppose @ = fdx'A---Adx™ = hdy' A---dy". By the previous calculation,
we have that

i —1yi i
f=h-det(8y.)owzh-det(m)o¢:h-det(aT )O(pz—h.

ox/ ox/ ox/

Then by the change of variable formula, one sees that

/ o= /w L

v (U)
=/ (hoy )y dy"
v (U)
=/ (hoy" oy og (W o )dx---dx"
eU)
:/ (hog Vdx! - dx"
o)

:_/ (f 0@ NYdx!---dx"
oU)

- _/«J(U)(gg_l)*w - _/M ”

Note that we have used the fact that |J(y o ¢~ !)| = |J(T)| = 1. This proves (a).

(b) Suppose F is orientation preserving, and (U, ¢) is a positive chart of M such that
Suppw C U. Then we see that (F*w)x(vy, ..., v,) # 0implies 0 (x) (Fx(V1), ..., Fx(vy)) #
0, which implies that w # 0 at F(x). Hence F(Supp F*w) C Suppw C U. There-
fore Supp F*w C F~'(U). Since F is orientation preserving, then (F~}(U), ¢ o
F) is a positively oriented chart of N containing Supp F*w. Thus

[ Fo=[ lwerrrr
N oU)
:/ (FoF_1 o<p_1)*a) :/ (90_1)*0) :/ w.
o) oU) M

If F is orientation reversing, then (F~!(U), ¢ o F) is a negatively oriented chart of
N containing Supp F*w. Hence by the definition of the integral, we have

/N Fro = - / ROTLRREES / = /M 0

from the previous calculation. This proves (b).
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Remark 4.6. The previous theorem says that if ' : N — M is a diffeomorphism, then
we have || yFfo ==+ [,y @- Using the pullback formula we obtained from Theorem
[3.13] we see that when N and M are Euclidean spaces, then this statement is just a
reformulation of the change of variable formula Lemma [4.1] This formulation is more
concise and elegant. However, we should not think that Lemma @ as a consequence of
this statement. Remember that the whole theory of integration on manifolds is built on
integration on R” at the first place. Also, recall that in the proof of the previous theorem,
we used the change of variable formula. It would be useful, however, to use this more
concise statement as an aid to remember the change of variable formula in R”.

4.2 Manifolds with Boundary and Boundary Orientation

We denote the n-dimensional upper half-space H" = {(xl, X)) e R X" > 0}. An
n-dimensional manifold with boundary is a second-countable Hausdorff space M in
which every point has a neighborhood U homeomorphic to an open subset in H”" via
achartmap ¢ : U — @(U) C H". A point p € M is called an interior point of M
if it is in the domain of some chart (U, ¢) such that ¢(U) N dH" = @. We call such a
chart an interior chart. We say p € M is a boundary point if it is in the domain of some
boundary chart (V, V), i.e., a chart with (V) N dH" # @. The boundary oM of M
consists of all boundary points of M.

Figure 4.1: A manifold with boundary. An interior point and a boundary point is shown.

A smooth structure on a manifold M with boundary is defined similarly to our pre-
vious construction of smooth structure on a manifold. A map f : U — R¥ where U is
a subset of H” is said to be smooth if it admits a smooth extension to some open subset
V' C R” that contains U. We define a smooth structure on M to be a maximal smooth
atlas, smooth in the sense that the chart transition maps are smooth as defined above.

The following theorem is Theorem 5.11 of [[1], whose proof is omitted here:

Theorem 4.7. If M is a smooth manifold with boundary, then with subspace topology,
oM is a topolpgical (n — 1)-manifold without boundary, and has a smooth structure such
that it is a properly embedded submanifold of M .
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Definition 4.8. Let M be a manifold with boundary and let p € M. A vectorv € T,M
is said to be inward-pointing if v ¢ T,(0M), and there exists some ¢ > 0, a smooth
curve y : [0, &] — M such that y(0) = p and y’(0) = v. A vector v € T, M is said to be
outward-pointing if —v is inward pointing.

xn
\‘\p e(p) x!,... x"—!
T, M ZT,,aM

Figure 4.2: An inward-pointing vector N € T, M.

Lemma 4.9. Suppose M is a smooth manifold with boundary,p € OM, and (U, ¢, x")
is a chart containing p. Then the inward-pointing vectors v = v'd/dx" in T,M are
precisely those with v"* > 0, the outward-pointing ones are those with v" < 0.

Proof. Let p € OM . Suppose v € T, M is an inward-pointing vector. Then v ¢ T,(IM)
and there exists a curve y : [0,&] — M such that y(0) = p, y’(0) = v. Then under the
coordinate basis, we have that

_ ia ) _d((poy)i 0
v=vas =y =—0— 055

We claim that since v ¢ T,(0M), then v" # 0. In fact, we will show that v € T,(0M)
iff v" = 0: Suppose v € T,(dM). Then by [1]] Proposition 3.23, there exists a curve
n :[0,e] = M such thatn € dM and 1'(0) = v. Then under the chart (U, ¢), we see that
a portion of 7([0, €]) near p is mapped to dH". Hence (¢ o n)"(¢) = 0 for sufficiently
small ¢ by definition. Therefore we see that v" = d(¢ o n)"/dt|;=¢ = 0. Conversely, if
v" = 0, then consider 7 : [0, ] — H" defined by 7' (t) = v'(¢) + ¢"(p). Then it is easy
to check that the curve n = ¢! o 7} : [0,¢] — M satisfies n(0) = p, n'(0) = v. Since
1 C 0H", we have n C dM . Therefore v € T,(dM).

Now that we argued since v ¢ T,(dM), we have v" # 0, then we must have (¢ o
y)*(t) > 0 forall + > 0, otherwise d(¢ o y)"(t)/dt|;=0 = v" will be zero, which is a
contradiction. But then this shows that v > 0 since

digoy)' @), .. (pop)"(0)—¢"(p) .. (poy) ()
— ;=0 = lim = lim ————~ > 0.
dt t—0+ 4 t—>0+t t

Conversely, suppose that v = v'd/dx’ with v” > 0. Then by our argument above
v ¢ T,(IM). Consider the curve y : [0,6] — H" defined by 7' (1) = v't + ¢'(p).
Then it is easy to check that y = ¢~ 1oy : [0,e] — M satisfies y(0) = p,y’(0) = v.
Hence v is inward-pointing. The outward-pointing statement follows immediately from
definition. 0
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Theorem 4.10. If M is any smooth manifold with boundary, there is a smooth outward
pointing vector field along OM .

Proof. Cover a neighborhood of dM by smooth boundary charts (U, ¢y). In each such
chart,
d
ax"
is a smooth vector field along dM N U,, and is outward-pointing by the previous lemma.
Let (py) be a partition of unity subordinate to the cover (dM N Uy), of 0M, and define a
global vector field v along dM by

Vg = lomnu,

V= Zpava.

Clearly v is a smooth vector field along dM . To show that v is outward-pointing, let (/)
be any smooth boundary coordinate in a neighborhood of p € dM. Because each v, is
outward pointing, it satisfies dy”(vy) < 0. Hence

V' =dy"(v) = ) pady” (va) < 0.

This concludes the proof. O

Now we define, for an oriented manifold M, its boundary orientation on oM . In non-
rigorous terms, an orientation on dM is a consistent choice of orientation at each 7, (dM).
Let N € T, M be an outward pointing vector at 0M. Let (E;, ..., E,—1) be an ordered
basis of T, (0M). We define this basis to have positive orientation iff (N, E, ..., E,—) is
a positively oriented basis of 7, M.

More rigorously, let w € Q"(M), and let N be an outward-pointing vector field on
dM . Then define i3, (N — w) € Q"1 (M) by

L;M(N — a))p(vh ceesy Un—l) = a)((LBM)*(Np)7 (laM)*(vl)» ceey (LBM)*(vn—l))
where 5y : 0M — M is the inclusion map, and vy, ..., Vp—1 € T, (M).

Proposition 4.11. If w is an orientation form on M, then ¢}, (N — ) is an orientation
form on 0M .

Proof. Denote 0 = 13,,(N _ w). Then o € Q"~'(dM). It will follow that o is an
orientation form on dM if we can show it never vanishes. Given a basis (Eq, ..., E,,—1)
of T,(dM), the fact that N, ¢ T,(dM) implies (N, Ey, ..., E,—1) is a basis for T, M.
Therefore

Cfp(El, ceny En—l) = (l)p(Np, El, ceey En—l) 75 0

since w, is non-vanishing at every p, and if w, is zero on a basis, then a multilinear-
argument would show that w, = 0. We also used the fact that ¢, is just restriction to
vectors tangent to M. Since o, does not vanish and p is arbitrary, o is an orientation
form. Moreover, since 0(E1,...E,—1) > 0iff ,(N,, E1, ..., E,—1) > 0, the orientation
determined by o is exactly as described in our informal statement.
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It remains to show that this orientation is independent of the choice of N. Let (x?)
be coordinate of a boundary chart near p € M. If N and N are two different outward-
pointing vector field on dM, then both (N, 9y, ..., 9,—1) and (Np, d1, ..., 0,—1) are bases
for T, M , and the transition matrix between them has determinant given by N"(p)/ N™(p)
0. Thus both bases determine the same orientation for T, M . Hence both N, N determines
the same orientation for 7,(dM ). ]

Corollary 4.12. Let 0H"™! be equipped with the induced orientation when H" itself has
the standard orientation inherited from R". Then we can identify 0H™ with R"~!. But the
induced orientation agrees with the standard orientation on R"™! only when n is even.
That is,

OH" = (=1)"R""".

