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Preface

This note is based on Professor Francis Su’s lectures at Harvey Mudd College and Prof. Qiguang
Bai’s lectures at NTCU. The text is Principles of Mathematical Analysis by Walter Rudin. The
note will not be a boring repetition of the text, but more about supplementary information that
professor mentions in the lecture. This note, to some degree, reflects the process of my self
learning, in which I recall important results we get from both lecture and text, and I use verbal
explanation to demonstrate my own understanding. I also added a couple of diagrams that I
believe is helpful for you to understand important ideas in the proofs. Now that I have time to
enjoy this amazing subject, not only do I invite you to join this exciting journey, but I also wish
you the very best for taking your own steps towards the greatest intellectual adventure of human
history.

Tianyi
January 2nd, 2020
PS: This note is officially finished now !.

Tianyi
August 1st, 2021

'T was awake for the whole night!
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Chapter 1

The Real and Complex Number Systems

God made the integers, all else is the work of man.

-Leopold Kronecker

1.1 Boring Stuff

We will first start by introducting sets.

Definition 1.1.1. If A is any set, we write x € A to indicate that x is a member. If x is not a
member, we write x ¢ A.

Definition 1.1.2. The set which contains no element is called the empty set. If a set contains at
least one element, then the set is nonempty.

Definition 1.1.3. If A and B are two sets, and every element of A is an element of B, we say A
is a subset of B. We write A C B. A C A is true for every set A.

Definition 1.1.4. If A C B and there is an element in B that is not in A, then A is a proper set
of B.If AC Band B C A, we write A = B.

Definition 1.1.5. If we have two sets A and B, their union is defined by
AUB={x:x€A or xe€ B}
Their intersection is defined by
ANB={x:x€A and x € B}

We first define the product of two sets.

Definition 1.1.6. The product of two sets A and B is defined as

Ax B ={(a,b):ae€ A,be B}

9
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Definition 1.1.7. A relation R is a subset of A x B. If (a,b) € R, write aRb.

Here is an example of the definition above. Define P as the set of all people. Then A "is an
ancestor of" is a relation on P x P. I may ask, is the pair (Tom, Jerry) in the relation A? In other
words, is Tom an ancestory of Jerry? The answer may depends. But you get the idea. Now we
move to equivalent relations.

Definition 1.1.8. An equivalence relation R on a set S is a relation on S x § such that the
following statement holds true

(i) aRa

(il) aRb = bRa

(iii) aRb and bRc = aRc.

The first law is called reflexive condition, the second one is called symmetry, and the third

one called transitivity. We denote equivalence relation with "~".
Now we will try to convince ourselves that a function is actually a relation.

Proposition 1.1.1. A function F from A to B is a relation such that if
aFb and aFb' = b=0"0

A more conventional way to state this proposition is the following: Consider a function
F:A— B,if Fla) =band F(a) = b’, then b = b’. Good.
Now we talk about the construction of rational numbers.

Definition 1.1.9. We define Q to be a relation on Z x (Z —0), where Z—0 is the set of all integers
without the element 0. More specifically, Q is the collection of equivalent classes

Qz{%:m,neZ,n;ﬁO}

where g is the class of ordered pairs (p, ¢) such that (p,q) ~ (m,n) if pn = gm and g, n # 0.

We now look more carefully at Definition 1.1.9. We constructed the relation "~", but now
we need to prove that it is equivalent. Why? Say if you have two ordered pairs, (1,2) and (2,4),
the corresponding ** should be equivalent: they are both 7. Therefore, we agree that we need to
check whether the relation "~" is an equivalence relation.

Now, according to the definition of equivalence relation, we need to check three things. First,
check if (p,q) ~ (p,q). According to our definition, since pqg = ¢p, and g # 0, this is true.
Second, check if (p,q) ~ (m,n) implies (m,n) ~ (p,q). Since pn = gm implies mq = pn,
this is also true. Finally, a more interesting one. Does (p,q) ~ (m,n) and (m,n) ~ (a,b)
implies (p, q) ~ (a, b)? To check that we use a law called cancellation on Z.

Corollary 1.1.1. Cancellation on Z.
Consider a,b,c € Z. If ab = ac and a # 0, then b = c.

Continue our proof. Now we already know that b,q # 0. We multiply b to both sides of
equation pn = gm, giving pnb = gmb. We multiply ¢ to both sides of mb = an, giving
gmb = angq. Therefore, pnb = anb. Using the cancellation law on Z, we have pb = ga.
Q.E.D.
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1.2 Properties of Q

Now that we defined QQ, we start to define operations on (Q such as addition and multiplication.
First of all, what is a good definition of addition on Q? Let’s say we have % and %. Can we
define

a ¢ a+c
___+?

b d b+d

Well, you can’t stop me from doing that, but there is a problem. Let’s say 7 =
Then we have

1

4

n 3
2 4 6
But what if we pick 2 which is the same class of %, to add %? Then we get

2+3_5
4 4 4

The problem is, I shouldn’t be getting diffrent class like % and % on the right hand side by

adding the same class on the left hand side! The addition, therefore, is not well defined. A well
defined definition should be independent of the representative I choose. What about the following
definition?

a,c_0,

ptaT1
The result on the right hand side does not depend on the representative I choose. Therefore, it
is well defined. However, this definition is boring because it doesn’t depend on anything! We
should then look for more useful definition instead of this because it takes us nowhere.

Now the good definition:

Definition 1.2.1. Addition on Q
The addition on QQ is defined to be

_ad—l—bc

+c
d bd

o] Q

where bd # 0.

But even with the good definition, we are not done yet. We need to prove that it is well
defined. So it does not depend on the representative I choose. Mathematically speaking, if
(a,b) ~ (a’,b") and (c,d) ~ (c’,d’), then (ad + bc,bd) ~ (a’d’ + b'c’,b’d"). Let’s prove
this.

Proof. We know that ab’ = a’b and cd’ = ¢'d. Then

(ad + bc)b'd' = adb'd’ + beb'd’
=a'bdd’ + c'db'b
=bd(d'd +b'c).

This means that indeed (ad + bc,bd) ~ (a’d’ 4+ b'c’,b’d"). The proof is completed. H
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Definition 1.2.2. multiplication on
The multiplication on Q is defined to be

ac ac

bd ~ bd
where bd # 0.
We quickly prove that this definition is well defined.

Proof. We want to prove that if (a,b) ~ (a’,b’) and (c,d) ~ (c’,d’), then (ac,bd) ~
(d’c’,b'd"). So we know that ab’ = a’b and cd’ = ¢’d. Let take a look at acbh’d’.

acbh'd’ = ba'cd’ = ba'dc’ = da’c¢'bd
Therefore,(ac, bd) ~ (a’c’,b'd’). O

To some extend, Q extends on Z. You can check that
n
{— ‘n e Z}
1

which is a subset of Q, behaves just like Z.

1.3 Ordered Set

We know discuss the order on set Z. First we define what is an order.

Definition 1.3.1. Let S be a set. An order on S is a relation denoted by < that satisfies the
following two properties.
(1)If x, y € §, then one and only one of the following is true

X<y x=y y<x
() Ifx,y,ze S,ifx <yandy < z,thenx < z.

Remark 1.3.1. (i)It is often convenient to write y > x instead of x < y.
(i1)x < y means either x < y or x = y is true. In other words, x < y is the negation of x > y.

Definition 1.3.2. An ordered set is a set .S in which an order is defined.

For example, Q is an ordered set if r < s means that s — r is a positive rational number. A
more rigorous definition is given below.

Definition 1.3.3. In Q, say °* a positive rational number if mn > 0.

We just made a definition! We should check whether it is well defined. This means that
(m,n) ~ (p, q) should imply pg > 0.

Proof. We know that pn = mgq. We multiply both side by gm. This gives pgnm = mmqq =
(mg)? > 0. And since mn > 0, it must be true that pg > 0. ]
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1.4 The Incompleteness of QQ

We have discussed quite a lot to complete definitions of set Q. And we do see that (Q can solve
certain problems that Z cannot. For example, we have 3 cakes and we want to distribute them
equally to 5 people. Naturally we want such a number x that satisfies 3x = 5. Obviously x ¢ Z.
But we can see that x € Q and x = %

However, such a set (Q does not solve all equations. For example, the solution of the equation
x? = 2is not in Q, which we will show.

Proposition 1.4.1. No number x € Q satisfies the equation x> = 2.

Proof. We prove this proposition by contradiction. Assuming that there is an x € QQ that satisfies
the equation. Write x = g, where p, g € Z and share no common divisors. Substitute g into the

equation we get (g)2 = 2, hence
This means p is even, because if p were odd, p? would have been odd. Then write p = 2m
where m € Z. Sustitute p = 2m back into Eqn.(1.1) We have

4m? = 2q2 (1.2)

Therefore ¢ must be even. But then p, g have common divisor 2, which contradicts our assump-
tion. Therefore there is no such x = § that satisfies x? = 2. [

We showed that there is no such number x € Q that satisfies x?> = 2. But we will also show,
through this example, that there are certain gaps in QQ that needs to be filled.

Proposition 1.4.2. Let A be the set of all positive rationals p such that p?> < 2. Let B be the set
of all positive rationals p such that p* > 2. Then A contains no largest number and B contains
no smallest.

Proof. We will prove our claim by showing for every p € A we can find a rational ¢ € A such
that p < g. And for every p € B we can find a rational ¢ € B such that ¢ < p.
We associate with each rational p the number

pP—=2 2p+2

= p— — , 1.3
1=r p+2 p+2 (1.3)
Then,
2(p% -2
R Uit} (1.4)
(p+2)?

If p € Athen p?>—2 < 0, so Eqn.(1.3) says ¢ > p. And Eqn.(1.4) says g> —2 < 0,s0q € A. If
p € B then p?—2 > 0, s0oEqn.(1.3) says ¢ < p. And Eqn.(1.4) says ¢>—2 > 0,s0q € B. [
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The discussion above shows that the rational number system has certain gaps despite the
fact that between every two rationals there is another (say r < s, we can always create a new
number between them: r < (r + 5)/2 < s). The real number system fill these gaps. This is the
motivation of why we develop the real number system and why they play such fundamental role
in real analysis.

Remark 1.4.1. The proof of Proposition 1.4.2 is utterly elegant. But how did we figure out we
should make the association of Eqn.(1.3) in the first place? First of all it is clear that our goal is
to show that for every p € A we can find arational ¢ € A such that p < g. And forevery p € B
we can find a rational ¢ € B such thatg < p.

Let’s analyze everything we have more carefully. First discuss the case where p € A. We
want such a ¢ that satisfies p — g < 0 and g2 — 2 < O(so that ¢ € A). Looking at the form
p —q < 0, we naturally want to construct something like ¢ = p — X, where X is some number
smaller than zero. We first try something like X = %, where x > 0, since we are guaranteed
that p?2 — 2 < 0. The advantage of such construction, as you will see, is that it also works when
p EB.

But then what is x? We have used condition p> — 2 < 0. But there is one more condi-
tion(restriction): g2 — 2 < 0. So naturally we want to square our expresion of ¢ and find g2 — 2.

Now
p>—2 xp—p>*-2

q9=p—
X X

If we want to square this expression, there will be a p*, which is troublesome. So we want to
cancel the p? upstairs by cleverly choosing x. We try x = p + 2 > 0. Then

p>—-2 2p+2

p+2  p+2°

q9=D—

Hence,
-2 = M
(p+22
So we arrived at such an association between ¢ and p because the algebra turned out to be nice
and it satisfies the conditions we want.

1.5 Fields

Definition 1.5.1. A field is a set F' with two operations, called addition and multiplication, which
satisfies the following axioms.

(A)Axioms for Addition
(Al)If x € F and y € F , then their sum x + y isin F.
(A2) Addition is commutative: x + y = y 4+ x forall x, y € F.
(A3) Addition is associative: (x + y) +z =x 4+ (y + z) forall x, y,z € F.
(A4) F contains an element 0 such that 0 + x = x for every x € F.
(AS) To every x € F corresponds an element — x € F such that x + (—x) =0
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(M)Axioms for multiplication

M1) If x € F and y € F, then their product xy isin F .

(M2) Muttiplication is commutative: xy = yx forall x,y € F.

(M3) Muttipication is associative: (xy)z = x(yz) forall x, y,z € F.
(M4) F contains an element 1 # 0 such that 1x = x for every x € F.
(M4) If x € F and x # 0 then there exists an element 1/x € F such that

x-(1/x) =1

(D)The Distributive Law
x(y+z)=xy+xz

holds forall x, y,z € F.

Definition 1.5.2. An ordered field is a field F which is also an ordered set such that
Wx+y<x+zifx,y,ze Fandy <z
(i) xy >0ifx,y € Fandx > 0Oand y > 0.

Proposition 1.5.1. Q is a field that satisfies A(1-5),M(1-5),and D.
Proposition 1.5.2. Q is an ordered field.

1.6 Upper and Lower Bounds

We showed in section 1.4 in Proposition 1.4.2 that the set A that includes all numbers p such that
p? < 2 contains no biggest number. And the set B that includes all numbers p such that p? > 2
contains no smallest number. Now we define rigorously what the "biggest and smallest number
in a set" means.

Definition 1.6.1. Consider £ C S where S is ordered. If there exists 8 € S, such that for all
x € E we have x < B, then f is an upper bound for E. We say E is bounded above.

Similarly, we have a definition for lower bound.

Definition 1.6.2. Consider £ C S where S is ordered. If there exists B € S, such that for all
x € E we have x > f3, then B is an lower bound for E. We say E is bounded below.

Exercise 1.6.1. Prove that 2 is an upper bound of A = {x : x> < 2,x € Q}.

Solution 1.6.1. We prove by contradiction. Suppose % is not an upper bound for A4, then there
exists some x such that x > % Then x? > % > 2, we have reached a contradiction.

Now we define the least upper bound.

Definition 1.6.3. If there exists « € S such that

(1) « is an upper bound of £

(i1) If y < « then y is not an upper bound for £

Then « is called the least upper bound for E. We write

a=supk
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Exercise 1.6.2. Let S = Q. Let £ = {% 1, 2}. Prove that 2 is the least upper bound for E.

Solution 1.6.2. To prove that 2 is the least upper bound, first prove that 2 is an upper bound. Since
2e€ Qand?2 > x,Vx € E, 2 is an upper bound. Second, we prove that 2 is the smallest upper
bound. Assume the contrary, then there exists some upper bound y < 2, buttheny > x,Vx € E
must be false. Therefore, we have a contradiction. So 2 must be the smallest upper bound.

Exercise 1.6.3. Let S = Q. Let £ = Q™, which is the set of all negative rationals. Prove that
sup E = 0.

Solution 1.6.3. We see right away that 0 is an upper bound of E. Now we prove it is the smallest
upper bound. Suppose y < 0, then we can always construct % which belongs to QQ and is bigger
than y. So y is not an upper bound for E. Therefore sup £ = 0.

Exercise 1.6.4. Let S = Q. Let E = Q. Prove that sup E does not exist.

Solution 1.6.4. According to Definition 1.6.3, the condition (i) is not satisfied. So there is no
least upper bound. We say then E is unbounded above.

Exercise 1.6.5. Let S = Q. Let E = A. Prove that sup A does not exist.

Solution 1.6.5. See proof of Proposition 1.4.2 in section 1.4. Note that sup A does not exist even
if A is bounded.

We can define the greatest lower bound in similar mannar.

Definition 1.6.4. If there exists « € S such that

(1) o is an lower bound of E

(i1) If y > « then y is not an lower bound for E

Then « is called the greatest lower bound for £. We write

a =infE
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1.7 The Construction of R

Please forget everything you have learnt at school; for you have not learnt it.

Edmund Landau

We now start constructing R only in terms of rationals. We will construct it in such a way
that it satisfies the existence theorem, which is the core part of this chapter. We first present the
theorem.

Theorem 1.7.1. There exists an ordered field R which has the least-upper-bound property. More-
over, R contains Q as a subfield.

Now we define the "least-upper-bound property" mentioned above.

Definition 1.7.1. A set S has the least-upper-bound property if every nonempty subset of .S that
has an upper bound also has a least upper bound.

So a set that satisfies the least-upper-bound property will always have a least upper bound if
bounded. This means that we won’t encounter the problem of set A we seen before.

1.7.1 Dedekind Cut

We have seen the problem with Q. Some subsets of (Q have no least upper bounds. For example,
the set A := { p:p?><2andp > O} has no least upper bound — you can always find a number

r € A such that r > p. Therefore, we cannot express "+/2" that we know of using only Q field
since there are certain "gaps" in Q.

Therefore, we are motivated to consturct a more complete field, which we call R field. The
idea is to construct R using only Q, the same way as we constructed Q using only Z.

But then how do we express "+/2" using only Q? well, we know that there are many elements

in Q that are approaching "+/2". For example, Z, 41 239 1393 W can then the set that contains

>5°29°169° 985
these approaching numbers to represent "+/2". In other words, let

«/E::{p2<20rp<0,pe@}

This set is illustrated in Figure 1.1. We "cut" the axis into two pieces. Such a cut is called a
Dedekind cut, which we will call a "cut" from now on.
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Figure 1.1: Dedekind Cut corresponding to V2

A cut, by definition, is a set that has the following three properties: (i) It cannot be empty
or the whole Q; (ii), It is closed downward, meaning it should contain everything to the left of
the "cutting edge"; (iii) It contains no biggest number. We then put those words into rigorous
mathematical definition.

Definition 1.7.2. A cutis any set @ C Q with the following three properties:
Mo #0,Q;

ADIf pea,g e Q,andg < p,thenqg € «;

D If p € o, then p < r for some r € «.

Corollary 1.7.1. (1l) in Definition 1.7.2 implies two facts, which will be used freely:
If peaandq ¢ o, then p < q.
Ifr ¢xandr < sthens ¢ .

Proof. (1) Assume the opposite. If p € o and p > ¢, then by (II) ¢ € «. We reached a

contradiction. Hence, p < ¢. (2) Assume the opposite. If s € @ and since r < s, by (II) we must

have r € «. Contradiction. Hence, s ¢ «. [
Now we begin to define the real system R.

Definition 1.7.3. The member of R will be certain subset of Q called cuts.

R :={« :aisacut}.

In other words, the set of all cuts is defined to be R. From now on we use English letter
P, q,r... to represent elements in Q and greek letter «, B, y to represent cuts.

1.7.2 Orders of R

Now that we defined R, we want to give it an order.

Definition 1.7.4. (Orders of R). Consider two cuts, o, B € R. We define « < 8 to mean « is a
proper set of .
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Now we need to check whether our definition is consistent with Definition 1.3.1. If ¢ < f8
and B < y then it is clear that @ < y. It is also true that at most one of the three relations

a<f, a=8, B<a«

can hold for any pair «, 8. Here’s proof.

Proof. Assume the first two relations fail. Then « is not a subset of 8. Hence there is a p € «
with p ¢ B. If g € B, it follows that ¢ < p since p ¢ B (Corollary 1.7.1). Hence ¢ € « by (II).
Thus B C «. Since B # «, we conclude: 8 > . ]

Remark 1.7.1. One thing to point out is that if, for example, the first relation fails, then the
second relation @ = B must fail. Because if « = f, since § C 8, we must have o < f.

Thus now R is an ordered set.

1.7.3 Define Addition

Now that R is an ordered set, Let us define the arithmetic on R.
Definition 1.7.5. Take «, f € R. The addition on R is defined to be:
a+pB:={p:p=r+s where rea,secpf}

We will now check this definition satisfies the field axioms for addition (A1)-(A5).

(A1) We have to show that & + B is a cut. It is clear that « + B # 0. Take r’ ¢ «a and s’ ¢ B,
it follows then " +s" > r + s for all r € «, s € B. Therefore, property (I) is met.
For (I), pick p e « + B. Then p = r + s withr e o, s € . If ¢ < p,theng —s < r. So
q €a.Butqg =(q—s)+s €a+ . Thus, (II) holds.
Now go to (II). Choose ¢t € o suchthatt > r. Thenp =r+s <t+sandt +s € «. Thus
(III) holds.

(A2) Since addition itself is commutative, it follows ¢ + 8 = B + «.

(A3) This follows from the associative law in Q.

(A4) We define our zero element 0* to be the set of all negative rational numbers. Then if
reagands € 0*,r +s < r. Thereforer +s € «. Soa + 0* C «.
To obtain the opposite, we pick p,r e e andr > p. Then p—r € 0*,and p =r+(p—r) €
o + 0*. Thus o + 0* C «. We then conclude that & + 0* = «.
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(AS) Fix @ € R. We define the inverse element 3 as

B:={p:3Ir >0st.—p—r ¢}

This basically means that f is the set of numbers such that its negative reflex minus a little bit
(by an amount of r) fails to be in «.

We first show that 8 € R. if s ¢ o and p = —s — 1, then —p — 1 ¢ «. Hence p € . So
B#0.Ifqgeatheng >qg—r €a. So—qg ¢ B. Therefore B # Q. (I) is done. Pick p €
andr >0.So—p—r ¢wa. Ifg < p,then—qg—r > —p—r. Hence —q —r ¢ «. Soq € B. (1)
holds. Putt = p 4+ (r/2),sot > p. And —t — (r/2) = —p —r ¢ «. Sot € . (Il)holds. We
have proved that f is a cut, or equivalently, 8 € R.

We then show ¢+ = 0*. If r € , s € B, then —s—t ¢ « forsome ¢t > 0. But —s > —s—t.
So —s ¢ «. Hence r < —s, or equivalently r + s < 0. Thus o +  C 0*.

To prove the opposite, pick v € 0*. Put w = —v/2. Then w > 0, and there is an integer n
such that nw € o but (n + 1)w ¢ o (According to the fact that Q has the archimedean property,
which will be proved later). Put p = —(n + 2)w. Then since —p —w = (n + )w ¢ «, and
v=nw+ p €a+f. Thus0* C o+ B.

We then conclude that o« 4+ 8 = 0*. 8 will be denoted by —c«.

1.7.4 Define Multiplication on R*

We now define multiplication on R. Multiplication is much more complicated than addition since
products of negative rationals are positive. For this reason we first restrict ourselves to R, the
set of all @ € R with a > 0*.

Definition 1.7.6. (Multiplication on R*) Take a, 8 € R™. The multiplication on R* is defined
to be:
af:={p:p<rs forsome rea,scp,rs>0}

We now need to prove that this definition satisfies (M1)-(M5). Rudin thinks we are smart
enough to prove this by ourselves and therefore omitted the proof. So we’ll prove it to Rudin.

(M1) (I) It is immediately obvious that ¢ # @,Q. (I If p € aff, take g € Qand g < p.
Then p < rs for some positive r € o and s € B. Then g < p < rs. It follows immediately
g € af. (IIl) Choose t € v andt > r. Letk =ts. Then p <rs <ts = k. Butk = ts € af.
Done.

(M2),(M3) follow immediately from the commutative and associative law of multiplication

on Q.

(M4) We define the identity element 1* to be

1*:={q:q <1}

It is obvious that 1* is a cut. So 1* € R. We now prove 1*o = «.
First, take x € 1*a. Then x < gp forsome g € 1*, p € . Butx < gp < p and p € «, thus
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x € «. Then we have 1"« C «.

Conversely, take p € «, there exists ¢ € « and ¢ > p. Theng <1 Sog el*. p< qg. So
p € 1*«. This implies o C 1*a.

Hence, we conclude 1*o = «.

(MS) We define the multiplicative inverse of « to be
1
B:=qp:Ir>0st.——ré¢a.
4

You can sense that this definition is very similar to the additive inverse. We first prove f is a cut.
(D It is clear that B # 0. If we choose p such that % € «, then % —rea. Sop ¢ p.

Therefore B # Q. (II) If p € B, then there is some r > 0 such that % —r ¢ o. Take g < p.
Thené > %. Thené—r > %—r ¢ a. So(—}—r ¢ a. Hence g € B. (1) If p € B, then

there is some 7 > O such that L —r ¢ «. Taket = 522-. Then 1 =1 —1 So¢ > p. Now
D 2—rp t D 2

1 1

7—%=;—r¢a.80te,3.Done.

Now we prove that ¢ = 1*. First, if p € af, then p < ts for some positive ¢ € ., s € f.
Since s € f8, there is some r > O such that + —r ¢ «. Since 7 € @ and 1 —r ¢ o, it must follow
thent < %—r. Sot < % Thus, ts < %s = 1. Sots € 1*. Since 1*isacutand ts € 1* and
p <ts,af C 1*.

To reach the opposite conclusion, take 0 <t < 1. Sot € 1*. Take p € «. Since 0 <t < 1,
0<1—¢t<1. Then (1 —¢)p < p. Hence (1 —¢)p € a. According to the archimedean
property of QQ, there is an positive integer n such that n(1 —t)p e « and (n + 1)(1 — 1) p ¢ «.
Call py = n(l—t)pand p, = (n + 1)(1 —¢t)p. Since p, ¢ v and p € «, p» > p. So
p2(1—=1) > p(1—t) = p>— py. Therefore, p, < 2. Since p, ¢ « and p, < £L, it must follow
then 2 ¢ . Thus, 21 — (2L — p,) ¢ o. This implies that é € B. Finally, t < plﬁ € aff. We
conclude then 1* C «f.

We can then be certain that o = 1*.

(D) Trivial.

1.7.5 Multiplication on R

We can complete the definition of multiplication by setting «0* = 0*« = 0* and by setting

(—a)(=B) ifa<0*p8<0*
aff — [(—a)B] ifa <0* B8 > 0*
—la-(=B)] ifa>0*p<0*

We now need to redo the proof of (M1)-(M5) and (D). By using the identity y = —(—y), this is
trivial. So we omit the proof.
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1.7.6 Least Upper Bound Property on R

Having prove that R is an ordered field, we now need to prove that R satisfies the least upper
bound property. We leave the proof to Rudin. But here is the basic idea.

We want to prove that if you take some nonempty set A € R (A is the set of cuts), sup A
exists. Imagine A = {oy, oy, ...0t» } Where all the elements are cuts containing some rationals.
Then what is the least thing that contains all the stuff in A? It should be the union of all the cuts,
intuitively. So we define

yi=orUayU...Uuwy,

and we prove that y = sup 4.

1.8 The Real Field

We worked hard to construct R. In previous section, we proved that R is an ordered field with
least upper bound property.

But everything is so NOT obvious. You may object, or at least question, can the real number
field, defined as the set of all cuts, express something that Q fails to express?
Let us look back at the stage when we were defining Dedekind cuts. We say we can express
"/2" using rationals by assigning it to

y:={p2<2orp<0,p€(@}

Then by our definition of multiplication on R (without loss of generality, we only consider the
multiplication on R™),

y>={p:p <rs forsome positive r,s € y}
We will prove that y? = 2*, where
2 ={p:p<2 or p<O0}

Proof. We start by verifying 2* is a cut, we leave the work to you. We now want to prove that
y? = 2%

First, if p € y2, then p < rs for some positive 7, s € y. Since p < rs, then p? < (rs)? =
r2s?2 < 2.2 = 4. Therefore p < 2. We get y2 C 2*.

If p € 2* and p < 0, since rs > 0, it follows immediately that p € y2. If 0 < p < 2, then
p? < 2-2. Therefore, p? < r2s? for some positive r, s € y. Thus p < rs. So p € y2. We then
conclude 2* C y2.

Hence the proof is finished. [

We will also point out the fact that any two ordered field with the least upper bound prop-
erty are isomorphic. This means that R is the only field that has such property. If we are able to
construct another ordered field with the least upper bound property, then this field must also be R.
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Previously in our presentation of defining R, we said the addition and multiplication are
defined because of the archimedean property of (. Now we define what archimedean property
is.

Definition 1.8.1. If x, y € Q and x > 0, and if there exists a positive integer n such that
nx >y
then we say Q has the archimedean property.

Now we prove that (Q has the archimedean property.

Proof. First, observe that if x > y, the proof is trivial. Now if x < y,letx = 7,y = 7, where
a,b,c,d € NT. Taken = bc + 1. Since a,d > 1, then ad > 1. Therefore, ad(bc + 1) > bc.
We have nad > bc. Therefore, n% > %. O

And you may already have guessed that R also has archimedean property. We know introduce
two property of R.

Theorem 1.8.1. (a)lf x,y € R and x > 0, and if there exists a positive integer n such that
nx > y.
(b)If x,y € Rand x < y, then there exists p € Q such that x < p < y.

Part (a) is the archimedean property of R. Part (b) says Q is dense in R.

Proof. (a) Let A = {nx :n € Z*}. Assume that (a) is false, then y would be an upper bound
for A. But then A has a least upper bound in R. Put « = sup A. Since x > 0, ¢ — x < «. So
« — x is not an upper bound of A. Hence ¢ — x < mx for some positive integer m. But then
a < (m+ 1)x € A, which is impossible since « is an upper bound of A. Contradiction.

(b) First let’s go back to (a). If we put y = 1, this means there exists n € Z* such that % <x
forx > 0.
Since x < y, we have y —x > 0. Choose n such that % < y — x. But from (a) we also know
that the multiples of }l is unbounded. We choose first multiple °* such that 7 > x.
Then I claim 7 < y is also true. If not, using two inequalities we have

<X

We will get % > y — x, a contradiction. Therefore, there exists a rational p = % such that
xX<p<y.
O
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1.9 Euclidean Spaces and the Complex Field
Definition 1.9.1. For each positive integer k, let R* be the set of all ordered k-tuples
X = (X1,X2,...,Xk)

where x1, x5, ..., xx € R, called the coordinates of x. The elements of R¥ are called points, or
vectors.

Definition 1.9.2. (Arithmetic) If x = (x1,Xx2,...,X%), Y = (V1, Y2, ..., Vx) and @ € R, then we
define addition to be
X+y=x1+yi.X24+ Y2, . X + Vi)

Multiplication of a vector and a scaler is defined to be
ax = (X1, 0Xs, ..., XXg) .

Sothat x +y € R¥ and ax € RX. These two operations are commutative, associative, and
distributive. Therefore R¥ is a vector space over the real field. We define the zero element to be

0:=(0,0,...,0)

Definition 1.9.3. (Inner Product) We define the inner product of x, y to be

k
Xy =) XiJi
i=1

Corollary 1.9.1. The norm of X, also known as the magnitude, can be found by

k
X = (x- %)% = (Z x?)
i=1

Now we start talking about the complex number.

1/2

Definition 1.9.4. A complex number is an ordered pair of real numbers (a, b), where a, b € R.
We denote the set of complex numbers by C.

Definition 1.9.5. (Arithmetic on C) Let x = (a,b),y = (c,d) be two complex numbers. We
write x = y if and only if a = ¢ and b = d. We define

x+y=(a+c,b+d) xy = (ac —bd,ad + bc).

Theorem 1.9.1. The definitions of arithmetic turn C into a field, with (0, 0) and (1,0) in the role
of 0 and 1.

Proof. See Rudin pgl3. [
Definition 1.9.6. i = (0, 1).
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Theorem 1.9.2. i? = —1.
Proof. i2 = (0,1)(0,1) = (—1,0) = —1. N
Theorem 1.9.3. Ifa,b € R, then (a,b) = a + bi.

Definition 1.9.7. If a,b € R, and z = a + bi, then the complex number Z = a — bi is the

conjugate of z. We write
a = Re(z) b =1m(z).

Theorem 1.9.4.
(a) |z| > Ounless z =0,]0] =0

(b) |z] = |z|
(c) |zw| = |z||w]|
(d) |Rez| < |z|

(e) |z +w| < |z] + w]

Proof. The proof of (a)-(d) we leave to Rudin. To prove (e), note that Zw is the conjugate of zw.
Sozw + Zw = 2Re(zw). Hence

lz4+wP=C+w(E+w) =zZ4+z0+ Zw + ww
= |z|* + 2Re(zw) + |w|?
< |zI? + 2|z0] + |w]?
= |z]* + 2|z lJw| + [w]* = (2] + |w])?
Now (e) follows by taking the square root. 0

Definition 1.9.8. If x{, x5, ..., x,, € C, we write
n
Xp XX, = )Xy,
j=1

We conclude our discussion of complex numbers with an important inequality, called the
Schwarz inequality.

Theorem 1.9.5. (Schwarz inequality) If ay, ..., a, and by, ..., b, are complex numbers, then

n _ 2 n ’ n >
D ajby| <) a0 |by]
j=1 j=1 j=1

Proof. Put A = Y"l|a;|>, B =Y_|b;j|*>.C =Y a,b;, where j runs from 1 to n. If B = 0, the
proof is trivial. Assume therefore that B > 0. By Thm.1.9.4 we have

Z‘Baj —ij}z = Z(Baj —ij) (Bd,- —Ej)
= B2y |a;|” = BCY a;b;—BCY a;b; +|C?Y_ |b;[°

= B?A— B|C|?
= B(AB —|C)
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But since ) |Baj — Cb; }2 > (0, We have
B(AB —|C|*) > 0.
Since B > 0, we have
AB—|C|* >0,
which concludes the proof. [

Remark 1.9.1. Note that if we let Im(a;) = I'm(b;) = 0, in other words a;,b; € R for all
i € 77, then the first term on the right hand side Y a;b; = > a;b;, which can be seen as a - b
where a = (ay,as, ...a,) and b = (by, bs, ..., b,). Schwarz inequality then implies that

la-b| < |a][b].
Now that we know the Schwarz inequality, we say a little bit more about Euclidean spaces.

Theorem 1.9.6.
(a) x| = 0
(b) |x| = 0 ifand only if x = 0
(c) lax| = |e|[x[;
(d) [x-y| < [x]ly]
(e) Ix +y| < |x] + |yl
(f) Ix—z| < |x—y| + |y —z|

Proof. (a)-(c) are obvious. (d) is immediate from the Schwarz inequality. By (d) we have

x+y>=&+y)- x+y)
< IxI* + 2Ixlly| + Iy|*
= (x| + yD*

so (e) is proven. (f) follows from (e) if we make the following substitution:

X —>X—Y y—>y—2

Remark 1.9.2. R? is usually called the plane, or the complex plane.



Chapter 2

Basic Topology

Point set topology is a disease from which human race will soon recover.

-Henri Poincare

2.1 Induction

The idea of induction can go back to Peano’s Axioms, which we didn’t focus much of our
attention on. Here, we will use the well ordering principle of the natural numbers introduce
the principle of induction. Recall that the set of natural number is

N={1,2,3,4...}

Axiom 2.1.1. (The Well Ordering Property) N is well-ordered. Every subset of N has a least
element.

Now we introduce the principle of induction.

Theorem 2.1.1. (Principle of Induction) Let S be a subset of N such that:
(i)1 €S,

(ii) ifk € S, thenk + 1 € S,

then S = N.

We will prove that the well ordering principle (WOP) implies the principle of induction (POI).

Proof. We will prove by contradiction. Suppose S has the properties in Thm.2.1.1 and S # N.
Consider A = N\ §. Then according to Ax.2.1.1, there is a least element in A, which we will
call n. Thenn — 1 ¢ A since n is already the least element. This implies that n — 1 € S.
But according to (ii), the successor of n — 1 should be in S. Son € §. We have reached a
contradiction. Therefore, S = N. O]

From now on we will sometimes use induction in our proofs. Proof by induction goes as
follows: Let P(n) be statement indexed by n € N. To show that P(n) is true for all n, we show:

27
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(1) P(1) is true. Note that this is often known as the base case;
(2) If P(n) is true, then P(n + 1) is also true. This is often known as the inductive step.
Then by POI P(n) is true for all n.

Remark 2.1.1. Sometimes it is very difficult to show that P(n) — P(n + 1) is true. Then a
conventional trick is to show that =P (n + 1) — — P (n). This is called proof by contraposition.
It is based on the fact that =P(n + 1) — —P(n) has the same value as P(n) — P(n + 1) on
the truth table, as shown by Fig.(2.1) below.

P qg-pP —qp>q q->—p

TT F F T T
TIFF| T F F
FF T T T T

Figure 2.1: the truth table of p — ¢ and —~g¢ — —p.

We will soon be using POI and contraposition in the next section, where we focus more on
the properties of sets, and the relations between two sets.

2.2 Functions, Countable Sets, Infinite Sets

Definition 2.2.1. Consider two sets A and B. Suppose that for each element x € A, there is
associated, in some manner, an element of B, which we denote f(x). Then f is said to be a
function from A to B (or a mapping of A4 into B). Write

f:A— B

We call A the domain of f and B the codomain of f. The elements f(x) are called the values
of f. We define the range of f to be:

{f(x):x e A}
In other words, the range is the set of all values of f.

Before we move on to the next definition, we shall first introduce one notation. Consider a
set C. We define

fC)={f(x):xeCj
We call f(C) the image of C.

Definition 2.2.2. Consider f : A — B.

(i) When f(A) = B, wesay f is onto (a surjection).

(i) When f(x) = f(y) implies x = y, say f is 1-1 (an injection).
(iii) When f is 1-1 and onto, call f a bijection.
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(i) says that the codomain of f is equal to its range. (ii) says that f only sends one point to
one point. (iii) says f is a bijection if and only if both (i) and (ii) are satisfied. Fig.(2.2)illustrate
the difference.

Injection (One-to-One) Surjection (Onto)

Bijection (One-to-One and Onto)

Figure 2.2: Illustrations

Definition 2.2.3. If there exists a 1-1 mapping of A onto B, we say that A and B are in "1-1
correspondence”. In other words, A and B are equivalent, and we write A ~ B. It has the
following properties:

(i) A ~ A (reflexive);

(i) If A ~ B, then B ~ A (symmetric);

(i) If A ~ B and B ~ C, then A ~ C (transitive).

Any relation with these three properties is called an equivalence relation.

Definition 2.2.4. For any positive integer n, let J, be the set whose elements are the integers
1,2,...n, in other words
Joi={1,2,...,n}.
Define Jy := 0.
Definition 2.2.5. For any set A, we say:
(a) A is finite if A ~ J, for some n.
(b) A is infinite if A is not finite.
(c) A is countable if A ~ N.

(d) A is uncountable if A is either finite nor countable.
(e) A is at most countable if A is finite or countable.

Example 2.2.1. A = {2,3,4,5...} is countable. We can find a 1-1 correspondence between N
and A. The function f(n) =n + 1, where f : N — A.

Exercise 2.2.1. Show that {1,2,3....k — 1,k 4+ 1,k + 2, ...} is countable.

Solution 2.2.1. We can assign a function that is 1-1 and onto by considering

B n (n<k)
T =301 sk
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Theorem 2.2.1. N is infinite.

Proof. (by induction) We want to show that there is no n such that N ~ J,,. We first show that
the base case is true. It is clear that N ~ J; because N \ J; # @. Then we want to show that if
N J,,then N » J, 4.

We will prove the inductive step by contraposition. More specifically, we want to prove that if
N~ Jys1,then N~ J,. If N ~ J,.1 = 1,2,3...,n + 1, let’s call the mapping & : J,,+; > N
(Note that ~ is reflexive). Then if we take out that one additionally element, N\ {h(n + 1)} ~ J,
must hold. But from Exercise(2.2.1) we already showed that N \ {i(n + 1)} ~ N. We call this
function A’. Therefore J, ~ N must be true (illustrated by the following diagram).

N\ {h(n + 1)} s J,

1
f—loh/
N

As shown in the diagram, we just compose the two functions f~! and 4’. Therefore we have
shown that if J,,+1 ~ N, then J, ~ N (or reverse the two sets since ~ is reflexive). But this is
equivalent to saying that if N ~~ J,, then N ~ J,, 1. Therefore, by induction, we have shown that

there is no such n that makes N ~ J,,. Hence, N is infinite.
O

We can also see that a sequence is countable. For example, define the sequence X to be:
X = {x1,X2, ce0s Xpp, -n ) -
We can then assign the bijective mapping to be
f(n) = xp.
In other words, if we can list something in a set, then it is countable.
Theorem 2.2.2. Every infinite subset E of a countable set A is countable.

Proof. Since A is countable, we can list the elements in A. Let’s say, for convinience, A =
{x1, X2, ...Xp, ...}. If we can list the things in E, then E is countable. We can let

ny =inf{i : x; € E}.
We know that this infimum exists because of the WOP. Then we can let
ny, =inf{i : x; € E,i > ny}.

In general, we can let
ng =1inf{i : x; € E,i > ng_1}.
Then we can conclude that
E ={xp, . Xnys .. Xpn; ...}

And since we can list E, we conclude that E is countable. OJ
Exercise 2.2.2. Prove that Z is countable.
Solution 2.2.2. See Rudin pg25, Example 2.5.
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2.3 Cantor Diagonalization

Theorem 2.3.1. Q is countable.

Proof. Since we know that Z is countable, then there exists a bijection u : N — Z. It is then
sufficient to find a bijection v : Z — Q since uov : N — (Q is a bijection. You can refer to Rudin
pg 29 Thm 2.12, where he introduces the diagonal counting. The idea is to list the rationals in
the following way

.-4
.. @\ 3
:@!
" 8
3 33 .@ 5
VA _3p
3 2/4 o.

Figure 2.3: Illustrations of such a bijection v.

We follow the worm back and forth "counting" the rational numbers, skipping any numbers
that are not simplified fractions. We will leave the details to you. [

The following lemma can be extracted from above without much effort.
Lemma 2.3.1. If A is countable, then A x A is countable.
Theorem 2.3.2. R is uncountable.

Proof. Assume the opposite, that we can make a somewhat 1-1 correspondence between N and
R. Like the following one:

1 — 0.12345678...
2 — 0.31415926...
3 — 0.14142323...
4 — 0.77777776...
5 — 0.45643245...

Note that we are using decimal expansions of real numbers (see Rudin pgl1 1.22 if you have
questions). Suppose that we can list all real numbers using this spreadsheet, we want to prove
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that there exists some number x* that is not on the list. First, take x™* to be a real number whose
n-th digit does not agree with the n-th digit of the n-th number. For example, x* = 0.77717....
x* cannot be the first number since the first digit of the first number is 1, not 7. It cannot be
the second number since the second digit of the second number is 1 not 7. It cannot be the third
number... Therefore, we have created some x* € R but is not on the list. So there is no way we
can list R. Hence R is not countable. ]

Remark 2.3.1. Note that this proof does not prove that (Q is uncountable. Yes, you can suppose
that we can list all rationals on the list, and you can create a x* that is not on the list, but there is
no guarantee that x* is rational. Therefore is proof fails for Q.

Theorem 2.3.3. Let {E,}, n = 1,2,3,..., be a sequence of countable sets, then their union,

denoted by
o0
S = En.

n=1

is also countable.

Proof. We want to show that we can list S as a sequence. This is not hard to do. For each set
E,, we can list its element as follows:

En = {xnl, Xn2, xn3---}

Then we can list S in the following two dimensional array and go in the direction of arrow,
shown in the following:

X1,1 X1,2 X1,3 X1,4  torre
T x o A

X2,1 X272 X733 Xz4 0 e

X3,1 X302 X333 X34 e

X4,1 X X4,3 X44 e

In such way we can hit all the element in S. Therefore, we can list S. And if S contains some
repetitive elements, we will simply use the fact that the infinite subset of a countable set is also
countable (which was proved previously) to justify our argument. This means that there exists a
subset T C Z* such that S ~ T, which implies that S is at most countable. Since E; is infinite
and £; C S, then S is infinite, so S must be countable. O
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Definition 2.3.1. Give set A, the power set, denoted by 24 is the set of all subsets of A.

Example 2.3.1. If A = {a, b, ¢, d}, then say we have

D ={a,b,c};
E =1{b,c};
F =4.

which are all subsets of A. So D, E, F € 24,

Remark 2.3.2. If there are n elements in A, then it is very easy to show that there are 2" elements
in the power set of A, which is why we write 24. The idea of the proof is demonstrated in the
following remark.

Remark 2.3.3. Note that we can express set D, E, F in binary numbers, indicating whether they
contain certain elements of A. specifically,

A={a,b,c,d}
D=1,1,1,0;
E=0,1,1,0;
F =0,0,0,0.

Such idea is the key to prove the following theorem.
Theorem 2.3.4. (Cantor’s Theorem) For any set A, we have A ~ 24.

We frist present a clever idea of the proof. We want to apply argument similar to the diagonal
prove that says R is uncountable. Suppose the contrary, then there exists a bijection f : 4 — 24,
This function f takes some x € A and maps it to f(x) € 24. Probably the following way:

x;—1,1,1,0, ..
x»—0,1,1,0,...
x3 — 0,0,0,0, ...
x4 —0,1,0,1,...

We create a set P € 24 by taking the diagonal:
P=1,1,0,1.
And we create P* by turning every 1 in P to 0 and turning every 0 in P to 1:

P*=0,0,1,0

Now we can see that P* € 24 but it cannot be on the list. Therefore, we conclude that
A~ 24,

Cantor constructed its proof from this idea but using a more rigorous and nonintuitive con-
struction.
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Proof. (by contradiction). Suppose A ~ 24. Then, there exists a bijection f : A — 24. This
function f takes some x € A and maps it to f(x) € 24. Consider the set

B:={a:a¢ f(a)}.

Since B contains some elements a € A, it is a subset of A, therefore B € 24. According to the
assumption, B = f(x) for some x € A. Note that either x € B or x ¢ B is true. We prove our
assumption wrong by showing that we will reach a contradiction on both cases.

Suppose x € B, then x ¢ f(x) = B. Contradiction.

Suppose x ¢ B, then x ¢ f(x). But this implies x € B. Contradiction again.

Therefore, our assumption that B = f(x) for some x € A must be wrong. Hence, no such
bijection f exists. We conclude 4 ~ 24. O

2.4 Metric Spaces

Definition 2.4.1. A set X, whose elements we shall call points, is said to be a metric space if
with any two points p,q € X there is associated a real number d(p, q), called the distance from
p to g, such that
() d(p,q) >0if p #q;d(p,q) = Oif and only if p = g;
(i) d(p.q) = d(q, p);
(i) d(p,q) <d(p,r) +d(r,q),forany r € X.

Any function with these three properties is called a distance function, or a metric.

Example 2.4.1. The distance in R* is defined by
dix,y) =Ix—-y|  (xy€R"
From Thm.(1.9.6), we can see that the three properties are satisfied.

Definition 2.4.2. A neighborhood of p is a set N, (p) consisting of all g such that d(p,q) < r
for some r > 0. The number r is called the radius of N, (p).

Example 2.4.2. In R, the neighborhoods are segments. In R?, the neighborhoods are circles.

Definition 2.4.3. A point p is a limit point of the set E if every neighborhood of p contains a
point g # p suchthatg € E.

Theorem 2.4.1. If p is a limit point of a set E, then every neighborhood contains infinitely many
points of E.

Proof. Suppose there is a neighborhood N of p that contains only finitely many points distinct
from p, for which we denote ¢, ¢», ..., g,. Put

r= min d(p,qm).

1<m<n

Then clearly the neighborhood N, (p) contains no point ¢ of E such thatg # p. A contradiction.
]



2.4. METRIC SPACES 35

Corollary 2.4.1. A finite point set has no limit points.

We will select some other definitions from Rudin’s book, which you can refer to Definition
2.18 in the book.

Definition 2.4.4. £ is closed if every limit point of £ is a point of E (E contains all its limit
points).

Definition 2.4.5. A point p is an interior point of E if there is a neighborhood N of p such that
N CE.

Definition 2.4.6. E is open if every point of E is an interior point of E.

Figure 2.4: S is a closed set since y is not an interior point of S, it is a limit point of S. However,
X is an interior point of S.
Theorem 2.4.2. Every neighborhood is an open set.

Proof. Consider a neighborhood £ = N,(p). Let g be any point in E. Then there is a positive
real number /4 such that

d(p,q) =r —h.
For all points s such that d(g, s) < h, we have then

d(p,s)<d(p,q)+d(q,s)<r—h+h=r,
so that s € E. Thus ¢ is an interior point of £. 0
Exercise 2.4.1. A closed interval A = [a, b], is defined as the following
[a,b] :={x :a < x < b}.

Prove that A is closed.
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Solution 2.4.1. We claim that a is a limit point of A. Since for every neighborhooda —e < x <
a + ¢ we can find a point ¢ € A. Similar argument applies to point b, and all x € A. Since every
limit points of A is contained in A, we conclude that A is closed.

Exercise 2.4.2. Is a single point {p} closed?

Solution 2.4.2. Yes. Let X = {p}. Is every limit point of X contained in X ? Since there are no
limit points of X, this statement is true. Therefore the set of a single point is closed.

Exercise 2.4.3. We define an open interval A = (a, b) to be
A={x:a <x <b}.
Prove that A is an open set.

Solution 2.4.3. Let g be any point in A. There exists € > 0 such thatif g — e < x < g + ¢, then
x € A for all x. Therefore there exists such neighborhood N,.(q). Hence A is open.

Definition 2.4.7. if X is a metric space and £ C X, and if £’ denotes the set of all limit points
of E in X, then the closure of £, denoted by E, is defined as

E=EUE'.
Theorem 2.4.3. E is closed.

Proof. (My proof) We want to show that if we take any limit point of E, say ¢, then g € E.
Since E = E U E’, we want to show that either ¢ € E or ¢ is a limit point of E.

First, observe thatif g € E, then g € E, and we are done.

If g ¢ E and q is a limit point of E, then

Je € E, such thate € Ny(gq), Ve > 0.

(i) If e € E, then ¢ is a limit point of £, done.
(ii) If e € E’, then e is a limit point of E since E’ is the set of all limit points in E. This implies
that

3r € E, such thatr € Nc(e), Ve > 0.
But notice that in a metric space X we have
d(q,r) <d(g,e) +d(e,r) <e+e

This would mean that there exists a point r € E such that r € Ngy.(q), for all ¢ + ¢ > 0.
Therefore, g is a limit point of E. [
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Figure 2.5: A diagram demonstrating the case when e € E’. We can find a neighborhood of ¢
that contains entirely the neighborhood of e.

Rudin’s book presents another way of proving Thm.(2.4.3) by introducing the complement
of a set, which we will now demonstrate.

Definition 2.4.8. The complement of E, which we denote as E¢, is defined as
E¢={x:x ¢ E}.
Lemma 2.4.1. A set E is open if and only if its complement is closed.

Proof. We want to show that E¢ is closed implies E is open, and E is open implies E€ is closed.
We start by assuming E° is closed. Choose x € E. Then x ¢ E¢ and x is not a limit point of
E°€ (since a closed set contains all its limit points). Hence, there exists a neighborhood N of x
such that it doesn’t include elements in E€, or E€ N N = @. Then N C E. Thus x is an interior
point of E. So E is open.

Next, assume that E is open. Let x be a limit point of £¢. Then every neighborhood of x
comtains a point of E€. So x is not an interior point of E. But since E is open, if x is not an

interior point of E, we have x ¢ E. This means x € E°.
]

Corollary 2.4.2. A set E is closed if and only if its complement is open.
Now we can use Corollary 2.4.2 to prove the theorem above, which we restate here.
Theorem 2.4.4. E is closed.

Proof. (Rudin’s proof) Take p € E€. In other words, p ¢ E and p is not a limit point of E.
We want to show that p is an interior point of E¢ (E° is open). Since p is not a limit point of E,
there is a neighborhood N such that N N E = @. We claim that there also exists a N’ such that
N'NE =0.
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Suppose N N E" # @. We know that N cannot intersect £. Therefore the only possible way is
for N to be "tangent to" E. Therefore there exists a neighborhood that is a subset of E. So E¢
is open. Hence, E is closed. O

Finally, we will present the proof of Lemma 2.4.1 by professor Francis Su in his lecture,
which is even more concise.

Proof. (Professor Su’s proof) We will turn the theorem into a series of equivalent statements.

First of all, if E is open, it means that all points x € E are interior points of £. This means
that for all x € FE, there exists some neighborhood N C E. But N C E also means that N is
completely disjoined with E¢ (In other words, N N E¢ = @). Therefore, x cannot be the limit
points of E€ for all x € E. Hence, E€ contains all its limit points and is therefore closed. 0

Theorem 2.4.5. E is closed if and only if E = E.

Proof. If E = E, then Thm.(2.4.4) implies that E is closed. If E is closed, then £’ C E. By
definition, we know that £ = E. O]

Theorem 2.4.6. If E C F and F is closed, then E C F.

Proof. If p is a limit point of E, then it is also a limit point of F', and F contains all such points
since F is closed. So p € F. Thismeans E’' C F. So E C F. Yay. [

Remark 2.4.1. What this theorem says is that E is the smallest closed set that contains E.

Theorem 2.4.7. Let { Ey} be a (finite or infinite) collection of sets E,, then
(U Ea) =) ES.
o o
Proof. Take any x € (Ua Ea)c, then x ¢ E, for any E,. This means, equivalently, that x € E

for all « € A. Therefore, x is in the intersection of all E¢. [

There are several relations regarding the union (intersection) of open (closed) sets worth
noting, which we will now present.

Theorem 2.4.8. (a) For any collection {Gy} of open sets, |, Go is open.
(b) For any collection { Fy} of closed sets, (), Fy is closed.

(c) For any finite collection Gy, ..., G, of open sets, ()i, G; is open.

(d) For any finite collection Fy, ..., F, of closed sets, ULI F; is closed.

Proof. (a) Put G = |, Go. If x € G, then x € G, for some «. Since x is an interior point of
G, it is also an interior point of G. Therefore, G is open. This proves (a).

(b) By Thm.(2.4.7), we have
(ﬂ Fa) =JFs 2.1

and FS is open, by Lemma 2.4.1. Hence (a) implies that Eq.(2.1) is open. Hence (), Fy is
closed. This proves (b).
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(c)Put H = ﬂ?=1 G;. For any x € H, there exists neighborhood N; of x with radius r;, such
that N; C G; fori = 1,2, ...,n. Put

r=min(ry, ..., ),
and let N be the neighborhood of x with radius r. Then N C G; fori = 1,2,...,n. Hence,
N C H,and H is therefore open.

(d) By taking the complement, we have

n ¢ n
o -4
i=1 i=1

Since F; is closed, then Ff is open fori = 1,2, ...n. From (c) we know that the intersection of
finite open sets is open, so (Ul F,-)C is open. Hence [ J; F; is closed. 0

Remark 2.4.2. We need to say something more about (¢),(d) in Thm.(2.4.8). Note that these two
statement only holds for finitely many sets. For infinitely many sets, we claim:

(c) Take an infinite collection of open sets, {Gq}. Their intersection (), G4 can be closed.
(d) Take an infinite collection of closed sets, { Fy}. Their union | J,, Fo can be open.

For (c), consider the following example. Let

So G; are segments between (-1,1). We can see that

N G: = {0}

0o
i=1

which is closed.

Similarly for (d), consider

1 1
Fi: _1+_71__ )
1 l

which is closed. The union of infinitely many of them is
oo
U Fl = (_15 1)7

i=1

which is open. The reason why argument in (c) where we take the minimum of a series of radii
fails in the infinite case is that the sequence of infinitely many radii doesn’t necessarily have a
minimum.
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2.5 Compact Sets

Now we shall move to the topic on compactness. Compactness is a concept that may look
unmotivated when you first encounter it. So it is worthwhile to provide some motivation for
defining the concept of compactness.

We have been talking quite a lot about finite set. As you may know, finite sets have a lot of
great properties, some of them are listed below.

e They are small sets. So they are bounded.

e They are closed sets.

In R, they contain their sup and inf.

When operating finite sets, the operation will end.

Finite sets have no limit points.

As you can see, there are many great properties of finite sets. However, in analysis, we are
dealing with infinity (infinite sets). And as you will see later, compact sets are the next best thing
to being finite.

Definition 2.5.1. An open cover of a set E in X is a collection {G,} of open subsets of X such
that £ C |, Ga.

Definition 2.5.2. The subcover of {G,} is a subcollection of {G,} that still covers E. Often
denoted by {Gq, }.

Example 2.5.1. In R, the set [% l) has cover {V}, }ZO=3, where V,, = (% 1-— %) Another cover
may be {(0,2)}. Another possible cover is {Wx}xe[%’l), where Wy = Njj10(x). Note that in the
first and the third example, you can throw some sets away but still cover the set [% 1). In fact,
for the third example, you can throw many things away so that you have a finite subcover (see
Su’s lecture 11).

Example 2.5.2. [0, 1] in R has the cover {V,,} U {W,, W;}. The notation is consistent with the
previous exaple.

Now we move to the definition of compactness.
Definition 2.5.3. A set K is compact in X if every open cover of K contains a finite subcover.

So to say that K is not compact means there exists a open cover of K in X with no finite
subcover.

Example 2.5.3. [% 1) is not compact because there is a open cover with no finite subcover. The
cover {V, }»2 5 has no finite subcover. Since n — oo is required for {V},} to cover all the points
in the interval.
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Example 2.5.4. Z in R is not compact. To prove this, all we need to do is find a open cover that
has no finite subcover. For example, you can find an open cover {N¢(x) : x € Z, e > 0}, which
are balls covering individual integers. You cannot even remove a single one of them, otherwise
Z cannot be covered.

Theorem 2.5.1. Finite sets are compact.

Proof. Consider an open cover {G,} covering x1, X2, ..., X,. For all x;, we can choose G, that
covers x;. Then {Gg, };_, covers the set. [

Definition 2.5.4. A set K is bounded if K C N,(x) for some x € X.
Theorem 2.5.2. Compact sets are bounded.

Proof. Take {N;(x) : x € K}, the balls of radius 1 centering around all points in K. It is clear
that the set of all such balls is an open cover of K. Since K is compact, there must be a finite
subcover, which we call {N;(x;)}7_,. Now we need to find the number R such that K C Ng(x;).
We let

R = max {d(.Xi,.Xj)}.

I<i,j=<n
So we consider all possible pair distances between two sample points x;, x; we chose. Since it
is a finite subcover, then there are finitely many x;, x5, ...x,. Therefore, the maximum R exists.
Now, we claim that any two points a,b € K cannot be more than R + 2 away from each
other. Since a,b € K, then there must be balls from the subcover, say N;(x;) and N;(x;) that
covers points a, b. Consider the diagram below.

Figure 2.6: We consider the case where x;, x;, a, b forms a quadrilateral. The case where they
form two triangles can be proved by a similar manner.

The quadrilateral with verticies x;, xj,a, b is in the metric space X. So the triangular in-
equality holds.
d(a,b) <d(a,xj) + 6,
<d(xi,xj)+6 + 5
<R+1+1=R+2.
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Therefore, any two points a,b € K can be no further than R + 2. Then it is obvious that
NRr+2(x;) contains K, or equivalently, K C Ng42(x;). This concludes the proof. O

Remark 2.5.1. To put it in more intuitive terms, Thm.2.5.2 is simply saying that if a set is
compact, then it can’t be too large. In some sense, this is the analogy of "finiteness" when we are
talking about compact sets.

Now we move to the concept of relative open sets. As you see from Su’s lecture, the concept
of "openness" depends on which metric space you are in. Professor Su gave a very good example
in his lecture 11.

Example 2.5.5. The set (0, 1) is open in R but not open in R?,
Therefore, it is necessary to define the concept of relative open sets.

Definition 2.5.5. A set U is open in Y (often called relative to Y') if every point of U is an
interior point of U. Here interior means using neighborhoods in Y.

Theorem 2.5.3. Suppose E C Y C X, then E isopeninY ifandonly if E =Y N G for some
G that is open in X.

Proof. (By Professor Su) Suppose G is open in X. Suppose N,(x) C G, then N,(x) NY is a
neighborhood of x in Y (like the semicircle in the previous example). Since there exists such a
neighborhood, x is an interior point of E.
Now suppose that E is open in Y. Then every point x has a neighborhood N, (x) C Y N E.
Then
G=|JN,x) inx

x€E

is open, since by definition, every point x now is an interior point. And we can check immediately
that E =Y NG. O

Proof. (by Rudin) Suppose E is open relative to Y. To each point p € E there is a positive
number r, such that the conditions d(p,q) < r, and g € Y imply thatg € E. Let

sz{le:d(p,q)<rp}.

We define

G=Jw.
PEE
Then it is clear that G is an open subset of X, by Thm.2.4.2 and Thm.2.4.8.

Now we prove that E =Y N G. Since p € V), forall p € E, wehave E C G NY. By our
choice of V,, we have VV, N Y C E forevery p € E. Hence GNY C E. Thus E =G NY.
We are halfway through.

Conversely, if G isopenin X and £ = G NY, every p € E has a neighborhood V,, C G.
Then V, NY C E, so E is open relative to Y. O
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2.6 Relationship of Compact Sets to Closed Sets

Previously we discussed the concept of relative openness. As you previously saw, the concept
of openness depends on which metric space you are in. However, the concept of compactness
doesn’t depend on which metric space you are in, we now prove this theorem.

Theorem 2.6.1. Suppose K C Y C X, then K is compact in X if and only if K is compact in
Y.

Proof. (i) Suppose K is compact in Y. We consider open cover {U, } of K in X. Let V,, = U,NY.
Then {V,} covers K in Y. By compactness of K in Y, there exists a finite subcover in Y, which
we call {V,,, ..., Va, }. Then {Uy,, ..., U,, } covers K in X, as desired.

(i1) Next, Suppose K is compact in X. Consider open covers {V,} of K in Y. By Theorem
2.5, there exists U, such that U, N'Y = V,. So {Uy} covers K in X. By compactness in X, we
have {Uy,, ..., Uy, } covers K in X. Hence {Vy,, ..., V,, } covers K in Y. Therefore, K is compact
inY. [

Remark 2.6.1. As you can see, compactness is an intrinsic property of the set. It does not depend
on which metric space it is in.

Now we shall prove an important fact: compact sets are closed.
Theorem 2.6.2. Compact sets in a metric space are closed.

Proof. Let K be a compact subset of a metric space X. We shall prove that K¢ is open. Equiv-
alently, we consider any point p € X and p ¢ K. We want to prove that p has a neighborhood
that does not intersect K.

Forallg € K,letV, = N,/2(q), and let U; = N,/»(p), where r < %d(p,q). Then we notice
that {V,} covers K. By compactness of K, there exists a finite subcover {Vy, ..., Vg, }. In other
words, Since K is compact, there are finitely many points ¢, ¢, ...q, such that

KCV,UV,U..UV,,

Next, we let
W =U; NUg,.. NU,,.

We can see that W is a ball around p whose radius is mind(p, ¢;)/2. We claimthat W NV, = @
for all i, since W C U, and U,, N V,; = 0. Therefore, p is an interior point of K¢. Hence K*
is open, then K is closed. ]

Remark 2.6.2. In the proof, we utilized the concept of compactness and we conclude that there
exists finitely many points ¢q1, g2, ..., ¢, such that

Kc{Vu}_, .

This is why we say compact is the next best thing to being finite. Because we can always make
connections of compactness to finiteness (finite subcover).
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Example 2.6.1. Now recall the last section when we say (0, 1) is not compact. Last time we
proved this statement by showing that not every open cover of (0, 1) has a finite subcover. Now
we can do it more quickly. Since it is not closed, it is not compact.

Example 2.6.2. Closed sets are not necessarily compact! For example, R in R is closed, but not
compact since it is not bounded.

Theorem 2.6.3. A closed subset B of a compact set K is also compact.

Proof. Let {U,} be a open cover of B. Notice that B¢ is open since B is closed. So {U,} U B¢
is an open cover of K. By compactness of K, there exists a finite subcover of K, which is
{Uq,, ..., Uy, , B¢}. However, since we know that B¢ doesn’t cover B, or B° N B = @, so
{Uq,, ..., Uy, } covers B and is finite. Therefore, B is compact. O

Corollary 2.6.1. If F is closed and K is compact, then F N K is compact.

Proof. K compact means K is closed, then F' N K is a closed subset of the compact set K.
Hence it is compact. [

We conclude this section by setting up the preparation for the next section. We introduce a
theorem that will be useful for our following discussion, which by itself is very interesting.

Theorem 2.6.4. Let I, = [a,, b,] be a closed interval on R, and let {1} be a sequence of such
intervals in R, such that 1,4, C I, where n € N. Then ﬂcl’o I,, is not empty.

Proof. Let E = {a;,a,,...} be the set of all a,. Then E is nonempty and bounded by b;.
According to the least upper bound property of R, we know that x = sup E exists.
If m, n are positive integers, then
an < Amin < bipgn < by
by definition. It is clear that x < b,, since b, is an upper bound of E. Then we have a,, < x <
by, for all m € N. Since x € I, form = 1,2, 3..., we conclude the proof. O]

Professor Su used Thm.2.6.4 to prove that R is uncountable again. This proof is very elegant
and worth mentioning.

Proof. Suppose R is countable. We list the elements of R. For instance, R = {x, x5, x3, X4...}.
Choose some closed interval /; that misses x;. Then, choose I, such that I, C I; and /I, misses

x,. Choose some interval I5 such that /3 C I, and I3 misses xs...... (Ilustrated in Fig.2.7).

From Thm.2.6.4, we know that (7° I, is not empty, so there is some element in our union that

is not on the list {x, X5, X3, X4...}. Hence R is uncountable. O
L

Figure 2.7: The construction can be like this picture.
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Definition 2.6.1. Let a; < by,...,ar < by be real numbers, then the set of all points x =
(X1, X2, ..., xx) in R* such that a; < x; < b; fori =1, ...,k is a k-cell. So a k-cell is

[ay,b1] X [az, ba] X ... X [ak, by] .

Corollary 2.6.2. Let k be a positive integer. If {1} is a sequence of k-cells such that I, D I,11,
forn =1,2,3..., then (\]° I, is not empty.

Proof. We leave the detailed proof to Rudin (pg.39). The key idea is that since Thm.2.6.4 is
true on every axis of R, then there exists a point x* = (x},x}, ..., x;) that is in 7, for all
n=1273.. ]

2.7 Compactness and Heine-Borel Theorem

This is Professor Su’s last lecture on compactness. Today we are going to show that the closed
intervals are compact, and closed and bounded sets in RX is compact, which is the Heine Borel
Theorem. But first we recall what have we have done right now. And let’s reflect on why being
compact is the next best thing of being finite.

e Compact sets are bounded (Thm.2.5.2).

e Compactness is an intrinsic property of a set (Thm.2.6.1). Compare this to open set, which is
dependent on your metric space.

e Compact sets are closed (Thm.2.6.2).
Compare these bullets to that of a finite set, which is also bounded and closed.
Theorem 2.7.1. A closed interval [a, b] in R is compact.

Proof. (by contradiction) Suppose [a, b] is not compact. This means that there is an open cover
{G,} that has no finite subcover. Put ¢; = (a + b)/2. Then it is obvious that {G,} covers both
[a, cq] and [cy, b]. We claim that at least one of these two intervals has no finite subcover(if both
have finite subcover, I can just take the union of their finite subcover, therefore [a, b] has a finite
subcover, which is inconsistent with our assumption).

Without loss of generality, let /; = [a, ¢1] be the interval with no finite subcover. Put ¢, =
(a 4+ c¢1)/2. Then again at least one of [a, c;] and [c,, ¢1] has no finite subcover. We call that
interval 7,. repeat the process and we have a sequence of intervals

I DL D132 14...

We make two observation here about these intervals:
(i) Their lengths are decreasing by half;
(ii) None of them has a finite subcover.
Now, according to Thm.2.6.4, there exists a point x € [, for all n. We know that there exists
some cover in G, that covers this point x, which we call G,,. Then since G, is open, x is an
interior point of G, . Hence, there exists a neighborhood N,(x) C G,, for some ¢ > 0. By
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observation (i), we know that 7, is decreasing by half. Therefore, eventually there will be some
I, C N.(x) C Gq, for sufficiently big n. Therefore, I, has a finite subcover, which contradicts
observation (ii).

Due to this contradiction, we are forced to conclude that our assumption that [a, b] is not
compact cannot be correct. [

Remark 2.7.1. This proof is beautiful! And surprisingly, it is very nontrivial to show that [a, ]
is compact — You may think since it is closed, its compactness is self-explanatory. For the picture
of this proof, see Su’s lecture. It is very helpful for you to totally understand this proof.

What we did above is to prove a weaker version of the next theorem, which we will now
prove. The basic idea is similar.

Theorem 2.7.2. Every k-cell is compact.

Proof. Let I be ak-cell, consisting all points such that X = (xy, X2, ..., xx) such thata; < x; <

bjforl < j <k.Put
1/2

k
§ = {Z(bj _aj)z}
1

Then |[x —y| < §ifx,y € I.

We again prove by contradiction. Suppose there exists an open cover {G,} of I which con-
tains no finite subcover. Again put

a; + b j
C; = ———.
2

Then we devide I into 2% k-cells, and at least one of them has no finite subcover, which we call
I,. Repeat the process.

By Cor.2.6.2, we know there exists a point x* which lies in every I,,. Then for some «,
x* € Gg. Since G, is open, there exists ¢ > 0 such that |y — x*| < & implies thaty € G,. For
sufficiently large n such that 27" < ¢, we have I,, C G,. A contradiction, as desired. 0

Now we move to the key theorem of this section.

Theorem 2.7.3. (weaker Heine-Borel Theorem) In R, K is compact if and only if K is closed
and bounded.

Proof. First assume that K is compact, we already showed that K must be closed (Thm.2.6.2)
and bounded (Thm.2.5.2).

Then assume that K is bounded and closed. Since K is bounded, it lives in some sufficiently
big balls (—r,r) for some r > 0. Then it is obvious that K C [—r,r]. But since [—r,r] is
compact, K is a closed subset of a compact set and thus is compact. [

Remark 2.7.2. Note that the statement "If K is closed and bounded, then it is compact" is not
true in arbitrary metric spaces. The converse is always true in any metric spaces.

Now we prove the stronger version of Heine-Borel Theorem. The idea is almost the same.
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Theorem 2.7.4. (Heine-Borel Theorem in R¥) If E C R¥, then E is compact if and only if E
is closed and bounded.

Proof. Suppose E is compact, proved already. Now suppose E is closed and bounded. Then
there exists a big enough ball N such that N D E. Then there is a sufficiently large k-cell /
such that I D E for some I C R¥. Since E is a closed subset of a compact set /, it is also
compact. 0

Now we are going to enter some really hard proofs! Put on your thinking cap, like they say.

Theorem 2.7.5. In R¥, a set K is compact if and only if every infinite subset E of K has a limit
point in K.

Proof. (Warning: Long and Hard) First, assume that K is compact. We will prove by contra-
diction. If no point in K were a limit point of E, then for all ¢ € K, its neighborhood V;, either
contains no point of E (¢ ¢ E) or one point of E (namely, contains only ¢ if ¢ € E). Since for
allg € K, V, contains at most one point of E, it is clear that no finite subcover of { Vq} covers E
(since E contains infinitely many points) and therefore K. But this contradicts the assumption
that K is compact. Therefore, every finite subset £ of K has a limit point in K.

Conversely, we assume that every infinite subset £ of K has a limit point in K. We’ll show
that K is bounded and closed, therefore compact (Thm.2.7.4).

(i) Prove by contradiction. Suppose K is not bounded. Then K contains a infinite subset
(sequence)
E ={x,: |Xy| >n,n € N}.

Claim. E has no limit points in R, and therefore in K, which contradicts the assumption.
PROOF. Suppose g € R is a limit point of E. Then ¢ must be bounded between two neighbor-
hoods of the origin O, say with radii n and n 4 1. Then by the definition of a limit point, ¢ has
a neighborhood N, (g) that contains infinitely many points of E for all » > 0. However, given
a fixed r > 0, there are only finitely many points between N,_,(O) N N, 4+1+,(0) (shown in
Fig.2.8).

n+1

Figure 2.8: N,(q) only contains finite points in E.
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According to Thm.2.4.1, g cannot be a limit point of £. We reached the desired contradiction.
Therefore E is bounded. Q.E.D.

(i1) Suppose K is not closed. Then there exists xg ¢ K such that Xy is a limit point of K. By
definition of the limit points of K, there exists a point x,, € K such that |x, — X¢| < r for all
r > 0. Wecanletr = {1 :n € N}. Here is an example.

EXAMPLE. Take n = 100 and r = 155, there exists a point Xy99 € K such that [X;9p — Xo| <
ﬁ since Xy is a limit point of K.
Now we define E to be an infinite subset of K by

1
E =X, |Xa —Xo| < —,n € Ny .
n
By our hypothesis, E has a limit point X, € K.

Claim. x,, = x¢. Hence x¢g € K. This contradicts our assumption that Xy ¢ K and hence K
is closed.
PROOF. Since X, is a limit point of E, there exists m > n such that |X;, — Xeo| < % for all
n € N. On the other hand .

|Xm_X0| < =<

1
n
by our definition of the sequence £, Hence the triangle inequality holds.

|X0 _Xool = |Xm _X0| + |Xm _Xoo|
1 1 2

T n non
This holds for all n € N, even for sufficiently large n. Therefore, we are forced to conclude that
|Xo — Xoo| = 0 and Xy = Xoo. Q.E.D.

Since K is both bounded and closed in R¥, Thm.2.7.4 says that K is compact. And finally, we
are done. ]

Remark 2.7.3. This theorem is true for any metric space X, not just R*. However, to prove that
it is true for any metric space is even harder than proving it is true in R¥. Therefore, we omit the
proof for the general case.

Now, since we proved two theorem with "if and only if", we simply collect them altogether
like Rudin does.

Theorem 2.7.6. If a set E in R¥ has one of the following three properties, then it has the other
two as well:

(a) E is closed and bounded.

(b) E is compact.