Proof. The standard orientation on R"~! is positively oriented for dH" iff the ordered
basis [—0d,, d1, ..., 0,—1] is a positively oriented basis for R”, where —d,, is an outward-
pointing vector field of H". Note that

[=0n, 01, ... On—1] = —[9p, 01, ... 1] = (=1)"[01, ..., Dn].

This concludes the proof. [

4.3 Stokes’s Theorem

Theorem 4.13 (Stokes’s Theorem). Let M" be an oriented manifold with boundary, and
w € Q'Y (M). Then let M to have the induced boundary orientation. We then have

that
/dw=/ Ly @-
M oM
/dw=/ . 4.2)
M oM

Proof. First suppose M = H". Since w is of compact support, choose R > 0 such that
Suppw C [—R, R]"™! x [0, R] =: A. Write w in standard coordinate as

More concisely, we can write

n
w = Za)idxl Ao AdXE A A dx"
i=1
where the hat means that dx’ is omitted. Therefore,

n

dw :Zdwi/\dxl/\---Adxi/\---Adx”
i=1
n

0 i : -
= Z wjdxf/\dxl/\---/\dx’/\---/\dx"




31 CHAPTER 4. INTEGRATION OF DIFFERENTIAL FORMS

We can change the order of integration in each term so as to do the x’ integration first. By
the fundamental theorem of calculus, the terms for which i # n reduce to

Z( 1y~ / [ fR 008 () - dx”
- Z(—l)H/O /_R/z g”l’ ()dx'dx' - dx - dx"
= Z( )i~ 1/ / / [wi ()52 (=R rdx' cdx - dx" = 0,

because we have chosen R large enough such that @ = 0 when x* = £ R. The only term
that might not be zero is the one for which i = n. For that term we have

/H” do = (—1)"" 1/ /‘ /R awn(x)dx”dxl...dxn—l
= (- /_R.../_R [0 ()58 dx! - dx"!

R R
=(—1)”/ / wn (x' . X" 0)dx! - dx !
~R ~R

because w, = 0 when x” = R. To compare this to the other side of (4.2)), we compute as
follows:

w = Lxho dx A Adxt A AdXT
=2 [ )

Because x” vanishes on dH", the pullback of dx” to the boundary is identically zero.
Thus, the only nonzero term is the one for which i = n, which becomes

/ a)=/ a),,(xl,...,x"_l,O)a’xl/\---/\a’x"_1
o0H" ANOH"N

= (—1)”/ o, (x, . x" 0)dx! - dx!
ANOH"

which is equal to || yn dw. Note that in the last step we used Corollary

Next we consider another special case: M = R”. In this case, the support of w is
contained in a cube of the form A = [—R, R]". Exactly the same computation goes
through, except that in this case the i = n term vanishes like all the others, so the left-
hand side of (#4.2) is zero. Since M has empty boundary in this case, the right-hand side
is zero as well.

Now let M be a smooth manifold with boundary, ® € Q"~!(M) whose support is
contained in a single chart (U, ¢). WLOG assume this chart is positively oriented. The
definition yields

/ do= [ (o) do = f do o) = [ (@)
M Hn" H" oH”"
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from the calculation above, where dH" has the induced orientation. Since ¢, takes
outward-pointing vectors on dM to outward-pointing vectors on H", it follows that ¢ |ynam
is an orientation preserving diffeomorphism on ¢(U) N dH", and the expression above is
equal to |, ap @- For an interior chart, we get the same computations with H" replaced by
™. This proves the theorem in this case.

Finally, let o € Q"~!(M) be arbitrary. Choose a cover of Supp @ by finitely many
domains of positively oriented smooth charts (U;);, and choose a subordinate smooth
partition of unity (v;);. We can apply the argument to ;@ for each i and obtain

/aMwZXi:/aMw"w:Z/Md(%w)=Xi:/Md%Aw+xp,~dw

:/Md(;%)Aw/M (lZwi>dw=o+/de

because ) ; 1 = 1. This completes the proof of Stoke’s theorem. [l

Example 4.14. Read Example 16.12 and Theorem 16.17 of [1]] to see how Stokes’s the-
orem can be applied to obtain the fundamental theorem of line integrals and Green’s
theorem. This site also contains a derivation of the classical Stokes’s theorem and the
divergence theorem in R? using Stokes’s theorem.

4.4 De Rham Cohomology

Now that we have defined exterior differentiation operator d : QK(M) — Q*¥T1(M), we
recall that d> = 0. This means that Im d |qx+1(ar) C Ker d |k () for all k. Therefore, we
have a sequence of cochain complex, i.e. a sequence of abelian groups with ascending
index with a sequence of maps d connecting them such that d? = 0:

QM) S Q' (M) S Q2(M) S - k() S k(M) S
Then we define the kth de Rham cohomology group of M by

Kerd|gery  Z¥(M)
Imd|gi-1ay B¥(M)

HZICR(M§R) =

Therefore, this group is a quotient of closed k-forms Z k (M) ,ie., dw = 0, by the exact
k-forms BX(M), i.e., w = dn for some n € Q¥~1(M). Then

H;R(M) = @ HcIICR(M)
0<k<dimM

is aring with wedge product as multiplication operation. Now we calculate HC?R and H C} R
of S1:

Proposition 4.15. H9,(S') ~ R.


https://personal.math.ubc.ca/~CLP/CLP4/clp_4_vc/sec_unified.html
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Proof. Since H),(S") = Z°(S")/B°(S') = Z°(S") which is the set of closed 0-forms
on S':ie., f € C®(S') such that df = 0. Hence these are all constant functions with
value in reals. 0

To calculate H ‘} r(S 1), we need the following lemma:
Lemma 4.16. Let o € Q'(S1). If [¢1 @ = 0, then w is exact.
Proof. Assume [¢; @ = 0. We define, for every p € S' — {(1, 0)}, the function f(p) =

fyp w, where y, : (0,0) — S!is the curve that starts at (1,0) € S! and ends at p,

where we take U to be the open set S' — {(1,0)} and consider the chart (U, ¢, ) where
¢ 1(¢) = (cos¢,sing) for ¢ € (0,27). Then we denote ¢! (®) = p. We can even
be more specific and define y, : (0,0) by y,(¢) = ¢~'(¢) = (cos¢,sin¢) for any
¢ € (0, ®). This is shown in the figure below:

Sl

p

It can be shown that we can extend f to a function f : S! — R that is well-defined
and smooth (exercise below) by setting f(1,0) = 0. In particular, f is smooth at (1,0).
Then we claim that @ = df, hence proving exactness of w. Write @ = nd6 with chart

(¢.6). Then note that noy(¢) = nop~'(¢) and oy, (¢) = Hopop™!(¢) = 0(¢) = ¢
where we untangled the abuse of notation where # : S' — R is really 6 o ¢! for

6 : (0, ®) — R which is the coordinate function on (0, ®) by O(¢) = ¢.

w = vy (ndf) = (noyp)d(@oy,) = ®(77 o ™) (¢)d.
R L J

Therefore, we see that

®
(f og™)(©) = / (o™ ($)dg. 43)

Fundamental theorem of calculus applied to (4.3) and the definition of differential (exte-
rior derivative) gives

df:%d@:(

I(fop™)

53 ow)d@:(UO(p—lo(p)dQ =ndf = w.

This shows that df = w on U = S! — {(1,0)}. The next exercise shows that this must
be true globally for a function f : S' — R that is a smooth extension of U, hence the
proof of the lemma will be completed. 0
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Homework 4.17. Show that f defined in the previous lemma is well-defined and smooth.

Solution. In the proof of Lemmald.16] we have already seen how to define f on U =
S1—{(1,0)}. Smoothness of f on U follows from (#.3), fundamental theorem of calculus,
and the fact that nog ™! is smooth, for it is the composition of two smooth maps. Similarly,
we can consider the chart V = §' —{(—1, 0)} together with the chart ¢ on V — (—m, )
given by ¥ ~1(¢p) = (cos ¢, sin¢) for ¢ € [—m,m]. We can define g on V by g(p) =
fy;’ o for p € V where y,(¢) = ¥ ~1(¢) is a curve from (1,0) to p. Performing similar
chart calculation, we get a similar expression of g o ¥ ~! as we did in (#.3). This shows
smoothness on V.

Now we need to show that f, g agree on U NV Note that y,,(¢) = ¥~ (¢p) = ¢~ ' o
poy 1(p) = y,0(p oy ) (¢p). Thus our goal is to show that that the line integral fy )
is independent of reparametrization, i.e., invariant under composing y : (a,b) — S!
with a diffeomorphism W : (¢, d) — (a, b). Denoting y’ = y o W. First assume that W
is orientation preserving (i.e., increasing), then by the previous results of integration, we

have that
fcoz/ (yo\IJ)*wzf \Il*y*a)zf y*a)=/a).
¥’ (c.d) (c,d) (a,b) Y

If W is orientation reversing, then there will be a minus sign involved, hence we would
get f == f , @ which is consistent with our definition of integration. This shows that
f=gonUNYV.

Now to extend f : U — R to a globally smooth function f : S — R, set £(1,0) =
0. Since f is smooth on U by (4.3)), we only need to check smoothness of f at (1,0). But
note that in this definition, f |V = g, hence by smoothness of g, we know f is smooth
at (1, 0), completing the proof. O

Theorem 4.18. H,(S') = R.
Proof. We construct an isomorphism A : H],(S') — R defined by

M) = ho = 5 [ 0

for [w] € Hj5(S"). Itis clear that A defined this way is a homomorphism under addition.
To see that A is well-defined, let [w'] = [w]. Then we must have v’ = @ + dn for some
n € Q°(S1). Hence by Stoke’s theorem we have

1 1 1 1 1 1

Aol = — w+— dn = — w+—

/
a = — = }7 = —
21 S1 21 S1 2 S1 2r S1 2r 9s1 2r S1

w = l[w]

since 3S! = @. To see that A is injective, suppose Aj,] = A[». Then we must have

/Sl(a)—a)’) = 0.

Then by Lemma4.16| @ — o' is exact, hence [w] = [w'] in Hj5(S"). To see that A is
surjective, suppose o € R. Then define a form w € Q!(S!) on charts U,V by w|y =
adf and w|y = adf®’ where 0, 0 are coordinate functions on V, U. Then we have

00" 90 oy

do’ = —dbo

3 9 do = do
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on U NV, since (8" oy 1) () = 6 for & € (0,7) and (6’ o Yy~ 1)(0) = 0 — 27 for
0 € (m,2m). Therefore we see that w is well-defined. We can replace integration on S'!
by integration on U since S! — U is a set of measure zero. Therefore,

1 1 1

Al =— | o=— [ o=— | adf =«
2 Jgi 2 Juy 2 Ju

for [, d6 = 2. This shows that A is indeed an isomorphism, concluding the proof. [

4.5 The De Rham Theorem

In the previous section, we have seen how to define de Rham cohomology groups of a
smooth manifold using differential forms on M. Now we come to one of the most beau-
tiful result in the theory of differential forms and smooth manifolds, namely the de Rham
theorem, which says that we can use differential forms to obtain topological informations
about manifolds. However, most of the proofs will be rather technical. Due to limited
time, we won’t cover most of the proofs. Interested readers can consult [1, Chapter 17-
18], where all the proofs are given.

To begin with, we need to further extend our definition of integration on manifolds.
A topological space M" is called an n-dimensional manifold with corners if for every
p € M, there exists a pair (U, ¢), where U is an open set in M containing p, and ¢ is a
homeomorphism from U to an open set of

R? = {(x1,..., Xxy) €R" : x* > Oforall 1 <i <n}.

A smooth structure with corners on M is a maximal collection of smoothly compactible
charts, where two charts with corners (U, ¢), (V, ) are smoothly compatible if ¢ o ¥ :
Y (U NV)— (U N V) is smooth.

Figure 4.3: A manifold with corners and a chart (U, ¢) with corners is shown in the
picture.

It turns out that Stokes’s theorem also holds for manifold M™ with corners, although
the definition of dM and their orientations are a little tricky. Details are given in [1,
p.415-421]. Let us simply take [,, dw = [;,, o forw € Q"~1(M) as a fact.

Now some more definitions: A p-simplex A, is the set defined by

Ap ={(to, ....ty) e RP*' : T;t; = 1and ; > Oforall i }.
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It is easy to see that a p-simplex is a p-dimensional manifold with corners. Let M be
a topological space. A singular p-simplex in M is a continuous mapo : A, — M.
From here we can define singular homology groups: Let C,(M ) denote the free abelian
groups generated by all continuous maps o : A, — M with Z-coefficients, there is a
map d, : C,(M) — C,—1(M) by

d,(0) = Z(—l)ia|[vo, vy Dy ey Up).

1

Then it can be shown that 3> = 0, hence one can define the p™ singular homology groups

to be Ker 8
HP(M:7) = Kerdleran
Im8|cp—1(M)

For details, we invite the reader to consult [5]. We remark that by [1, Theorem 18.7], we
cantake o : A, — M to be smooth, in the sense that it has a smooth extension to a neigh-
borhood of each point. Now, we are only concerned with singular cohomology groups
with coefficients in R for a finite-dimensional manifold M, denoted by H? (M ;R). By
the universal coefficient theorem [5, Theorem 3.2], this is

HP(M:R) =~ Hom(H,(M); R).

Suppose now M is a smooth manifold, w € Q”(M) is closed. Leto : A, — M bea
smooth p-simplex. Then we define the integral of w over o to be

/wz/ c*w.
o Ay,

Note that this makes sense since the right hand side is integration on a subset of R"*!,
Then we extend this definition linearly to a general element 0 = ) . ¢;0;.

Theorem 4.19 (Stokes’s Theorem for Chains). Let C € C,(M) be a smooth p-chain in
a smooth manifold M, i.e., formal linear combinations of smooth maps o : A, — M.
Then let 0C denote its boundary where 0 is defined above. Let v € QP~Y(M). Then

/ a)=/da).
3C C

Proof. See [1, Theorem 18.12]. []
Then we state the key result of this section:

Theorem 4.20 (The De Rham Theorem). There is an isomorphism, for every smooth
manifold M and nonnegative integer p,

HIW (M) = H?(M;R).
More specifically, the isomorphism D : HfR (M) - HP(M;R) = Hom(H,(M);R) is
given as follows: for [w] € H}(M),[C] € H,(M), define Dy via

Diy([C)) = [C o



37 CHAPTER 4. INTEGRATION OF DIFFERENTIAL FORMS

The proof of the De Rham theorem is quite technical. We refer the readers to [1,
Theorem 18.14] for details. Here we remark why D is well-defined. This is ensured
by Stokes’s theorem for chains. Suppose [w] = [@], then @ — 0’ = dn for some n €
QP~1(M). Then

(Do) — Dio)((C]) = /C (@—a) = /C dn = /8 =0

since dC = @, as C is a cycle representing the equivalence class [C]. Similarly, if
[C] = [C'], then C — C" = 0B for some B € Cp,11(M). Note that by Theorem 18.7
of [1], we can assume all chains are smooth chains. Then again by Stokes’s theorem, we

have
(D)((CD) — (D (CT]) = [C - / w= /an _ /B do =0

since w is closed, being a representative of [w] € H a’,’ & (M), by assumption. This shows
that D is indeed well-defined.
Therefore, now it is clear that

Corollary 4.21. For homotopy equivalent (in particular, homeomorphic) smooth mani-
folds M, N, we have Hix(M) = HZJ(N). In other words, the de Rham cohomology
group is a topological invariant.



5 Basic Riemannian Geometry

5.1 Riemannian Metrics

Definition 5.1. A Riemannian metric g on M is a smooth symmetric covariant 2-tensor
field that is positive-definite at each point, i.e., g,(v,v) > 0 for all p € M, and for all
v € T, M nonzero.

A Riemannian manifold (M, g) is a pair where M is a smooth manifold together
with a Riemannian metric g

Ifo € @ V*and B € @ V*, then even if , B are symmetric, the tensor product o ® 3
is in general not symmetric. Therefore we can define a symmetric product o € @<+ V*
by

1

m Z 0‘(%(1), Uo(k))ﬂ(va(k—i-l)» Ua(k+l))-

O'ESk_H

aB(Vy, .., Vk41) =

For example, if «, # are covectors, then
1
afp=_@®p+pO)
Then in any local coordinates (U, ¢, x'), a Riemannian metric can be written by
. . 1 . ; . .
g = gijdx' @dx’ = E(gijdxl ® dx’ + gjidx' @ dx’)
1 . . . .
= E(g,-‘,-dx’ ® dx’ + gijdx’ ® dx")
= gijdx'dx’.
For example, the Euclidean metric in R” in standard coordinate is given by
E = 8ijdxidxj.

Proposition 5.2. Every smooth manifold with or without boundary admits a Riemannian
metric.

Proof. Let M be a smooth manifold with or without boundary, covered by a collection
of coordinate charts (U,, ¢y). Then in each U,, it is easy to check that g, = ¢, E is a
Riemannian metric. Let (1) be a partition of unity subordinate to the cover (U,), and

define
g = Z Vala-
o
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Each term is interpreted to be zero outside of Supp V. Since at a neighborhood of every
point g becomes just a finite sum, we see that g is smooth. Clearly g is symmetric.
Therefore, we only need to check positive definiteness at every point. Let v € T, M be
nonzero. Then

gr(1.0) = ) Va(p)(ga) p(v,v) > 0.