(c) Every infinite subset of E has a limit point in E.
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Proof. We have shown that (a) <= (b) <= (c). So we are done. Another way is that you can
prove that (a) implies (b), (b) implies (c), and (c) implies (a). It wouldn’t be much easier than
what we just did. You can refer to Rudin for this. [

Corollary 2.7.1. (Bolzano-Weierstrass Theorem) Every bounded infinite subset of R* has a
limit point in R

Proof. Being bounded, the set E is a subset of a k-cell / ¢ R¥. By Thm.2.7.2, I is compact,
and so E has a limit point in / by Thm.2.7.5. 0

Now we present a theorem which Professor.Su showed in the very end of his lecture. This is
a generalization of Thm.2.6.4.

Theorem 2.7.7. (Cantor, Finite Intersection Property) Let {K,} be a collection of compact
subsets in X. If any finite subcover of { Ky} has nonempty intersection, then (1, K is nonempty.

Proof. Fix a member of K of {K,} and put G, = KS. We prove by contradiction. That is,
assume that no point of K belongs to every K,. Then every point of K is in some G,. Then
{Gy} form an open cover of K. By compactness of K, there is a finite subcover {Gy,, ..., G4, }
such that

K C Gg, UGg, U...UG,,.

Since for any point ¢ € K we have ¢ € K forsome 1 <i < n,thenq ¢ Ko, for that particular
i. Therefore,
KNKy NKy, N...N Ky, = 0.

Hence we reached a contradiction, as desired. O]

Corollary 2.7.2. If {K,} us a sequence of nonempty compact sets such that K,, O Ky, for
n=1273..then (] K, # 0.

We conclude this section by one final theorem.

Theorem 2.7.8. (Baby Tychonohoff Theorem) Given two compact sets A, B, their product A x
B is also compact.

Proof. Okay too hard... 0

2.8 Perfect Sets, Cantor Set, Connected Sets

2.8.1 Perfect Sets

Definition 2.8.1. A set E is perfect if E is closed and every point of £ is a limit point of E.

Theorem 2.8.1. Let P be a nonempty perfect set in R*. Then P is uncountable.
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Proof. Since P has limit points, P must be infinite. We prove by contradiction. Suppose P
is countable, and denote the points of P by Xy, X, X3, ... We will construct a sequence {V,,} of
neighborhoods as follows:

Let V; be any neighborhood of x;. If V; consists of all y € R* such that |y — x;| < r, the
closure V; of V; is the set of all y € R¥ such that |y — x;| < r.

Suppose V,, has already been constructed, so that V,, N P # @. Since every point of P is a
limit point of P, there exists a neighborhood V,,4; such that:

(1) Vg1 C Vs

(2) X & Va1

(3) Vay1 N P # 0.

By (3), V,+1 satisfies the induction hypothesis, and the construction can proceed.

Put K, = V,N P. Since V,, is closed and bounded by V41, V, is compact. Since x, ¢ K41,
no point of P lies in ﬂi’o K. Butsince K,, C P, it can only contain points in P. Therefore, we
are forced to conclude that (;” K, is empty.

But each K,, # @ (since V,, N P # @ so by definition K, = V,, N P # @) according to (3).
We also have K, D K+ since

Vos1 CVy = Vys1 CVy=Voy NP CV,NP = Kypy C K,
This contradicts Cor.2.7.2. O]

Corollary 2.8.1. Every interval [a,b] where a < b is uncountable. In particular, the set of all
real numbers is uncountable.

2.8.2 The Cantor Set

Definition 2.8.2. The Cantor ternary set is constructed by iteratively remove the middle third
from a set of line segments. One starts by deleting the open middle third (%, %) from the interval

[0, 1]. leaving two line segments
1 2
E] - 0, - |y —,1 .
3 3

Next, the open middle third of each of these remaining segment is deleted, leaving four line

segments
1 21 27 8
E,=10,-|U|=,z|U|=.=z|U|=,1].
9 93 39 9

The process continues infinitely. We define the Cantor ternary set to be

PzﬁEn.

n=1
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nnu niu
i 111

Figure 2.9: The construction of a Cantor set.

We immediately observe two property of the Cantor set P:
@ FEiDE,DE;D ...
(b) E, is the union of 2" intervals, each with length 37",

Since P is clearly a closed subset of the compact set [0, 1], it is also compact. And Thm.2.7.7
shows that P is not empty. Besides these two properties, there are some other interesting prop-
erties of P.

Theorem 2.8.2. P has a length of zero, which means that it contains no segments (intervals).

Proof. We will prove this by showing that the complement of P relative to [0, 1] has the length
1.

From the construction of P (Fig.2.9), we notice that at the n-th step, we are removing 2" !
intervals, all of which are of length 3% Therefore, the sum of the length of all intervals removed

“ S (1) A5 1)

n=1

Remark 2.8.1. This theorem is actually saying that the Lebesgue measure of P is 0.
Theorem 2.8.3. P is perfect.

Proof. We show that any point x € P is a limit point of P.

Let x € P, and let S be any segment containing x (this serves as neighborhood). Let 7,, be
that interval of E, which contains x. Choose large enough n such that I, C §S. Let x, be an end
point of 7, such that x,, # x.

It follows from the construction of P that x,, € P (see Fig.2.9). Since x, € S, we conclude
that x is a limit point of P. Therefore P is perfect. [

2.8.3 Connected Sets

Definition 2.8.3. Two subsets A and B of a metric space X is said to be seperated if both AN B
and A N B are empty, i.e., if no point of A lies in the closure of B and no point of B lies in the
colsure of A.

Definition 2.8.4. A set £ C X is said to be connected if E is not a union of two nonempty
seperated sets.
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Exercise 2.8.1. In R?, prove that the set £ = {(x, y) : x, y € Q} is not connected.

Solution 2.8.1. Consider the seperation x = m. There is no point of E that is on the line x = 7.
It is clear that this line splits £ into two subsets of £ whose union is £. Any point p on the
left side of the line can’t be a limit point of the right side because there is a ball around p that
completely misses the line x = 7, and thus the right hand side. Same for the right side.

Lemma 2.8.1. Let E be a nonempty set of real numbers which is bounded above. Let y = sup E.
Theny € E. Hence y € E if E is closed.

Proof. If y € E then y € E, then we are done. Now, assume that y ¢ E. For every & > 0 there
exists then a point x € E such that y —h < x < y. Otherwise y — h would be an upper bound
of E. Thus y is a limit point of £ and hence in E. 0

Theorem 2.8.4. [a, b] is connected.

Proof. (By contradiction) If not, there is a seperation A and B, with a € A without loss of
generality.

Consider the rightmost point s of A, also known as s = sup A. Then s € A by Lemma 2.8.1.
Therefore, s ¢ B, and hence s € A because we only have two seperations. But if s € A, then
s ¢ B by the definition of a seperated set. Then there exists a (s — &, s + ¢) that contains no
points in B. But since A, B are the only sets, then this interval (s — &, s + &) must be in A. But
this contradicts the assumption that s = sup A. [



Chapter 3

Numerical Sequences and Series

An equation means nothing to me unless it expresses a thought of God.

-Srinivasa Ramanujan

3.1 Convergent Sequences

Definition 3.1.1. A sequence {p,} in X is a function f : N — X that maps n to a point p, in
X.

Definition 3.1.2. A sequence {p,} in a metric space X is said to converge if there is a point
p € X with the following property: for every ¢ > 0 there is an integer N such that n > N
implies that d(p,, p) < ¢. Here d denotes the distance in X.

Remark 3.1.1. In this case we say {p,} converges to p, or p is a limit of {p, }. Write p, — p
or

lim p, = p.
n—oo
If { p, } does not converge, it is said to diverge.

Definition 3.1.3. When we are discussing the sequence { p, } of real numbers, we define

d(pn, p) = |pn — |-
Exercise 3.1.1. In R, define the sequence

n—+1
T

Pn =
Show that p, — 1.

HINT. We want to show that given an € > 0, there is a integer N that works. Notice that
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holds if

n>-—
&

for positive n and ¢. Therefore, we can consider any N > % Also remember that N needs to be
an integer.

Solution 3.1.1. Given ¢ > 0, choose
1
N=[-]1+1.
€

Then forn > N we haven > % Hence % <e. So

1

n

n+1
+ < €. ]

|pn — p| =

_1‘:

Theorem 3.1.1. If p € X and q € X, and if {p,} converges to p and q, then p = q.

Proof. (By contradiction) Assume p, — p and p, — ¢q. Let ¢ = d(p,q). Then there exists
Np such thatn > N, implies d(pn, p) < 3. Also there exists N, such that n > N, implies that
d(pn.q) < 5. Let

N = max {N,, N} .

Then n > N implies
€
2

&
e=d(p.q) =d(p.pn) +d(prq) <5+ =¢

So this says ¢ < ¢. A contradiction. [
Theorem 3.1.2. If {p,} converges, then {p,} is bounded.

Proof. Suppose p, — p, then there is an integer N such that n > N implies d(p,, p) < 1
(Choose a ball with radius 1). Put

r =max{l,d(p1, p),....d(pn,p)}.
Then d(p,, p) <rforn=1,2,3,... O

Theorem 3.1.3. If E C X and if p is a limit point of E, then there is a sequence {p,} in E such
that p = lim,, 0 py.

Proof. For each positive integer n, there is a point p, € E such that d(p,, p) < 1/n. Then
by incessantly choosing balls with radius rll forn = 1,2,3... you have a sequence {p,}. Given
¢ > 0, choose N sothat Ne > 1. If n > N, it follows that d(p,, p) < €. Hence p,, — p. [

Theorem 3.1.4. {p,} converges to p € X if and only if every neighborhood of p contains py,
for all but finitely many n.
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Proof. Suppose p, — p. Let V be a neighborhood of p. For some ¢ > 0 the condition
d(p,q) <eandge X = q V.
corresponding to this &, there exists an N such that
n>N = d(p,, p) <e.

And since p, € X, we have
n>N=p,el.

Conversely, assume every neighborhood of p contains all but finitely many p,. Fix ¢ > 0
and let

V={eX:d(p,qg) <e}.

By our assumption, there exists N corresponding to this V' such that
n>N= p,eV.
Thus d(p,, p) < eifn > N. Hence p, — p. O]
Theorem 3.1.5. (Limit Rules) Suppose {s,} , {t,} are sequences of complex number, and lim,,_,oc §, =
s, lim, o0 ty, = t. Then
(@) lim, oo(Sy +1,) =5 +1;
(b) lim,, o ¢S, = 5, lim,oo(c + 5,) = ¢ + s for any number c;
(c) limy 00 Splp = St;
(d) limy c0 5~ = § provided s, # 0 and s # 0.

Proof. (a) Given ¢ > 0, there exists integers Ny, N, such that

€
n2N1:>|s—sn|<§,

n> N, = |r—zn|<§.
Take N = max(Ny, N,), then n > N implies
(S + 1) — (S + )| < |sn— 5|+ |t — t| <&

Here we just make use of Thm.1.9.6 (f) and letx = s, + t,,y = t, — s, Z = s + t. This proves
(a). R

(b) Trivial.®
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(c) Here we use a clever identity
Spty — St = (S —8)(ty — 1)+ sty —1t)+1t (s, —5). (3.1
Given ¢ > 0, there exists integers Ny, N, such that
n>N; = |s—s,| < e,

n>N,= |t —t,] < e
Take N = max(Ny, N,), then n > N implies

|(sp —5) (tn —1)| <,

so that
lim (s, —s) (¢, —t) = 0.

We now apply (a) and (b) to Eqn.3.1 and we get
lim (s,t, —st) = 0. [
(d) Choose an integer m such that
2 m =I5 — sl < lsl = —3 15|+ < s < 25| +
n>m Sp— 8| < =|s —=|s| + 5 <sp < =|s| + 5.
If s = —|s|, then |s,| > 3|s|/2. If s = |s|, then |s,| > |s|/2. Either way, you can verify that
1
sl > 315,

Given ¢ > 0, there is an N > m such that

1 1 Sp— S
n>N=|———-|= < —|sp — 5| <e.
Sp S SnS s |?
O
Now we discuss the limit operation in R¥.
Theorem 3.1.6. Suppose x, € Rk(n =1,2,3...) and xn = (1,4, ...,0kn) . Then X, converges

tox = (g, ..., o) if and only if

lim oj, =a; (1=j=<k).
n—00

Proof. First, assume that x, — X. Then by the definition of the norm (distance in R¥) we have

i 1/2
X — x| = [ > (@jn — ;)
j=1
1/2
> [(et)jn — ))?]
=

|otjn — ot
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Hence |, — oj| < |Xn — X| immediately shows that lim, o j, = ;.
Next, if lim, . o¢; , = o holds, then to each ¢ > 0 there corresponds an integer N such
that n > N implies

8 .
|otjn — )| < N (1=<j=<k).
Hence n > N implies
1/2

k

2

X, —X| = Z‘cxj,n—aj| <.

j=1

O

Theorem 3.1.7. Suppose {Xy} . {yn} are sequences in R, {B,} is a sequence of real numbers,
and X, — X, Yn — Y, Bn — B, then

lim (X, +yn) =x+y, Ilimx,-y,=x-y, Ilim 8,x, = px.
n—-oo n—00 n—>0o0

Proof. This follows from Thm.3.1.5 and Thm.3.1.6. [

3.2 Subsequences

Definition 3.2.1. Given a sequence {p,}, consider a sequence {ny} of positive ibntegers such
that n; < np < n3 < .... Then the sequence {p,,} is called a subsequence of {p,}. If {p,,}
converges, its limit is called a subsequential limit of {p,}.

Theorem 3.2.1. {p,} converges to p if and only if every subsequence of { p,} converges to p.
Proof. trivial. O

Example 3.2.1. A divergent sequence may have a convergent subsequence. Consider the follow-

ing sequence:
1 1 1
l,m,—,t,=, 7w, —, ...q .
2 3 4

This sequence is divergent, but it has a convergent subsequence, namely

i 111
33T
Example 3.2.2. Not every sequence contains a convergent subsequence. For example, the set of

natural numbers N doesn’t contain any convergent subsequence.

Example 3.2.3. Not every bounded sequence contains a convergent subsequence. For general
metric spaces this is not true. Suppose my metric space is Q, with the usual metric. The sequence

{3,3.1,3.14,3.141,3.1415,3.14159...}

does not converge in QQ, and its subsequence does not converge in Q. In R, it will converge to 7!
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Definition 3.2.2. A metric space X is sequentially compact if every sequence in X has a conver-
gent subsequence.

Theorem 3.2.2. If {p,} is a sequence in a compact metric space X, then some subsequence of
{pn} converges to a point of X ( If X is compact, then X is sequentially compact).

Proof. Let R be the range of the sequence {p,}. If R is finite, then some p in {p,} is achieved
infinitely many times. Use the subsequence

Pny = Pny, = ... = P.

This sequence evidently converges to p.

If R is infinite, {p,} is a infinite subset of a compact set X. By Thm.2.7.5, since X is
compact, R has a limit point p in X. The claim is that p then must be a subsequential limit of
{pn}. Consider the set

1
Pk - d(pr. p) < z,keN :

No doubt that this subsequence converges to p.

NOTE. We don’t need to worry that k does not increase successively: That is, we don’t need
to worry that the first term of the subsequence is pjo; and the second becomes psg. Since every
neighborhood of p contains infinitely many point of {p,}, you can always find a next term in
the subsequence whose index is bigger than the previous one, otherwise the neighborhood won’t
contain infinitely many points of {p, }. O]

Theorem 3.2.3. Let E* be the set of all subsequential limits of a sequence {p,} in X. Then E*
is a closed subset of X .

Proof. Let g be a limit point of E*. We want to show that g € E*.

Choose n; such that p,, # ¢ (If n; does not exists, then E* contains only one point, namely
q. So we are done). Put § = d(py,,q). Suppose ny, ..., n;—; are chosen.

Since ¢ is a limit point of E*, there is a point x € E* such that

d(x,q) <27'6.
Since x € E*, there is an n; > n;_; such that
d(x, pn;) <27'6.

Thus
d(g. pn;) <d(q. %)+ d(x, pn,) <278 + 278 = 2175,

Thus {p,, } converges to ¢q. Hence g € E*. [
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3.3 Cauchy Sequences and Complete Spaces

In the previous sections, we have been talking about the convergence of a sequence. But the
definition of convergence really implies that we already know the limit of a sequence. Then we
can proceed the "smaller than " proof. However, if we don’t know whether the sequence has a
limit, or what is the limit of that sequence, can we say whether it is convergent or not? This idea
motivates the definition of a Cauchy sequence. The brief idea behind Cauchy sequence is that if
a sequence is convergent, the successive points in the sequence must be closer and closer.

Definition 3.3.1. A sequence {p,} in a metric space X is said to be a Cauchy sequence if for
every € > 0 there is an integer N such that

m,n >N = d(pu, pm) < &.

Theorem 3.3.1. If {p,} converges, then {p,} is Cauchy.

Proof. Given ¢ > 0, there is an integer N such that
€
nZN:>d(p,pn)<§.
So for this N,

& &
m,n >N = d(pp, pm) < d(pn, p) +d(p. pm) < E + 5 =¢&.

]

Example 3.3.1. Cauchy sequences are not necessarily convergent. For example, consider the
same sequence we mentioned last time

{3,3.1,3.14,3.141,3.1415,3.14159...} .

This sequence is a Cauchy sequence in (Q but does not converge in (. Always remember to
consider the metric space you are in!

This example actually motivates us to consider when the converse of Thm.3.3.1 is true. Now
we create a definition below.

Definition 3.3.2. A metric space X is complete if every Cauchy sequence converges to a point
of X.

Example 3.3.2. Q is not complete.
Theorem 3.3.2. Compact metric spaces are complete.

Proof. Let {x,} be Cauchy. We want to show that {x,} converges.
By Thm.3.2.2 we know that since X is compact, it is sequentially compact. Therefore exists
{xn, } converging to x € X. We claim that the entire sequence {x,} converges to x.
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Fix ¢ > 0. There exists a Ny such that
i,j>N=d(x,xj) < %

Since {x,, } converges to x, there exists a N, such that
ng > Np = d(xp,,x) < %

Let

N = max {Ny, N,}.
We fix an x,, such thatng > N. Then using the triangle inequality we have
€
2

n>N = dx,x)<d(x,, xn)+dx,, x) < %-i— =e.

]

Corollary 3.3.1. [0, 1] is complete; k-cells in RF are complete; A closed subset of a compact set
is compact, and therefore complete.

Example 3.3.3. Cantor set is complete, since it is a closed subset of a compact set [0, 1].
Theorem 3.3.3. R¥ is complete.

Proof. We show that If {x, } is Cauchy, it is bounded. Therefore, {x,} lives in some k-cells. Then
by Thm.3.3.2, {x,} is convergent. So R¥ is complete.
Fix ¢ > 0, there is an integer N such that for all m,n > N, we have d(x,,, x,) < &. Then let

R = max{d(xy,x1),....d(xn,XN-1), €} .
Therefore this sequence {x,} is in some ball(neighborhood) Br(xy). ]

Remark 3.3.1. Since R¥ is complete, then we don’t need to know the limit of a sequence in R¥
and we can still tell whether it is convergent. We just have to show it is Cauchy.

Exercise 3.3.1. Consider

1 1 1 "1
=14+ -—F-—F.+—-= —.
X, ottt I;k

Does the sequence {x,} converge? Be careful!

Solution 3.3.1. Let n > m. Then

n
1 n—m m
|xn“xm|:: 2: - = =1—-—.

k=m+1

This is simply because we have n — m terms in the summation and each term is bigger than 1/n
since n > m.
Consider the case when n = 2m. Then we have

|X2n — x5 | > 5

for all n. Therefore, this sequence has no hope to be Cauchy since the condition fails as soon as
you make & < 1/2. Hence this sequence {x,} is not convergent. It just grows really slow!
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Exercise 3.3.2. Consider the sequence defined by recurrence relation

1
x; =1 Xy =2 X, = g(xn_l — Xp—2).

So it takes average of the previous two terms. Does {x, } converge?

Solution 3.3.2. This example is interesting. At the first glance, we have no idea what the limit is.
But it’s a sequence of real numbers, so we don’t need to know it’s limit, we only need to know
whether it is Cauchy!

You can draw a picture and see what this sequence looks like and you can very easily verify

that
1

—(n—2
|xn _xn—ll — = =2 (n )_
It is also easy to show that
1
|Xn — Xm| < |Xm — Xm—1| = TR

Now, fix ¢ > 0. If we want |x, — x,,,| < &, we can take
1
N = (logz(g) + 2].

Then it is easy to verify that n, m > N implies |x, —Xx,,| < ¢. Therefore, the sequence is Cauchy.
Hence it is convergent.

Definition 3.3.3. A sequence {s,} of real numbers is said to be monotonically increasing if
Sp < Sp+1. It is said to be monotonically decreasing if s, > s,41.

Theorem 3.3.4. Suppose {s,} is monotonic. Then {s,} converges if and only if it is bounded.
More over, it converges to its sup if it is monotonically increasing, and to its inf if monotonically
decreasing.

Proof. By Thm.3.1.2, we know that if we assume {s,} converges, then it is bounded. Now we
prove the other direction.

Suppose {s,} is bounded (decreasing case will be similar). Then let s = sup E, where E is
the range of {s,}. Then s, < s foralln =1,2,3...

For every ¢ > 0, there is an integer N such that

§—e<sy <s,
cause otherwise s — & would be an upper bound of E. Since {s,} incrases,

n>N=s—¢e<s5,<5
=>s5s—&e<s,<s+¢&
= |s, —s| <e.
This completes the proof. [

WARNING. The following section is long and difficult. We have one last thing to say about
Cauchy sequences, which is the title of the next section.
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3.4 Completion of X

Exercise 3.4.1. (Problem 3.24 in Rudin) Let X be a metric space.
(a) Call two Cauchy sequences {p,},{g»} in X equivalent if

lim d(pn,qn) = 0.
n—>oo

Prove that this is an equivalence relation.
(b) Let X* be the set of all equivalence classes so obtained. If P € X*, 0 € X* {p,} €
P.{qn} € Q, define

A(P, Q) = lim d(pn,qn)-

n—00

Show that the number A(P, Q) is unchanged if {p,} and {g,} are replaced by equivalence se-
quences, and hence that A is a distance function in X *.
(c) Prove that the resulting metric space X * is complete.

(d) For each p € X there is a Cauchy sequence all of whose terms are p; Let P, be the element
of X* which contains this sequence. Prove that

A(Pp, Py) = d(p,q)

for all p,g € X. In other words, the mapping ¢(p) = P, is an isometry (i.e. a distance
preserving mapping) of X into X *.

(e) Prove that ¢(X) is dense in X*, and that ¢(X) = X* if X is complete. By (d), we may
identify X and ¢(X) and thus regard X as embedded in the complete metric space X *. We call
X* the completion of X.

Solution 3.4.1. (a) It is obvious that {p,} ~ {p,}. Since we are in a metric space X, the
distance function d is symmetric. Hence it is trivial that {p,} ~ {gn} = {qn} ~ {pn}. Finally,
if {pn} ~ {qn} and {g,} ~ {k,}, then by definition it says

€ €
nZN1:>|pn—qn|<§ and nZN2:>|qn—kn|<§

Hence by taking N = max { Ny, N,} and using the triangle inequality we have

|pn —knl <& = {pn} ~ {kn}. 1
(b) Let {p,} ~ {pn}.{q9,} ~ {qn}. We want to show that
lim d(pa.qn) = lim d(p,.4q,).
n—-oo n—>oo
By triangle inequality we have

1o — ) <Py — Pul + 1Pn — il <Py — Pul + 195 — qnl + | Pn — gl

Taking the limit on both side we obtain

lim d(p,,q,) < im d(p,,qn).
n—00 n—00
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Using the triangle inequality again we have

|Pn = Gnl = 1Pn = ppl + Py = dnl < |Pn— ol + 140 — @yl + |y — 4.
Taking the limit again we have
lim d(pn,qn) < lim d(p;,,q;,).
n—>oo n—00
Hence

Jim d(pn.gn) = lim d(p,.q,). ™

(c) Suppose { P} is a Cauchy sequence in X *. Choose Cauchy sequence {px,} € X such that
{prn} € Pr. We want to show that { Pr} converges to some point P € X*.
Since {prn»} is Cauchy, for each k, choose Ni to be the first integer such that

m,n > Ny = d(pin, pm) < 275

Let
Pk = DPkNy-

Observe that for any n > Ny, we have
d(px, prn) < 27F.
Also, for any k, [, n we have

d(pk. p1) = d(pk. pkn) + d(pkn. Pin) + d(Pin, P1).

Hence, by taking n sufficiently large and assuming k < [ we have

d(pi, p1) = d(pk, prn) + d(Pkn, Pin) + d(pin, P1)
<27k 4L AP, P) +27F 427
<3.27% 4 APy, P)).

Note that in the second step we simply used the fact that for sufficiently large n,
\d(prns Pin) — A(Px, Pp)| < 27%.

This is true by the definition of A metric function.
CLAIM 1. {pi} is Cauchy.
PROOF OF CLAIM 1. Since we have

d(pi, p1) <3275 + A(P, Py)

and since { P} is Cauchy, then there exists N, such that

k1> Ny = A(Py, Py) < g
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It is obvious that there is a N5 such that

kzN3:>3~2_k<§.
Take k > max { N,, N3} and we have
e €
d(px, <-4+ -=c
(Prp) < 5+5=¢

Hence, { px} is Cauchy. B

Now, let P € X* be the element that contains the sequence { px}.
CLAIM 2. P, —> P in X*.
PROOF OF CLAIM 2.

A(Pi, P) = Tim (d(pkn, Pn))
= lim (d(pin, pi) + d(Pk pn))
<278 4+ lim sup A(Py, P,) +3-27%
n—->oo

Now, given & > 0, we want 27%+2 < ¢/2 and A(Px, P,) < &/2. For the former, take
k > Ny =3 — |log,(g)].

You can easily verify that the first inequality is satisfied. For the later, since we are taking the
limit as n — oo, n is already sufficiently large. Take k > N, such that

k> Ny = A(Pe, Py) < g
Now we claim that if
k>N =max{N;,No} = A(Pr,P) <e.

Now we know that given any Cauchy sequence { Pr} € X*, it is convergent. Therefore, X *
is complete.

(d)
A(Pp, Pg) = lim d(pn,qn) = d(p.q)

since p, = p,qn, = ¢ for all n. Hence ¢(p) = P, is an isometric mapping from X to X*. H

(e) Let P be any element in X*. To prove that ¢(X) is dense in X *, all we need to do is to
find a point p € X such that A(P, P,) < .
Then set ¢ = A(Py, P»)/2, and take P =P + A(Py, P»)/2 (Suppose P, < P,). Then We
can find a point P, such that A(IS, P,) < e. Then we know for any P;, P, € X* there will be a
P, = ¢(p) € X inbetween.
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To do this, let { p,} € P and choose N such that
m,n >N = d(pn, pm) < %

Now let
P = PN+1-
Then e
A(P, Pp) = lim d(ps,p) < = <e.
n—00 2

Now suppose X is complete. Then for each P € X* and {p,} € X there exists a p € X
such that p, — p. Obviously, this p is the same for all the sequences equivalent to {p,}, by
definition. Since we know that {p, p, p...} ~ {pn}, then ¢(p) = P, = P = ¢o({p,}). Hence
P, = P. We conclude that ¢(X) = X* when X is complete. H

This exercise problem answers the following question: If X is not complete, can it be em-
bedded in one that is? The answer is yes, and it is stated in the following theorem, which can be
extracted without effort from the exercise above.

Theorem 3.4.1. Every metric space (X, d) has a completion (X*, d).

Remark 3.4.1. This theorem says that there is a way to define a big space X * that has the smaller
space X as a subset such that the metric d on the big space is preserved when restricted to the
smaller space X.

We go back to the exercise above, and state the following Theorem, which is exactly the same
as part (c)-(d).

Theorem 3.4.2. X* is complete with X isometrically embedded in X*.

This is, in fact, another way to construct R from Q. For proofs on X* satisfying the field
axioms, and other subtle detailds, you can see the construction demonstrated in Real Analysis 1,
Terrence Tao.

3.5 Upper and Lower Limits

Definition 3.5.1. We write s,, — o0 if for every real M there is an integer such thatn > N
implies s, > M.

Similarly, We write s,, — —oo if for every real M there is an integer such thatn > N implies
Sp < M.

Definition 3.5.2. Given {s,}, let E be the set of all possible subsequential limits that {s,} may
has, including possibly +o00. Let

s* =supE s« = inf E.
The numbers s*, s, are called upper and lower limits. We use the notation

lim sups, = s* lim infs, = sx.
n—oo n—>oo
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Theorem 3.5.1. It should be immediately obvious that

lim infs, < lim sups,.
n—00 n—00

Theorem 3.5.2. For a real-values sequence {s,}, s, — s if and only if

lim sups, = lim infs, =s.
n—o0 n—o0

Theorem 3.5.3. Let {s,} be a sequence of real numbers. Let E and s* have the same meaning

as in the definition above. Then s* has the following two properties:

(a) s* € E.

(b) If x > s*, there is an integer N such thatn > N = s, < X.

(c) s* is the only number with the properties (a) and (b).

The analogous result is true for S.

Proof. (a) If s* = 400, then E is not bounded above, and there is a subsequence {s,x } such that
Snk —> OQ.

If s* is a real number, then at least one subsequential limit exists (The sup of an empty set is
—00). Then by Thm.3.2.3, E is a closed subset of X. Then by Lemma.2.8.1, s* € E. Since E is
closed, then s* € E.

If s* = —o0, then E contains only one element, namely —oo. Then there is no subsequential
limit. So that s, — —o0.

(b) We prove by contradiction. Suppose there is a number x > s* such that s, > x for
infinitely many n. Then we can find a s,; such that s,; > x > s*. Put x = s,;. Again, there
is some s, such that s,, > s5,, > x > s*. Let x = s, and repeat this process. Then the
subsequence {s,} either has a subsequential limit that is bigger than s*, or goes to infinitity.
Either way, this violates the definition of s* and we have therefore a contradiction.

(c) To show the uniqueness, suppose there are two numbers p and g that both satisfy properties
(a) and (b). Suppose p < ¢g. Choose x such that p < x < ¢. Since p satisfies (b), we have
s, < x foralln > N. But then ¢ cannot be a subsequential limit and therefore cannot sastisfy
(a). O

Corollary 3.5.1. If s. > Xx, there exists an integer N such that
n>N=s,>X.

Proof. This proof is similar to that of (b) in the theorem above. ]

3.6 Series and Series of Nonnegative Terms

Definition 3.6.1. Give {a,}, we associate this sequence with another sequence {s, }, where

n
Sp = Zak.
k=1
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For s, we also use the symbolic expression

ia”’ (3.2)
n=1

which we call an infinite series or just a series. If {s, } converges to s, we say the series converges

and write
o0
E a, = s.
n=1

It should be understood that s is the limit of a sequence of sums, and is not obtained simply by
addition. If {s,} diverges, we say the series diverges. Sometimes for convenience of notation,
we will consider series of the form -
> an. (3.3)
n=0

When there is no possible ambiguity, we sometimes simply write Y a, in place of (3.2) and
(3.3).

It is clear that every theorem about sequence can be restated in terms of series, and vice versa.
For example, the Cauchy criterion can be restated in the following form:

Theorem 3.6.1. Y a, converges if and only if for every ¢ > 0 there is an integer N such that

m
D a

k=n

m>n>N = <e. 3.4

Corollary 3.6.1. In particular, by taking m = n, (3.4) becomes
n>N = la,| <e.
In other words, if Y a, converges, then

lim a, = 0.
n—>0o0
Remark 3.6.1. The converse of Cor.3.6.1 is not necessarily true. For example, consider the

harmonic series
o0

—

S

This series is divergent even though

for large enough n.

Theorem 3.6.2. A series Y _ a, that has nonnegative terms ay,a,,as, ... > 0 converges if and
only if its partial sums form a bounded sequence.
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Proof. Since the series has nonnegative terms, its partial sums are monotonically increasing, in
other words, s,4+1 > s, for all n. Thm.(3.3.4) says monotonic sequence converges if bounded.
Therefore the proof is complete. ]

Theorem 3.6.3. (The Comparison Test)
(a) If |ay| < cp for n > Ny, where Ny is some fixed integer, and if Y ¢, converges, then )_ ay
converges.

(b) If an > dy, > 0 forn > Ny, and if Y _ d, diverges, then ) _ a, diverges.
Proof. (a) Given ¢ > 0, There exists N > Ny such that
mznzN:>ch§s.
k=n

By the Cauchy criterion. Hence

m m m
EakSEIanISECkS
k=n k=n k=n

(b) This follows immediately from (a). If ) _ a, converges, so must »_ d,,. H

The comparison test is very useful. But to use it efficiently, we have to become familiar with a
number of series of nonnegative terms whose convergence or divergence is known. The simplest
of all is perhaps the geometric series.

Theorem 3.6.4. If |x| < 1, then

If |x| > 1, the series diverges.

Proof. 1f x # 1, we have
n+1

me L=

This can be easily verfied using the polyn0m1a1 division. The result follows by taking the limit
as n — o0. You can clearly see that it converges only when |x| < 1. If |x| > 1, it diverges.
Now putting x = 1, then we have

o0
Zx”=1—|—1—|—1+1...

n=0
which is clearly divergent. 0

In many cases, the terms of the series decrease monotonically. The following theorem can
help us determine the convergence of a series. What is striking is that a rather thin subsequence
of {a,} determines the convergence of Y _ ay.
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Theorem 3.6.5. Suppose a; > a, > az > ... > 0. Then the series fo;l a, converges if and
only if the series

o0
Z2ka2k =a; +2a, +4a4 + 8ag + - --
k=0
is convergent.

Proof. Let

Sn:a1+a2+"'+an

ty =a1+2a, + --- —|—2ka2k.
First, assume that { } is convergent, then for n < 2*, we have

Sp <ap + (a2 +a3) + -+ (azk + .- —|—Cl2k+1_1)
<a,+2a; + -+ 2%ay (3.5)
= Ig.

Hence we have
Sy < Ig.

For sufficiently large k, if ty — ¢, we have
Sp < Ix <t

But when k is arbitrarily large, then 2¥ is also arbitrarily large. Hence n < 2% implies that n can
also be arbitrarily large. Hence for sufficiently large #, s, is monotonically bounded. Hence {s, }
converges. We have completed the first half of our proof.

Conversely, suppose that {s,} is convergent. Then for n > 2¥, we have

Sp >ay+ax+ (as+ag)+ -+ (Ape—141 + -+ ax)
> %Ial +ay 4+ 2a4+ -+ 25 las (3.6)
= Ik
2

So that
28, > tg.

Then for large enough n, we have
28 > 28, > k.

Similarly, n > 2F implies that k can also be sufficiently large. Then #; is monotonically bounded,
hence convergent. U

Theorem 3.6.6. ) n%, converges if p > 1 and diverges if p < 1.
Proof. If p < 0, it is clearly divergent. If p > 0, we can use Thm.3.6.5. Then consider the

following series
00 1 00 A~
A -p
2 2 g = 20
k=0 k=0

This geometric series converges only when 1 — p < 0. Hence it converges when p > 1. [
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Corollary 3.6.2. If p > 1,
o0
Z: n (log n)?

converges, if p <1, the series diverges.

Proof. Itis easy to see that {1/nlogn} decreases monotonically. For p < 0, the series is clearly
divergent. Now, if p > 0, then Thm.3.6.5 applies. This lead us to the series

k
Z 2k log 2k Z (k log 2)1’ (log 2)1’ Z k»’

k=1
and the result follows from Thm.3.6.6 1mrned1ately. [

3.7 The Number e

Definition 3.7.1.
o0
1
e = —.
n!
n=0
Note that this series clearly converges because its partial sums are bounded. This is quite

obvious since

1 1 1
=141
S e S A U S Ay
1
<1+1 < 3.
+ +2 22 n=
Theorem 3.7.1.
17’!
lim (l—i——) = e.
n—o0 n
Proof. Let

_ 1 _ (4 \"
Sn — Z E, tn — + ; .
k=0
By the binomial theorem, we have

=3 ()

nin—1mn-2) (1\°
3! (E) } *
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Hence ¢, < s,, so that
limsupt, <e 3.7

n—>00

Here we take the upper limit simply because we don’t know whether 7, has a limit. But we do
know that it must have an upper limit. Next, if n > m, for fixed m we have

1 1 1 1 m—1
th>1+14+=-{1--)+---+—({1=—=]---{1- )
2! n m! n n

Taking the limit as n — oo, we get

1 1
liminft, > 1414 — 4+ --- 4+ —.
n—o00 21 m!
Same reason why we take the lower limit. We just can’t be sure whether there is a limit for ¢,,.
Now we have

Sm < liminfz,.
n—>o0

Letting m — oo, we get
e < liminft,. (3.8)

n—o00

Combining 3.7 and 3.8 we have

e < liminft, <limsupt, < limsups, = e.
n—0o00 n—o00 n—o00

Thus we are forced to conclude that

limsup?, = liminfz, = e.
n—00 n—00

This completes the proof. [

We can also estimate how fast ) 11is converging. Let s, = Y ;_, 77, We have

1 1 1
I Ty T T
< ! I+ : + ! +oeep = —.
(n+ 1! n+1 (n+1)>2 n'n
Hence
0<e—sn<i. 3.9
n'n

This means that this series is converging very quickly to e. The inequality 3.9 is not only useful
in numerical computation, but is also of theoretical interests, since it enables us to prove that e is
irrational.

Theorem 3.7.2. e is irrational.
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Proof. Suppose e is rational and write e = p/q, where p,q € Z™. Then by inequality 3.9 we
have

1
0<q!(e—sg) <-—. (3.10)
q
By our assumption, g!e is an integer. Since
s, =gl 1+1 ! !
qlsq =q' | 1 + —|—5+---+a

is an integer, we see that ¢!(e — s,) must also be an integer.
Since ¢ > 1, inequality 3.10 implies that there must be an integer between 0 and 1. We have
reached a contradiction, as desired. L]

3.8 The Final Lecture on Series

This is Professor Su’s final lecture on series. Actually, he went through this lecture incredibly
fast, covering all the remaining materials on series. As a consequence, he also missed lots of
esstential materials. I, on the other hand, feel obligated to slow down and carefully go through
theorems in the book.

3.8.1 The Root and Ratio Tests

Theorem 3.8.1. (The Root Test) Given Y_ a,, put o = limsup,_, ., ¥/|a,|. Then
(a)Ifa < 1, " ay converges;

(b) Ifa > 1, Y_ a, diverges;

(c) If « = 1, the test is inconclusive.

Proof. If o < 1, choose f so thatx < B < 1, and an integer N such that

nz=N= Vla,| <p

by Thm.3.5.3.That is,
n>N=la,| <p".

Since 0 < B < 1, )_ B" converges, then by comparison test, Y a, converges.
If |a,| > 1, then the condition a,, — 0 necessary for ) _ a, to converge does not hold.

If |a,| = 1, consider
Z : Z :
n n?’

The first series diverges while the second converges. So the test is inconclusive. [
. 1 . . _ . ay _
Theorem 3.8.2. (Ratio Test)' Given series }_ an, let « = limsup, ., || and let y =

an+1
an

. Then

liminf, s

'Rudin states this theorem in a confusing way, so does Professor Su. This theorem is a modified version made
by Professor Qiguang Bai in her 14th lecture.
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(a) Ifa < 1, ) a, converges,

(b)Ify > 1, " a, diverges,
(c)If y <1 =< «, the test is inconclusive.

Proof. If condition (a) holds, then we can find 8 < 1 and an integer N such that

an41
an

n>N>=

<p

again by Thm.3.5.3. In particular

lay 1| < B lan]|
lant2| < Blan+1| < [32 lay|

‘aN+p| < pFlan|.

That is
|an| < lan| B~V - B"

forn > N. Then (a) follows from the comparison test since ) . " converges.
If |an+1| > |an| for all n > ny, it is easy to see that a, — 0 does not hold, and (b) follows.
For (c), we canreferto Y 1/n and Y 1/n? again. O

Example 3.8.1. Consider the following series

1+1+1+1+1+1+1+1+
273 722732 3733 T 4T 34

You can calculate its upper and lower limits using both root test and ratio test. The result is the

following:
n

a .
1L = limy o0 (% =

liminfy, o =

P T 2n/ 1 1
liminf,_ . /a, = lim,_ s = 75
: . onf 1 1
limsup, _,, Ya, = limy /55 = Wil
: a 1 n
limsup, o, 25 = = limy—o 1 (2)" = +o0

According to the theorems given above, the root test indicates convergence, the ratio test gives
no information. generally speaking, the root test is more powerful than the ratio test, whereas the
ratio test is easier to calculate. The reason is given in the following theorem.

Theorem 3.8.3. For any sequence {c,} of positive numbers,

lim inf Cn < liminf {/c, < limsup {/c, < lim sup 1

n—>00  Cp n—00 n—>00 n—oo Cp

Proof. We will first prove that

n+1
Cn

lim sup Ye, < lim sup
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Put

. Cn+1
o = lim sup .
n—>oo . Cn

If « = +o00, then we are done. Suppose « is finite. Choose B > «. By Thm.3.5.3, there is an
integer N such that

C
n>N= 1<

Cn
Similar to the proof of the ratio test, we can get a recurrence relation which breaks down to the
following:

CN4+p = ,BPCN.

Switching the index, we let N 4 p := n, then of course p := n — N. So this becomes
cn < B New.
Taking the nth root on both sides we get

ew < BV e,

The limit on the right hand side exists, and is equal to 1, which you can verify. But on the left
hand side we have no clue whether the limit exists. So we take the lim sup. We get

limsup /¢, < B.

n—>oo

But this is true for all 8 > «. In other words, if we let 8 = o + ¢ for any ¢ > 0, we get

limsup ¢, <o + e.

n—-oo

By taking the limit again and let ¢ — 0 we get

limsup {/c, < c.

n—-oo

The proof of the second inequality

. .. .C ..

lim inf 2+ < liminf /¢,

n—>oo  (Cp n—00
is very similar, except this time we use Cor.3.5.1. Combine these two inequalities and this
theorem follows. 0

Remark 3.8.1. This theorem actually shows us why the root test is more powerful than the ratio
test. If you look at this inequality

c

liminf < liminf 2/¢, < limsup %/c, < limsup =,

n—>00  Cy n—00 n—>00 n—»oo Cp

Cn+1

it basically says whenever the ratio test shows convergence, the root test does too;, whenever the
root test is inconclusive, the ratio test is too.
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3.8.2 Power Series

Definition 3.8.1. Given a sequence {c,} of complex numbers, the series

o0
E c,z"
n=0

is called a power series. The number ¢, is called the coefficients of the series. z is a complex
number.

Remark 3.8.2. The definition also holds for real numbers. We are just trying to be general.
Theorem 3.8.4. Given power series Y nw CnZ", put
1

o = limsup v/|cy|, R = —.
n—>0o0

Then the series converges if |z| < R and diverges if |z| > R. R is called the radius of conver-
gence.

Proof. Puta, = c,z" and apply the root test, we have

limsup v/|a,| = |z|limsup v/|c,| =

2]
n—oo n—-oo R

3.8.3 Summation by Parts

This is an interesting section since it provides a discrete analoge of integration by parts. Summa-
tion by parts actually arises from the observation that even when ) a, and ) _ b, both converge,
the series Y an,b, may not converge. So we need to find an expresion of ) a,b, using a,, b,
and possibly their sums and differences.

Theorem 3.8.5. (Summation by Parts) Given two sequences {a,} ,{b,}, put
Anzzzzzak
k=0
ifn>0; put A_;y = 0. Thenif 0 < p < g, we have
q q—1
D anby = Ay (by —but1) + Aghy — Ap1by.
n=p n=p

Proof. (Rudin, Algebraic Proof) We rewrite the left hand side and get

q q q q—1
Zanbn = Z (An - An—l)bn = Z Anbn - Z Anbn+1~ (3-11)
n=p n=p n=p

n=p—1

The expression on the right hand side of the theorem is exactly equal to the right hand side of
Eqn.3.11. 0
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The algebraic proof given by Rudin is straightforward. But it doesn’t offer any insight that
we should have into this theorem. Now we present Professor Su’s geometric proof in his lecture.

Proof. (Su, Geometric Proof)

a,+a;+ a,
bs — b,
____________________ 1 Qo A a,
b, — b,
___________ | ao
b3 b1 - bo
b, |
by
by
(219 a, a, as

Figure 3.1: A geometric interpretation of summation by parts.

We can define the sequence {a,}, {b,} like the way shown in Fig.3.1. Then ) _ a,b, is just
the sum of areas of the blue rectangles. When this sum of areas becomes hard to compute, we
can just use the area of the entire rectangle minus the sum of areas of the orangle rectangles.

If we start from aq, b, and we want to find 2(3) a,b,,, then we can see that

2
Y anbn =) An(by = bus1) + Asby — A_1bo
0

0

2
= A3b3 _XO:An(bn—H _bn)

Whole Rectangle

Orange rectangles

Note that A_1bg = 0 since A_; = 0. Now we look at cases where we don’t start from aq. Let’s
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start with a;. Then we have

2
Zanbn = ZAn(bn —bpt1) + Asbs — Aoby
1

1

2
- A3b3 - E An(bn+1 _bn) - Aobl
~—— ~——
Whole Rectangle 1 Rectangle with Area Agb

Top Two Orange rectangles

Now we gain some geometric intuitions of summation by parts. This should make sense now. []

Remark 3.8.3. Now we have some geometric intuition on the discrete case, it is actually not diffi-
cult to generalize it into continous analoge (Though we have not yet defined continuity,differential,and
integration).

Suppose you have a function u(v) and you want to find the area under the curve (the shaded
shallow blue region in Fig.3.2. However, sometimes the integral

/u(v)dv

can be hard to evaluate (we omit the upper and lower limit). However, we can use the same idea
we had before, only to generalize it into continuous case.

/vdu
/udv
v

Figure 3.2: A geometric interpretation of integration by parts.

/udv =uv—/vdu.

In the discrete case, A, is like the function v, the original function of a,, which is like dv. And
we can see that by, is like u, so that b, 1 — b, is like du.

Therefore we have the formula

Theorem 3.8.6. (Dirichlet’s Test) Suppose
(a) the partial sums Ay, of Y a, form a bounded sequence;
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(b)bo > by = by > ...;
(c)limy,_ 0 b, = 0.
Then Y anb, converges.

Proof. Choose M such that |A,| < M for all n. Given ¢ > 0, there is an integer N such that
by < (e/2M). For N < p < g, we have

q q—1
> anb| =Y Ay (by —byi1) + Aghy — Ap_1b,
n=p n=p

qg—1
<MY (bn—buy1)| + Mlbg| + Mb,|
n=p

qg—1
SM Z(bn—bn+1)+bq+b1)

n=p

=2Mb, <2Mby <.

Convergence then follows from the Cauchy criterion. Note that in the first inequality we just use
| — Ap—1bp| = |Ap—1bp| < M|bp|. O]

Theorem 3.8.7. (Alternating Series Test) Suppose
(a) [e1] = |ea| = fes| = ..
(b) cam—1 = 0and ¢z <0form =1,2,3...;

(c)limy, oo cp, = O.
Then ) ¢, converges.

Proof. Apply Thm.3.8.6 and let a,, = (—1)"*1 and b, = |c,|. O

Remark 3.8.4. Series for which (b) holds are called alternating series. Note that a series is
an alternating series as long as the signs of consecutive terms alternates. Its odd terms don’t
necessarily have to be positive and its even term don’t necessarily have to be negative. It can also
be the other way around.

Theorem 3.8.8. Suppose the radius of convergence of Y c,z" is 1, and suppose co > ¢1 > ¢;...,
lime, = 0. Then ) c,z" converges at every point on the circle |z| = 1, except possibly at
z=1

Proof. Puta, = z" and b, = c,,. If |z| = 1 and z # 1, then we have
n

> "

m=0

So (a) in Thm.3.8.6 is satisfied. It is also obvious that both (b) and (c) are satisfied. The theorem
then follows. O

2
< :
~ =z

|An| =

1_Zn+1
’ -z
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3.8.4 Absolute Convergence

Definition 3.8.2. The series ) _ a, is said to converge absolutely if the series ) _ |a,| converges.
Theorem 3.8.9. If > a, converges absolutely, then ) a, converges.

Proof. The assertion follows from the inequality

m
<> laxl,
k=n

plus the Cauchy criterion. [

m

>

k=n

Definition 3.8.3. If ) _a, converges but ) |a,| diverges, we say that ) _ a, converges nonabso-
lutely or conditionally.

Example 3.8.2. The series

n=1 n
converges conditionally.

Remark 3.8.5. The root test and the ratio test are really tests for absolute convergence. They
can not give any information on conditionally convergent series.

Example 3.8.3. (From Qiguang Bai’s Lecture) Consider the series

o (_1)n+1
n=1 \/ﬁ
and we let -
—1
ay = by =

NG
Both ) " a, and ) _ b, converges, but ) _ a,b, diverges. This is because neither ) _a, nor ) _ b, is
absolutely convergent. This may motivate us to replace the condition "convergent" by a stronger
condition "absolute convergent" and see if we can get some interesting results. An example of
this replacement is given in the next section.

3.8.5 Addition and Multiplication of Series

Theorem 3.8.10. If > a, = Aand ) b, = B, then > (a, + b,) = A+ B and ) _ca, = cA
for any fixed c.

Proof. Trivial. Left as exercise. 0

Definition 3.8.4. (Cauchy Product) Given ) _a, and > _ b,, we put
Cp = Zakbn—k n=0,1,2,...)
k=0

and call ) ¢, the product of two given series.
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Example 3.8.4. The product of two convergent series may actually diverge. See Example 3.49
in Rudin, pg.73.

Theorem 3.8.11. Suppose

(a) >0, an converges absolutely;

(D) Z:o:o ap = A;

(C) Z:o=0 bn = B;

(d) cn = Y o Akbu—i forn =0,1,2...

Then -
ch = AB.
n=0
Proof. Put
Anzzak’ Bn:Zbkv Cn:ZCk’ lgn:Bn_B'
k=0 k=0 k=0
Then
C, = aobo + (aoby 4+ a1bg) + -+ + (aob, + a1b,—1 + -+ + a,bo)
=aoB, +a1B,—1 +---+a,By
=ao (B +,3n) +a, (B +,3n—1) +--4a,(B +,30)
= AnB + aO,Bn + al:Bn—l + -+ anIBO-
Put

Yn = aO,Bn + al,Bn—l +--- 4+ an,BO-
We wish to show that C,, — AB. Since A, B — AB, it suffices to show that

lim y, = 0. (3.12)

n—o0o

Put
o
o= Z lan| .
n=0

By (c) we know that 8,, — 0. We also know that a,, — 0 by (b). So a natural way we can think
of is to cut y, into halves, for the former half we use the condition a,, — 0 and for the latter half
we use B — 0. Now, given ¢ > 0, choose N such that |8,| < ¢ forn > N, in which case

|Ynl < |Boan + -+ + Bnan—n| + |BN+1Gn—N—1 + --- + Bnao]
<|Boan + -+ Bnan—n| + €a.

Keeping N fixed and let n — oo, we get

limsup |y,| < ea.
n—oo

Since ¢ is arbitrary, Eqn.3.12 follows, and we are done. [
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3.8.6 Rearrangements

Professor Su only briefly mentioned about this subsection (I mean really brief, like 5 min), which
I don’t appreciate. On the other hand, Professor Bai’s lecture gives a much more detailed intro-
duction to rearrangement, one of the most important topics on infinite series. This lecture note is
largely excerpted from her lecture?.

Definition 3.8.5. Let {k,}, n = 1,2, 3..., be a sequence in which every positive integer appears
once and only once. That is, k,, : N — Nis a 1-1 and onto map. Put

a, = ag,. (n=1,2,3..)
We say that ) a), is a rearrangement of )_ ay.

Theorem 3.8.12. Let Y a, be a series of real numbers which converges but not absolutely con-
verges. Suppose
—00 <a <f <.

Then there exists a rearrangement Y _ a,, with partial sums s, such that

liminfs, =, lim sups, = B. (3.13)
n—-oo n—>oo
Remark 3.8.6. We can put « = f, and let them be any real numbers. Then 3.13 says »_a/,
converges. What’s more, it can converge to any real numbers you want! So rearrangement will
cause significant changes of the final result. Given a convergent series, its rearrangement may
not converge. Even if it converges, it can converge possibly to anything! So it may not be the
original result.

Proof. Let
_ lan| + an _ lan| —an
Pn = ) » 4n = >
You can see that p, = a, ifa, > 0, and p, = 0 if a,, < 0. Similarly, you can see that g, = 0 if
a, > 0,and g, = |a,|ifa, <O.

Another observation you can make is that by taking summation on both sides of p,, ¢g,, and
given that ) |a,| diverges and ) | a, converges, both ) p, and ) ¢, must be divergent.

Now let Py, P,, Ps, ... denote the nonnegative terms of »_ a,, in the order in which they
occur. And let Q1, Q», O3, ... be the absolute values of the negative terms of Y _ a,, also in their
original order.

Then the series Y Pp, > Q, only differ from Y p,,>_ qn by zero terms, and are therefore
divergent.

We shall construct sequences {m,}, {k,} such that the series

(n=123,..).

P1_|_..._|_Pm1_Q1_..._le _|_Pm1+1_|_...

(3.14)
+Pm2_Qk1+1_"'_Qk2+"‘ )

2Actually really good lectures! And much slower than Su’s, so you’ll get much more details on how some
constructions in the proofs are motivated.
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which is clearly a rearrangement of ) _ a,,, satisfies 3.13.
Choose real-valued sequences {«,} , {f,} such that o, — «, B, — B, and additionally,, <

,3,,, ,81 > 0.

Let my, k, be the smallest integers such that

P1++Pm1 >1819
Pit oot Py = Q1 — o Og, < a.

Let m,, k, be the smallest integer such that

Pyt ot Py = Q1= = Qky + Puys1 + - + Py > P
Prt-otPuy— 01— = Qky + Pyr +- + Py — Qi1

_"'_Qk2 < Og.

We repeat this process. This is possible since both Y P, and Y Q, diverges. So, if the result is
too big since we added too many Ps, then we can make it small enough by subtracting enough
Qs from it.

If x,, y, denote the partial sums of 3.14 whose last terms are P,,, —Qk,, and since we
choose the smallest integer P,,,, Ok, such that x, > B,, v, < «,, we must have

|xn_ﬁn|§Pmn’ |yn_an|§an-

Since P, — 0 and Q,, — 0 asn — oo, we see that x, — B and y, — «. Note that n — o0
implies m,, k,, — oo.

Finally, there is no number less than « or greater than 8 can be a subsequential limit of the
partial sums of 3.14. O

Remark 3.8.7. (by Mikhail D, MathStackExchange). A picture is worth a thousand words.

beta

alpha

Figure 3.3: An illustration.

Curves in blue and in green are sequences S, o,. They converge to 8, a respectively. Curve
in red is our Expression 3.14. The way we painted this picture shows a few things about Expres-
sion 3.14.

The first terms of it are positive, so the reason why 8; > 0.

Next, x, > B, and y, < «,. so the red curve sticks out a bit "outside" sequences {8, }, {&x },
by one last positive term and negative term P, , —Qx,.
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Differences between 3.14 and these sequences become smaller because P,, @, — 0. Itis
precisely for this reason it becomes finally "clear" that Expression 3.14 cannot converge to any
number greater than 8 or smaller than .

Theorem 3.8.13. If ) a, is a series which converges absolutely to s. Then every rearrangement
of > a, converges to s.

Proof. Let ) a), =) ax, be arearrangement and let
n n
/ /
k=0 k=0
Given ¢ > 0, since ) _ |a,| converges, there exists an N such that

m
£
m>n>N = ar| < —
>n> 1; |lak| 7
=n

and

€
nzN:>|sn—s|<§.

Now, choose p so large such that
{1,2,3...N} C {ki.ka,....kp}.  Notethat p > N

Then if n > p, s, —s,, contains no terms ax where k < N. Thus

m

&
sp=s,l =D lal <5 (m=12p)
k=I

Hence

e ¢
|s,’1—s|§|s,'1—sn|—|—|sn—s|<§—|—§:8

for all n > p. This completes the proof. 0
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Chapter 4

Continuity

The apex of mathematical achievement occurs when two or more fields which
were thought to be entirely unrelated turn out to be closely intertwined.

-Gian-Carlo Rota, Indiscrete Thoughts

4.1 Limits of Functions, Continuity

Definition 4.1.1. Let X, Y be metric spaces; suppose E C X, f : E — Y, and p is a limit point
of E. We write f(x) — g asx — p, or

lim f(x) =g¢
xX—>p

if there is a point g € Y with the following property: For every ¢ > 0, there exists a 6 > 0 such
that
0<dx(x,p)<é=dy(f(x),q) <e

for all x € E. Here dx, dy refer to the distances in X and Y.

Remark 4.1.1. Note that in our definition, we say 0 < dx(x, p) < 6. Since the distance is, by
default, bigger than zero, this implies that x # p. In other words, the limit of f(x) asx — p
has nothing to do with the value of f at point p. Nor do we require p to be a point in E.

Theorem 4.1.1. Let X, Y, E, f, p have the same meaning as in the definition above. Then
lim,_,, f(x) = q if and only if lim,_,« f(pn) = q for every sequence {p,} in E such that
Pn F P liMy 00 pn = P.

Proof. Suppose f(x) — q as x — p. Choose {p,} in E such that the conditions p, #
p,lim,_. p, = p are satisfied. Then there exists § > 0 such that dy (f(x),q) < eif x € E
and dx (x, p) < 6. Also, there exists N such that n > N implies dx(p,, p) < 6. Thus, for
n > N, we have dy (f(pn),q) < €. The first half of the proof is complete.

Conversely, we prove the contrapositive. That is, suppose f(x) - g as x — p. Then there
exists some € > 0 such that for every § > 0 there exists a point x € E such that dy (f(x),q) > ¢
but 0 < dx(x, p) < §. Taking 6, = 1/n, we find a sequence of such x that makes f(p,) — ¢
false. -

85



86 CHAPTER 4. CONTINUITY

Corollary 4.1.1. If f has a limit at p, this limit is unique.

Proof. We use Thm.4.1.1. Since the limit of a sequence is unique (we proved this in the first
section of Chapter 3), then so is the limit of a function. O]

Theorem 4.1.2. Suppose E C X and p is a limit point of E. Let f, g be complex functions on
E and

lim f(x) = A, lim g(x)= B.
X—p X—>p
Then
(a) hmx—)p(f +g)(x) =A+ B;
(b) limy—, ,(fg)(x) = AB;
(@) limey (£) (6) = 4. if B #0.
Proof. Given Thm.4.1.1, this theorem follows immediately from Thm.3.1.5. U
Theorem 4.1.3. Iff,g: E — R, then (a) in Thm.4.1.2 is still true, and (b) becomes

)}i_t)l}](f-g)(x) =A-B.

Proof. Given Thm.4.1.1 and Thm.3.1.7, the theorem immediately follows. O]

Definition 4.1.2. Suppose X, Y are metric spaces, E C X, p€ E,and f : E — Y. Then f is
continuous at p if for every varepsilon > 0 there exists a § > 0 such that

0<dx(x,p) <8§=dy(f(x), f(p) <e

forall x € E.
If f is continous at every point of E, then f is said to be continous on E.

Remark 4.1.2. Compare this with the definition of limit of a function, we see that f has to be
defined at point p in order to be continous at p.

Example 4.1.1. Consider the function f defined by the figure below.

]
f@f----—-- *

o |- -0

Let f : E — Y where E = {a,b}. This function is continuous, though it may not look
like a continuous function. Since there are only two points in the set, without loss of generality,
consider the point b. The condition

dx(x,b) <8 = dy(f(x), f(b)) <e
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is always satisfied even if you choose very small ¢ and &, then the set of points x € E such that
dx(x,b) < § can only be b itself. Therefore dy ( f(x), f(b)) = 0 < & for any ¢ > 0.

Theorem 4.1.4. f is continuous at p if and only iflim,_,, f(x) = f(p).

Proof. Trivial. O

Theorem 4.1.5. If f, g are continuous functions on a metric space X, then f + g, fg, f/g are
all continous on X (for the last case g # 0).

Proof. Follows from Thm.4.1.2 and Thm.4.1.4. [

Theorem 4.1.6. (a) Let fi, ... fi be real functions on a metric space X, and let f: X — R¥ pe
defined by

fx) = (fi(x)..... i(®)  (x € X);

Then £ is continous if and only if each f; is continuous.
(b) Iff, g are continous mappings from X into R¥, then £ + g and £ - g are continuous on X .

Proof. The proof is actually very similar to that of Thm.3.1.6. Part (a) follows from the inequality

k 2
50 = f500)] < Ifx) = £(0)] = {Z i (x) — fz-(y)|2§ .

i=1
Part (b) follows from (a) and Thm.4.1.5. ]

Theorem 4.1.7. Suppose X, Y, Z are metric spaces, E C X, f : E — Y, g maps the range of
f, f(E), into Z. And the mapping h : E — Z defined by

h(x) =g(f(x)) (x € E).

If f is continuous at a point p € E and g is continuous at the point f(p), then h is continuous
at p.

Proof. Let ¢ > 0 be given. Since g is continuous at f(p), there exists n > 0 such that

dz(g(y),g(f(p) <eifdy(y, f(p)) <nandy € f(E).

Since f is continuous at p, then there exists § > 0 such that

dy(f(x), f(p)) <nifdx(x,p) <dandx € E.

It then follows that

dz(h(x),h(p)) = dz(g(f(x)).g(f(p)) <&
If dx(x, p) <6 and x € E. Thus A is continuous at p. [
Remark 4.1.3. This theorem says that a continuous function of a continuous function is contin-

uous. This function 4 is called the composite function of f and g. The notation # = g o f is
frequently used in this context.
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4.2 Operations on Inverse Mappings

Before we dive into the topological interpretation of continuity, it is first necessary for us to gain
familiarity with inverse mapping and its operations, as they will be very useful in the proofs of
the next section.

We first present the definition of a image and an inverse mapping.

Definition 4.2.1. Given a mapping f : X — Y, Consider a set A C X. The image of A is
defined as

JA) :={f(x):x € A4}.

Definition 4.2.2. Given a mapping f : X — Y, an inverse mapping /! : Y — X. Consider a
set C € Y. Then the inverse image of C is defined as

FHC)i={xeX: f(x)eC).

Now using these two definitions, we present the operations on an inverse mapping'.
NOTE. For all the following theorems in this section, we assume that f : X — Y, A, B C X,
andC,D CY.

Theorem 4.2.1. If A C B, then f(A) C f(B).

Proof. Let y € f(A). Then exists a € A such that f(a) = y. Sincea € A C B, we have
a € B. Then f(a) € f(B). Hence, y € f(B). Done. O

Theorem 4.2.2. f~1(f(A)) D A.
Proof. Leta € A. Then f(a) € f(A) by definition. Hence, a € f~'( f(A)). Done. O
Theorem 4.2.3. IfC C D, then f~1(C) C f~Y(D).

Proof. Let x € f~1(C). Then by definition we have f(x) € C. Hence f(x) € D. This implies
that x € f~1(D). Done. O

Theorem 4.2.4. f(f~1(C)) c C.

Proof. Lety € f(f~1(C)). Then by definition there exists x € f~!(C) such that f(x) = y.
Since x € f~!(C), then by definition y = f(x) € C. Done. O

Theorem 4.2.5. f(AU B) = f(A)U f(B).

Proof. Lety € f(AUB). Thenexists x € AU B suchthat f(x) = y. Without loss of generality,
letx € A. Theny = f(x) € f(A) C f(A)U f(B).Hence f(AU B) C f(A)U f(B).
Conversely, let y € f(A) U f(B). Without loss of generality, let y € f(B). Then exists
X € B suchthat f(x) = y. Hence x € AU B. This implies that y = f(x) € f(AU B). So we
have f(AU B) D f(A)U f(B). O]
Ithe proofs are excerpted from the solution to In Class HW4 of MATH4803, Foundations of Mathematical Proof
by Prof.Heitsch.
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Theorem 4.2.6. f~'(C U D)= f~1(C)uU f~Y(D).

Proof. Letx € f~1(C U D). Then f(x) € C U D. Suppose f(x) € C. Thenx € f~1(C) C
f~YC)U f~Y(D). Hence we have f~1(C U D) c f~Y(C)u f~1(D).

Conversely, let x € f~1(C)U f~1(D). Supose x € f~1(D). Then f(x) € f(D) Cc CUD.
Thus x € f~'(C U D). This implies that x € f~(C) U f~(D). Hence f~'(C U D) D
fHC)yu f7H(D). O

Theorem 4.2.7. f~Y(C N D)= f~1(C)n f~YD).

Proof. Let x € f~1(C N D). Then f(x) € C N D. Since f(x) € C and f(x) € D, we have
x e f~1(C)n (D). Hence f~1(C N D) C f~1(C)n f~(D).

Conversely, let x € f~1(C) N f~1(D). Then we have f(x) € C and f(x) € D. This leads
tox € f~Y(C N D). Hence f~1(CND)D f~YC)Nn f~Y(D). O

The above theorems are treu for any function /. Now we recall the definition of 1-1 and onto
functions, and conclude this section with two theorems.

Theorem 4.2.8. f is I-1 ifand only if f~'(f(A)) = Aforall A C X.

Proof. Suppose f is 1-1. We know that f~'(f(A)) D A for any function f. Let x €
f7Y(f(A)). Then f(x) = y € f(A).Since y = f(A), thereis ana € A such that f(a) = y.
Since f(x) = y = f(a) and f is 1-1, then x = a. Hence x € A. Thus we have f~!(f(A4)) C
Aand f1(f(A)) D A. We conclude that f~1( f(A4)) = A.

Conversely, assume that f~!(f(4)) = A forall A C X but f is not 1-1. That is, there
exists x, x" € X such that f(x) = f(x’) but x # x’. Let A = {x}. Then f(A) = {f(x)}. Then
we have {x,x’} C f~1(f(A)). But since A = {x} and doesn’t contain x’, 4 # f~1(f(A)). A
contradiction, as desired. ]

Theorem 4.2.9. f is onto if and only if f(f~1(C)) = C forall C CY.

Proof. Suppose f is onto. We know that f( f~!(C)) C C is true forall f. Let y € C. Since f
is onto, there must exists x € X such that f(x) = y € C, since all y € Y is achieved by f if f
is onto. Hence x € f~1(C).Hence, y = f(x) € f(f~1(C)). We have then f(f~1(C)) =C.

Conversely, assume f(f~1(C)) = C forall C C Y but f is not onto. That is, there
exists y € Y such that forall x € X, y # f(x). Let C = {y}, then f~}(C) = @. Then
f(f~YC)) =@ # C since y € C. A contradiction, as desired. ]

4.3 Topology of Continuous Mappings
As mentioned before, we have understood continuity using limit perspective and the subsequen-

tial perspective. However, a third perspective, that is topological perspective, could be surpris-
ingly useful. You will see why shortly.
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4.3.1 Continuity and Openness

Theorem 4.3.1. A mapping f : X — Y is continuous if and only if f~'(V) is open in X for
every open setV inY.

Proof. First, let f be a continuous mapping. We want to show that every point of (V) is an
interior point of f~!(V). So, choose an open set V' C Y. Suppose p € X and f(p) € V. Since
V' is open, there exists ¢ > 0 such that N.(f(p)) C V. Since f is continuous, then there exists
§ > 0 such that

f(Ns(p)) C Ne(f(p)) CV.

Hence,

Ns(p) C fTH(f(Ns(p))) € f7H(V)
by the definition of the inverse mapping. Hence p is an interior point of f~!(V) and f~}(V) is
open.

Now suppose the converse is true. That is, suppose f~!(V) is an open set in X for every
openset V C Y. Fix p € X and ¢ > 0. Choose our open set in Y to be a ball B around
f(p) with radius . Then f~!(B) is open. Note that by the definition of an inverse mapping,
p € f~Y(B). Then since p is an interior point, there is a ball around p with radius § such that
Ns(p) € f~1(V). Thus we found the desired § such that

x € Ns(p) = dy(f(x). f(p)) <e.

So f is continuous. O]

Corollary 4.3.1. A mapping f : X — Y is continuous if and only if f~1(C) is closed in X for
every closed set C in'Y .

Proof. Suppose f is continuous. Then we use
STHEY=[fTB)] (EcY).

Suppose E is closed, then E° is open. Then the right hand side [ f~!(E)]® is open. Then
f7Y(E) is closed.

Now suppose E closed and f~!(E) closed. Then using the equation above, f~!(E°) is
open. We also know that E€ is open. So f is a continuous mapping. [

Using Thm.4.3.1, we can prove Thm.4.1.7 very easily. We state this theorem again.
Theorem 4.3.2. Suppose
x Ly 5z
and f, g are continuous. Then g o f is also continuous.

Proof. Given U openin Z, then g~!(U) is openin Y since g is continuous. Then f~!(g~1(U))
is open in X since f is continuous. But f~!(g71(U)) is really just (g o )~ (U), hence g o f
must also be a continuous mapping. Done. [
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4.3.2 Continuity and Compactness

Theorem 4.3.3. Suppose f is a continuous mapping of a compact metric space X into a metric
space Y. Then f(X) is compact.

Proof. Choose cover {V,} of f(X). Then let U, = f~(V,). Since X is compact, then there
exists a finite subcover {Uy,, Uy,, ..., Uy, }. Then it is clear that the corresponding cover

{Val E) Vaz, ceey Va’,l}
covers f(X). Therefore, f(X) is compact. O]

Remark 4.3.1. The theorem above tells us that if f is continuous mapping, while it is possible
to map the open interval (a, b) onto R, it is impossible to mape a closed interval [a, b] onto the
entire R since the mapping of a compact set is also compact because of the continuity of f.
Compact sets are "small" in some sence. Hence if f is continuous, then if it takes in a "small"
input (closed interval), the output must also be relatively small.

Corollary 4.3.2. Let continuous mapping f : X — RF where X is a compact set, the image
f(X) must be closed and bounded.

Proof. In R¥ compact set is closed and bounded. ]

Corollary 4.3.3. Let continuous mapping f : X — R, where X is a compact set, then f
achieves its maximum and minimum.

Proof. The image of f, which is f(X) is compact in R, so it is closed and bounded. Being
bounded means that sup f and inf f exist. Since f(X) is closed, by Lemma 2.8.1, sup f €
f(X). Similarly, inf f € f(X). ]

Theorem 4.3.4. Suppose f is a continous 1-1 mapping of a compact metric space X onto a
metric space Y. Then the inverse mapping f ! defined on Y is a continous mapping of Y onto
X.

Proof. Apply Thm.4.3.1 to the inverse mapping. Since we have

(X)) - X,

Then we want to show that (V') is an open set in' Y for every open set V. C X. We fix such a
set V' in X.

The complement V¢ C X is closed. Hence it is a closed subset of a compact set. Hence V¢
is compact. Hence f(V'¢) is a compact subset of ¥ by Thm.4.3.3. Hence f(V°) is closed in Y
by Thm.2.6.2. Since. Since f is 1-1 and onto, we have

JW) =1Vl

Therefore, f (V) is open. O]
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4.4 Continuity and Connectedness

Theorem 4.4.1. Consider a continous mapping f : X — Y. Let E C X. Then f(E) is
connected.

Proof. (Contradiction) Suppose E is connected but f(E) is not. Let f(E) = AN B be a
seperation. Then let

U= f(ANE,
U,=f""(B)NE.

We claim that Uy, U, # @. Since A, B # 0, there exists a € A,b € B. Thena,b € f(FE).
Hence there are «, B € E such that f(«) = a, f(8) = b. Buta € A implies thata € f~1(A).
b € B implies that 8 € f~!(B). Hence both U;, U, are nonempty.

Also, we claim U; U U, = E. Since

UyUU, = (fT A NE)U(fT(B)NE)
= (" AUSTIBYNE
= f"(AUB)NE

= fTHf(E)NE
=F.

We note that

Ui=fYA)NE

= f71(4)
C [T (A) = [71(A).

The last step is true because f is continous and A is closed.

Then,
UinU; C fAAN(fH(B)NE)
C f7HAN f7U(B)
=f'(AnB)= f71(9) =0.
Hence E is seperated. But this is a contradiction. [

The fact that a continuous mapping preserves connectedness means a lot. It directly leads to
the intermediate value theorem, which we will prove shortly. But first we need to prove a lemma.

Lemma 4.4.1. a set E C R is connected if and only if for all x,y € E, x < z < y implies
ze k.
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Proof. We first prove the forward direction. Suppose the contrary, that £ is connected but there
exist x,y € E suchthat x < z < y but z ¢ E. Then consider

A=EN(—o00,2z) B = EN(z,00).
Since x € A,y € B, we know A, B are not empty. We claim that £ = A U B since
AUB = (EN(—00,2)) U(E N(z,00))
=FEN((—o0,z) U(z,00))
=ENR\z=E.
Now,
ANB = ((—o00,z] N E)N((z,00) N E)
= ((—o0,z]N(z,0)) N E
=0NE=40.
Hence E is not connected. A contradiction.
Now we prove the backward direction by proving its contrapositive. That is, if E is not

connected, we want to show that there exists x, y € E suchthatx <z < ybutz ¢ E.
Let x € A, y € B. Without loss of generality, let x < y. Consider

S=A4AN][x,y].

S is evidently nonempty. Since S is bounded above by y, by the completenesso of R, its supri-
mum exists. Let z = sup S. Then by Thm.2.8.1, z € S. Notice that

S=AN[x,y]C AN[x,y].