This concludes the proof. [

Usually another conventional notation is given by (v, w), = g,(v, w). Andif X,Y €
X(M), then (X, Y) is the smooth function g(X, Y).
If y : [a,b] — M is piecewise smooth cirve, then define the length of y to be

b b b
Lly) = f Y/ (0)ldt = [ g/ ().y' (1) 2dt = [ (v (0), ¥ (0))2d.
Proposition 5.3. Let (M, g) be a Riemannian manifold with or without boundary and let

y : [a,b] — M be a piecewise smooth curve segment. Then if y is a reparametrization
of y,i.e. y = y o where ¢ : [c,d] — [a, b] is a diffeomorphism, then L(y) = L(y).

Proof. Using the definition of tangent vectors of curves, if f is a smooth function on the
suitable domain, then

(Yo@) () f =(foyop)t)=(foy)®)e' ) =¢ ) (1) f

Hence we see that (y o ¢)'(t) = ¢'(¢)y’(¢(¢)). First suppose y’ > 0 (i.e., orientation
preserving), then

d
LG) = f 7 (0)\dr
d
- / 'Oy (p(0)d1
d
~ [ e

b
- / V/(s)lds = L(y).

In the next-to-last inequality, we used the change of variable formula for integrals. If now

y' < 0, then we just need to introduce two minus signs, one for |¢’(t)| = —¢(t), another
when we do change of variables since ¢ is orientation reversing. The two minus signs
cancel with each other, still giving the same result. 0

Next, we define, for two points p,q € M on a Riemannian manifold, their distance
to be
d(p,q) = inf{L(y) : y from p to g piecewise smooth}.
Y

We will show that d is actually a metric, and the metric topology on M is the same as
the manifold topology, hence making a Riemannian manifold a metric space. The proof
requires the following lemma:
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Lemma 5.4. Let g be a Riemannian metric on an open subset U C R". Given a compact
subset K C U, there exist constants ¢, C > 0, such that for all x € K,v € TyR",

clvlg < |vlg < ClvlE. (5.1

In other words, every Riemannian metric is locally comparable to Euclidean metric in
coordinates.

Proof. Let K C U be a compact set, and let L C TIR" be the set
L={x,v)eTR":x e K,|v|p =1} = K xS"1.

Therefore L is compact. Since the norm |v|, is continuous and strictly positive on L,
there are positive constants ¢, C > 0 such that ¢ < |v|g; < C, whenever (x,v) € L. Then
if x € K and v € T,R" nonzero, set A = |v|g. We note that (x,A"'v) € L. So we have

lvlg = )‘M_lv|g < AC =C|vlg.

Similar argument shows that |v|; > c|v|g. The same equality is trivially true when v =
0. O

Figure 5.1: Proofs that d defines a metric. Left: triangle inequality; Right: positivity of
d.

Theorem 5.5. The distance function d defined above is a metric.

Proof. 1t is clear that d(p,q) > 0 and d(p, p) = 0 from definition. d(p,q) = d(q, p)
follows from the fact that any curve can be reversely parametrized and we have shown
that this does not change the length of the curve. Now we prove the triangle inequality:
Let p,q,r € M and suppose y; is a curve from p to g and y, a curve from ¢ to r. Then
let y = y1fly» be the curve segment that first follows y; then yzﬂ We have

d(p,r) < L(y) = L(y1) + L(y2).

Taking inf over all such yy, y, gives d(p,r) < d(p,q) + d(g,r). We still need to show
that d(p,q) > 0if p # g. Let p,q € M be distinct points, let U be a smooth coordinate
domain that contains p but not ¢g. Let us identify U with ¢(U) C R”, where ¢ : U —
@(U) is achart. Let V = ¢~ 1(B:(¢(p))) be a regular coordinate ball of radius & centered
at p such that V c U. Then Lemmal5.4 says that whenever x € V,v e T,M, we have

clvlg < vlg = Clvle

I'This shows that in the definition of d, it is necessary to take piecewise smooth curves.
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for some ¢, C > 0. Integrating, we find that

cLE(y) < Lg(y) = CLE(y)

for any piecewise smooth y C V. Now suppose y : [a,b] — M is a curve from p to q.
Let

to = inf {t:y(t) ¢V}
o= nf b]{ (1) £V}
Then it follows that y(to) € dV and y(¢) € V fora <t < t, by continuity. Then

Lg(y) > Lg(Ylia,t0) = ¢LE(Vao) = cde(p,y(to)) = ce.

Taking inf over all such y, we conclude that do(p,q) > ce > 0. This concludes the
proof. ]

Theorem 5.6. The topology induced on M by the metric dg coincides with the topology
on M as a topological space.

Proof. First suppose that U C M is open in the manifold topology. Let p € U and V a
regular coordinate ball with radius & around p such that V' C U as in the previous proof.
The argument in the previous proof shows that dg(p,q) > ce whenever ¢ ¢ V. The
contrapositive of this statement is that dg(p,q) < ce implies g € V C U. This shows
that U is open in the metric topology.

Conversely, let W be open in the metric topology, let p € W. Let

e I/ be a regular coordinate ball of radius r around p;

E be the Euclidean metric on V determined by given coordinates on V;

¢, C > 0 be such that (3.1) is satisfied forv € T,M, q € V;

e ¢ < r be a positive number small enough such that Bgi(p) C W (by previous
paragraph);

Ve(p) = {x eV :de(p.x) < 8}. Note that since dg(p,-) : M — R is continu-
ous, Vy(p) is open in the manifold topology.

If g € Vi(p), let y be the straight line segment in coordinates from p to g. Using Lemma
as above, we conclude that

de(p.q) < Lg(y) <CLE(y) <Ce.

This shows that ¢ € nga(p) C W. Thus Vg(p) C W. Since, as we remarked, V(p) is
open in the manifold topology, we see that W = [ J pew Ve(p) is open in the manifold
topology. This concludes the proof. 0

Definition 5.7. Let (M1, g1) and (M>, g,) be Riemannian manifolds. Then a diffeomor-
phism F : M; — M, is called an isometry, if F*g, = g1.
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Let (M, g) be a Riemannian manifold, and letiy : N — M be a smooth immersion.
Set

h=iyg.
Then 4 is a smooth Riemannian metric on N, defined at every point by
hp(v,w) = (ix8)p(V, w) = iy (p)((IN)xp(V), (in)+p(W)).

Definition 5.8. Let (M", g) be an oriented Riemannian manifold. Then the volume form
of (M, g) is defined to be

dV, = Jdetgi;dx' A+ A dx"
on each orientation chart (U, ¢, x').

Lemma 5.9. The volume form dV, agrees on the intersection of two consistenly oriented
charts (U, @, x") and (V, ¥, y7), i.e.,

Vdetgiidx' Ao Adx™ = \/detgdyt A--o Ady™.

Proof. We know that

Jd 0 ayk 9 ay! 9 ayk ay! .
8ij =& i =8 = 0.7 a.; 8kl

xi’dxJ Axi ayk  9x7 ayl ] T Bxi ox/
Therefore,
dyk 2
det(gij) = det (W) det(gx1).

Thus the volume form agree by Corollary [3.4] where we left the remaining calculation as
an exercise below. Note that since M is oriented, we have det(dy*/dx’) = Jyop > 0.

Therefore 2
Byk 2 8yk 8yk
|:det (axi ) i| = det (W)‘ = det (axi )

This proves the claim. 0

Homework 5.10. Finish the calculation in the previous lemma and show that the volume
form agrees on the intersection.

Solution. Continuing from above, we have that (also using Corollary [3.4):

By YR
Vdetgiidx' Ao Adx" = | det L det gx; - det dy' Ao Ady"
' x? ay!
k i
= /det gx; det(%) det (ai)dyl A ANdy”
xl

ay!

= detgidy' A+ A dx".

This shows that d Vg is indeed well-defined. ]
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The notion of a volume form is actually quite reasonably well-motivated: Consider
a positive orthonormal basis ey, ..., e, of T M and write the coordinate basis 3 ( p) =

Zij a;jej. Then the volume Vol(axil, - 8x”
niate basis is equal to Vol(ey, ..., e,) = 1 multiplied by det(a, ,). And since

gik(p) = g (8x’ axk) Zauakl ej.er) =Y aja;
j

we have that

=) of the parallelepiped formed by the coord-

d d
Vol(ﬁ, ey ax—n) det(au) Y, (detg,J)(p)

By multilinearity, it is reasonable to define volume form as above. Therefore, for a subset
R C M, suppose R is contained in a single positive chart (U, ¢, x*), then we define the
volume of R to be

Vol(R) = / dVy, = / Vdet(gij) oo~ tdx" - dx".
R e~ 1(R)

Note that Vol(R) is well-defined by the previous lemma.

5.2 Covariant Derivative

Definition 5.11. A connection V on a smooth manifold M is a mapping V : X(M) x
X(M) — X(M), which is given by (X,Y) > VxY, such that forall X,Y,Z € X(M)
and f, g € C>*°(M), we have

() VixievZ = fVxZ +gVyZ.