This is easy to verify.

Since z € A, then z ¢ B. Sowehave x <z < y.

Ifz ¢ A,itfollowsthat x <z < yandz ¢ E.

Ifz € A, thenz ¢ B. So there exists r > 0 such that N,(z)NB = @. Consider z; = z+r/2.
Thenz, ¢ Asincezy >z =supA. z; € N,(z)soz; ¢ Bbutx <z; < y. l

Theorem 4.4.2. (Intermediate Value Theorem) Consider a continous mapping [ : [a,b] — R.
If f(a) < f(b) and there exists ¢ such that f(a) < ¢ < f(b), then there exists a point x € (a, b)
such that f(x) = c.

Proof. Since [a, b] is connected by Thm.2.8.4, Then by Thm.4.4.1, we have f([a, b]) connected.
Now this theorem follows if we apply Lem.4.4.1. [

4.5 Uniform Continuity

Definition 4.5.1. Let f : X — Y. We say f is uniformly continuous if for every ¢ > 0 there
exists § > 0 such that

Vp.q e X, dx(p.q) <8 =dy(f(p). f(q)) <e.
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Remark 4.5.1. Compare this definition with continuity. Uniform continuity is a property of a
function on a set, whereas continuity is about one point. It would be meaningless to say f is
uniformly continuous on some point.

Most importantly, in the definition of continuity, § depends on p and e. But for uniform
continuity, given &, we want 6 works for all points p,q of X .

Every uniformly continuous functions is continuous.

Example 4.5.1. Qiguang Bai’s lecture offers some really good examples. f(x) = x is uniformly
continuous on R. f(x) = x? is not uniformly continuous on (0, 1) and on R. But it is uniformly
continuous on [0, 1].

The example of f(x) = x2 may inspire us to raise the following conjecture: If f : X — Y
and X is a compact metric space, then maybe f is uniformly continuous. This is actually correct.
We will prove this theorem shorly. But first, we will prove a lemma that will be useful.

Lemma 4.5.1. (Lebesgue Covering Lemma) If {U,} is a open cover of a compact space X, then
there exists 6 > 0 such that for all x € X, Ns(x) is contained in some U, .

Proof. Since X is compact, there exists a finite subcover {Uy, };_, . Define the distance between
apoint x € X and aset K C X to be A, g. This distance is defined as
Ax.x = inf d(x, ).
yekK

We claim that A g is a continuous function of x. Prove: Choose § = &. Then if two points
d(x,x9) <8 = &, we have

Ax,K = inf d(x, y)

yeK

< inf (d(x, x0) + d(x0,Y))
yeK

= d(x, xo) + inf d(xo,y)

yeK
=¢£ + AXO,K‘
Hence we have

|Ax,K — Axo,Kl < €.

Since Ay g, Ay, x € R, the absolute value is its metric. Hence we proved that A g is a contin-
uous function of x.

If x € Uy, then Ax,U‘;i > 0. Otherwise it will be zero. Take

l n
avg(x) = g Aug,
It is the average distance of x to all the covers. Since avg(x) is the finite sum of continuous
functions, it is continuous on a compact set X. By Thm.4.3.3, avg(x) achieves its minimum
value §.
Since avg(x) > §, it implies that at least one of A XU, = 8. Then there exists a ball Ng(x) C
U, . [
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Remark 4.5.2. § is called the Lebesgue number.

Theorem 4.5.1. Let f : X — Y be a continuous mapping and X is compact. Then f is
uniformly continuous.

Proof. (Prof.Su’s Proof) Since f is continuous, for given x € X, there exists §, such that

dx(x.p) < 8 = dy (f(). f(p)) < 5.

Note that { N5 _(x) : x € X} is an open cover of X. Since X is compact, there is a finite subcover
n
i=

{ Ns (xi):xeX } . We claim that if there exists a § such that
! 1

Vp.ge X, dx(p.q) <8 = p,q € Ns;(x;) forsomei,
Then we have

dy (f(p). f(@) =dy(f(p). f(x)) +dy(f(x). f(q)) < % +

&

2

=E¢&.

And we are done.
By Lem.4.5.1, we know the Lebesgue number § exists and has such property. Then the
theorem follows. U

There is an alternate proof by Rudin, which is much more concise. But the idea is basically
the same.

Proof. (Rudin) Let ¢ > 0 be given. Since f is continous, for all p € X there is a positive
number ¢ (p) such that

4 € X.dx(p.q) <¢(p) implies dy(f(p). /(@) < 3.

Let J(p) be the set of all ¢ € X for which

1
dx(p.q) < Eqb(p)-

Since p € J(p), we have {J(p)},cx an open cover of X. Since X is compact, there exists a
finite set of points py, ..., p, in X such that

X CJ(p)U---UJ(pa).

Put

1

Then § > 0. Now let p,q € X such that dy(p,q) < §. Then there exists ain integer m,
1 <m < n, such that p € J(p,,). Hence,

1
dX (pv pm) < E‘P (pm) ’
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and we also have

1
dx (q. pm) = dx(p.q) +dx (p. pm) <&+ =& (pm) = & (Pm).
And by the continuity of f we have

dy (f(p). f(@) = dy (f(P). f (pm)) +dy (f(q@). | (pm)) <.

This completes the proof. ]

4.6 Discontinuities

Definition 4.6.1. We recall the definition of the left limit and the right limit. We use the notation
Jim f() = fe+)  lm f(t) = f(x-).
It is clear that the limit of f(¢) at x exists if and only if

fx+) = flx-).

Definition 4.6.2. If f is discontinous at x, and both f(x+) and f(x—) exist, then f is said to
have a discontinuity of the first kind, or a simple discontinuity at x. Otherwise it is of the second
kind.

Example 4.6.1. Consider the Dirichlet function defined as the following

1 ifxeQ
0 ifx¢Q

The Dirichlet function is not continous everywhere.

P(x) =

Proof. For any ¢ € R we can find sequence {x, } in Q and sequence {y, } in Q¢ such that x, — ¢
and y, — c. But Z(x,) = 1 and 2(y,) = 0 for all n. Hence

lim 2 (x,) # lim Z(y,).

n—>o00 n—>oo
This suggest that Z is not continous at ¢. And since ¢ can be arbitrary, it is not continous
everywhere. [

The Dirichlet has the discontinuity of the second kind, since for every half-ball (p — &, p)
you pick at any x = p, the ball will contain both rationals and irrationals. Hence the image

{9(x):xe(p—206,p)}

will oscillate between 0 and 1. Hence the condition d( f(p), f(x)) < & will not work as soon as
you make ¢ < 1.
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Example 4.6.2. Here is a slightly modified version of the Dirichlet function, constructed by
Thomae. Consider any rational x, then it can be written as x = m/n, where m,n has no
common divisors. In other words, gcd(m,n) = 1. Then consider the function

_10 (x£Q
TS k=t e0

Theorem 4.6.1. .7 (x) is continuous at every irrational point, and discontinous at every rational
point. Furthermore, 7 (x) has a simple discontinuity at every rational point.

Proof. First, we prove that .7 (x) is continous at every irrational point. Let x be irrational, then
for any irrational r, by definition we have

| 7(x)— () =0<c¢

for any ¢ > 0. Hence, we consider the case when r is rational.

Let ¢ > 0 be given. Choose n such that 1/n < e. Then for 1 < j < n consider a neigh-
borhood Nj/; (x) around x. We claim that any such neighborhood contains at most two rationals
of the lowest form (no common divisor) having denominator j. Since any two rationals of this
kind is

m j —I— 1 m.,- 1

J Joo
apart. And the total interval is 2/j away. Hence, if there were three rationals with denominator
J in this interval, then x would be rational. Hence we can write

Then let

Now consider the interval

By our construction, it is clear that / excludes all rationals of the lowest form with denominator
j forall 1 < j <n. Also we note that x € I and / is open since it is the finite intersection of a
bunch of open sets. Choose our § such that

Ns(x) C 1.

Now, take any rational r = p/q such that r € Ns(x) C I. Then g > n is necessary, otherwise
q = j forsome 1 < j < n. Hence we have

T - 70 =~ <Lce
q n

Since x is arbitrary, .7 is continous at every irrational point.
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Now, suppose r = p/q € Q. Since irrationals ? are dense in R, so any neighborhood Ns(r)
will contain x ¢ Q. So, no matter how small § is,

1
| T(r)— T ()| =~
q
cannot be arbitrarily small. Hence .7 is discontinous at every rational points.
To show that .7 has a simple discontinuity at every rational point, we just need to realize that
lim 7(x)=0 VyeR.
x—y
This is true because if x € Q (so we are using rationals to approach y), then the denominator of
x will get arbitrarily large as you approach y closer. If x ¢ Q, then | f(x) — 0| = 0 < ¢ for all

& > 0. Hence the limit of .7 exists everywhere. Therefore, its left and right limit must both exist
and be equal. This completes the proof. [

0.8

0.6 -

0.4

0.2

~ 00 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Plot .7 (x) using MATHEMATICA.

For more examples on discontinous function, you can look at examples in Rudin (pg95).

4.7 Monotonic Functions

We will now mention a few things about monotonic functions, either monotonically increasing
or monotonically decreasing.

Definition 4.7.1. Let f : (a,b) — R. Then f is said to be monotonically increasing on (a, b)
ifa <x <y < bimplies f(x) < f(y). f is said to be monotonically decreasing on (a, b) if
a <x <y<bimplies f(x) > f(y).

ZProof: We know that Q is dense on IR, hence we have a < ¢ < b forany a,b € R and ¢ € Q. Then we have
a+ 2 < ¢+ 2 < b+ +/b. This is equivalent of saying d < e < f ford, f € Rand e ¢ Q. Done.
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Theorem 4.7.1. Let f be a monotonically increasing function on (a, b), then f(x+) and f(x—)
exists at every point of x € (a,b). More precisely,

sup f(1) = f(x—) = f(x) = flx+) = inf f(2).

a<t<x

Furthermore, ifa < x <y < b, then

fx+) = fy-).

Proof. By hypothesis, the set of numbers f(¢) where a < ¢ < x is bounded above by f(x), and
therefore has a sup f(¢) = A. Evidently, A < f(x). We now show that A = f(x—).

Let ¢ > 0 be given. It follows from the definition of A that there exists 6 > 0 such that
a<x—3§<xand

A—e< f(x—=9§) < A.
Since f is monotonic, we have
fx=8)=<f(t)<A (x—-§<t<x).
Combining the two inequalities above we have
| f(t)—Al<e (x—06<t<X).

Hence f(x—) = A.
The second half is proved in exactly the same way.
Next, ifa < x < y < b, we see that

feb) = inf f() = inf f().

Similarly,

S(y—=)= sup f(1) = sup f(2).

a<t<y x<t<y

These two equations give

fx+) = fy-).

Corollary 4.7.1. Monotonic functions have no discontinuity of the second kind.

Theorem 4.7.2. Let f : (a,b) — R, then the set of points x € (a, b) at which f is discontinous
is at most countable.

Proof. Suppose f is increasing. Let E be the set of points at which f is discontinous. Then
with every point x € E we associate a rational number 7 (x) such that

fx=) <r(x) < f(x+).

Since x; < x, implies f(x;+) < f(x,—), we see that r(x;) # r(x,) if x; # x,. Hence we
have established a 1-1 correspondence between E and a subset of (Q, and the later is countable.
Hence the theorem follows. U]
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Chapter 5

Differentiation

This most beautiful system could only proceed from the dominion of an
intelligent and powerful being.

-Isaac Newton, The Principia

5.1 The Derivative of a Real Function

Definition 5.1.1. Let f : [a, b] — R. Define the limit

fl(x) = nmw (a<t<bt#x).

t—x

If this limit exists, call f’(x) the derivative of f at x. If f’ is defined at point x, say f is
differentiable at x. If f'is defined at every point of a set E C [a, b], then say f is differentiable
on E.

Theorem 5.1.1. Let f be defined on [a, b]. If f is differentiable at x € [a, b], then f is continous
at x.

Proof. We want to prove that lim,_,, f(z) — f(x) = 0. But this is obvious since

- =0T o 0=0

]

Remark 5.1.1. The converse of this theorem is not true. We can construct continuous function
that is not differentiable at some point. In particular, in the next example we will see a function
can be continous everywhere but nowhere differentiable.

Example 5.1.1. Consider the following function, defined as a Fourier series:
W(x) = Z a” cos (b"mx)
n=0

where 0 < a < 1 and b is a positive odd integer such that ab > 1 + %n. This function is called
the Weierstrass function. It is continous everywhere but nowhere differentiable.

101
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Figure 5.1: Plot W(x) using MATHEMATICA. Here we choose a = 1/2 and b = 3. On the left
are the partial sums of 1,2, 5 terms. On the right is the partial sum of 10 terms.

Theorem 5.1.2. Suppose f and g are defind on interval [a, b] and are differentiable at a point
x € la,b]. Then f + g, fg, f/g are differentiable at x, and

(@) (f +8)(x)=f'(x)+g'x)
(b)  (fe)'(x) = f'()gx) + f(x)g'(x)
(c) (i)' (x) = B E'@ /()

g% (x)
In (c), we assume that g(x) # 0.
Proof. Basic calculus. Omitted. 0

Theorem 5.1.3. Suppose f is continuous on [a,b] and f’'(x) exists at some point x € |a,b].
g is defined on an interval 1 which contains the range of f, and g is differentiable at the point

S If
h(t) = g(f(t)) (a=<t=D)

then h is differentiable at x, and
h'(x) = g'(f(x)) f'(x).
Proof. This is the so-called chain rule. Proof omitted. [

Example 5.1.2. There are functions that are differentiable but whose derivative is not continous.

Consider 5 . (£ 0)
x“sin (x
=5 B2

Then taking the derivative we obtain
1 1
f'(x) =2xsin— —cos— (x #0).
X X

At x = 0 we obtain, by definition,

f(@®) - f(0)

L <l #0).

1
= |f sIn —
t

Letting 1 — 0 we see that f'(0) = 0. But f” is not a continous function since cos(1/x) does not
tend to a limit as x — 0.



5.2. MEAN VALUE THEOREMS 103
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Figure 5.2: Plot f(x) using MATHEMATICA. The left picture is f(x) and the right picture is

J'(x).

5.2 Mean Value Theorems

The mean value theorem is very important in calculus because it connects the values of a function
and its derivative without using limit.

Definition 5.2.1. Let f be a real function defined on a metric space X. We say that f has a
local maximum at a point p € X if there exists 6 > 0 such that f(g) < f(p) forall ¢ € X with

d(p,q) <6.

Theorem 5.2.1. Let f : [a,b] — R. If f has a local maximum at x € (a,b), and if f'(x) exists,
then f'(x) = 0. Same is true for a local minimum.

Proof. We just need to consider the derivative as a limit. If # — x on the left, we have

fO-f0 o
t—x o
In the limit case we see that f'(x) > 0. If t — x on the right, we have

S0 -1 _,
t—x -
Hence in the limit case f/(x) < 0. Therefore, we conclude f’'(x) = 0. O]

Before proving the mean value theorem, we need the following lemma.

Lemma 5.2.1. (Rolle’s Theorem) Let f : [a,b] — R be a continous function which is differen-
tiable in (a,b), and f(a) = f(b). Then there is a point ¢ € (a,b) at which f’'(c) = 0.

Proof. Since f is a continous function defined on [a, b], a compact metric space, we know from
Thm.4.3.3 that f must achieve its maximum and minimum on [a, b]. There are two cases:

(1) The the two extreme values f(a) = max f = min f = f(b), without loss of generality,
then f is a constant. Hence f’'(x) = 0 everywhere. Done.

(2) If f is not a constant, then max f # min f. Suppose, then, without loss of generality, max f
is at one of the endpoint a or b, then min f < f(a) = f(b) = max f. Hence the minimum
cannot be at the endpoint. We conclude then at least one of the extreme value is in (a,b). And
by Thm.5.2.1, we are done. O
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Now we are ready to prove the mean value theorem. We will first look at something called
the general mean value theorem, and the mean value theorem immediately follows.

Theorem 5.2.2. (General Mean Value Theorem) If f,g : [a,b] — R are continous on |a, b]
and differentiable in (a, b), then there exists a point x € (a, b) at which

[f () = f(a)lg'(x) = [g(b) — g(@)] f'(x).

Proof. Put
h(t) = [f(b) — f(a)lgt) —[g(b) —g@)] f(t) (a =t =<D).

Then 4 is continous on [a, b] and differentiable in (a, b). Also note that
h(a) = f(b)g(a) — f(a)g(b) = h(b).
By Rolle’s Theorem (Thm.5.2.1), there exists a x € (a, b) at which
h'(x) = [f(b) = f(@)]g'(x) — [g(®) — g(a)] f'(x) = 0.
Hence the theorem follows. ]

Theorem 5.2.3. (Mean Value Theorem) If | : [a,b] — R is continous on [a, b] and differen-
tiable in (a, b), then there exists a point x € (a, b) at which

f) = fla) = b —a)f'(x).
Proof. Take g(x) = x in Thm.5.2.2, and the theorem follows immediately. O

Theorem 5.2.4. Suppose f is differentiable in (a, b).

(a) If f'(x) > 0forall x € (a,b), then f is monotonically increasing.
(b) If f'(x) = O0forall x € (a,b), then f is a constant.

(c)If f'(x) <0 forall x € (a,b), then f is monotonically decreasing.

Proof. Apply the mean value theorem (Thm.5.2.3) on the equation

f(x2) = f(x1) = (2 —x1) f(x).

5.3 Intermediate Value Theorem for Derivative

Theorem 5.3.1. (Intermediate Value Theorem for Derivatives)
Suppose [ : [a,b] — R is a differentiable function on [a, b] and suppose f'(a) < A < f'(b).
Then there exists a point ¢ € (a, b) such that f'(c) = A.
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Proof. Consider the function
g(x) = Ax — f(x).
Then we have
g'(x)=24—f'(x).
We have
g'la)=21—f"(a)>0
g'(b) =A— f'(b) <0.

We know g must achieve its minimum on [a, b] by Thm.4.3.3. By Thm.5.2.1, we know the
minimum ¢ cannot be at the endpoints a, b. Hence ¢ € (a, b). And we have f'(c) = A. [

Corollary 5.3.1. If f is differentiable on [a, b], then f' cannot have any simple discontinuities
on [a,b].

Proof. We prove by contradiction. Suppose g = f’ has a simple discontinuity at ¢ € [a, b].
Then this would mean either

gle+) #glc) or ge—) # glco)

is ture. Without loss of generality, assume that g(c+) # g(c). Further, assume that g(c+) >
g(c). Then choose A such that g(c) < A < g(c+). Pick e = g(c+) — A. Then by the definition
of f(c+), there exists § > 0 such that

x—c<d=>gx)e(f(c+)—¢e flc+)+ o).
However, this is equivalent as saying
xX—c<d=>A<gx)<gl+) for x € (c,c + §).

Then consider the interval g : [c, ¢ + §/2], we have

)
glc) <A <g(c+ 5).
Hence, 5
g(x) #AVx e (c,c+ 5)

But this contradicts Thm.5.3.1, since it suggests that there must be a x € (¢, ¢ 4 6/2) such that
f(x) =A. O

5.4 DL’Hospital’s Rule

! Starting from this section, we will be looking at some interesting and quite important applica-
tions of the mean value theorem. One of the most famous one is the L’Hospital’s rule, which
helps us deal with indeterminate limits.

IStarting from this section, all the notes will refer to Qiguang Bai’s lectures at NCTU. Su has finished his
lectures.
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Theorem 5.4.1. Suppose f, g are real and differentiable in (a,b) and g'(x) # 0 for all x €
(a,b), where —oco < a < b < oco. Suppose

o
- — Aasx —a.

g'(x)

If
f(x) > 0and g(x) > 0as x — a,
orif
g(x) —> +o00 asx —a,

then

f(x)
g(x)
Proof. Since lim,_,, f(x) = 0 and limy_, g(x) = 0, then both limit exist, so do their left and

right limits. Hence the functions cannot have the discontinuity of the first kind (that means they
must have removable discontinuity). Hence we assign

f(a) = g(a) = 0.

This is fine since the limit as x — a has nothing to do with the behaviors of the functions at a.
By our modification, then, f, g are continous at a. Or, in other words: f, g : [a,b) — R. Now
consider x € (a,b) and f, g : [a, x] = R. We know that g’(¢) # 0 for all # € (a, x). Hence we
can apply the mean value theorem.

By the general mean value theorem (Thm.5.2.2), we know there exists ¢ € (a, x) such that

f) = fl@ _ [
g(x)—gla)  gc)

— Aasx —a.

Here, c actually depends on x. By our assignment, we know that f(a) = g(a) = 0. Hence

f) _ £

glx)  g'c)
Now, as x — a, we see that ¢ — a. Hence the limit on the right hand side exists and goes to A.
Hence the limit on the left hand side exists and also goes to A. This concludes the proof. 0

5.5 Taylor’s Theorem

Taylor’s theorem is another important application of the mean value theorem. Taylor’s theorem
gives us a polynomial involving f that can actually approximate f very well.

Theorem 5.5.1. Suppose f is a real function on [a, b], n is a positive integer, £~V is continous
on [a,b], f®™(t) exists for every t € (a,b). Let a, B be distinct points of [a, b], and define

n—1 k)
Pi)=Y" / k'(“) (t — o)k,
k=0 )
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Then there exists a point x between « and 8 such that

VARE))

n!

f(B)=P(B)+

(B—a)".

Remark 5.5.1. For n = 1, this is just the mean value theorem. In general, if we know the bounds
on | f™(x)|, then we can approximate f by a polynomial of degree n — 1 and we can estimate
the error.

Proof. Let M be the number defined by

J(B)=P@B)+ M@PB—a)

and put
g)=f)—P)—M@t—a)" (a=<t=Dh).

We have to show that n!M = £ (x) for some x between « and 8. By taking the derivative of
g for n times, we see that

g®@)= fP@e)—n'M (a <t <b).

Hence we want to show that g (x) = 0 for some x inbetween « and .
By simple observation, we notice that

ga)=g@=-=g"Vw=0.

We also notice that

gB)=s(B)— PP —MPB—a)

f(B) — P(B) n
=fB)-PP)—-—7———B-a)"=0.
(B—a)
Hence by the mean value theorem (Thm.5.2.3), there exists x; inbetween « and f such that

/
g'(x1) =0.
Since g’(e) = 0, again by the mean value theorem, there exists a x; inbetween o and x;
such that g’(x,) = 0... Repeat this process n times, we see that there exists x, inbetween « and

Xn—1 such that g’(x,) = 0. Since x,, is inbetween « and x,_1, it is also inbetween o and . [
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Chapter 6

The Riemann-Stieltjes Integral

Every feeling is the perception of a truth.

-Gottfried Wilhelm Leibniz

6.1 Definition and Existence of the Integral

Definition 6.1.1. (Riemann Integral) Let [a, b] be a given interval. By a partition P of [a, b]
we mean a finite set of points xg, X1, ..., X,, Where

a=x9<x1 <+ <Xp1 <Xx,=0.

We write
Axizxi—xi_l (z:l,,n)

Now suppose f is a bounded real function defined on [a, b]. Corresponding to each partition P
of [a, b] we put

M; =sup f(x) (xi-1 =X = X;)

m; =inf f(x) (i1 < x < x;)

UP, f) = ZMiAxi
i=1

n
L(P.f) =) miAx;.
i=1
And finally,

5
/ fdx = infU(P, f), (6.1)

b
/ fdx =sup L(P, f), (6.2)

109
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where the inf and sup are taken over all partitions P on [a, b]. The left of (6.1) and (6.2) are
called the upper and lower Riemann integrals of f over [a, b], respectively.

If the upper and lower integrals are equal, we say f is Riemann-integrable on [a,b]. We
write f € %, where &% denotes the set of Riemann-integrable functions. And we denote the
common value of (6.1) and (6.2) by ,

/ fdx.
a

Since f is bounded, there exist two numbers m, M such that
m<f(x) <M (a=<x=<b).
Hence, for every P,
m(b —a) < L(P, f) <U(P, f) <MD —a).

Hence the numbers L(P, f) and U(P, f) form a bounded set. This shows that the upper and
lower integrals are defined for every bounded function f .

Definition 6.1.2. (Stieltjes Integral) Let o be a monotonically increasing function on [a, b]
(Hence « is bounded on [a, b]). Corresponding to each partition P we write

Ao = a(x;) —a(xi-1) .

clearly Aa;; > 0. For any real function f that is bounded on [a, b] we put

U(P,f,Ol) = ZM,’AO[,’,
i=1

n
L(P. f.a) =) miAa;.
i=1

where M;, m; has the same meaning as in the last definition. Define

b
f fda =infU(P, f,a), (6.3)
a
b
/ fda =sup L(P, f, ). (6.4)
If the left of (6.3) and (6.4) are equal, we denote their common value by
b
/ fdo (6.5)
a
or sometimes by
b
| reodaco

This is the Stieltjes integral of f with respect to « over [a, b].
If (6.5) exists, that is, if (6.3) and (6.4) are equal, we say f is integrable with respect to «.
Write f € Z(a).
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Remark 6.1.1. By taking «(x) = x, we see that the Riemann integeral is a special case of the
Stieltjes integral. Hence the Stieltjes integral is a more general definition.

Now we shall investigate the existence of (6.5). From now on, we shall assume that f is real
and bounded, and « is monotonically increasing on [a, b]. And, when there is no misunderstand-

ing, we will write [ in place of fab .

Definition 6.1.3. The partition P* is a refinement of P if P* C P. Given two partitions, P;
and P,, we say that P* is their common refinement if P* = P; U P,.

Theorem 6.1.1. If P* is a refinement of P, then
L(P, f,a) < L(P", f.a)

and

U(P*, fia) <U(P, f,a).

Proof. First suppose P* contains just one point more than P, which we call x*. Suppose x;_; <
x* < x;. Put

wy = inf f(x) (xi—1 <x <x%)

wy, = inf f(x) (x* <x <x;)

Clearly wy, w, > m;, where
m; =inf f(x) (x;—1 <x <Xx;).
Hence

L(P*, fia) = L(P, f,@)
= wy [a (x*) —a (xi—1)] + wa [a (x;) — o (x™)] = m; [o (x;) — @ (x;-1)]
= (wy —m;) [ (x*) — o (xi—1)] 4+ (w2 — m;) [ (x;) — e (x*)] = 0

If there are k points more in the refinement, repeat this reasoning k times. The proof of the upper
limit is similar. O

/fda < 7fdoz.

Proof. Let P* be the common refinement of two partitions Py, P,. By 6.1, we have

Theorem 6.1.2.

L(Py, fia) < L(P*, fia) <U (P*, fia) < U (P, f.a).

Hence,
L(Py, fia) <U (P, fia).

If P, is fixed and sup is taken over all P;, we have
/fdoe <U (P, f,a).

The theorem then follows by taking inf over all P;. [
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Theorem 6.1.3. f € Z(«) on [a, b] if and only if for every & > 0 there exists a partition P such
that

U(P, f,a) — L(P, fa) < e.

Proof. Given ¢ > 0, suppose U(P, f,a) — L(P, f,«a) < ¢ is holds for some P. For every P we
have

L(P. fa) < / fda < deoe < U(P. fa).

05_ do — do < e.
[ Zf

This is true for all ¢ > 0. Hence f € Z(«).
Conversely, suppose f € Z(w), let ¢ > 0 be given. Then there exists partitions P;, P, such
that

Thus the assumption implies

U(Pz,ﬂa)—/fda<§,

which is true since the integral is the inf U. And something bigger by £/2 will not be the greatest
lower bound and some U will be smaller. Similarly, it also follows that

/fa’oc—L(Pl,f,a) < g
Choose P to be the common refinement of Py, P,. Then Thm.6.1 says
UP, fa) <U (P, fa) < ffdoz + % <L(Py, fia) +e<L(P, fax) + .

Hence we conclude
U(P, f,a) — L(P, fa) <e.

Theorem 6.1.4. I[fU(P, f,a) — L(P, f,«a) < ¢ holds for some P and some ¢, then
(a) U(P, f,a) — L(P, f,a) < & holds for every refinement of P.
(b) If the P that works is P = {xy, ..., X} and if s;, t; € [xi—1, X;], then

Y Uf ) = f )] Ay <.

i=1

(c)If f € Z(x) and (b) holds, then

n b
> @) aa - [ fda
i=1 a

< €.
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Proof. (a) Since L(P, f,a) < L(P*, f,a) <U(P*, f,a) < U(P, f,a), the theorem follows.
(b) Since | f(s;) — f(t:)| < M; — m;, we have

n

Y 1f () = f )| Aa; < U(P. foa) — L(P. f.),

i=1

and the theorem follows
(c) These two inequalities

L(P, f o) SZf(fi) Aa; < U(P, f,a)
L(P. f.a) < / fda < U(P, f.q)

proves the theorem immediately. 0
Theorem 6.1.5. If f is continous on [a, b] then [ € Z(a) on [a, b].

Proof. Given ¢ > 0, choose 71 so that
[ (D) —a(a)]n <&,

this way we do not worry about the case when «(b) = «(a) is divided by ¢. Since f : [a, b] is
uniformly continuous, we have

x—tl<é=|f(x) = fOI <n.

Let P be the partition such that Ax; < § for all i, then |M; — m;| < n for all i and therefore

UP, fra)— L(P, fra) = 3 (M — my) Acy

< T}ZAai = n[a(b) —a(a)] < e.

i=1
]

Theorem 6.1.6. If f is monotonic on [a, b] and « is continous and monotonically increasing on

[a, b], then [ € Z ().
Proof. Given ¢ > 0, choose the partition to be n equally seperated points such that
_ a(b) —al(a) - e

n f) = fla)

AO[I'
Hence we have

b _ n
UeP, fro— L(P, fray = “O DS () )
i=1

b) —
= OZD 110y~ sy <
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Note that since f is monotonically increasing (W.L.O.G), we have

M; = f(xi) m;= f(xi—1).
O]

Remark 6.1.2. From the above two theorems, we can see that to prove a function f is integrable,
our central idea is to prove that

n
U(P. foa) = L(P. fia) = ) (M; = mi)Aay
i=1
is small. If f is continous, then we can guarantee that M; — m; is small, hence the sum will be
small. If f is monotonic and « is continous, then Aw; will be small and hence the sum will be
small. In other words, two functions f and « support each other and in a proof of integrability,
we will always want to restrict either f or ¢, and sometimes both.

Theorem 6.1.7. Suppose f is bounded on [a,b] and has only finitely many discontinuity on
[a, b], and o is continous everywhere at which f is discontinous. Then f € Z(x).

Proof. Let ¢ > 0 be given. Let E be the sey of all points on [a, b] where f is discontinous. We
can cover E with finitely many intervals [u ;, v;] such that every point in E lies in the interior of
[uj,v;] for some j. And choose the length of these intervals such that

Za(vj) —a(u;) <e,
J
which can be done since « is continuous at these points.
Let
I = U(M Jo v j)
J
and let

K =[a,b]\I.

We immediately notice that K is compact. Hence f is uniformly continous on K, which means
that for 5,7 € K, we have

s —t]<8=|f(s)— f(t)]| <e.
Now, form a partition P as follows. Let the endpoints u j, v; € P forall j but (u;,v;)NP =
@ for all j. If x;_; is not one of u ;, let

Axi =X —Xi1 < 3.
Notice that
M; —m; <2M where M = sup | f(x)|.
Then we have

UP, fa) = L(P. fie) = > (M; —m)Aey + Y (M; —m;)Acy

ptsin K ptsin I

= ¢ela(b) —a(a)] + 2Mes.

Since ¢ can be arbitrarily small, we conclude that f € Z(«). O]
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Theorem 6.1.8. Suppose f € Z(«) on [a,bland m < f < M. Let ¢ be a continous function
on [m, M] and let h(x) = ¢(f(x)) on [a,b]. Then h € Z(x) on [a, b].

Proof. Since ¢ is uniformly continuous on [m, M], then for s,t € [m, M], we have
ls —t] <& = |p(s) — ()| <e.

Choose § such that § < €. Let M;, m; be the sup and inf of the function f and let M;*, m be the
sup and inf of the function /. Let

A={i:M,-—m,-<5},
B={i: M, —m; >3}.

Fori € A, consider s,t € [x;_1, X;], then we know that
| f(s) = SO = IMi —mi| <8 = [¢(f(s) —d(f)| <e= M —m; <e.
Fori € B, since f € Z(«), there exists a partition P such that
U(P, f.a) — L(P, f.a) < §2.

Put K = sup,,,<ps |¢(¢)|. Since M;* —m7 < 2K and M; —m; > §, we have

SZAOQ < Z(M, —mi) Ao; < 52.

i€eB i€eB

Hence,

Z A(X,‘ < 6.

i€eB
Finally,

U(P.h.a) = L(P.h.a) = > (M —m}) Aai; + > (M —m}) Aa;
i€A i€EB
<e¢la(b) —a(a)] + 2K§ < gla(b) — a(a) + 2K].

Since ¢ is arbitrarily, the theorem follows. O]

6.2 Properties of the Integral

In this section we discuss various properties of the Stieltjes integral.
Theorem 6.2.1. f1, L Z(x) = f1+ f» € Z(a).

Proof. We first prove that
inf(f1 + f2) = inf(f1) + inf(/2).
Since inf( f1) < f1 and inf(f;) < f, on [a, b], we have

inf(f1) +inf(f2) < f1 + fa.
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Since any lower bound is less than the greatest lower bound, the claim follows. Similarly, we
can prove that

sup(f1 + f2) < sup(f1) + sup(f2).
Then let f = f; + f» and for any partition P we have

L(P’fha)_'_L(P?fZ’a) SL(P,f,Ol)
<UP, fio) U (P, fi,) + U (P, fr,0).

These inequalities hold if we let P to be the common refinement of P; and P,. Hence the
inequality implies
U(P, f,a) — L(P, f,a) < 2e,

and the theorem follows. O]
Theorem 6.2.2.
b b b
/ (fi + f2)da =/ fida +/ frda.

Proof. For the same P as that in the last theorem (let P be the common refinement of Py, P,
that makes fi, f» integrable), we have

UP fpa) < [ fdate (=12
This implies that
U(P, f,a) — L(P, f,a) < 2e.
[
there are other properties of the integral. Since the proof is similar to these two proofs, we
simply omit the proof and directly presents these properties.

Theorem 6.2.3. (a)fab cfda = cfab fdo.

(b)If f1 < foona,b), then [* fida < [” frda.
(c)If f € Z()onla,blandifa < c < b, then [ € Z(a) on [a,c] and [c,b] and faC fdo +

1P fda = [ fda.

(d)If f € B(a) on [a,b] and | f(x)| < M then ‘ff fdoz‘ < Ma(b) — a(a)].

(e)If f € Z(,) and f € R(ay) then f € R(ay + o) and [P fd (@1 +az) = [ fday +
17 fdas.

(N If f € Z(a) and c is a positive constant, then f € Z(ca) and fab fd(ca) =c¢ fab fda.

Theorem 6.24. If f,g € Z(«) on [a, b], then

(a) fg € Z(@);
(b) | f| € Z(«) and ,
/ fda

< /ab|f|da.
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Proof. Take ¢(t) = t? and Thm.6.1.8 shows that 2 € Z(«) if f € Z(a). The identity

Afg=(f+8)°—(f—g)°

proves (a) immediately.
(b) Take ¢(t) = |¢| and Thm.6.1.8 shows that | | € Z(«) if f € Z(«). Choose ¢ = %1 so that

c/fdozzo.

‘/fdoz :c/fda:/cfda§/|f|da

since cf < |f|. ]

Then

After discussing some basic properties of the Stieltjes integrals, we begin to consider evalu-
ating some simple integrals. We start from the following definition.

Definition 6.2.1. The unit step function is defined by

{0 (x=<0)
I(x)_{l (x > 0).

Theorem 6.2.5. Suppose a < s < b and f is bounded on [a,b). If f is continuous at s and
a(x) = I(x —s), then

/a " fda = £05).

Proof. Lets € [x;—1,x;]. Then Aax = O for all k except when k = 1. In this case Aqx; = 1.
Then
U(P, fia) = Mz, L(P, f.a) = ms.

Since f is continous at s, we see that
My, my; — f(s) when A«q; — 0.
O

Lemma 6.2.1. Suppose ¢y > 0 for k = 1,2,3...n. and {s,} is a sequence of distinc points on
[a, b]. Let

a(x) = chl(x — Sp).
k=1

Let f be continuous on [a, b], then

b n
/ fdo = chf(sn)
a k=1
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Proof. Based on Thm.6.2.5 and the properties of the integral, for finite sums, we know

[ raa= [ sa (L enttx=sn)
=Y [ fd et =)
= Yo [ fare-s)
=Y caf(sn).