(i) Vx(Y + Z) = VxY + VxZ.

(iii) Vx(fY) = fVxY + X(f)Y.

Lemma 5.12. The value VxY |, at a point p € M only depends on the value of X at p
and the value of Y in a neighborhood of p. That is, if X(p) = X'(p)andY =Y ina
neighborhood of p, then VxY |, = Vx. Y|, and VxY |, = VxY'|,.

Proof. Suppose that X(p) = X'(p) for X, X € X(M). Denote U = X — X’. Then take
a chart (U, ¢, x*) containing p. Write U = U’ (x)d; for x € U. Then by (i), we have that
VxY —Vx Y = VyY = U'Vy, Y. Butsince U'(p) = 0 for all i, we have that

VXY|p —VX/Y|p = 0.

Next, suppose Y, Y’ € X(M) agrees in a neighborhood of p. By shrinking U if necessary,
we may assume that Y|y = Y'|y. Let p be a bump function supported on U. Then the
vector field p(Y — Y’) = 0 on M. Therefore, by (ii) and (iii), we have that

Vxp(Y =Y') = VxpY — VxpY' = p(VxY — VxY') + X(p)(Y —Y").

Evaluating the equation above at p, noting that p(p) = 1, and (Y — Y’)(p) = 0. There-
fore, this gives that
VxY|,—VxY'|, =0.

This concludes the proof. 0
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Remark 5.13. By the lemma, it makes sense for us to talk about V, Y just for some vector
v € Tp,M. To find the value of this expression, extend v to any vector field X € X(M)
and evaluate VyY at p. By the previous lemma, this is a well-defined quantity, which
we may call V, Y. Therefore, it also make sense to talk about VyY even if X is not
completely defined on M, but is extendable to a smooth vector field on M. In fact, in the
following proposition, part (c) is justified exactly by this reason.

Proposition 5.14. Let M be a smooth manifold with connection V. Then there exists

a unique correspondence which associates to a vector field V' along the smooth curve
: I — M another vector field D V along c, called the covariant derivative of V along
such that

(a)
DV DW

—V w .
( )= dt+dt

(b)

Divy=var2F

where W is a vector field along ¢ and f is a differentiable function on /.

(c) If V is induced by a vector field Y € X(M), i.e., V(t) = Y(c(t)), then

DV

Proof. Suppose such a correspondence exists. Choose a chart (U, ¢, x*) such that U N
c(I) # 0. Then we may express the vector field V locally as V = VJ 3 . By (a) and

(b), we have that
___Zdw IR
dt oxJ dt oxJ

=2=(c(t)). Now by part (c) and definition part (i), we have

Jo= i
where v/ = v/ (¢) and = ax . ax y

D3 0 dx' 9 0 —dx'_ D
EW = Vdc/dt

I v = :
ax dr axidxi L= dr T Ox

where ¢ o ¢ = (x!(¢), ..., x"()). Therefore, we arrive at

J i
DV _dv/ 9 dx' o

= . - 5.2
dt dt oxJ dt axl 0x/ (5:2)

where the index i, j is summed over using Einstein summation convention. (5.2)) suggests
that if such a correspondence exists, then it is unique. To show existence, define DV/dt
in U by (5.2). It is easy to verify that (5.2) has the desired properties, and if (V, ¥, y/) is
another coordinate neighborhood with U NV # @, then two definitions of DV /dt agrees
in U NV by uniqueness of DV/dt in U. It follows that this definition can be extended
to all of M, concluding the proof. 0
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Definition 5.15. Let M be a smooth manifold with an affine connection V. A vector field
V along a curve ¢ : I — M is called parallel when DV /dt = O forallt € I.

Remark 5.16. If we set 3 5
Vy — =TIk
ai' ax/ U oxk’

then the vector V' being parallel along c is just the condition

DV de+dxiVJFk ' _,
dt — \ dt dt axk —

This is really just a sysytem of n ODEs given by

dvk  dxt ax’ itk — o
ar AT
for k = 1,...,n. Given a set of initial conditions, i.e., V¥ (to) = vk, then by existence
and uniqueness theorem in ODE, we have a unique solution. Moreover, since the system
in linear, any solution is defined for all # € . This proves existence and uniqueness of
parallel vectors.
For future convenience, we may abbreviate V 2 % by V;0;.

Definition 5.17. Let M be a smooth manifold with an affine connection and a Riemannian
metric g(-,-) = (-, -). Then a connection is sais to be compatible with the metric g when
for any smooth curve ¢ and pair of parallel vector fields V, W along c, we have

d

dt
Proposition 5.18. V is compatible with a metric g iff for any pair of vector fields V, W
along the differentiable curve ¢ : I — M one has

(V,W) =0.

Lvwy =2l wy+ . 28
dt dt’ " dt

Proof. Obviously (5.3) implies compatibility with the metric. Let us prove the other di-
rection. Choose an orthonormal basis P; (%), ..., Pn(to) of Tc,)M , where ¢y € I. By the
remark above, we can extend the vectors P;(Zy) along ¢ so that they remain parallel. Be-
cause V is compatible with the metric, Py (%), .. o Pr (z) is an orthonormal basis of T¢.) M
for any ¢t € I. Therefore, we can write V = v'P; and W = w'P; where v’, w/ are
differentiable functions on /. By (5.2)) and replacing d; by P;, we obtain that

). (5.3)

DV dv' N ;DP; dv!
dt  dt ' dt  dt
since P; is parallel. Similarly DW/dt = (dw'/dt) P;. Therefore we have

DV DW dvt , dw'
<W’W>+(V’_dt)_2i:(dtw+ 7 ) dt(sz)__V’W>'

This concludes the proof. 0
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Corollary 5.19. A connection V on a Riemannian manifold M is compatible with the
metric iff
X(Y.Z)=(VxY,Z) + (Y,VxZ) (5.4)

forall X,Y,Z € X(M).

Proof. Suppose that V is compatible with the metric. Let p € M andletc : I — M be
a differentiable curve with c(ty) = p where ¢ty € I and (dc/dt)(ty) = X(p). Then we
have

DY D7z

W»Zh) + (Y, ——)p = (VxY,Z), + (Y, VxZ),.

d
X(p)Y.Z) = — (Y. Z)|1=1, = ( 7

dt

In the last equality we used part (c) of Proposition[5.14] Since p € M is arbitrary, (5.4)
follows. The converse is obvious if we take X = d/dt to be the tangent vector along a
curve ¢ : I — M and Y, Z be two induced vector along ¢ that are parallel, and appeal to
(c) of Proposition [5.14] again. O

Definition 5.20. An affine connection on a smooth manifold M is sais to be symmetric if
forall X,Y € X(M), one has

VxY —Vy X = [X,Y].

Theorem 5.21 (Levi-Civita). Given a Riemannian manifold (M, g), there exists a unique
affine connection V on M satisfying the conditions:

(a) V is symmetric;
(b) V is compatible with g.

Proof. Assuming the existence of such a V. Then we have three equations

X(Y,Z) = (VxY.Z) + (Y. Vx Z) (5.5)
Y(Z.X) = (VyZ.X) + (Z,Vy X) (5.6)
Z(X,Y) = (VzX,Y) + (X,VzY) (5.7)

Now (5.5)+(5.6)-(5.7) and symmetry gives

X(Y.Z)+Y(Z,X)— Z(X,Y)
= ([X.Z.Y)+ ([Y. Z]. X) + ([X.Y]. Z) + 2 (Z. Vy X) .

Therefore |

—([X.Z].Y) = ([¥. Z]. X) = ([X. Y]. Z)}.

This expression shows that V is uniquely determined from the metric. Therefore, if such
V exists, then it must be unique. To prove existence, define V using the expression above,
and it is easy to verify that V is well-defined, and satisfies the desired conditions. This
completes the proof. 0
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Now we wish to find the expression of VxY in a coordinate chart (U, ¢, x’). By

multilinearity, all we need is an expression for V_a_ % = V,0;. Previously, we defined
dxt

Vid; = T o
Hence it remains to express I’ikj in terms of the metric g. By compatibility, we have
0ig(9;, k) = &g(Vid;, ) + £(3;, Vidk)
= g(T'50¢, 0x) + (0. T/ 00) = T, gux + T g s

Now we introduce a new notation Ff

above gives

&k = Tijr and kagjz = I'jx;. Then the equation

Cijk + Tikj = 0igjk- (5.8)
Cyclicly permuting the indices gives two more equations:
Ljki +Tjixk = 0;8ki- (5.9)

Trij + Tkji = 0k gij- (5.10)

Note that I';;x is symmetric in the first 2 indices, to see this note that since [d;, d; = 0],
we have
Vid; — V;0; = TEd — TH = (Tf —T%)ax = 0.