]

Theorem 6.2.6. Assuming that all the conditions in Lem.6.2.1 holds. Suppose the infinite series
> "¢y converges and let

a(x) = chl (X —$n)
n=1

then . -
/ deY:ZCnf(Sn).
a n=1

Proof. We want to show that

<é

b N
[ fda=Y et s

holds for all ¢ > 0. Let ¢ > 0 be given. Since ) _ ¢, is convergent, then there exists an sufficiently
large integer such that

where M = sup | f(x)|. Then let

N o
a1 (0) =) el (x=s50). a(x)= ) cal (x —sn).

N+1

Note that since /(x — s,) < 1, we have

a2 (x) Z cnl (x —sp) < Z Cp < i

M
N+1 n=N+1

Also, observe that o (a) = 0. From Lem.6.2.1, we have

b N
f fda, = chf (Sn) .
a i=1
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Hence,

= /abfda—/abfdal
=|[ s

Hence we know the series on the left hand side converges to this integral for chosen N. This
completes the proof. 0

b N
/ fda =3 enf (52

< MJa(b) —a(a)] < e.

Theorem 6.2.7. Suppose « increases monotonically and o' € X on |a,b]. Let f be a bounded
real function on [a,b). Then f € Z(«) if and only if fa' € Z. In that case,

/;b fda = /ab f(x)a' (x)dx.

Proof. Suppose f € Z(a) and o' € #Z. Since [ € Z(a), we know f € Z. Hence by the
previous theorem, we know fo' € Z.

Suppose the converse: that is, suppose fo' € Z. We want to show that the upper and lower
integrals are of the expressions are equal. Then since [ fo'dx exists, [ fdo must also exist and
the theorem follows.

Since o' € #Z, we know there exists a partition P such that

U (P,o/) —L (P,a’) < e.
The mean value theorem tells us that there exists #; € [x;—1, x;] such that
AO(,' = Ol, (ti) Axi.

From the theorem in last section, we know that since &’ € %, if s; € [x;_1, x;], then
n
Z ‘o/ (s;) —a’ (ti)| Ax; < e.
i=1

Then we know

> e =Y s Ax;

= ‘Z f(si)a' () Ax; — Zf(s,-)oz’(si)Axi

<Y | fGsle’ (@) — o (s)]] Ax;
< Mse

where M = sup | f(x)| since f is bounded. Hence,
D fGnAa <y fse(s)Axi + Me.
Taking the suprimum on both side of the inequality we get

UP, f,a) <U'(P, fa') + Me.
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And since

infU(P, f,a) —infU(P, fo') <inf(U(P, f,a) — U(P, fa')) < Me,

7fdoe —7foz’dx

Since this is true for any ¢ > 0, we conclude that

7fdoz = 7fo/dx.

Y fl)hay <Y fls)e (s)Axi + 6,

we can of course take the infimum on the left hand side:

inf ) | fs) A < ) f(s)e(s1) Axi +e.

we get

< Me.

Also, since

Hence we get
L(P. fia)—Me <Y fo'(si)Ax;.
And by the property of the greatest lower bound, we get

L(P, f,a) — L(P, fa') < Ms.

Hence,
L(P, f,a) <supL(P, fa') + Ms

and we take the suprimum again and get

sup L(P, f,a) <sup L(P, fa') + Me.

7fdoe = Tfo/dx.

And the theorem follows. O]

Hence it is also true that

Theorem 6.2.8. (Change of Variables) Suppose ¢ is a strictly increasing continuous function
and maps [A, B] onto [a,b]. Suppose « is a monotonically increasing function on [a,b] and

f € Z(a) on [a, b). Define B and g on [A, B] by

B(y) =ale(y), &)= fle(y)).

ABgd,B:/abfdoz.

Then g € Z(B) and
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(4. B]
P

[A, B] —2— [a,b]

ol

[4, B]

Proof. Since ¢ is strictly increasing, given a partition Q on [A, B], its image P = ¢(Q) =
{¢(»o), ..., ©(yn)} preserves the order of the partition. We can do some simple calculation as the
following:

U(Q.g.p) = Zsllipg(yi)[ﬁ(yi) — Byi-1)]

=> sup f (o)l (p(31)) =~ (e (i)

=> sup f (p)er(1) = (i)

= U(P, f,a).
Similarly, it is not too hard to get

L(Q.g.B) = L(P, f.o).
Since f € Z(«), there exists partition P such that
U(P, f,a) — L(P, fa) < e.

Hence we can also get

U(Q.,g.8)—L(Q.g.B) <e.
This implies that g € Z(f) and we get

/ABgd,Bzfabfda.

This concludes the proof. 0

Remark 6.2.1. Take a(x) = x, then § = ¢. Assume that ¢’ € & on [a, b]. Apply Thm.6.2.7
and we get

b B
f Fdx = / FeO e ()dy.
a A

which we have seen many times when doing an integration that requires change of variables.
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6.3 Integration and Differentiation

This is considerably the most important section in the integration. Here we will build the con-
nection between differentiation and integration.

Theorem 6.3.1. Let f € % on [a,b]. Fora < x < b, put

F(x) = / f@t)dt.

Then F is continous on |a, b]; furthermore, if f is continous at a point xo of |a, b], then F is
differentiable at x¢, and

F'(x0) = f(xo).

Proof. We first prove that F is continous on [a, b]. Since f € & and is bounded, fora <t < b,
put M =sup| f(t)|. Ifa < x <y < b, then

fxy f(t)dt

€
y—xl <o = FO) - F0)| <e.

[F(y) = F(x)| =

< M(y — x).

Hence given ¢ > 0, we see that

This proves the continuity.
Now suppose f is continuous at x¢. Given ¢ > 0, choose § > 0 such that

|t =Xl <& = [f(t) = f(x0)| <e.

Hence,if x —§ <s <xo <t <x9+46,anda <s <t < b, we have

’%—f@m)‘ = %/ [£ () — f (xo)] dul < e.
It follows that F'(xg) = f(xo). -

Theorem 6.3.2. (The Fundamental Theorem of Calculus) If f € % and if there is a differen-
tiable function F on [a, b] such that F' = f, then

b
/ f(x)dx = F(b) — F(a).
a
Proof. Let ¢ > 0 be given. Choose a partition P such that
UP, f)—L(P, f) <e.
The mean value theorem says that there exists #; € [x;_1, x;] such that

F(x;))—F(xi1) = f (i) Ax;
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fori =1,2,...n. Thus
Y f(t) Ax; = F(b) — F(a).

i=1

Since f € Z, it follows that

= < E&.

n b
> feas - [ feodx

a

b
F(b) - F(a) - [ F()dx

i=1

Since ¢ is arbitrary, this completes the proof. 0

6.4 Integration of Vector-Valued Functions

Definition 6.4.1. Let f : [a,b] — R* and f = (f1, f>, ..., fx), which are all functions in Z(«).

If f € Z(x), then define
b b b
/ fdoa = (/ fldoz,...,/ fkda).

We have some properties of the integration still hold, like the linearity of the integral and
the superposition of oy, a,. There is also an analogous result from the fundamental theorem of
calculus:

Theorem 6.4.1. If f and F map [a, b] into R*, iff € % on [a,b] and if ' = £, then

b
/ f(t)dt = F(b) — F(a).

Here is a rather important theorem that will help us when we are restricting the integrals of
vector-valued functions:

Theorem 6.4.2. If f maps [a, b] into R* and if £ € % () for some monotonically increasing
function @ on [a, b], then |f| € Z(«) and
b
< / If|ldo.

b
/ fda

Proof. Since f* € (), we know
1= (2 4+ + )"

belongs to Z(«) by the previous theorems. To prove the inequality, put

y= (ylv--wyk) where Yi = /ﬁda
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Then we have y = [ fda. Notice that

|Y|2=ZY?=ZJ’1/fja’a=/(Zyjf,-)da.

By the Schwarz inequality, we have

D vifi®) =k (@ <t <b).

Hence we have

yI2 < Iyl f flda.

If y # 0, the theorem follows. Otherwise the theorem is automatically true. [

6.5 Rectifiable Curves

Definition 6.5.1. A continuous mapping y : [a, b] — R¥ is called a curve in R¥. We associate
each partition P = {xo, X1, ..., X, } and to each curve y on [a, b] the number

AP.y) =) |y () —y (xicn)l.

Define the arclength of y to be
A(y) =sup A(P.y),

where the suprimum is taken over all partitions on [a, b]. If A(y) < oo, say the curve is rectifi-
able.

Theorem 6.5.1. If y’ is continous on [a, b, then y is rectifiable, and
b
A = [ ol
Proof. Ifa < x;_1 < x; < b, then

ly (xi) =y (xic)| =

/ l Y (t)dt

b
A(P.y) < / ()] dt

5[1 y'(®)] dt.

Hence,

for every partition on [a, b]. Consequently,

b
AQy) < [ ') dr.
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To prove the opposite inequality, let ¢ > 0 be given. Since y’ is uniformly continous on [a, b],
there exists § > 0 such that

V' () =y ()] <e if|s—1] <.

Let P be a partition with Ax; < § forall i. If x,_y; <t < x;, it follows from the triangle
inequality that

'] < |y (x| + &
Hence,

Xi
/ [y ()| dt < |y (xi)| Axi + eAx;
Xi—1

+ eAx;

/ O+ ) -7 ()] di

i—1

/ i
Xi—1

< |y (xi) =y (xi—1)| + 2eAx;.

If we add these inequalities, we obtain

< + + eAx;

[ Y ) — ¥ (0] de

i—1

b
/ |y ()| dt < A(P.y) + 2¢e(b —a)
< A(y) + 2&(b — a).

Since ¢ is arbitrary, the theorem follows. [
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Chapter 7

Sequences and Series of Functions

"Obvious" is the most dangerous word in mathematics.

-E.T.Bell

The main discussion of this section is based on sequences and series of functions, which is
defined as the following:

Definition 7.0.1. Suppose { f,} ,n = 1,2, 3..., is a sequence of functions defined on a set E, and
suppose the sequence of numbers { f,,(x)} converges for every x € E. We can define a function

S by
f(x) = lim fo(x) (x € E).

We say [ converges to f pointwise on E. And if we define

f) =) falx) (x€E),
n=1

the function f is called the sum of the series ) f,.

There are several questions arises from this definition. For example, to ask whether the limit
of a sequence of continous functions is continuous is the same as asking whether

lim lim f,(¢) = lim lim f,(¢).

t—>Xx n—>00 n—>o00t—>Xx

This is asking whether we can change the limits.
Sometimes we may also want to know whether we can change the order of the differentiation
and the limit. That is, whether

f1(x) = lim f(x).
n—oo
In physics, if f = ) f, and we want to integrate f, one usual trick is to integrate by terms
under the summation sign. This is legitimate when

b 00 b
/a fda = ;/ foda.

127
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But is this always the case?

Examples in Rudin (pg.144-146) have demonstrated to us clearly that the general answer to
the questions above are no. However, it will be nice if they were true. Hence, it is natural to
ask whether these operations are legitimate under a class of sequences and series of functions.
This gives rise to the definition of uniform convergence.

7.1 Uniform Convergence

Definition 7.1.1. We say a sequence of functions { f,,} converges uniformly if for every ¢ > 0
there is an integer N such that

n>N=|f,(x)— f(x)|<e VxeE.

Remark 7.1.1. This definition is similar to that of uniform continuity. For a sequence to be
convergent, the number N depends on ¢ and x. However, for the sequence to converge uniformly,
we ask that the number N depends only on ¢.

Figure 7.1: For large enough N, the functions f,(x) for all # > N lives in an & band within the
limit f(x).

Definition 7.1.2. We say the series ) f,(x) converges uniformly on E is the sequence {s,} of
partial sums defined by

n
Y filx) = sn(x)
i=1
converges uniformly on E.

Theorem 7.1.1. (Cauchy criterion for uniform convergence) The sequence of functions { f,},
defined on E C R, converges uniformly on E if and only if for every ¢ > 0 there exists an integer
N such that

m,n>N,x € E=|f(x)— fm(x)| <e.

Proof. Suppose { f,,} converges uniformly on E, then there is an integer N such that

nzNxekE=|[fulx) - f(¥)] =

N ™
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Then,
| /o (X) = fm ()] = [fo(xX) = OO+ () = fm(X)| < &
if m,n > N and x € E. This completes the first half of the proof.

Conversely, suppose the Cauchy condition holds. By Thm.3.3.1 and the fact that R is com-
plete, we know that { f,,} converges at every x to a limit which we call f(x). Thus f, — f on
E. Now we prove that the convergence is uniform.

Given ¢ > 0, there exists N such that

| frax(x) — fu(x)| <&, ¥n >N, keN, x € E.
Fix n and let k — oo we get
| f(x) = fu(x)| <& Vn>N, x € E.
Hence the function converges uniformly. This completes the proof. [

Theorem 7.1.2. Suppose { f,} is a sequence of bounded function on E that converges to a
bounded function f and suppose

Lim fo(x) = f(x) (x € E).

Put
M, = sup | fu(x) — f(X)].

x€E

Then f, — f uniformly on E if and only if M,, — 0 as n — oo.

Proof. This theorem is an immediate consequence of Thm.7.1.1. We knwo that f, — f uni-
formly if and only if there exist N such that for all ¢ > 0

m,n>N,xe€E=|f(x)— fmx) e
Fix n and let m — oo, we have
n>NxeFE =|f(x)— f(x) <e
Then by taking the suprimum we get
n>N = sup|fu(x)— f(x)] <e.

xeE

This completes the proof. 0
Theorem 7.1.3. Suppose { f,,} is a sequence of functions defined on E and suppose

| )| <M, (xeEn=12.3,...).
Then Y, fu converges uniformly on E if > M, converges.

Proof. If Y~ M, converges, then for large enough m, n, given & > 0,

Y filx)

Uniform convergence now follows from Thm.7.1.1. [

m
<> Mi<e (xeE).
i=n
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7.2 Uniform Convergence and Continuity

Theorem 7.2.1. Suppose f, — [ uniformly on a set E C R in a metric space. Let x be a limit
point of E, and suppose that

tlim fn@t)=4, (mn=1,2,3,...).
—>x
Then { A, } converges and
tlim f() = lim A,.
In other words,

lim lim f,(¢) = lim lim f,(¢).
I—>X n—>00 n—>o00 t—>x

Proof. Let ¢ > 0 be given. By the uniform convergence of { f,,}, there exists an integer N such
that
m,n= Nt €E=|f(t)— fn@)| <e

Letting t — x we get
m,n>N = |A, — Ap| < e.

Hence {4, } is Cauchy and converges to a limit, say A.
Next,

() = Al = /() = fa@O] + [ fu () = An| + |An — A].

We first choose 7 such that

|f<t>—fn(z)|s§ and |An—A|<§.

This is possible for all ¢t € E given that f, — f uniformly. Then, for this n, choose a neighbor-
hood Vg (x) such that

) = 4] < 5
if t € Vs(x). Hence we find that
| f(t) — A| <e for t € Vs(x).
This concludes the proof. [

Corollary 7.2.1. If { f,,} is a sequence of continuous function on E, and if f, — [ uniformly on
E, then f is continuous on E.

Proof. This is an immediate result from Thm.7.2.1. Since
lim (1) = fu(®) = 4,
and since f, converges uniformly to f, we have
lim f(z) = lim 4, = lim fu(x) = f(x).

Hence f is continuous. ]
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Theorem 7.2.2. Suppose K is compact, and

(a) { fn} is a sequence of continuous function on K,

(b) { fn} converges pointwise to a continuous function f on K,
(c) fu(x) > fuy1(x) forall x € K forn =1,2,3, ...

Then f, — f uniformly on K.

Proof. (Prof.Bai’s Proof) Consider the function g, = f, — f. We make the following observa-
tions:
(i) g, is continuous,
(i1) gn — 0 pointwise,
(iil) g = gn+1-
From (iii) we can immediately see that g,(x) > g,+x(x) for all n,k > 0 and for all x. Fix n
and let k — oo we see that g, (x) > 0 for all n. Then it suffices to show that g, — 0 uniformly.
Hence, we want to show that given ¢ > 0, there exists an integer N such that g, (x) < ¢ for all
n > N and for all x € E. However, from (iii), since {g,} is a decreasing sequence, the goal
reduces to finding an integer N such that gy (x) < e forall x € E.

From (ii), we know that for each x € E there exists an integer N, such that gy (x) < &/2.
From (i), we know that there exists a neighborhood V'(x) such that

€
teVx) = lgn. (1) —gn. (] < -
Using the triangle inequality, we know that

gn, () < |gn, (1) — gn, (X)] + gn, (x)
£ £
< 5 + E = €&.

We know that {V(x)},cx is an open cover of K. Since K is compact, there exists a finite
subcover {V(x;)}/_, such that

K c| V.

Hence put
N = max {N,,}.

1<i<n

Then, for all » > N and for all 1 € K, there exists i such that ¢ € V(x;), hence

g (D) < gn,, (1) <&,
as desired. O]

Remark 7.2.1. The most important use of compactness is that it turns the local property of a
function defined on a compact set into the global property of this function. This proof is a very
good example. And here we turn pointwise (local) into uniform convergence (global). In the
previous examples we also turn local continuity into uniform continuity.
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Proof. (Rudin’s Proof) Let g, (x) have the same meaning as in the previous proof. Given ¢ > 0,
define
Ky ={x € K:gn(x) = ¢}.

Since g, is continuous and g~ !([e, 00)) is the inverse image of a closed set (since its complement
is open), which is also closed. Hence K, is closed. And since K, is a closed subset of a compact
set K, it is also compact.

Since g, > gn+1,1f x € K, +1, then g,41 > ¢. Butsince g, > gn,+1 > ¢, we know x € K,,.
Hence we have

K, D Kut1 D Kyssr...

From Thm.2.7.7, if K,, # @ for all n and K,, D K, for all n, then we know ("), K, # 9. We
claim that ﬂn K,, = @ and thus K,, = @ for some n. Hence, for all x € K, there exists N € N
such that gn (x) < e. This will complete the proof, just like what we did in the previous proof.
Since g,(x) — 0 we see that x ¢ K, if n is sufficiently large. Thus x ¢ (1), K,. Hence
(), K» = 9, and we are done. O

Definition 7.2.1. If X is a metric space, then % (X) will denote the set of complex (or real)
valued, continuous, bounded functions with domain X. We associate with each f € € (X) its
supremum norm

I 1I'= sup | f(x).

XEX
Since f is assumed to be bounded, || f || < oco. It is not hard to prove the following:
(i) || f|l = 0onlyif f(x) =0 forevery x € X,
(@) [ f —gll=llg— fll.
(iii) || f + gl < || + llgll- Note that (iii) is true since

|f() + g = [f)+ g = A+ llgll-

Hence it is clear that for f, g € € (X), we can use supremum norm to be a metric. Thus &' (X)
has become a metric space.

We can rephrase Thm.7.1.2 as the following:

Theorem 7.2.3. A sequence { f,} converges to f with respect to the metric space € (X) if and
only if f, = f uniformly on X.
We can also check that €' (X) is complete.

Theorem 7.2.4. The above metric makes € (X) into a complete metric space.

Proof. Let { f,,} be a Cauchy sequence in ¢’ (X). This means that to each ¢ > 0 corresponds an
N such that

mnz=N=|fi— ful <e
It follows from Thm.7.1.1 (which can be generalized into any metric space) that there is a func-
tion f with domain X to which { f,,} converges uniformly. By Thm.7.2.1 we know f is contin-
uous. Moreover, f is bounded since there exists an n such that

|f() = fu¥)[ <1, VxeX

and f, is bounded.
Thus f € €(X) and since f, — f uniformly on X, we have | f — f,|| = Oasn — 0. [
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7.3 Uniform Convergence and Integration

Theorem 7.3.1. Let o be monotonically increasing on [a, b]. Suppose f, € Z(a) on [a, b] for
n=1,2,3,.., and suppose f, — f uniformly on [a,b]. Then f € Z%(a) on [a,b] and

fda = lim fnda

n—>oo
Proof. Since f, — f uniformly, given ¢ > 0 there exists an N such that
n>N=|f— fu Ze

For this n, we know that
n—e<f =< fute

Since f, € Z(«), we know the lower integral of f, — € is just its integral. Same for the upper
integral of f,, + €. Hence we have

/ab(fn—s)daS/fdaf]fdaf/ab(fn+g)da_

Therefore, it is obvious that

0< dea — /fdoz < 2¢efa(b) — a(a)]. (7.1)

Since ¢ is arbitrarily, it is clear that f € Z(«). Another consequence of Eqn.7.1 is that

/abfdoz—/abfnda

This completes the proof. 0

< ela(b) — a(a)].

Corollary 7.3.1. If f, € Z(«) on [a, b] and if the series
f) =) fulx) (a<x<h).
n=1
converging uniformly on |a, b], then

b 00 b
/a fda = ;/ foda.

Remark 7.3.1. This is the condition for expanding the integrand as a power series and integrating
by terms are legal. Very important when doing integrals in physics.
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7.4 Uniform Convergence and Differentiation

Theorem 7.4.1. Suppose { f,,} is a sequence of functions differentiable on |a, b] and such that
{ fu(x0)} converges for some point xo € [a, b). If { f,]} converges uniformly on [a, b), then
(i) { fn} converges uniformly to a function f on [a,b],

(ii) f'(x) = lim,—o f,(x) for x € [a,b].

Proof. (i) Given ¢ > 0, since f, is convergent at some point xo € [a, b], then there exists an N;
such that ¢
m,n > Ny = | fu(x0) — fn(x0)| < bR

Also, since { f,} is uniformly convergent, there exists an N, such that
€
,n > No|f,/ () — fr ()] < ——
for some ¢ € [a, b]. Take
N = max {Ny, N»}.

Then, for m,n > N, using the mean value theorem, we get

| fa(X) = fm ()| = | fu(X) = fi(X) = fu(x0) + fin(x0) + fu(x0) — fin(X0)|
< [fu(x) = fm(x) = fa(x0) + fm(x0)| + [ fn(x0) — fm(xo0)|
= |(fn = f)(X) = (fn — S) (x0)| + [ fu(x0) — fin(x0)]
= |(fa — fm),(t)(x — X0)| + | fu(x0) — fm(x0)|
- glx —xo| € _E_ &
“20-a) 272727 °
This proves (i). We denote
fx) = lim fu(x) (a <x<b).

(ii) Fix a point x on [a, b] and define

Jn (@) = fu(x) S@) — f(x)
t—x t—x

(1) = . o) =

Fora <t < bandt # x. Then lim;—,, ¢,(¢) = f,(¢). Since we want to show that f'(x) =
lim, 00 fn(x), it suffices to show that {¢, ()} converges uniformly.
Since we know that

|lx —t|e

| fn(X) = fm(x) = fu (@) + [ ()] = 206 —a)

It is clear that c
|pn (1) — P (2)] < m (n>N,m>N).

Hence {¢,} converges uniformly. And applying Thm.7.2.1, the theorem follows. [
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Remark 7.4.1. If the continuity of f, is assumed in addition to above hypothesis, then a much
shorter proof can be based on the fundamental theorem of calculus. Define

X
00 = [ fi0dt = £,00 = fu(xo)
X0
Since f, (t) converges uniformly on [a, b], there exists an N such that

m.on >N = |f1() = fL(0)] < ——.
b—a

Then, we know that

|gn(x) - gm(x)l = (X — Xo) <e&.

| = fuonar| =

This shows that {g,(x)} is uniformly convergent on [a, b]. Suppose that f,(xo) — M is a
sequence of number, and since

gn(x) + fa(x0) = fu(x),

by taking the limit we have
lim f,(x) = lim g,(x) + fa(xo) = g(x) + M = f(x).
n—00 n—>o0

Hence { f,(x)} is uniformly continuous on [a, b]. Hence the proof will be shorter if we make the
condition of the theorem above stronger. Bl

Theorem 7.4.2. There exists a real continuous function on the real line which is nowhere differ-
entiable.

Proof. Define
p(x) =lx| (-1=x=<1

and extend the definition of ¢(x) to all real x by requiring that

p(x +2) = ¢(x).

Thus we have made ¢(x) into a periodic function with period 2. Then, with a little bit of
geoemtry, we see that

lo(s) —o()| < s —1] (7.2)
for all s and z. Thus ¢(x) is continuous on R'. Define

[e.e]

10 =3(3) v,

n=0

Since 0 < ¢ < 1, Thm.7.1.3 shows that this series converges uniformly on R!. Also, Thm.7.2.1
shows that f is continuous on R!.
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Now fix a real number x and a positive integer m. Put §,, = :|:%-4_m , where the sign is chosen

so that no integers lies between 4™ x and 4™ (x + §,,). This can be done since 4™|5,,| = 1/2.
Define
_ @ (x+68m) —@(4"x)
n — Sm .

When n > m, 4§, is an even integer, so that y, = 0. When 0 < n < m, (7.2) implies that
lyn| < 4". Hence y, > —4".
Again, with some geometry, it is not hard to show that |y,,| = 4™. Hence,

%ﬁ — 6 terms
v I
i N — 11 terms

Ll

0.0 05 1.0 15 20

SO +8n) — O] [~ (3)"
5 - ,;) 4]
3 m m—1 3 n
n=0
3 m m—1
> (Z) VYm — Z 3"
n=0
=\ 3 Ym Z
m—1
>3" =3 3 =-(3"+1)
n=0
Asm — o0, §,, — 0. It follows that f is not differentiable at x. ]
; '1 ‘ ;,i' 2 ;L .
5 f,“
20+ 41 ‘ ’ " "'fl Y — ¢
: ﬂ‘ Ui DL 2% 4« ﬂ —— 2terms
_ Hll' ‘( 'N? " "‘ ‘ ;‘ % .]1;[ — 3terms
r ".' ' — 4 term
." ik | ‘ ' «|» erms

Figure 7.2: A plot of partial sums s, of f using MATHEMATICA when n = 1,2,3,5,10
respectively, along with the original function ¢(x). As we add more and more terms in the
series, f has more and more not-differentiable points. If we add infinitely many terms, f will
have the fractal structure similar to what is shown in the picture.
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7.5 Equicontinuous Families of Functions

Recall Thm.3.2.2, which says some subsequence of a sequence in a compact metric space X
converges to a point in X . Then a easy corollary of this theorem is the following.

Corollary 7.5.1. Every bounded sequence in R¥ contains a convergent subsequence.

Proof. This follows directly from Thm.3.2.2 and the fact that every bounded subset of R¥ lies in
a compact subset of R¥ (a k-cell). L]

Hence now we are interested in whether something similar is true for sequences of functions
in either R! or R? (real or complex). We first specify what does boundedness mean for a sequence
of functions.

Definition 7.5.1. Let { f,,} be a sequence of functions defined on a set E. We say { f,} is piece-
wise bounded on E if the sequence { f,} is bounded for every x € E. That is, there exists a
finite-valued funtion ¢ (x) defined on E such that

| ()] <¢p(x) (xe E,n=1,2,3,...).
We say { f,.} is uniformly bounded on E if there exists a number M such that
| fu(x)| < M Vn and Vx € E.

If { f,} is pointwise bounded on E and E is a countable subset of E, it is always possible to
find a subsequence of { f,} such that it converges for every x € E; (you’ll see). However, even
if { f,} is uniformly bounded continuous functions on a compact set £, there need not exist a
subsequence which converges pointwise on E.

Example 7.5.1. Let
fo(x) =sinnx (0<x<2m,n-—1,2,3,...).

Suppose there exists a sequence {nx} such that {sinnzx} converges, for every x € [0,2x]. In
that case we must have

klirn (sinngx —sinng41x) =0 (0 <x <2m).
—>00

Hence,

lim (sinngx —sinng1x)> =0 (0 < x < 27).
k—o00

We appeal to Lebesgue’s theorem (Rudin, Theorem 11.32), then

2
lim (sinngx — sinnk+1x)2 dx = 0.
k—)oo 0

But calculating this integral by ourself and we can see that
2
/ (sinngx — sinnk+1x)2 dx = 2m.
0

And we reached a contradiction. Hence our assumption is wrong. Even though | f,(x)| < 1 for
all n and for all x € [0, 2], there does not exists a convergent subsequence.
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Another question is whether every convergent sequence contains a uniformly convergent sub-
sequence. This need not be true either, as domonstrated by our next example.

Example 7.5.2. Let

)C2

x2 4+ (1 —nx)?

Ju(x) = O0O<x<1l,n=1.2,3,...).

Then | f,,(x)| < 1 for all n and for all x in the domain. Hence this sequence is uniformly bounded
on [0, 1]. Also, since

lim f,(x) =0 (O=x=<1),

n—>oo

{ fn(x)} is pointwise convergent. However, notice that

Jn (1) =1 (n=12.3.).
n

Therefore, this sequence is by no way uniform convergent. And no subsequence of it can be
uniform convergent.

1ol
— n=10

— n=20

n=30
— n=40
— n=50
— n=60
— n=70
— n=80
— n=90
— n=100

0.8}

06}

04}

02}

)

00t
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

Figure 7.3: The plot of { f,} on x € [0,0.15] when n = 10, 20, 30..., 100 using MATHEMATICA.
As n — oo, the maximum value 1 gets closer and closer to the origin.

The concept needed in this connection is equicontinuity. It is defined as the following.

Definition 7.5.2. A family .% of functions f defined on a set £ in a metric space X is said to be
equicontinuous on E if for every ¢ > 0 there exists a § > 0 such that

| f(x)— f(y)]| <e Vd(x,y) <48, Vx,y e E, Vf e .Z.

Remark 7.5.1. This definition is even stronger than uniform continuity since the § in the uniform
continuity, though independent of points, are still dependent on the function itself. However,
since there can be more than one function in the collection .#, the definition requires the chosen
8 to work for all functions in this collection.
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Example 7.5.3. The collection of functions { f,,} defined by

Jo= (D"

are equicontinuous. For all x, y € E, forall d(x, y) < 4, the differences | f(x)— f(y)| =0 < e
for all € > 0.

Example 7.5.4. Finite collections { f1, f2, ..., fu} of uniform continuous functions are equicon-
tinuous. Given ¢ > 0, for f; there exists a §; such that

|fix) = fiy) <e  Vx,y€E, Vd(x,y) <é;.

Take
4 = min {81, 82, cees 8n} .

Then this § works for all functions in this collection.

Example 7.5.5. The sequence defined in Example 7.5.2 is not equicontinuous. We want to prove
that there exists an n and ¢ > 0 such that forall § > 0, |x — y| < § but | f,(x) — f,(¥)| > e.
Given 6 > 0, take ¢ = 1/2. Take y = 0 and x = 1/n. Choose n such that 1/n < §. Then,

1
x =yl =~ <3,
n

Howeyver,

1
|fn(x) - fn(y)| =1> 5 = ¢&.
Theorem 7.5.1. If { f,,} is a pointwise bounded sequence of functions (real or complex) on a
countable set E, then {f,} has a subsequence { f,, } such that {f,, (x)} converges for every
x e E.

Proof. Let {x;},i = 1,2,3... be the points of E arranged in a sequence. Since { f,(x1)} is
bounded, there exists a subsequence, which we call { f; } such that { f; x } converges as k — oo.
It is clear that this sequence S; converges at x.

Let us now consider the sequence { f1 x(x2)}. This sequence is a subsequence of { f, }. Since
{ f»} is pointwise bounded, this sequence is also bounded at x,. Hence, from this subsequence
{ f1.x(x2)}, we can extract another subsequence { f, i } that is convergent at x,, which we call S.
However, since S, is a subsequence of S, it is also convergent at x;.

We can repeat this process and consider { f> x(x3)} and we can gain extract a subsequence
from it called S5, which is convergent at xy, x, and x3. Repeat again...

Now let us consider the array

Si1: fi1s fiz, Sz, fi4... convergentat x;
S2: fa1, f2.2. f2.3, fa.4... convergentat xi, X

S3:f3,1, f3,2, f3’3, f3,4... convergent at X1, X2, X3
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We go down the diagonal of this array and consider the sequence

S : fl,l’ f2,29 f3,3, f4’4...

We notice that S is a subsequence of { f,,}, and based on our construction, it has no repetitive
elements. Namely, f11 # f2. # f3.3... And as n — oo, the sequence S, which is { f, ,} will
converge at every x; € E. O

Theorem 7.5.2. If K is a compact metric space, if f, € €(K) forn = 1,2,3..., and if { fn}
converges uniformly on K, then { f,} is equicontinuous on K.

Proof. Let ¢ > 0 be given. Since { f,} converges uniformly, it must be uniformly Cauchy by
Thm.7.1.1. Hence there exists an integer N such that

I =l <5 (>N,

Since continous functions are uniformly continuous on compact sets, there is a § > 0 such that

8 .
dix.y)<d=fix) - il <5 (1 =i=N).
Now we claim that this § would work for all» > N and d(x, y) < §. Since

| fn(X) = faO)] = [ fn(X) = S (O] + [ /v () = InO) + [ (V) = fa(D)] < e

This concludes the proof. O

Now, it is natural to ask whether the converse of this theorem is true. That is, will a equicon-
tinuous sequence of functions { f,} on a compact set, where f, € €(K) imply that {f,} is
uniformly convergent, or have a uniformly convergent subsequence. Not exactly. However, if
we make some slight modification, we will see that this implication is true.

Theorem 7.5.3. If K is a compact metric space, if f, € €(K) forn = 1,2,3..., and if { f,,}
converges pointwise and is equicontinuous on K, then { f,,} converges uniformly.

Proof. Ateach point x € K, since { f,,} converges pointwise, there exists an N such that
€
mon = N = | fo(0) = fu@)] < 5.
Also, since { f,,} is equicontinuous, we know

d(x.y) <8 = 1H@ - iy <5 Vn.

Since K is compact, there exist finite collection xy, ..., x, € K such that

K C U Vs(x;).

i=1
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Thus given any x € K, we know that x € Vs(x;) for some i. Hence

€
|fn(x)_fn(xi)| < 5 Vn.
Therefore, for all x € K,

| fn(X) = fn (O] = [fu(x) = fu(xi) + fu(xi) = fn(Xi) + S (X)) = fin(X)]
=< |fn(x) - fn(xz)| + |fn(xz) - fm(xz)| + |fm(xl) - fm(x)l
& & &
<3T3t3TF
O]

Definition 7.5.3. E is dense in X if every point of X is a limit point of £, or a point of E (or
both).

Lemma 7.5.1. Let E be a dense subset of K. Then there are finitely many points x1, ..., x, € E
such that

K C U Vs (x;). (7.3)

i=1

Proof. Ttis clear that for any positive number §’ we have K C | yek Vsr(y). Since K is compact,
there exists a finite collection of points y, ..., y, € K such that

K c| Vs

i=1

Since E is a dense subset of K, then the points yy, ..., y, are limit points of E. For every
1 <i <n wehave x; € Vy/(y;) for some x; € E. Let us denote, for each i, that

d(x,-,y,-) = A,‘.
Then consider, for each i, the neighborhood Vs A, (x;). It is clear that
Vs (yi) C Vsrga, (xi) (1<i=<n)).

Take
§ = max {8’ + Ay, ..., 8 + An} )
And we found the desired §. Then (7.3) follows immediately. L]

And now we are ready to prove the following theorem.

Theorem 7.5.4. If K is compact, if f, € €(K) forn = 1,2,3..., and if {f,} is pointwise
bounded and equicontinuous on K, then

(a) { fn} is uniformly bounded on K,

(b) { fu} contains a uniformly convergent subsequence.
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Proof. (a) Let & > 0 be given and choose § > 0 in accordance with the definition of equiconti-
nuity such that

dx,y) <8 =[fa(x) = fuW)| <&, Vn.

Since K is compact, there are finitely many points pq, ..., p, € K such that every x € K
corresponds to at least one p; with d(x, p;) < 4. Since { f,} is pointwise bounded, there exist
M; < oo such that | f,,(p;)| < M; foralln. If M = max{M,, ..., M, }, then | f,(x)| < M + ¢
for every x € K. This proves (a). B

(b) Let E be a countable dense subset of K (Rudin Chapter 2 Exercise 25 shows why such a
set E exists). Thm.7.5.1 shows that { f,, } has a subsequence { f5, } such that { f,,, (x)} converges
for every x € E.

Put f,, = g; for simplicity. We shall prove that {g; } converges uniformly on K.

Let ¢ > 0 and pick § > 0 as in the beginning of the proof. Since E is dense in K, and K is
compact, Lemma 7.5.1 says that there are finitely many points xi, ..., X,; € E such that

KCV(x,6)U---UV (x,9).
Since {g;(x)} converges at every x € E, there is an integer N such that
i.j=N=|gi(x)—gi(x)|<e (1<s=m).
If x € K, then x € V(x;, 8) for some s so that
i,j =N =|gix)—gi(xs)| <e, Vi.
It then follows that

|gi(x) — g;(x)| < 1gi(x) — gi (xs)| + |gi (x5) — g7 (x5)| + | g7 (x5) — & ()|
< 3e.