Hence I} = I'%;. This shows that T';j is symmetric in the first 2 indices. Now (5.8)+(5.2)-

(5.10) gives
0igjk + 0,;8ki — 0gij = 2Tijk = 2T k.
Since g;; has an inverse gkt with gg,, = 8,];, multiplying both sides by the inverse

matrix and (possibly) renaming the indices, we get that

1
rf = ggke(aigjz + 9780 — 0¢gif)- (5.11)

5.3 Curvature

Definition 5.22. The curvature R of a Riemannian manifold M is a corresponding that
associates to every pair X, Y € X(M) a mapping R(X,Y) : X(M) — X(M) given by

R(X,Y)Z =VyVxZ —VxVyZ + V[X,Y]Z.

Proposition 5.23. The Riemann curvature tensor R satisfies the following properties:

(1) R(-,-)isbilinar: R(fX,1+gX5,Y) = fR(X1,Y)+g(X,,Y),for f,g € C®(M),
and similarly for the second argument.

(i) The curvature operator R(X,Y) : X(M) — X(M) is linear, i.e., R(X,Y)(Z +
W) = R(X,Y)Z + R(X, Y)W, and R(X,Y)(fZ) = fR(X,Y)Z for f €
C®(M).
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(iii)) R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0forall X,Y,Z € X(M). This is called
the Bianchi identity.

Proof. The full proof is given in [2], section 4.2 (p.90-91). Hence we omit the proof
here. 0

Again we wish to express R in coordinate frame (U, ¢, x'). Again by multilinearity
we only need to know R(0;, ;). We write

R(3;,0;)dk = R} 0t
Then by definition we have
R(9;,9,)0 = R;.0y
= —V;V,;0k + V,;Vidk + Vis;.0,10k
= =Vl 0+ 0,T + V;Tf 0 + 0
= —(0;T5)0 — T4 T 7 0m + (9, T5) 3¢ + T Ty 0m
= (9T — 0,7 + TS, — T, Yo,
Therefore we obtain that
Rfy = 0;Tf — ;T + TRTS, —ThTf,. (5.12)

Now recall that Fikj is given by (5.11). Another very important tensor associated with the
Riemann curvature tensor is the Ricci tensor. Consider the map

R(X,)Z : X(M) - X(M).
One defines the Ricci tensor at every point p € M to be
Ric,(v,w) = Tr[Rp(v, ~)w]

for v, w € T, M. Note that at every point p we have the map R,(v,)w : T,M — T, M.
Therefore the expression above makes sense. Since at every point Ric is just a (0,2)-
tensor, locally we can expand it as Ric = R;; dx' ® dx’. To find out what R; j 1S, we note
that

R,‘j = Ric(a,-, 8]) =Tr R(8,-, )81 =:TrL
and 5

L(3k) = R(0, 01)d; = Riyj =
Therefore, we see that
Ry =TrL =Y RN, =RE,
k
using the Einstein summation convention.
One can also define a new tensor
RX,Y,Z,W)=(R(X,Y)Z, W) =g(R(X,Y)Z,W).

Then at every point this is a (0,4)-tensor. Its coefficient is given by

Rijke = R(9;, 0,0k, 9¢) = (R(0;,0;)0k, 0¢) = (R}710m, ) = Ri75(0m, 9¢) = gme R}y
The following properties are proven in [2, Chap4, Prop2.5]:
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Proposition 5.24. We have
l. RX, Y, Z, W)+ RY,Z, X, W)+ R(Z,X,Y,W) =0.
2. RX,Y,Z,W)=—-R(Y, X, Z,W).
3. RX,Y,Z,W)=—-R(X,Y,W, Z).
4. R(X,Y,Z,W)=R(Z,W,X,Y).

Proof. These properties are probably more obvious and easier to prove using coefficients.
That is, to prove 1 for example, we prove R;jks + Rjkis + Rkijs = 0, using R;jrs =
Rf 1 8¢s and the properties of the coefficients Rfj - Similarly for the rest. [

For sectional curvature, read 2, Chap4, Sec3]. I find this introduction boring and a
little unmotivated...

5.4 A Few Words about Tensor Fields

Using the language from the beginning of this notes, a smooth (k, /)-tensor field 7" on a
manifold M is a smooth section of the tensor bundle T®DM ,ie., T € F(T(k’l)M ). If
wl, ... of € §(M) be covector fields, and X, ..., X; € X(M) be vector fields, then T
can be identified with a multilinear map

T:FM)x---xFM)xX(M)x---xX(M)—> C>®(M).
k l

For a tensor field 7', it is easy to check that this map is multilinear over C*°(M). The
next result shows that the converse is also true:

Lemma 5.25. Every multilinear map
T:FM)x-- - xFM)xXM)x---xX(M)—> C®(M).
k I

is induced by a (k,l)-tensor field T iff it is multilinear over C*°(M).

Proof. The proof is given in [1, Lemma 12.24]. The lemma is proved only for covariant
tensor fields in [[1], but the same argument works for mixed tensor fields. ]

The previous result may be viewed as a characterization of smooth tensor fields on M.
However, in the previous sections, despite we call R : X(M) x X(M) x X(M) — X(M)
the curvature tensor all the time, it does not fit the characterization of the previous lemma,
since its codomain is X(M ), not C>*°(M). So how do we justify calling it a tensor if it is
not a tensor field? Actually the justification is given by the following lemma:

Lemma 5.26. Let V be a finite dimensional vector space. Then there is a basis indepen-
dent (natural) isomorphism between T *+VD (V') and the space S of multilinear maps

V*X oo X V*XV X xV > V.
k l
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Proof. We define amap ® : S — T*+TLD (V) as follows. For every f € S, and for
every ¢, ..., ok+1 € V¥, v1,...v1 € V, set

D) @1y s Grt15 V15 ey V1) = Qi1 (f (@14 ooy @, V1,5 oo, VI)).

This map is clearly linear. Now we pick a basis e, ..., e, of V and its dual basis &', ..., &"

of V*. To show injectivity, note that if ®( /) = 0, then

k1 (S (@1, 0ks V1, 01) = 0

for every ¢1, ..., og+1 € V*,v1,..01 € V. Putw = f(¢1, ..., Pk, V1, ..., v7) € V and set
Qi1 =& fori =1,....,n,we getw’ = 0fori = 1,...,n. Therefore w = 0 € V, giving
f = 0. This proves injectivity.

For surjectivity, let « € T®**L.D (V). By multilinearity, we see that ®(f) = o is
equivalent to

CID(f)(ei‘ s e 8""“,6‘,-1 y s €)= a(si‘, ., ek €j1seer€)))

forall 1 <iy,...,ik+1, j1,---, j1 < n. One can check that setting

n

f(eil, ...,eik,ejl, ) = Za(si‘, ...,Sik,é‘l,eh, ..ej)e eV
A=1

gives the desired f € S. This concludes the proof. Note that also in the proof we chose
a basis of V, but the isomorphism is still basis independent. [

Remark 5.27. Note that under this isomorphism, when k = 0, then we have an identifi-
cation of all linear maps V — V with T4V (V).

Therefore, the lemma above gives the following result:

Corollary 5.28. Every multilinear map

T:F(M)x-- xFM)xXM) x---xX(M) - X(M).
k i

is induced by a (k + 1, 1)-tensor field T iff it is multilinear over C*°(M).

We have checked that R : X(M)xX(M)xX(M) — X(M) is multilinear in C*°(M).
Therefore, this induces a (1,3)-tensor field, which we call the Riemann curvature tensor
(field).



6 Geodesics

6.1 Basic Definitions

Definition 6.1. A parametrized curve y : I — M is called a geodesic at t, € I if

D (dy
Z(Z ) =0
dl(dt)

attg € I. If y is a geodesic at every t € [, then we say y is a geodesic.

This definition is the one given in [2]. In the lecture, we had a slightly different
approach to geodesics, which I’ll briefly summarize below: Let (M ", g) be a Riemannian
manifold and y : I — M a smooth curve. We define a tangent vector field X along
y tobe amap X : I — TM such that X(¢) € T,;)M. We call X smooth if the map
X : 1 — TM is a smooth map between manifolds. Then we define the operator Vg4 X,
which is just DX /dt. How do we define such an operator V;/4;? It make sense that if
X(t) is a vector field along y, then we define

V%X()/(Z‘)) = vayX'
Moreover, just like any derivatives, it should satisfy the Libniz rule. Therefore if we write

X = £(1)0;, and dy/dt = (dx'/dt)d; where ¢ o y(t) = (x'(¢),...,x"(t)) with ¢ a
local chart, then by Libniz rule,

; dg' 9o ; 0
V ! i) — " lV Yy -
#E0 = T Vo
and recall that .
0 dx' _, 0

Therefore, we get that

; deb  pdx N\ D
V4 EW =2 (7 PTG )

k

which is exactly %(é 13;). Then we define a smooth tangent vector field X along y to be
parallel iff
VaX =0.

dt
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Remark 6.2. The reason we define parallel vector field X along a curve to be those such
that D/dt(X) = 0 is very simple. In R”, a curve y : I — R” can be parametrized by
y(t) = (y'(2),...,y™(t)), and a vector field along y can be parametrized by v(z), where
for each ¢t € I, we have a vector v € R". Then parallel simply means

%v(t) = 0.