This completes the proof. 0

7.6 The Stone-Weierstrass Theorem

Theorem 7.6.1. If f is a continuous function on |a, b], there exists a sequence of polynomials
P, such that

lim P,(x) = f(x)
n—>oo
uniformly on [a, b]. If f is real, then P, may be taken real.

Before we start the proof, we will have to reduce this problem into a special case, and then
we can start.

Although f is defined on [a, b], we can assume, without loss of generality, that [a, b] = [0, 1].
We may also assume that f(0) = f(1) = 0. The reasons are the following.

First, consider the transformation y = a + (b — a)x and let

f(x)=¢gy) =gla+ (b —-ax).
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You can see that
fO)y=g@  f(1)=gb).

Hence even though [a, b] need not equal to [0, 1], but by assuming that f is defined on [0, 1], we
can find another function g defined on [a, b] by considering the transformation above. And it is

not hard to see that
y—a

s =1 ()= e =1 (G—).

Hence, if there is a polynomial P,(x) — f(x), then we know that

Po (=) = 0u() = g(x),

This means that if we can find a polynomial P,, approaching f in this special reduced case where
f : 10, 1], we can consider the transformation above and then there must also be a polynomial
0, (x) approaching g : [a, b] for the general case.

Similarly, one can considering reducing the problem and let f(0) = f(1) = 0, even though
this may not be the case. Consider the transformation

g(x) = f(x) = f(0) —x[f(1) — f(O)].
We notice that g(0) = g(1) = 0. If there is a polynomial Q, — g, then we can consider the
polynomial
Py(x) = Q(x) + f(0) + x[f(1) — f(O)],

which must also approach to f. Hence if there exists a polynomial Q, approaching the reduced
function g, there must also be a polynomial P, approaching the general function f.

Now we are ready for the proof.

Proof. We can assume, without loss of generality, that [a, b] = [0, 1]. We may also assume that
f(0) = f(1) = 0. We define f to be zero for x outside [0, 1]. Then f is uniformly continuous
on the whole line.

Put
0n(x) =cu (1-x3)" (n=1,2,3,...),

where ¢, is chosen such that

/1 0,(x)dx=1 (n=1,2,3,...).
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Figure 7.4: The plot of several such polynomials using MATHEMATICA.

We can see that as n — 00, Q,,(x) — 0 where x # 0 and Q,(x) grows larger where x = 0.
Think of @, as some sort of density function. As n grows, more weights concentrate around the
origin, but the total mass is constant since the integral of such function is always 1.

We need some information on how fast ¢, is growing. We can do a rough estimation using
the inequality (1 — x2)" > 1 — nx2. We have

1 1 1/Jn
/ (l—xz)ndx=2/ (l—xz)ndx22/ (l—xz)ndx
_ 0 0

1

1/J/n
> 2/ (1 — nxz) dx
0

. 4
~3n
- 1

NG

Hence it follows that
ch < /1 (7.4)

By observing Pic.7.4 and (7.4) we realize that for any § > 0, we have
0n(x) < Vn(1-8)" @ <|x[<D. (7.5)

So that Q,, — 0 uniformly in § < |x| < 1 since the term (1 — §2)" decreases at a faster rate than
J/n increases (you can use L’Hospital rule to verify). Now set

Pu(x) = /_11 fx+0)0n)dt (0=<x=<1).

Why is P,(x) a polynomial of x? We do simple change of variables and let u = x + ¢. Then

x+1
Pax) = / 00, x)du
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Notice that x — 1 < 0 and x + 1 > 1 since x € [0, 1]. However, the function f(x) is only
nonzero on the interval [0, 1]. Hence the integral is zero outside of this region. Hence

1 1
Po(x) = /0 £u) O — x)du = /0 F()0u(t —x)d.

The last integral is a polynomial of x since Q,(f — x) is a polynomial of x and this is an integral
with respect to 7, hence we can take the powers of x outside of the integral, and the integration
will only determine the coefficients of this polynomial. Hence P, is a polynomial of x.

Since f is continuous on a compact interval, it is uniformly continuous on [a, b]. Given
¢ > 0, choose § > 0 such that

y—xl<8=1f0) - f@ <3

Also, f must also achieve its maximum. Set M = sup|f(x)|. Using (7.5) and the fact that
f(x) = f_ll f(x)Q,(x)dx, we see that for 0 < x < 1,

|Pa(x) — f(x)| = ‘/_l[f(x +1) = f()]Qn(t)dt

< / S0 = f@I Qs

) § 1
<2M /_1 0,(1)dt + %f_s 0,(1)dt +2M/0 0, (1)d1

<4Mn(1-6%)" + g
<e
for large enough n such that the first term is smaller than £/2. This proves the theorem. [

Remark 7.6.1. Let us reconsider why

Pu(x) = /_11 fx+0)0anmdt (0=x=<1)

will be close to f(x) when n is large.

When 7 is so large, from Pic.7.4, we can see that 0, (¢) — 0 everywhere except where ¢ = 0.
Hence the integrand is close to zero everywhere except where ¢ = 0. The value of f(x +¢) when
t = 0is f(x). Hence, at the point t = 0, when 7 is so large, we will have

1
Poo(x) ~ f(x) /_ 0.(0)dr = £(x).

This may give some intuition. It also offers us some insight behind this construction.

Stone also generalized Thm.7.6.1, which is first proved by Weierstrass. His generalization
is later on called the Stone Weierstrass Theorem. We will encounter this theorem again in real
analysis, and Rudin has made a very good prove in the book. Since we only live so long, let us
omit the proof and everything whatsoever and conclude this chapter.
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Chapter 8

Some Special Functions

There cannot be a language more universal and more simple, more free from
errors and obscurities...more worthy to express the invariable relations of all
natural things [than mathematics]. [It interprets] all phenomena by the same
language, as if to attest the unity and simplicity of the plan of the universe,
and to make still more evident that unchangeable order which presides over
all natural causes.

-Joseph Fourier

8.1 Power Series

A review of the power series section in Chapter 3 is recommended.

Definition 8.1.1. Functions represented by a series of this form

) =Y enlx —ay.
n=0

also known as the power series, are called analytic functions. If the series converges for |x —a| <
R for some R > 0, then f is said to be expanded in a power series about the point x = a. Usually
we take a = 0 without loss of generality.

Lemma 8.1.1. Every power series converges absolutely in the interior of its interval of conver-

gence, by the root test.

Proof. Let the radius of convergence be R. We can write any x € (—R, R) in the form of R — ¢
for some 0 < ¢ < 2R. Then the claim is that the series ) _, ¢, (R — ¢)" converges absolutely.
Leta, = |c,(R — ¢)"|. Using the root test, we see that

R—¢
limsup v/|a,| = |R — ¢|limsup V/|c,| = | | < 1.

n—o0 n—>oo R

This completes the proof. ]

147
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Theorem 8.1.1. Suppose the series

o0
> enx” (8.1)
n=0
converges for |x| < R, and define
o0
f) = enx" (x| < R). (8.2)
n=0

Then (8.1) converges uniformly on [—R + &, R — €] no matter which 0 < ¢ < 2R is chosen. The
function f is continous and differentiable in (—R, R), and

£ =Y nex™t (x| < R).
n=1

Proof. Let ¢ > 0 be given. For |x| < R — ¢ we have
lenx™| < lcn(R —&)"].

And since ) ¢, (R — )" converges absolutely in the interior of its interval of convergence by
Lem.8.1.1, we know »_ ¢,x" converges uniformly on [—-R + &, R — ¢] by Thm.7.1.3.

Since
lim /n =1,
n—>00
we have
limsup v/n |c,| = limsup /|cy|.
n—>oo n—>oo

So that the series ) _ ¢, x" and ) nc,x"~! have the same interval (radius) of convergence.
Since Y nc,x""! is a power series, it converges uniformly in [-R +&, R —¢] for every & > 0.
Hence we can change the order of the differentiation and the limit by Thm.7.4.1. Hence

f(x) =) ne,x™' (x| < R).
n=1

And the continuity of f follows from the existence of f’ by Thm.5.1.1. [

Corollary 8.1.1. Under the assumptions of the last theorem, [ has derivatives of all orders in
(=R, R), which are given by

PO = Zn(n —1)---(n—k + Depx"* = k! Z (Z)cnx”_k.
n=k n=k

In particular,
FO0)=kley (k=0,1,2,...).

Proof. This corollary follows if we apply Thm.8.1.1 successively to f, f/, f”.... Putting x = 0
in the first equatiom gives the second equation. [
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Remark 8.1.1. Notice that even though a function f may have derivatives of all orders, the
series Y c,x", where ¢, = f™(0)/n!, need not converges to f(x) for any x # 0. The
following example demonstrates this point.

Example 8.1.1. Consider the piecewise function defined by

eV (x #0)

=1 (x = 0).

This function has derivatives of all orders at x = 0, but £ (0) = 0 foralln = 1,2, 3.... Hence
its power series expansion converges to f only when x = 0.

Theorem 8.1.2. Suppose ) ¢, converges. Put

f(x) = chx” (-1<x<1.
n=0

Then
o0
igﬂ.f(x):: }E:Cn-
n=0
Proof. Let
Sy, =co+c1+..+¢, and s_1=0.
Then

0
m m
= E Spx" — E Sp—1X
0 0
m—1 m—1
= 5, x" + E Spx" — E syx Tl
0 0
m—1

For |x| < 1, we let m — oo and we notice that s,,x” — 0. Therefore,

f)=(1=x)) sux".
n=0

Suppose s = lim, .« §5,. Let € > 0 be given. Choose N so that

€
n>N:>|s—sn|<§.
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Then, since
oo
(1 —X)Zx" =1 (x| <1,
n=0
we obtain
oo N .
) =5l = |A1=2) 3 (=) 2" < (1 =2) Y fsw—s|]x]" + 5 <e
n=0 n=0
if 1 —§ < x < 1 for some suitably chosen § > 0. This proves the theorem. ]

Example 8.1.2. This example shows one beautiful application of Thm.8.1.2. We can find the
power series representation of arctan(x). Since

1 o0
arctan’(x) = 5 = Z(—xz)”,
I+ x o

for |x| < 1, then

2n+1

0o x (9) ¥
arctan(x) = / (—xH"dx =) (1) |x| < 1.
2. 2"

The series » (—1)"/(2n + 1) is an alternating series whose magnitude of the successive terms
are decreasing. Then by Thm.3.8.7, this series converges. Hence the power series of arctan(x) is
continous at the endpoint x = 1. Hence we get

T 1 1 1
arctan(1) = 7= 1— 3 + AL

Theorem 8.1.3. If Y a,,> by, > c, converge to A, B, C respectively, and if ¢, = aoby, + ... +
aybo, then C = AB.

Proof. Define

FO) =Y, g(x) =Y bpx". h(x) =Y epx”

for 0 < x < 1. For x < 1, these series converges absolutely. Hence by Thm.3.8.11, we see that
f(x)-glx) =hx) (O=x<1).
By Thm.8.1.2, we see that
f(x)— A, gkx)— B, hkx)—C

when x — 1. Hence this imply that AB = C. [
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Now we ask the question whether the inversion of the order of summation is always legal. We
know that it is legal for finite sums, however, for infinite summation, the answer is no. Consider
the following example:

Example 8.1.3. Consider the double sequence defined by

0 i<}j)
ai; =4-1 (@ =))
2770 (i > ).

We can also think of a;; being the number in the i th row and j th column of the array

—1 0 0 0
: —1 0 0
S
S

Notice that
DD ay =) ay+axy+ ..
Jj i J
= (a1 +axn +az +...)+(@z2+axn+asxn+..)+ @z +as+azx+..)
=04+0+0+0...=0.

whereas
ZZGU = Zail + iz + a3 + ...
i i
=(an +an+ai+..)+ (@ +ap+tas+..)+..
=D+ C1+1/2)+(-1+1/24+1/4)+(—-14+1/24+1/4+1/8)...

B 111
T2 4 38
[e'e) 1 k
OB
k=0

Hence in general,
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Theorem 8.1.4. Given a double sequence {a,-.,- }, suppose that
o0
> lay|=bi (=1.2.3....) (8.3)
j=1

and Y b; converges, then
o0 o0 o0 o0
E E a;; = E E aij.
i=1j=1 j=li=1

Proof. Let E be a countable set consisting of the points xg, X, X5... and suppose that x, — xg
as n — oo. Define

filxo) =) ay (i=123..) (8.4)
j=1
fita) =) a; (in=123..), (8.5)
ji=1
gx) =) fix) (xeE). (8.6)
i=1

According to (8.4), (8.5), and (8.3), we have

n

lim fi(x,) = lim f;(x,) = lim E aij = fi(xo) < b;.
0 n—00 n—o0 -
]_

Xpn—>X

Hence each f; is continous at xq. Since | f; (x)| < b; for x € E, then g(x) converges uniformly,
so that g is continous at xo by Cor.7.2.1. It follows that

o0 o0 o0
DD ai =) filxo) =g (x0) = lim g (xy)
i=1j=1 i=1
o0 o0 n
= Jim > = Jim 33
i=1 i=1j=1
n o0 o0 o0
i Y Y=Y
j=1i=1 j=1i=1
Here we just switch the sums without proof since it involves rearrangement arguments. [

Theorem 8.1.5. (Taylor’s Theorem) Suppose f(x) = Y cyx" converging in |x| < R. If —R <
a < R, then f can be expanded in a power series about the point x = a which converges in
|x —a| < R —|a|, and

*© (n)
fo =3 L9 gy (v —al < R—Ja).
n=0 ’

n
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Proof. We have
) =Y ealx —a) +al”
0

n

= ch Xn: (;)a"_m(x —a)”
n=0 m=0
= Z |:i (;)cna”_m} (x —a)™.

g

m=0 Ln=m
This is the desired expansion about x = a according to Cor.8.1.1. We need to justify the change
which was made in the order of summation. Thm.8.1.4 tells us that this is permissible if

i 2": Cn (Z)a"_m(x —a)"

n=0m=0
o0
> leal - (jx —al + |,
n=0

converges. But this series is the same as

which converges since |x —a| + |a| < R.
Note that in the last step the upper and lower limit changed when we switch the sum. We can
explanin this by defining a double sequence

(")ena" ™ (x —a)™ m <n
Apm = .
0 m>n

Hence we are adding all the points under the line n = m. When we change the order of the
summation and fix an m first, then in order to add everything under the line n = m, we have to
start from n = m to infinity. Also, m must also go to infinity. [

If two power series converge to the same function in (—R, R), then Cor.8.1.1 tells us that
they must have the same coefficients. This conclusion can be deduced, however, from a much
weaker hypothesis.

Theorem 8.1.6. Suppose Y a,x",>  b,x" converge in the segment S = (—R, R). Let E be the

set of all x € S at which
o0 o0
> apx" =) byx" (8.7)
n=0 n=0

If E has a limit point in S, then a,, = b, for all n. Hence (8.7) holds for all x € §.
Proof. (Warning: Hard) We put

f) =) (@n—b)x" =) cix"  (x€S).
n=0 n=0
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Then f(x) =0 forall x € E. Let
A = the set of all limit points of E in §

and let B = S \ A. We notice several facts about A4:
(1) A # @ by our assumption that E has at least one limit point in S.
2Q)AUB=Sand AN B =40.
(3) f(x) = 0forall x € A.
(4) A is closed.

PROOF OF (3): Since every point x € A is a limit point of £, then for each x there exists a
subsequence {x,} in E such that x,, — x. Since f is continous on S, then

) = f(lim x,) = lim f(x,) = lim 0= 0.

PROOF OF (4): Let a be a limit point of A, we want to show that a € A. Since a is a limit
point of A4,
A{x,} — a where x, € A Vn.

But since every x,, is a limit point of £,

A{xXnk} — Xn where x, x € E Vn, k.
Then consider the array
X1,1 X1,2 X1,3 X1,4 e Xy
X2,1 X232, X2.3 X2.4 e X2
X3,1 X3,2 X33 X3,4 > X3

a

Hence if we go down the diagonal and construct {x, ,}, it will converge to a. Hence there
exists a sequence in E that converges to a, hence a is a limit point of E. Therefore, a € A, and
A is closed. Why will this sequence converge to a?

Since x,, — a, there exists an N; such that

£

n>N; = |xy —al < 7

Also, since x, , — Xx,, we can choose the first N > N; such that
I3

X — X < —.
| N>,N» N2| )
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Then take N = max {Ny, N,}. Foralln > N, we have

|xn,n _al S |xn,n _xnl + |xn —a

<ELE
—+- ==
2 2

Now, we claim that A is open. If A is open, then B is closed. Hence A N B=ANB =40
according to (2). Also, since A4 is closed according to (4), we have AN B = AN B = 0.
Hence A, B are seperated. But since S = (—R, R) is connected, it cannot be the union of two
seperated set. This means that one of A, B must be empty. Since A is not empty according to
(1), this suggests that B = @ and A = S. And since f(x) = O for all x € A according to (3),
S = A implies that (8.7) holds for all x € S, and the proof is finished. Therefore, all we need
to show is that A is open.

If xo € A, then Taylor’s theorem says that we can expand f around xy:

S) =Y dn(x—x0)"  (Ix —x0| < R—|xol).
n=0

WE CLAIM THAT d, = 0 FOR ALL n. Suppose the contrary, let k be the smallest nonnegative
integer such that dy # 0. Then

f(x) = (x —x0)* g(x)  (Ix — xo| < R—|x0), (8.8)
where

g(x) = Z diym (X — x0)™" .

m=0

Since g is continous at x¢ and g (x¢) = di # 0, there exists a § > 0 such that
|x —xo| <6 = g(x) #0. (8.9)
According to (8.8), we have
VO < |x —xo| <6 = f(x)#0.

But if xo € A (x¢ is a limit point of E), there exists a sequence {x,}in E that converges to xy.
Hence there exists a N such that

n>N = |x,—xo| <6 and f(x,) =0.

But (8.9) says that no x € (—3 + x¢, 6 + xo) will satisfy f(x) = 0. We reached a contradiction.
Hence d,, = 0 for all n.
d, = 0 for all n implies that

f(x)=0 Vx € VR_|xo(X0),

hence xy is an interior point of A. Therefore, A is open. And this concludes the proof. 0
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Chapter 9

Functions of Several Variables

Beauty is the first test: there is no permanent place in the world for ugly
mathematics.

-G.H.Hardy

9.1 Some Linear Algebra

We assume that reader has mastered basic linear algebra. Just some notation: We use captical
letters (such at A) to denote linear maps, and bold letter to denote vectors (such as x). The letter
¢, A, ect will denote elements in the base field over which the vector space is defined. All vector
spaces are assumed to be finite-dimensional.

Proposition 9.1.1. Let A be a linear operator on a finite dimensional vector space X. Then A is
injective if and only if A is surjective.

Proof. Use the rank-nullity theorem: dim(ker A) + dim(range A) = dim X. Then A is injective
if and only if dim(ker A) = 0, which holds if and only if dim(range A) = dim X. This proves
the claim. [

Definition 9.1.2. Let L(X, Y) be the set of all linear transformations from X to Y. We can add
scalar multiples of elements in L(X, Y):

(c1A1 + c2A2) X = c1A1X + cpAx (x € X)
and the multiplication is given by the composite
(BA)x = B(Ax) (x € X).
This makes L(X, Y) itself into a vector space.

Definition 9.1.3. For A € L(R",R™), we defined the norm || A of A to be [|A|| = supj<; |AX].
Here, x ranges over all vectors in R” with |x| < 1.

157
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Proposition 9.1.4. |Ax| < ||4]||x].

=< ly| sup
yER”

Proof. By the linearity of A we have
Y\l = _
A ()] = vl sup Lax = sa,

y
Ayl = Iy] ‘A (—)
ly| M Ix|<1

This proves the claim. O

Proposition 9.1.5. If A, B € L(R",R™) and c is a scalar, then
A+ Bl < [|Al + 1Bl llcAl = lc[llA].
Proof. By the last Proposition we have
(A + B)x| = |[Ax + Bx| < |Ax| + [Bx| = ([|4] + [ BID|x|.

Now the claim follows by taking the sup over all vectors of length less than or equal to one on
both sides. The second part is similar. O

Proposition 9.1.6. If A € L(R",R™) and B € L(R™, R¥), then we have || BA| < || B|||A].
Proof. |(BA)X| = |B(Ax)| =< || B||Ax| < [ B[/ All|x]. H

Hence now we have defined a metric on the space L(R",R™), we can discuss the topology
of the space and continuity of maps.

Theorem 9.1.7. Let 2 be the set of all invertible linear operators on R"*. Then

(a) If A € Q2,B € L(R"), and

B — Al < ——=.
A~

then B € Q.
(b) Q is an open set of L(R") and the inversion map A — A~' is continuous on Q.

Proof. Put |A!|| = 1/a and |B — A| = B. Then by assumptipn we have 8 < «. For every
x € R”, we have

alx| = a|A7' Ax| < || A7 - |Ax| = |Ax| < |(A — B)x| + |Bx| < B|x| + | Bx].
Therefore we get that
(o« — p)Ix| = | Bx].

Since @ — B > 0, we have that Bx # 0 if x # 0. Hence B is injective. By Proposition 9.1.1, B
is surjective, hence invertible. Therefore, B € 2. This proves part (a). For part (b), in order to
prove the inversion map A — A~! is continuous, let «, B be the same quantity defined before.
We consider B such that | B — A|| < «. By the equation above, replace x by B!y and we get

(@ — B)|B~'y| < |BB'y| = |y|.
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The identity
B l'—A'=B1U4-B)A™!
gives
1 - - - B
1B~ = AT < IB7IIA - BINAT ] = ———.
a(e—p)
Since f§ — 0 as B — A, the proof is complete. U

Remark 9.1.8. Theorem 9.1.7 part (a) actually says that €2 is an open set.

Theorem 9.1.9. If A = [a;;] is a matrix representation of the linear map A, then

1/2

2
4l < 1> a
i,j

Proof. Letx = (cy,---,¢,) and A = [a;;]. Then we have

2
= Y Saes | =3 (LahXei ) = D
j i J J i,J

i

Now taking square roots on both sides and then take the sup gives the desired result. [

9.2 Differentiation

We now extend our definition of a differentiable function on the real line to a much more general
case.

Definition 9.2.1. Let £ C R” be an open set. We use boldface f to denote a vector-valued
function. Suppose f : E € R” — R™, and x € E. If there exists a linear transformation
A € L(R",R™) such that

lim [f(x + h) — f(x) — Ah|

0,
h—0 |h|

then we say f is differentiable at x, and we write f'(x) = A.

It is proven in Rudin Thm 9.12 that if f'(x) exists at some x € FE, this linear transformation
is unique. We notice that if f : R” — R™, and f is differentiable on E, then the map f : R —
L(R™,R™). Since at each point x € R”, we have a linear transformation f'(x). Finally, we can
write the definition as the following form

f(x + h) — f(x) = f'(x)h + r(h)

[r(h)|
[h|

Example 9.2.2. If A € L(R",R™) and f(x) = Ax, then f'(x) = A for all x € R”. Since
A(x + h) — Ax = Ah, we are done.

where limy,_,¢ = (. This shows that if f is differentiable, then it is continous.
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Definition 9.2.3. Let £ C R” be an open subset and let f : £ — R™. Let {e,--- ,e,} and
{uy,--- ,up} be the standard basis for R”, R”. Then with respect to these basis we can write

f=(f1.- . fm)

where each f; : E — R. Equivalently, f;(x) = f(x)-u;. For x € E, we define the partial
derivative of f; with respect to x; by

ofi o . L Jilxtrey)
i = (Pi) = Jim

provided the limit exists.

Theorem 9.2.4. Suppose f: E — R™ as above, and f is differentiable at x € E, then the partial
derivatives (D f;) exist, and they completely determine the linear transformation £ (x). More
specifically,

o) a
Difi - Dufi| [ = i
f,(x): : ce : == : coe :

The proof is given in the book, and it’s not difficult. So we omit it. However, it is worth
mentioning some intuition involved. To find f'(x), we want to find the best linear approximation
of the vector f(x + h) — f(x). Writting it out in matrix form, we find that

fix+h) — fi(x) oo Ay
fx+h) —f(x) = : ~| ¢ .. :
S X 4+ 1) = fn(%) Yo ... Un ||,

This is because for each f;, we have

S4B = £i0) = fier I+ ) = filr, e ) & Y

k=j

in the first order approximation. Even though there is a remainder term r(x), we see that r(x)/x
will quickly decay to zero as x goes to zero.

Theorem 9.2.5. Let E C R" be an open set. Suppose f: E C R" — R™, {is differentiable
at xo € E, g maps an open set containing £(E) to R, and g is differentiable at £(x¢). Then the
mapping F : E — R¥ defined by

F(x) = g(f(x))

is differentiable at Xy and

F' (x0) = g (f(x0)) f (x0) .
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There is a somewhat technical proof in the book. Here, we convince the reader that this
theorem is true, intuitively. Suppose the first order partial derivatives of all functions exist, then

g1 g1
0x1 0xp
Fx)y=| : ... |,
98k 08k
0x1 0xy
since f(x) = (f1(x),---, fm(x)) are just functions of xy,---,Xx, in each component, hence

g(f(X)) = (gl(fl’ ) fn), Tt gl’l(flv ) fn)) should also be functions of X150, Xp in each
component. By the last theorem, F’(x) should be completely determined by the partial deriva-
tives. Now, by the chain rule, we have that

dgi = g Ofx ” dfx
= —_—— = Digi)f(x9))=—.
ox; k§=1 3fe I, k§=1( k&i)(£(x9)) ox;

Hence with some familiarity with matrix multiplication, one can see that

Digi -+ Dmgi Difi -+ Dufi
F(x) = : : : =g (f(x0))f (x0).
Dlgk Dmgk lem anm

kxm mxn

Definition 9.2.6. A differentiable map f : £ C R” — R™ is called continuously differentiable
in Eiff : E — L(R",R™) is a continuous mapping. That is, for every x € E and every € > 0
there exists a § > 0 such that for all [x —y| < § andy € E we have

IF(y) —f )| <e.
We write f € ¢”(FE) for continuous differentiable map on E.

Theorem 9.2.7. Letf: E C R" — R™. Thenf € €'(E) if and only if the partial derivatives
Dj fiexistsforall1 <i <m,1 < j <n.

Proof. Assume that f € ¢’(E). Then
(D1 1) ) = (F(e;) - .

Hence
(D f)) ) — (D, fi) ) = {[f(y) —F ()] e} -u;.

Since |u;| = |ej| = 1, we have

(D; i) ) = (D fi) ®| = [[f¥) - F®]e;| < [f») - F®)|.

Hence Dj; f; is continuous.

Conversely, it suffices to consider the case when m = 1 (i.e. f : E — R). Since if
f: E — R™ for some m > 1, then each component of f will be a map from E to R. Hence if the
statement holds for m = 1, then each component of f with be %", thus so is f.



162 CHAPTER 9. FUNCTIONS OF SEVERAL VARIABLES

Since E is open, there exists an open ball B, (x) € E, and the continuity of D ; f; shows that
r can be chosen such that

(D)W= (D, )] <= (veB,(.1= ) <n).

Suppose h = ) hje;, and |h| < r, put vg = 0 and vy = hie; + --- + hgeg for 1 < k < n.
Then

n

fEx+h) = fx) =Y [f(x+v;)— f(x+v;-1)].

j=1

Since |vi| < r for 1 < k < n and B,(x) is convex, the segment connecting X + v;_; and X 4 v;
lies in B, (x). Also, since v; = v;_; + he;, this means that

X+Vj_1+thje; € B.(x) t €[0,1].

Then define
gt) = f(x+vj_1+1thje;).

Then by the mean value theorem there exists 6; € (0, 1) such that
hj(Djf)(x+vj1+6hje;) =g(1)—g0) = f(x+v;)—f(x+V;-1).

Since X + v;j_1 + 0;h,e; € B,(x), the quantity on the LHS differs from % ;(D; f)(x) by less
than |/ ;|e/n. Hence it follows that

n

PO+ = £00 =Yy (D £) )] = 37 iy < Ihie

Jj=1 J=1
for all h such that |h| < r. This shows that f is differentiable at x and

'] =[(D:1fH®) -+ (Daf))].

Since all partial derivatives are continuous, we have f”(x) continuous. This completes the proof.
]

Remark 9.2.8. For the reverse direction of the last theorem, it is tempting to argue as follows:

Conversely, suppose that all partial derivatives exist and are continuous, we have that f'(x) =
[D; fi(x)]. Hence we have

[f® —f®[ =I[D;fiy) - D; i®] ] = Z(Djfi(y) - D, fi(x)".

The last inequality follows from Theorem 9.1.9. Since eact D; f; is continuous, we see that the
left hand side can be made arbitrary small provided that |y — X| is small.
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Unfortunately, this argument is Wrong. Theorem 9.2.4 only tells us that if f is differentiable
and all partial derivative exists, then the derivative is equal to the Jacobian matrix. However, the
converse does not hold. A function can have all its partial derivatives, and fails to be differen-
tiable. The example below is a good warning.

Example 9.2.9. Let f(0,0) = 0 and

Xy
x2 + y?

fx,y) = if (x,y) # (0,0).

Then we show that (D f)(x, y) and (D, f)(x, y) exist at every point of R?, but f is not conti-
nous (hence not differentiable) at (0, 0).

First, f(x, y) is clearly not continuous, for if we choose x = y and let (x, y) = (x,x) —
(0, 0), then we have

1
/. y) = £O.0)] = | f(x.x) = (0.0)] = - £ e.
Hence f(x, y) is not continuous at (0, 0). However, its partial derivatives exist at every point.

Jx+ty) = fx,y)

t
x+)y  _ xy

(D1 f)(x.y) = lim

= lim G2+ yzt X +y? [of the form 0/0]
t—
1?2+ y?ly — 1)y -2 t
= lim [+ 0"+ Y7y~ + D)y -2(x +1) [L’Hospital’s Rule]
1—0 [(x + 1) + y2]?
_ (P +y?)y—2x%y
(X2 + y2)2
_ Yy -xPy
(XZ + y2)2'

Hence (D1 f)(x, y) is defined everywhere when (x, y) # (0, 0). To calculate (D, f)(x, y), we

have that i V= Fery) 5 5
. X, y+i1)—jx,y) X" —yx
(D2f)(x.y) = lim , = G
We can either do a direct computation, or we observe that f(x,y) = f(y, x), hence our calcu-
lation for (D f)(x, y) immediately turns into (D, f)(x, y) if we do the substitution x +— y and
y + x. Either way, we find that (D, f)(x, y) exists if (x, y) # (0,0). Now we calculate the

derivative at (0,0). We have

f@.0) = f0.0) . 0-0 _

t t—0 t

(D1 £)(0,0) = lim

And similarly
f(O,t)—f(O,O)_l. 0-0_,
t - T

(D2 £)(0,0) = lim

Thus both (D f)(x, y) and (D, f)(x, y) exist at every point (x, y) € R2. This proves the claim.
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We end this section with one last theorem.

Theorem 9.2.10. Suppose f maps a convex open set E C R" to R™. If f is differentiable in E,
and there is a real number M such that ||f'(x)|| < M forallx € E, then

[f(b) — f(a)| < M[b — a|
foralla,b € E.

Proof. Fix a,b € E and define a line segment
yt)=(1—-t)a+1tb
for all t € R. Since E is convex, the if ¢ € [0, 1], we have y(¢) C E. Then put

g(?) = f(y (1))

Taking the derivative by the chain rule gives

g =fy®)y'®) =fy@)(b-a).

Hence
g@)] < |f@)|b-al < M[b—al.

Notice that this is true for all ¢ € [0, 1]. By the mean value theorem,
lg(1) —g(0)] = M|b —al.
Notice that g(0) = f(a) and g(1) = f(b). This proves the claim. O

9.3 The Inverse Function Theorem

The key result in Rudin’s PMA Chapter 9 is the inverse function theorem. The inverse function
theorem says that a continuously differentiable mapping f is invertible in a neighborhood of any
point x at which the linear transformation f(x) is invertible.

Let us first study two simple examples, which will give some intuition of what this theorem is
saying.

e Suppose that f : R — R. Then the derivative f’ is a map from R to L(R, R), which
is the operation of multiplying by the number f’(x). Suppose that f’(a) is invertible for
some a (i.e. f'(a) # 0), then WLOG assume f’(a) > 0. Then since f is continuously
differentiable (i.e. f’ is continuous), then we can choose a neighborhood Bs(a), such that
f’(x) > 0 forall x € Bs(a). Hence f is a strictly increasing function on Bgs(a). Then of
course f is bijective, hence invertible, when restricted to this interval Bg(a).

e Suppose now f(x) = Ax for some A € L(R”,R"). Then By Example 9.14 in Rudin, we
know that f'(x) = A’(x) = A. Hence if f'(a) is invertible for some a € R”, then 4 is
invertible. Then clearly f = A is invertible restricted to any open seta € U, C R".
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Now we give the formal description of the inverse function theorem, with full generality.
We divide in inverse function theorem into two parts, Thm.9.3.1 and Thm.9.3.2. Our mainly
difficulties lie in the proof of Thm.9.3.1, which is quite technical.

Theorem 9.3.1. Suppose f is a €'-mapping of an open set E C R" into R", such that f'(a) is
invertible at the point a € E. Then there exists open sets U and V in R" such thata € U,b e V,
f is injective restricted on U, and f(U) = V.

Proof. We will divide this proof in two steps. We put f'(a) = A, and choose A so that
241|147 = 1.
Since f' is continuous at a, there is an open ball U C E, centered at a, such that
If'(x) — Al < A (xeU).

e STEP 1: SHOW f : U — R" IS INJECTIVE AND SURJECTIVE:
Take an arbitrary y € R”, for each y we associate it with a function ¢, defined by

py(x) =x+ A7 (y—f(x)) (x€E).

Hence ¢y is a map from a neighborhood of x to a neighborhood of x. We notice that
f(x) =y if and only if x is a fixed point of ¢,. We show that ¢y is a contraction. Notice
that by taking the derivative

go;(x) =] -A'f(x) =A4"" (A — f’(x))

Hence | 1
/ —1 _ .
loy [ < A7 A - x)|| = ﬁ-k =3

Hence the derivative is uniformly bounded, by Theorem 9.2.10 we know that

1
loy(X1) — @y(x2)| < §|X1 —Xa|.

This shows that ¢y is indeed a contraction, and it has at most one fixed point in U. Hence
for every y € R”, there is at most one x € U such that f(x) = y. This shows thatf: U —
R”" is injective. Notice that we do not know whether the fixed point in U exists for a given
y yet, but we know if the fixed point exists, it is unique. So at most one point x will be
mapped to y by f.

Of course, since we know f : U — R” is injective, if we consider f : U — f(U), then
it is also surjective, hence a bijection. Hence we choose V' = f(U). By the claim of the
theorem, we need to prove that V' = f(U) is open.

e STEP 2: SHOW THAT V = f(U) IS OPEN:
We pick any yg € V, then since V' = f(U), there exists some Xy € U such that yy = f(xg).
We choose a positive number r > 0 so small that such that the closure if the ball centered at
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xo with radius r is still contained in U (i.e. B,(x9) € U. We will show thatify € B, (yo),
theny € V, hence V is open.

We fix a y such that |y — yg| < Ar. Then for this fixed y, We consider the map ¢, defined
above, we show that

Yy - Br(XO) g Br(XO)
is a contraction on a complete metric space, hence we can use the fixed point theorem.
We have
x| = |4 (y - A ar =1
|<Py (x0) Xo! } (y YO)| < H H r 7

Therefore, if we have x € B, (Xy), then it follows from above that

‘(ﬂy(X) - X0| = ‘(ﬂy(X) — @y (X0)| + !‘Py (Xo0) — XO‘

- 1 | I+ ro_
—|x—x — <.
2 "o
This shows that if x € B, (X), then ¢y(x) € B,(x) as well. Also, since B,(Xy) is closed
and bounded in R”, it is compact, hence complete. Then ¢y restricted on B,(Xy) is a

contraction on a complete metrix space, hence it has a unique fixed point x € B, (X) (this
x refers to the unique fixed point). And for this x we have f(x) = y. Hence

y € f(B,(x0)) Cf(U) = V.
Hence this proves that V' is open.

Hence, we have proven that f is injective in U in Step 1. And in Step 2, we proved that
V =1f(U) is open. Hence f : U — V is an invertible map. This completes the proof. [l

More specifically, if y € V', how do we find its inverse image? Notice that if we just pick
Xo € U and its image yoy = f(X¢), then then clearly

f(U) =V = ) Birgo ().

yoGV

where the radius r may depend on yo. Then the corresponding B, (y,)(X¢) Will contain a fixed
point x such that f(x) = y. Notice that ¢, will map x € B, (y,)(Xp) implies ¢y(X) € B, (y,)(Xo),
since everything inside B, (y,)(X¢) Will be mapped back to B, (y,)(X¢). This can be illustrated by
the following picture.