In curved space, D/dt(X(t)) = 0 is the generalization of this equation, for if M = R”,
then g;; = 6;; and Fikj = 0 for all i, j, k, thus this reduces to the equation above.

We already mentioned that given y : I — M and an initial data X(a) = v € T),(o;) M
fora € I, there is a unique vector X(b) € T, )M that is obtained from X (a) via parallel
transport. This vector X(b) can be obtained by solving the equation DX /dt = 0 with
initial value X(a) = v. Therefore, we may define amap P, : T}, oyM — T, )M by

P,(v) = X(b).

Note that by existence and uniqueness of the solution, P, is an isomorphism between
vector spaces. But P, is also an isometry between inner product spaces. To see this, just

Homework 6.3. Show the following identity holds true:

d
TXY) = (Vg X.Y) + (XY Y).

Solution. Note that we are using the Levi-Civita connection with connection coefficients
Fl’j This is compatible with the metric g by construction. Then this is a direct conse-
quence of Proposition[5.18§] O

Using this, if X, Y are parallel vector fields extending v, w along y, then we have
Vd/th = Vd/th = 0. Hence

(X.Y)(a) = (X.Y)(D).

For the special case that y(a) = y(b) = p, i.e., y is a loop based at p € M, then
P, :T,M — T,M. Since P, preserves the inner product in 7, M, it is a member of the
orthogonal transformations, i.e., P, € O(T,M). Assuming T, M has an orientation, is
P, € SO(T,M)? i.e., does it also preserves orientation? This question is answered by
the following proposition:

Proposition 6.4. If [y] € m;(M) represents the trivial class, then P, € SO(T,M). The
converse is not necessarily true.

Remark 6.5. For a Riemannian manifold (M, g) and a point p € M, we may define its
holonomy group centered at p by

Hol(M, g, p) = {P,, : ¥ a piecewise smooth loop based at p}.

As the name suggests, this is a group, with operation given by P, o P,, = P,,4,, where
y1ffy2 is the concantenation of y; and y,, and (P,)~! = P, with identity being P,
where ¢ : I — M is the constant loop based at p. We may also define the reduced
holonomy group

Holo(M, g, p) = {P, € Hol(M, g, p) : [y] = 1 € mi(M)}.

By remark above, the reduced holonomy group preserves orientation of 7, M .
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Definition 6.6. Let y : I — M be a smooth curve. Then y is called a geodesic if
\% 4 y =0in I.

Note that we previously calculated V4,4, = D/dt on a vector field. Using those
results, the geodesic equation in local coordinate ¢ o y = (x!'(¢), ..., x"*(¢)) for a local
chart ¢ is given by a system of ODEs

d?x* L dxtdx/
+ Fi' -
dr? Tdt dt
for k = 1,...,n. The set of equations is called the geodesic equation. One more

comment we want to make is that for a geodesic, its tangent vector are of constant length,
for

=0 6.1)

d . . -
77 =2Vgy.7) =0

since Vg4/4:y = 0 by definition. Therefore, for ¢ € I, the length of the geodesic y |0, is
given by

Ll = /0 Y Oldt = 1y O,

We may generalize the definition of parallel vectors to a vector field, not just vector
fields along some given curve.

Definition 6.7. Let X € X(M). Then X is called parallel on M (or on an open set U of
M)if VX =0.1ie.,ifforallv e T,M and p € M (or p € U), we have V, X = 0.

Notice that this definition makes sense, since every v € T, M is the tangent vector
y'(to) of some curve y : I — M with y(ty) = p. Therefore, this definition is just to
require X to be parallel transported by all possible curves in M (or in U). Equivalently,
this is equivalent to Vy X = 0forall Y € X(M) (or Y € X(U)).

Note that if X is parallel on M, then X must be of constant length. To see this, note
that along any curve y, we have

d
%(X,X) =(V; X, X)+(X.V;X) =0
since X is parallel along y so V; X = 0. Therefore, for any two points p,q € M, choos-

ing y : I — M such that y(0) = p, y(1) = ¢, the above equation gives (X, X)(p) =
(X, X)(9).

6.1.1 Supplement: Covariant Derivative of Tensor Fields

So far, we only defined covariant derivative of a vector field. But it is also possible to
define covariant derivative of arbitrary tensor fields. The detailed construction is given in
(4, p.95-98]. Here we will only do it for 1-forms and (0,2)-tensor fields, and we will do
some explicit calculations.

Let w € Q'(M). Then one can define a map Vyw € Q(M) for Y € X(M). The
construction is similar to everything we did so far: assume Vyw exists, we think about
what properties we want it to have, and then use this to deduce an expression of Vyw, and
then define it using the expression we derived.
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Suppose now we have already defined how to take Vy of a general tensor field, then
we want the Libniz rule:

Vy(X®a)) = (VyX)®a)—|—X®VYw

for X,Y € X(M)and w € Q!(M). We now define the contraction operator C(w®X) =
@(X). The reason that C is called contraction operator is due to the following calculation
using local coefficients:

C(C()@X) = C(windxi®8j) = (a)idxi)(Xjaj) = C()indXi(aj) = a)inS; = C()iXi.

and we want Vy fo commute with contraction. Finally, we want, for f € C®(M) =~
QO%(M), we have
Vy f=Y(f).

Using these 3 properties that we desired, it is easy to define what Vy w is using the calcu-
lation below:

Yo(X) = YCo® X) = VyC@®Y) = Clo® Vy X + X ® Vyo)
= w(VyX) + (Vyw)(X).

Therefore, we define, for € Q1 (M),
Vyo(X) = Yo(X) — o(Vy X). (6.2)

Similarly, one may define a covariant 2-tensor Vzn for every covariant 2-tensor field
nel'(T*M @ T*M) and Z € X(M). We can again define contraction operator by

Ch®X®Y)=nX.7Y).
Again one sees that
C(nij X*Ytdx' @ dx’ ® 9 ® 3p) = (n;;dx’ @ dx?)(X* 0y, Y*0y)
=0 X*X'8L8] = ni; XY/
Again we want Libniz rule, commutation with contraction, and Vy f = Y f. Therefore,

Vzn(X,Y) =Zn(X,Y)
=C(Vzn@X QY +n®VzXQ®Y +n1® X ® VzY)
=Vn(X,Y)+n(VzX,Y) +n(X,VzY).

Hence now we define
Vzn(X,Y) = Zn(X.Y) = n(VzX.Y) —n(X,VzY). (6.3)
Proposition 6.8. The metric tensor g is parallel.
Proof. Since V is compatible with g, Corollary gives that
Vzg(X,Y):=Zg(X,Y)—g(VzX,Y)—g(X,VzY)=0.

This concludes the proof. 0
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Now we give some explcit calculations. First we study the case where Vy acts on a
vector field X € X(M). Note that Vy X is not C°°(M)-linear in X since it follows the
Libniz rule, which is not functional linear, but it is C°°(M)-linear in Y. Therefore, we
may view VX : X(M) — X(M) given by (VX)(Y) = Vy X, which may be identified
with a (1,1)-tensor field by Lemma [5.25] and Corollary [5.28] Now we want to calculate

some coefficients. Write _ .
VX = (ViX])Xm ® 8j

where V; X/ € R. Then we have that
ViX/ = VX(;,dx’) = dx’ (Vs X)
= dx/ (9 X*)0k + X*Tfed, )
= 3; X*8] + X*158]
= 9; X/ + T/ x*.

Similarly, we can consider, for € Q!(M), the map Vo : X(M) x X(M) — C®(M)
defined by (Vw)(Y, X) = (Vyw)(X). Therefore, one may write

Vo = (Via)j)dxi ® dx’
for Viw; € R.
Homework 6.9. Show that V;w; = 0;0; — Fikja)k.
Solution. Using (6.2)), we have that
Via)j = Va)(ai, 81)
= Vp,w(9;)
= 0;w(9;) — w(Vy,0,)

= Bia)j —w(Fl’jBk) = 8,-a)j — Fk

This concludes the proof. [

6.2 The Exponential Map

Applying the existence and uniqueness theorem of linear ODE:s to the geodesic equation
(6.1), one can reach the following conclusion:

Lemma 6.10. Let p € M. Then there exists an open neighborhood V of M containing
p, positive number §,n > 0, and a smooth mapping

Yy (=88 xU—->M U={(q.v):qgeV,veT,M/v|<n}

such that the curve t — y(t,q,v) = y40(t),t € (=6,9), is the unique geodesic of M
such that y,.,(0) = q and y, ,(0) = v, for each q € V,v € Ty M with |v| <.

The proof is essentially due to the theory of ODEs, which is proven explicitly in [4,
Thm 4.31]. Then a similar proof can be deduced by mimicing the proof of [4, Prop 5.19].
This result can be used to define the exponential map, after we prove the following result:
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Homework 6.11. A geodesic reparametrized by a constant scaling factor remains a geodesic.
More specifically, if y,,,(¢) is defined on the interval (-4, §), then the geodesic Y, 4y ()
for some positive real number a is defined on the interval (—§/a, §/a) and

Yq,av () = Ya.v (at).

Solution. Let h : (—=d6/a,8/a) — M be the curve defined by h(¢) = y,(at). Then we
have h(0) = g and h'(0) = ay, ,(0) = av since for f € C*(M) we have

o)
t=0

H(O)f = h*(a
4| (foh
t=0

dt
E o (f © Vq,v(at))
= (f 2 740)(0)-a =ay,,(0) f.
The calculation above (replacing zero by some arbitrary 7) shows that 4'(t) = ay, ,(at).
Therefore, we have that

D (dh
E(E) = Vwpyh'(t) = azvyé[’v(m)y(;’v(al) =0

where, for the first equality, we extend /’(¢) to a neighborhood of /(z) in M, and in the
last step we used the fact that y, , is a geodesic, so it parallel transport its own tangent
vector. Therefore £ is a geodesic passing through ¢ with velocity av at the instant t = 0.
By uniqueness, we have that

h(t) = Vq,v(at) = Vq,av(t)~
This concludes the proof. 0
This allows us to refine the lemma above:

Proposition 6.12. Given p € M, there exist a neighborhood V' of M, a number ¢ > 0 and
asmooth map y : (—2,2) x U — M, where U = {(q,v) qeVoveTyM, |v| < e},
such that the map ¢ — y(t,q,v) = Y, (¢) witht € (=2, 2) is the unique geodesic of M
satisfying y;,,(0) = ¢ and y, ,(0) = v, forevery ¢ € V and v € T; M with [v| < e.

Proof. The geodesic y,,(?) is defined for |f| < § and |v| < 5. From the previous
homework problem, y, s,/2(¢) is defined for |¢| < 2. Taking & < §1/2, we obtain that the
geodesic Y, (v) is defined for |f| < 2 and |v| < &. O

This allows us to define the exponential map:

Definition 6.13. Let p € M and U C TM be the open set given by the previous propo-
sition. Then the exponential map exp : U — M is defined by

exp(q,v) = Ygu(1) = Vg /0 ([V])

with (¢, v) € U. We further define the restriction exp, : B:(0) C T;,M — M of exp to
an open subset B,(0) of T,(M ) by

exp, (v) = exp(q, v).
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Proposition 6.14. Given g € M, there exists ¢ > 0 such thatexp, : B.(0) C T,M — M
is a diffeomorphism of B,(0) onto an open subset of M.

Proof. We calculate (exp,)«0 : To(T;M) = T;M — T; M. Note that for v € T, M, the
map ¢ > fv is a curve in T, M passing through zero at = 0 and whose tangent vector
at t = 01is v. Therefore, we have

d d
(equ)*,o(v) = - eXPq(lU) = - Yarv(1) = Yau (1) = v.

dt | dt |;=g di =0

Hence (exp,)«,0 : TyM — T, M is the identity. Therefore it is a local diffeomorphism
on a neighborhood of 0 by the inverse function theorem. [

Lemma 6.15 (Gauss’s Lemma). Let p € M and v € T, M such that exp , is defined. Let
w e Ty(TyM) = T,M. Then we have

((€xp )0 (V), (€XPy)xp (W) = (v, w).

Proof. Let w = wr + wy, where wr is parallel to v and wy is orthogonal to v.
Then notice that wy = <“|)UT|’2”) v. Since (exp,)«v is linear, we get that (exp,)«,»(w) =

(eXp )+, (W) + (eXp,)x,v(wx). And notice that

(exp,)x (V) = — exp, (v + tv)
dt |,

= 5 v vl
dr t=0yp, +rv(1)

= — v 1 t == ! 1 .
dt —o0 pr ( + ) Vp,v( )

Therefore, we get that

(€xP,) e (0). (€XD, ) (WD)} = (1) o (1), %%,U(m

= Sy O = (w.0)

where we used the fact that since y,, (1) is the parallel transport of v by the geodesic vy,
we have |)/(;,v(1)|2 = |v|?, and (w7, v) = (w,v). Therefore, all it remains is to check
that

((€xpp)uw(v), (expy)sn(wn)) = 0.

Since exp pV is defined, there exists ¢ > 0, such that exp » tv(s) is defined for 0 < ¢ <
l,—e < s < g, where v(s) is a curve in T, M with v(0) = v,v'(0) = wy, and |v(s)]| is
constant for all s. Now define the map f : [0, 1] x (—e,&) = M, f(t,5) = exp, tv(s).
Now, for each fixed #, notice that f(z,s) : (—e, &) — M is a curve, and for each fixed s,
the map f(¢,s) : [0, 1] = M is a curve (in fact a geodesic, see figure on the next page).
Now define df/0ds(to, So) to be the tangent vector of the curve f(t9,s) : (—&,&) —> M at
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s = 89, and similarly for df/dt(t9, s9). Then note that for any smooth function g with
correct domain, we have
d ) d
8§ = +-
s=0 ds

af B
a—s(l, 0)g = f(1, S)*,(I,O)(a

g(exp,(v(s))) = (exp,)«v(WN)g
0

S=

since recall that F : M — N, then F ,(v) can be calculated by finding a curve ¢ : I —
M with ¢(to) = x,¢'(to) = v and we get Fx x(v) = (F o¢)'(to). Here we set F = exp,,
and ¢(s) = v(s). This shows that

d
Y. (1,0) = (@xpy)elion).
S

Similarly, by letting F' = exp, and ¢ = tv(0) = v gives

of d

- (1,0)g = f(t,O)*,(l,O)(—

at dt g(expp (1v)) = (eXPp)*,v(U)g.

t=1

)=
t=1 dt

So this shows that

of
57 10 = (expp)un(v).

Therefore, we want to show that

of of

0 = {(©XP, )0 (WN). (€XP, e (1)) = (5. 2-)(1,0).

But note that by compatibility, we have

d af af ,Daf af,  df Daf. DI df

{ + { )= )

o o = Saa ) TS = Saes
ld af af 1d o,
=2\ ) T 2g @ =0

since df/dt is the tangent vector of the geodesic  — f (¢, so) for each fixed s¢. Therefore
(D/dt)(df/dt) = 0. The last equality is because we assumed that |v(s)| is constant. Now
since

df

lim g(f’ 0) = tlgl(l)(eXp,,)*,m(th) =0,

we conclude that
af af
— =¥(1,0) = 0.
(as az)( )

This concludes the proof. 0
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T,M

Figure 6.1: An illustration of the proof above. What we actually did is parametrized a
circle from [0, 1] x (—¢, €) to T, M via the map (¢, s) — tv(s). Then this map composed
with exp,, gives the f(#,s) map. Note that for fixed s, as we travel along ¢ direction,
we have a geodesic exp,,(tv(s)), which are the image of the radial curves of the circle in
Tp M under exp,,.

Now we can prove the local minimizing property of geodesics:

Proposition 6.16. Let B:(p) = exp, B:(0) be the geodesic ball at p and let y : [0, 1] —
Be(p) be a geodesic starting at p, where ¢ > 0 is chosen such thatexp,, : B.(0) — B(p)
is a diffeomorphism. Then if ¢ : [0, 1] — M is any differentiable curve joining y(0) and
y(1), we have

L(y) = L(c).

Proof. WLOG we may assume c is contained in B.(p). If we can prove this statement,
then for a general ¢ : [0, 1] — M joining endpoints of y, just take ¢ € [0, 1] be the first
point such that ¢(¢) € dB.(p). Note that by Gauss’s lemma, B.(p) is also a ball centered
at p with radius €. Then we have

L(c) = L(clpo,) = € = L(y).

Now suppose ¢ C Be(p). Since exp,, : B:(0) — B(p) is a diffeomorphism, we may
lift y and ¢ to y and ¢ in T, M. Then, we have that y(¢) = exp,, y(¢) = exp, tv where
v = y'(0) and c¢(¢) = exp,c(r). Write ¢(1) = r(t)w(t), where w(t) € T,M with
|w(¢)| = 1 and the function r : [0, 1] — R is the length of ¢ with value |c(¢)| at ¢. Note
that

(/). w(0) = 3 (), w(n) = 0
since |w(t)| = 1. Now write w, = r'(t)w(t) and w,, = r(t)w’(¢). Then
'O = [ (Ow@) + rOw' O = |w* + [wal* = Jw, > = |1 (0) .
Hence

ua=A|ﬂmmzA|ﬂmm=Lw>
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Now by Gauss’s lemma, we have

()] = [(exp )« ()] = [(exp )« (wr (1)) + (exp,)x (Wa (D)) = |wy| = [y'(D)].

This further implies that

1 1
L(e) = /0 (0)]dt > /0 Y Oldt = L.

This concludes the proof. U

One might wonder if it is possible to define exp, on the entire 7, M . This is answered
by the following theorem [2, Chap 7, Thm 2.8]:

Theorem 6.17 (Hopf-Rinow). Let M be a Riemannian manifold and p € M. Then the
following are equivalent:

1. exp,, is defined on all of Ty M.
2. The closed and bounded sets of M are compact.
3. M is complete as a metric space.

4. M is geodesically complete, i.e., every geodesic can be extended to a geodesic
defined on R.
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