Hence if we consider y only in the ball of a chosen center By, (y,)(yo), then we can always
find its inverse image on the corresponding ball B, (y,)(xo). Hence, if we let the center of the ball
Yo run over all V/, then we can find the inverse image of any y € V in U. Notice that this process
is more complicated than we thought, even though we know that if f : U — R”" is injective, then
f: U — f(U) is bijective, thus invertible.

Now we present the second part of the inverse function theorem.
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UerR" V=5 e r?

*
ol (\- Loy (%)

)

Theorem 9.3.2. Suppose f is a €'-mapping of an open set E C R”" into R", such that f'(a) is
invertible at the point a € E. If g is the inverse of £ (which exists by Thm.9.3.1), defined in V' by
gf(x)) =xforxe U, theng € €' (V).

Proof. Pick y,y +k € V. Then there exists Xx,x + h € U such that y = f(x), and similarly
y +k =f(x 4+ h). Let ¢ = ¢, be defined as before, we have

p(x+h)—p(x) =h+ A7'[f(x) —f(x + h)] =h— 47 'k.

By the previous result, we know that
Ly ]
l(x+h) — (0] = |h— 47"k < S/l
By the triangle inequality we have
1
] —]A7'K] < [h— A7'K| < S|h].

Therefore,
1
|A7'k| > = |h|.
2

Hence
Ih| <2 A7 k| = A7 K.

Since we know that
F(x)—A] <A =

(xeU),
247

by Thm.9.1.7 we know f'(x) has an inverse, say 7. Since

g(y+k —g(y)—Tk=h—Tk =—T [f(x + h) — f(x) — f'(x)h],
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the inequality before implies

gy + k) — g —Tk| _ 7] [f&x+h)—fx) —fF(®)h
K| A [

As k — 0, the inequality |h| < A~!|k| shows that h — 0. Hence the RHS of this inequality
tends to zero, so does the LHS. This shows that g’(y) = 7. But T" was chosen to be the inverse
of f'(x) = f'(g(y)). Thus

g(y) = {fe(y)) (yeV)

Finally, since g is continuous (for g is differentiable), f' is continuous, and inversion is also
continuous by Thm.9.1.7. Thus we see that g € €'(V). [

Remark 9.3.3. Actually, the crucial part is to prove that g is differentiable. Once we know that,
we can take derivatives. Since g(f(x)) = x = Ix, by taking derivative we have

g(yf(x) = 1.

This gives
g(y) =)

This gives an expression for the derivative of g. And once we know this, since f'(x) is continous,
and A — A~ is continous, we know that g'(y) is continous, hence ¢”.

Corollary 9.3.4. If f is a €'-mapping of an open set E C R”" into R" and if f'(X) is invertible
for every x € E, then f(W) is an open subset of R for every open set W C E. In other words, f
maps open sets to open sets.

Proof. This is immediate from Thm.9.3.1. [

9.4 The Implicit Function Theorem

The implicit function theorem is also a central result in the theory of multivariable functions. To
put it in the simple term, if f is a 4" mapping in the plane, then locally, the equation f(x,y) =0
can be solved for y in terms of x in a neighborhood of any point (a,b) with f(a,b) = 0 and
df /dy # 0. The proof is an (clever) application of the inverse function theorem.

To elaborate on the simple case, consider the function

flx,y)=x>+y>—1.

Then if f(x,y) = 0, we know that the intersection of f with the plane at zero is a circle
x2 + y2 = 1. Then locally on this circle, we can either express y = £+/1 — x2 in terms of x or
x = £4/1 — y?in terms of y. Before we give the full description and proof of the theorem, we
need some notation.
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Definition 9.4.1. If x = (x,--- ,x,) € R" andy = (y1.--- , ym) € R™, Then since R" ™" =~
R” x R™, we identify (x,y) € R"” x R™ as a point of R"*":

(xlv"' 7xn’y17“' ,ym) e Rn+m

Every linear transformation A € L(R"*™™ R™) (which is an m x (n + m) matrix) can be split
into a linear transformation A, € L(R”,R™) (an m x n matrix) and a linear transformation
Ay € L(R™,R™) (an m x m matrix). That is, we can split the matrix

[A] = [Ax, Ay]-
Now we present the implicit function theorem.

Theorem 9.4.2 (implicit function theorem). Let f : E C R"™™ — R™ be a ¢’ mapping, such
that f(a,b) = 0 for some point (a,b) € E. Put A = f'(a,b) = [A, A,] and assume that A, is
invertible. Then there exist an open set U C R"*™ with (a,b) € U, an open set W C R", and
a €' mapping

g: W —>R"

having the following properties:
e g(a) =bh;
o f(x,g(x)) =0forallx e W;
o If(x,y) € U andf(x,y) = 0, then g(x) =y;
o g'(a) = —(4y) 4.

Proof. As we said before, the proof requires inverse function theorem. Hence we should look
for a map from R”*™ to R”*™_ Consider, therefore, the map

F: E — R"™™M
x,y) — (x,f(x,y)).

Hence we have F(a,b) = (a, 0). Now, clearly F is €” since all of its components are %”. Thus
we can take its derivative, which is given by the block matrix

1 0
F/ a, b — nxn .
aw =" ]
To see this, we can write out the component of F. Let

F(x19”' axnayla”' ,ym)
== (.XI,"‘ ’xn»fl(-xl»"' ,mel,'“ 7ym),"‘ afm(xlv"' 7xn,y1,"' »ym))

And the rest follows from the definition of jacobian matrix, and A, A4,. Clearly the block matrix
F'(a,b) is invertible, since its determinant is equal to the determinant of the block:

det(F'(a, b)) = det(A4,) # 0
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by assumption. Moreover, its inverse is given by

/ 1 Inxn 0
[F (a’ b)] = |:_(Ay)—1Ax A;l] .
Again, this is just simple linear algebra. Hence by the inverse function theorem (Theorem
9.3.1), there exists open sets U C R"™™ containing (a,b), and open set V' C R"*™ containing
F(a,b) = (a,0), such that F : U — V is a bijection with a %" inverse.

Now that we find an open set U € R"*™ (good), and an open set V' C R"*™ (not quite,
since we want an open set W C R”"). Now, since in the image V of F(x,y) = (x,f(x,y)), we are
only interested in the point such that f(x,y) = 0, therefore, we should consider the projection of
V on R”. This is shown in the following figure:

R R"

Therefore, let our desired open set in R” be
W ={xeR"| (x,0) € V}.

Since W is the projection of an open set V, it is open. For every x € W, then (x,0) € V.
Hence there exists a unique y (with (x,y) € U) such that F(x,y) = (x,0). Hence we can define
a function g : W — R™ that associate each x with its unique corresponding y.

Now we have defined our g(x). Let us check the properties in the theorem.

e g(a) = bsince F(a,b) = (a,0);
e By definition g(x) is the unique vector in R™ such that f(x, g(x)) = 0.

e We verify first that g is 6”. Since we can apply the inverse and get (x, g(x)) = F1(x,0),
with F~! being ¢” by the inverse function theorem, we have that the RHS is 4”. Hence
every component on the LHS must be ¢”. Therefore g is €. The third property simply
follows from the definition of g.

e Again we have (x, g(x)) = F~!(x,0). Thus we can define a function ®(x) = (x, g(x)) (the
LHS). Then its Jacobian matrix is given by

@ _ Tnxn _ Lnxcn 0 Tnxn _ Lixn
@=lg@ |~ [~ana, 4| 0 | T[4 4]
—_——

! [x—>(x,0)]
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which is equal to the derivative of the RHS. In the second step, we used the fact that FV =
F~! and F'~! just follows from the previous work. Hence we have g'(a) = —(4 y) 1Ay

This completes the proof of the theorem. [

We can consider what this means in the case when Let f : R? — R. Suppose f(x,y) = 0
at some point (x, y) and the derivative at that point is given by

fle =% %]

Hence A, is invertible if and only if % # 0. Thus, we use approximate f(x, y) by its tangent
plane T(x ) f near (x,y), this plane will not be parallel to the x — z plane, i.e. f has no flat
tangent in the x direction near the point (x, y). Then locally near (x, y), the level curve of
f(x,y) can be viewed as a curve (function) parametrized by y. Hence we can find an open set
W such that for all y € W, we have f(g(y), y) = 0. This is shown by the following figure.

Remark 9.4.3. In Rudin, the proof is simlar, except that we are looking at functions f : £ C
R"*t™ — R" and assuming that A, is invertible. Hence the theorem becomes the following:

Theorem 9.4.4 (Rudin Version of the inverse function theorem). Letf: E C R"t™ — R" be a
¢’ mapping, such that f(a,b) = 0 for some point (a,b) € E. Put A = f'(a,b) = [A,, A,] and
assume that Ay is invertible. Then there exist an open set U C R*™™ with (a,b) € U, an open
set W C R™, and a ¢’ mapping

g: W —->R"
having the following properties:
e g(b) = a;
o f(g(y),y) =0forally € W;
o If(x,y) € U and f(x,y) = 0, then g(y) = X;

o g'(b) = —(4x)7'4y.
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Example 9.4.5. Consider the equation
G(x,y,z) =x>+3y> +4xz> =322y -1 =0.

Does this equation define a function z = z(x, y) in a neighborhood of A = (x =1,y = 1) and
B=(x=1,y=0)?

Solution. When x = 1, y = 1, we substitute this into the equation and get 14+3+4z2—3z2—1 =
0, or equivalently 3 + z2 = 0. Hence no solution of the initial point (xo, yo, Zg) in this case.
When x = 1,y = 0 we get the equation z> = 0. Hence z = 0. Thus the initial point is
(X0, Y0, 2z0) = (1,0, 0). However,

G
0 = (8xz — 6yZ)|(1,o,o) = 0.
Hence the implicit function theorem fails in this case. 0

Example 9.4.6. Can the following system of equations

x2—=y2—uP 402 4+4=0
2xy +y?2 —2u? + 304 +8=0

be solved for u, v in terms of x, y in a neighborhood of (x, y,u,v) = (2,—1,2,1)?
Solution. Define a function
F(x,y,u,v) = (xz—yz—u3 + 02 4+4,2xy + y% —2u® + 3t —|—8).
So that F(2,—1,2,1) = (0,0). We compute its derivative
F(x,y,u,v) = [z"’% Zaﬁ zaﬁ }%} = [2x 2 e _21)3] .
oF; R 3R xX+2y —4u 12v

2y

0x dy ou )

Since we are interested in expressing u, v in terms of x, y, we consider the submatrix

“3u? 2 —12 2
A= du 1203 - s 12 |-
—au v 2,-1,2,1) -

Computation shows that det A = —128 # 0. Hence by the implicit function theorem, we can
find functions u(x, y) and v(x, y) in a neighborhood of (xg, yo) = (2, —1) such that the equation
above are satisfied. [

9.5 Determinants

As we previously said, we assume the reader has mastered basic linear algebra. Hence the reader
should be familiar with determinant and all its properties. But for the sake of completeness, we
mention briefly the definitions, and quickly summarized the key result without proof.
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Definition 9.5.1. Let (j;,--- , j,) be an ordered n-tuple of integers. We define
sGreeon) = [ ] sen (g = Jjp) -
P<q
Here the sgn function is defined to be
1 x >0,

sgnx = 10 x =0,

-1 x<0O.

Then let A be a linear operator on R”, with matrix representation [A] with respect to the standard
basis. Let a(i, j) denote the entries in the ith row and jth column. The determinant of [A] is
defined to be

detfA] = ) s(jr--ndn)a(lj) a2, jo)--an. j).
(15 5Jn)
The sum runs over all the ordered n-tuples.

This way of defining the determinant may seem unfamilar, but we’ll quickly do an example
to see that it is really the same definition that we are familiar with.

Example 9.5.2. Let A be a linear operator on R?. Then we consider all the ordered 2-tuples
(J1, j2) of {1,2}. Since if j; = j,, by definition s(j;, j») = 0, it suffices to consider two cases:
Jj1 =1, =2,then s(ji, j») = l,and j; = 2, j, = 1, then s(j;, j») = —1. Hence

detfA] = > s(j1.j2)a (1. j1)a 2. j2) = a(l.)a2.2) —a(1,2)a(2, 1).
(j]ajZ)
Now we will quickly recall some properties of the determinant.

Theorem 9.5.3 (properties of the determinant). Let A, B be linear operators on R", whose ma-
trix with respect to the standard basis is [A], [B]. Let I denote the identity (operator) matrix.

e det]/ = 1;
o det(Xy, - ,Xp) is a linear function on each column vector x;;
o det(Xy, -+, Xi, L Xj, e Xa) = —det(Xy, L X, Xy or , Xa);

If [A] has two equal columns, then det[A] = 0,

det([B][A]) = det[B] det[A];

A is invertible if and only if det[ A] # 0O

Let B be a new basis for R", then the determinant is invariant under change of basis. That
is, det[A]g = det[A].
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The proofs are standard in any linear algebra textbooks. So we omit them. With determinant,
we can define an important quantity called the Jacobian.

Definition 9.54. If f : £ C R" — R* and f is differentiable at a point x € E, the determinant
of the linear operator f'(x) is called the Jacobian of f at x. In symbols,

8(f1,--- vfn)

Jr(x) = detf'(x) = TENRE

One confusing part of that we sometimes refer to f'(x) as Jacobian matrix. Usually, the context
is clear.

9.6 Derivatives of Higher Order

The central question in this section is when can we exchange the order of partial derivatives.
More specifically, let f : R” — R. We would like to know under what circumstances will the
following equality hold:

0% f 02 f

axian N anaXi.

To simplify things, we will restrict ourselves to two variable case. But later on we will generalize
this result. We first give a result analogous to the mean value theorem in the mutivariable case.

Theorem 9.6.1. Suppose f : E C R? — R, and both D, f and D, f exist at every point of E.
Suppose Q C E is a closed rectangle with sides parallel to the coordinate axes, having (a, b)
and (a + h, b + k) as opposite vertices (h,k # 0). Put

A(f, Q)= fla+hb+k)— fla+hb)— fla,b+k)+ f(a.b).

Then there is a point (x, y) in the interior of Q such that

A(f. Q) = hk (D21 f) (x.y).

Proof. Put
u(t) = f(t,b+k)— f(t,b).

Then two applications of the mean value theorem show that there exist x € (a,a + h) and
y € (b,b + k) such that

A(f. Q) =u(a +h) —u(a)
= hu'(x)
=h[(D1f)(x.b+k)— (D1 f)(x,b)]
= hk (D21 f) (x, ).
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Remark 9.6.2. Notice that in the first order approximation, we have that when the rectangle has
small dimension, then

A(f, Q) _ l(f(a—!—h,b—l—k)—f(a—l—h,b) B f(a,b—i—k)—f(a,b))

hk h k k
~ (D2 f)(a+ h,b)— (D2 f)(a,b)
h
~ Dy f.

Hence in the following proof, we will take advantage of this observation and show that when
h, k are small, then D5, f approaches A( f, Q)/hk. However, also notice that intuitively why
we can exchange derivative: We can write this quantity above in a different way:

A(f, Q) _ l(f(a+h,b+k)—f(a,b+k) B f(a+h,b)—f(a,b))

hk k h h
~ (D1 f)a,b+k)—(D2f)(a,b)
k
~ Dy f.

Theorem 9.6.3. Suppose f : E € R?> — R, and D, f, Dy f. D> f exist at every point of E,
and D,y f is continous at some point (a,b) € E. Then Dy, f exists at (a,b) and

(D12 f) (a.b) = (D21 f) (a.b).

Proof. Put A = (D, f)(a,b). Choose € > 0. If Q is sufficently small then by the continuity of
Dy, f at (a,b), we have

|[A— (D21 f) (x,y)| <€
for all (x, y) € Q. Then by the previous theorem, we have that

‘A(f, Q)
hk

—A‘ < €.

Fix h and let k — 0. Then the inequality above inplies

(D2f)(@+h.b)—(Dz2f)(a.b)
h

A

<€

Since € is arbitrary, and the inequality holds for any sufficently small /& # 0, it follows from the
inequality that (D1, f)(a,b) = A. This proves the claim. O

Corollary 9.6.4. If f € €' (E), then Do f = Dy f.

Definition 9.6.5. Let f : R” — R. By induction, €*(E) can be defined as follows for every
positive integer k. To say f € %*(E) means that the partial derivatives Dy f ---,D, f €
€+ 1(E).
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Theorem 9.6.6. Let f € €*(E). Then repeated application of Corollary 9.6.4 shows that the
kth order derivative
DlIZZlkf = DilDiz"'Dikf

is unchanged if the subscripts iy,--- ,ix are permuted. For instance, if n > 3, then for every

f e €9(E), we have Dis13 f = D312 f.

Proof. We use induction on k. When k = 2, ie. f € €®(E), the claim is proven by the
corollary after Theorem 9.41. Now suppose that the claim holds forall 1 <n <k — 1, we want
to prove that the result holds for n = k (i.e.f € €*(E)). Let A = {iy,--- i}, then given
any t € Sy4 such that t(ix) = iy, we know from the induction hypothesis (D f ---, D, f €
¢ *=D(E)) that

D, iy | = De@y),cGp) J- *)
Hence if t = (i;,1;4+1), where I < j < k —2, then we know (*) holds. Also, since f € €*(E),
clearly f € €?(E). Then by Thm 9.41 and the corollary we know that

Dik_l,ikf = Dik,ik—lf:

That is, (*) also holds if t = (ix—1, ix). Therefore, (*) holds for all adjacent transpositions t of
the form v = (i;,7;41), where 1 < j <k — 1.

Next, we show that if T = o o ¢’ is a composition of two adjacent transposition of the form
above, then (*) still holds. We introduce some notation. Let A = {iy,--- ,ix}and A’ = ¢'(A) =
{o'(i1),--- ,0'(ix)}. Then from above, we know that adjacent transposition will not change the
value of the kth order derivatives. Hence

Dy f = Doos'ayf = Doy f = Daf = Doy = Daf

However, we know that S4 can be generated by just the sets of all adjacent transpositions !, i.e.

Sa= (. i+l =j <k—-1).

Hence if Dy4)f = D4 f for any adjacent transposition t, and Dyogr(a)f = D4 f for any
compositions of adjacent transpositions, we have

Doy f = Daf
for any t € S4. This proves the claim. [
9.7 Integration
Definition 9.7.1. Suppose I* is a k-cell in R¥ consisting of all X = (xy,---,xx) such that

a; < x; <bjfori =1,--- k. Let I’ be the j-cell in R/ defined by the first j inequalities.
And let f be areal continous (hence uniformly continuous) function on I*.

1See, for example, David Dummit and Richard Foote, Abstract Algebra, Section 3.5, Exercise 3
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Put f = f;. Define fi_; on I*~! by

by
fk—l (X1,0.0, Xk—1) = fk (X1, ..oy Xk—1, Xk) dXk.
ag

The uniform continuity of f; on I* shows that fj_; is continous on /*~!. Hence we can repeat
this process. After k steps we arrive at a number f,, which we call the integral of f over I¥,

denoted by
f f(x)dx or / f
Ik Ik

The next theorem says that the order of integration does not matter:

Theorem 9.7.2. For every f € € (I*), Denote the integral obtained in the definition above by
L(f), and denote the integration carried out by some other order L'(f). Then L(f) = L'(f).

Proof. If h(x) = hy(x1)---hi(xx) where hj € € ([aj,b;]). Then

k b;
Loy =TT [ i = L'

If .7 is the set of all finite sums of such functions #, it follows that L(g) = L’(g) forall g € 7.
Also, <7 is an algebra of functions on 7¥ to which the Stone-Weierstrass theorem applies. Put
V = ]_[]1C (bi —a;). If f € €(I%) and € > 0, there exists g € o/ such that | f — g|| < €/ V.
Then |L(f — g)| < e€and |L'(f — g)| < €. Then since

L(f)-L(f)=L(f-g+L(g—f),
we have
IL(f) = L'(f)] < 2e.
[

Definition 9.7.3. The support of a function f on R¥, denoted by Supp f, is the closure of the
set of all points x € R¥ at which f(x) # 0. If f is a continous function with compact support,
let I be any k-cell which contains Supp £, and define

Jor=1.0

Now, we would like to do some preparation work for proving the change of variable formula
on multiple integrals. To do this, we need two major results in advance: primitive mapping
decomposition theorem, and partition of unity.

Definition 9.7.4 (Primitive Mappings). Let G : E C R" — R”, and if there is an integer m and
a real function g with domain £ such that
G(X) =) xie; + g(X)em = (X1, X1, 8(X), Xpmi1, . Xn) (X € E)
i#m
then we call G primitive. A primitive mapping is thus one that changes at most one coordinate.
Note that the equation above is equivalent to

G(x) =x+[g(X) — xm] &
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Remark 9.7.5. Notice that if g is differentiable at some point a € E, then so is G. And we
clearly have

1 0 0 a% 0 0]
1
Jg(a) = det[G/(a)] = det g = W(a).
0xm m
- l_

Definition 9.7.6 (Flip). A linear operator B on R” that interchanges some pair of coordinate and
leaves the others fixed are called a flip. For example, an filp on R* can be

B (x1e1 + xz€5 + x3€3 + x4e4) = X1€1 + Xp€4 + X3€3 + X4€5.

Or equivalently,
B(x1,x2,x3,x4) = (X1, X4, X3, X2).

Definition 9.7.7 (Projection). Let P; be operators on R”, where j = 0, 1,--- , n, defined by the
following: Ppx = 0 and

Ppx = x1€; + -+ + xpe, = ('xlv"' ,xm)-

Then it is easy to see that ker P,, = span(e,;+1,--- ,€,) and range P,, = span(eq,--- ,€;).
Also, it is clear that P? = P; forall j.

Now we present the first preparatory result:

Theorem 9.7.8 (Primitive Mapping Decomposition). Let F be a €' mapping of an open set
E C R" into R", with 0 € E,F(0) = 0, and ¥'(0) is invertible. Then there is a neighborhood of
0 in R" in which a representation

F(X) =By B,_1Gpo0---- OGI(X)

is valid. Each G; is a primitive €' mapping in some neighborhood of 0 with G;(0) = 0 and
G, (0) invertible. Each B; is either a flip or the identity.

Proof. We prove by induction. Put F = F;. Assume 1 < m < n — 1. We make the following
induction hypothesis:

e 1/, is a neighborhood of 0;
o F, €€ (Vn);
e F,(0) =0;

e F (0) is invertible;
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o P, 1F,(X) = P,_1x forx € V,.

These hypothesis obviously holds for the base case m = 1. Since P, —1F,,(X) = P,;,—1x (mean-
ing F,,(x) has the same first m — 1 coordinates as x), there must exists ¢” functions o, - -+ , ok
in V,, such that

Fr(X) = PpoiX+ ) 008 = (x1,7++, Xm — L am(X), -+, @ (%)).

t=m

Then taking the derivative we have

[ 1 0
0
F,,(x) = 1
mX N Dlam Dm—lam Dmam Dnam
_Dlan Dm—lan Dman Dnan_

Hence we have .
F,, e = ) (Dmx;) (0)e;.
i=m
Since F'(0) is invertible, the LHS is nonzero, neither is the RHS. Hence there exists a k such that
m < k <n and (D,,ar)(0) # 0. Let B, be the filip that interchanges m and k. Define
Gn(X) =X+ [0k (X) —Xm]em (X E Vi) .

Hence G,, € €' (Vin), Gy, is primitive, and G}, (0) is invertible (Since (D,,ax)(0) # 0). Thus
by the inverse function theorem there is an open set U,, with 0 € U,, C V,,, such that G,, is
invertible. Moreover, G;,! is continuously differentiable. Hence define

Fnui1(y) = BuFm oG, (y) (Y € Vint1) - (*)

Then we can check that the induction hypothesis (except the last one) still holds for F,,4;. Also,
for x € U,, we have that

P,Fi1(Gp(X) = Py ByF,(X)
= Py [Pn—1X + ar(X)ey + -]
= I'm—1X+ ak(x)em
= PG, (x).

This follows from the definition of F,,,. Then we have

PmFm+1(y) = Pmy (y € Vm-H) .

Thus all induction hypothesis holds. Notice that B,, B,, = I. Hence by squeezing (*) between
B! o () o G, we find that

Fm(x) = BuFm+1 (Gm(X)) (X € Um)
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Hence we have
F :Fl = B]FzOGl

= BIBZF3OG20G1 — e
=B By 1F,0G,_10---0Gy
in some neighborhood of 0. Since by the definition of F,, = (x1,--- , X4—1, %, (X)), we have F,,

primitive. This proves the claim. 0

Remark 9.7.9. The procedure of the proof can be illustrated by the following diagram:

F=F;
G B oF
X:(_xl’...’xn)—1>(x1’...’ak’...’xn) 1972 >F(X):(ala""an)
Gyl

We first start off with a primitive mapping G, such that it is invertible in a small neighborhood
of zero. Then inside this neighborhood, as the diagram suggests, we have that

B, oF, =F, oGl_l,

Hence this gives us a new map
F2 = Bl OF1 9 Gl_l

Then we apply the same procedure to F,, and decompose it into B, o F3. As we work our way
up to F(x), we are getting a series of primitive maps behind us, and a series of flips composed
with F,, to work with. Then at some point F,, will become primitive, and we are done.

Our next big theorem is partition of unity.

Theorem 9.7.10 (Partition of Unity). Suppose K is a compact subset of R" and {Vy} is an open
cover of K. Then there exist functions ¥y, --- , ¥y € € (R") such that

(a) 0<vy; <lforl <i <s,
(b) Each v; has its support in some Vy;
(c) Y1(X) 4+ -+ P¥s(x) = 1 foreveryx € K.

Proof. associate with each x € K an index «(x) so that x € V(). Then there are open balls
B(x) and W(x), centered at x, with

B(x) Cc W(x) C W(x) C Vo).
Since K is compact, there are points Xj, - -+ , Xy in K such that
KCB(x)U---UB(xy).

Then there ¢y, --- , ¢s € € (R") such that ¢; (x) = 1 on B(x;), and ¢(x) = 0 outside W(x;), and
0<¢i(x)<1lonR".
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This is always possible, as the figure above suggests. Then define ¥y = ¢; and
Vigr =1 =) (1 — @) git1.
We verify that this is our desired set of functions.

(a) Clear by definition.
(b) We have Supp(¥/i+1) € Supp(¢i+1) € W(xi+1) S Vaxigy)-
(c) We observe the following:

=Y =1-—¢
=Y =2 =0-¢1)— (1 —g)g1 = (1 —e)(1 —¢2)

i=1

1— Z vix) = [ (1 - @i (x)).

This is true for all x € R”. If x € K, then x € B(x;) for some i. Hence ¢;(x) = 1, and we
have

1= i =0.

i=1
This proves the theorem. [
Now we are ready to prove the change of variable theorem on multiple integrals.

Theorem 9.7.11 (Change of Variable). Suppose T is a 1-1 €' mapping of an open set E € R¥
into R* such that Jp(x) # 0 for all x € E. If f is a continuous function on R¥ whose support
in compact and lies in T (E), then

/ fydy =/ ST X)) [Jr(x)] dx.
Rk Rk
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Remark 9.7.12. We first show that this theorem is true for k = 1. Then in this case we have that
| roay = [ raenirwias.
R R

Suppose that T : [x1,x3] — R and Supp f < T([x1,x2]). Then if T'(x) > 0, we have
T(x1) < T(x2). Hence

T (x2) X2
/ FO)dy = / FO)dy = / FTENT (0)dx = / FT )T ()] dx.
R T(x1) X1 R

If T’(x) < 0, then

T(x1) X2
/ FOdy = / FO)dy = / FTONT (x)dx = / FTO)IT (0)dx.
R T (x2) X1 R

Proof. We divide the proof into several steps.

1. We first prove that the theorem holds for primitive mappings, flips, and translations. Notice
that if T is a primitive %’ mapping, then by Remark 9.7.5, we have that

/Rk f(y)a’y=/ﬂ‘gkl (/Rf(yl,... Vs ,yk)dym)dyr--dyk

:/ (/f(xl,"',g(x),“‘,Xk) dxm)dxl---dxk
ri—1 \JR
— [ Fr@mmidx

X

by our previous remark on the one dimensional case and the result that order of integration
does not matter. The theorem certainly holds for flips, since |Jp(x)| = 1 for all x since B
is just a matrix that switches row and B’ = B. Then WLOG assume our function has two
variables.

/ ST N7 ldx = / AT Ir()]dx
R2 E

b> by
_ / £ (2, x1)dx1d s
az

ai

b by
= / SO1, y2)dydy,
aj an

= [ seay= [ rway.

T(E)

Finally, the theorem holds for translation 7¢ : X — X + € where € = (€,---,€x). Then
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since |Jr. (x)| = 1 we have that

by

bk
[ rtemmeias= [ [ ot @

ai

by bi+e€;
Z/ / SOt Xk +e)dyr | - dxg
ay ai+te;

by +ex bi+er
:/ / f(ylv""yk)dyl"'dyk
a a

kt+€x 1te€1

= [ soay= [ rway.

T(E)

2. Next, if the theorem is true for transformations P, Q, then the theorem is true for S(x) =
P(Q(x)). Since

[ r@dz= [ reonisewiay
= [ P 1r @ o) dx
— [ resen seol ax
where we have used the relation
Tr(Q®))Jo(x) = det P(Q(x)) det 0'(x) = det P'(Q(x))0'(X) = det §'(x) = Jy(x).
3. Let us define the map U on the set E —a = {x —a| x € E}, given by

Uly)=T(a+y) —T(a).

Then at every pointy € E —a, we have a neighborhood of y such that in that neighborhood
U can be decomposed into a bunch of primitive mappings and filps:

U(y) = By Bx—1Gr o --- 0 Gy (y).
Then

T(x)=T()+(T(a+(x—a)—-T(a) =T()+Ux-a)
=T(@)+ B;---Bx—1Gr 0o Gg_1 0--- 0 Gy (x —a).

Setting V' = T'(U), it follows that the theorem holds if the support of f lies in V. Thus
each point'y € T(E) lies in an open set Vy, C T(E) such that the theorem holds for all
continuous functions whose support lies in Vy. Now let f be a continous function with
compact support K € T'(E). Since {V} covers K, partition of unity says there exists a
family of functions ¥; such that f = ) ; f, where each v; is continuous and has its
support in some Vy. Thus the theorem holds for each v; f, hence also for their sum f.
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We have proved the theorem. 0

Remark 9.7.13. The reader may already noticed that we used the modified notation

/ Lﬂw%H{/fUﬁDUﬂﬂMX
T(E) E

in the proof of the theorem. Turns out that we can define integral on a more general domain than

just k-cells.

The figure below illustrates why in the step 1 of the proof, the change of variable fourmula
holds for flips and translation. Here we take k = 2.

* 7

73 . i
L Ka
B=[C:1|:>] 927

TE)
/////‘_\\\\\M Supp®)

=
T (e
o "X, K 31: X
b2 b] bl b2
[ [ raenands = [ [ roand
ar ai a az
R
*2 o o Tel®
Su??&
E -
TGt e
Sy, .

2+e 1+e€1
Notice that in this case, both B and 7. are invertible, hence they are injective on any open
sets of R2. And we choose the open set E such that it is a rectangle and Supp f € T'(E).

by by bo+er bi+e;
/ fW®Mwm=/ / F()dyidys.
an aj a a



Chapter 10

Integration of Differential Forms

We can only see a short distance ahead, but we can see plenty there that
needs to be done.

-Alan Turing

For those who previously studied calculus before, it is hard to miss the subtle connections in
all of the key fourmulas, as they share great similarity.

e Fundamental Theorem of Calculus:

b
£b) — fla) = / £(x)dx.

We know if the set we are integrating on are discrete (i.e. sets of points), then integration
degenerates into a discrete sum. Hence on the LHS we are sort of integrating a function
f over zero dimension, while on the RHS we are integrating its derivatives over a one
dimensional line segment [a, b].

e Fundamental Theorem of Line integrals: Similar to the previous case, but we are integrat-
ing the gradient of f : R” — R over a curve C parametrized by r : [a,b] — R”. Then
we have

Fx®)) — f(x(@) = /C V/dr.
We can view V f as some sort of derivative.

e Green’s Theorem: Here let D be a region with boundary C. Then

/Cde—i-Qdy://D(%—g—g—I;)dA.

On the LHS we are inetgrating something over a path C, which is 1 dimensional, and
on the RHS we are inetgrating some sort of derivative related to that something, over a 2
dimensional region.

185
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e Divergence Theorem: Here F is a vector field, E is a volume with boundary S, then

//SF-dS=///EV-FdV.

On the LHS we are integrating a function F over a 2 dimensional region S, i.e. a surface
integral, while on th RHS we are integrating its derivative V - F over a 3 dimensional
volume.

e Stokes’ Theorem: This is a generalization of Green’s theorem: Let S be a surface with

boundary C. Then
/F-a’r:/VxF-dS.
C S

All these key results have the following similar forms:
/ (blah) = f (some sort of derivative related to blah).
k—dim k+1—dim

This is the beginning of a journey — a grand unifield theory of integration in Euclidean space.
We will start by defining that "something", which are something called differential forms, and
we will study how to integrate differential form. Then, finally, we will establish our guess above
and furnish it into the elegant form in the following

/ a):/dw.
R Q

This is the generalized stokes’ theorem, and all the formulas above will be special cases of this
theorem.

10.1 Differential Forms

Definition 10.1.1. Let v = (vy,---,v,) € R”. We define n linear maps dx; : R* — R, where
i =1,---,n, given by
dxi (V) = ;.

Proposition 10.1.2. dx,,--- , dx, form a basis of the dual vector space (R")* of R”.

Proof. Let ¢ : R* — R. Then let a; = ¢(e;). Then clearly ¢ = a;dx; + --- + a,dx,.
Hence this is a spanning set. Now, if ¢ = c¢1dx; + -+ + cndx, = 0 is the zero map, then
¢(e1) = ¢; = 0. And similarly ¢; = O for all i. Hence this is a linearly independent spanning
set, i.e. a basis. O]

Definition 10.1.3. Let / = (iy,--- , i) be an ordered k tuple. Define

dx; ' R'"x---xR" >R
—_—

k times
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by the following:

dxi, (vi) -+ dxi (Vi)
dxy; (Vi,...,Vg) = : :
dxi (vi) -+ dxi (Vi)

Ifi; <--- < iy, wesay [ isincreasing. It is clear from the definition above that if / has repeated
elements, then dx; = 0.

Proposition 10.1.4. Let A*(R")* denote the vector space of alternating multilinear functions
from (R”)* to R. Then the set of dx; with increasing ordered k-tuple / forns a basis of this
vector space. In particular, dim A*¥(R")* = (Z) Any T € A¥(R™)* can be written as the
following linear combination:

T = Z ay d Xy

I increasing

where a; € R.
Definition 10.1.5. Let / = (iy,--- ,ix) be ordered k-tuples and J = (ji,---, j;) be ordered
[-tuples. Let w = Y a;dx; € A¥(R")* and n = ) bsdx;. we define the so called "wedge
product":
A Ak(Rn)* % Al(Rn)* N Ak+l(Rn)*
by
o An=> (arby)dx; ndx; =) (arby)dxi, A+ Adxi Adxj A+ Adxj,.

Proposition 10.1.6. The wedge product has the following properties:

1. bilinear: (w +P) An=w An+¢ Anand (cw) An=c(wAn).

2. skew-commutative: w A n = (—=1)¥n A w for o € A¥(R")* and n € A*(R")*.

3. associative: (W AN AP =w A (N A D).
Definition 10.1.7. A differential k form on R” is an expression

o= Y fi®dx;= Y frdxi Ao Adx
k -tuples 1 I=(i1, i)

for some smooth functions f7. A 0 form is a smooth function by definition. Notice that at every
point x € R”, the differential form varies. Hence we can think of a differential £ form on R” as
map

o R" x (R"* - R.
So it eats a point x € R” and the dual vectors dx;, ---dx;, eats k vectors in R” and splits out a
number. Notice that we can always reorder each term by the rules in the Proposition above and
make every term an increasing dx;s, hence we may as well define

o= Y fi®dx;= Y fidxy Ao Adx,.
increasing k -tuples 1 i <-<ig

The set of k-forms on R” is naturally a vector space, denoted by A*(R"). Actually, this is a
module over the ring of smooth functions.
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Remark 10.1.8. Hence we have the more notationally intuitive notion:

dxi, (vi) - dxi (Vi)
dx; (Vi,..., Vi) = (dxiy Ao Adxi) (Vi,..., Vi) = : :
dxi, (vi) -+ dxi (Vi)

Then immediately by the definition of dx; and th Proposition above, we have
dx; Andx; =0 dxi Ndx; = —dx; Ndx;.

And since k forms are build up by 1 forms, knowing these two relation will be enough for us to
reorder k forms fdx;, hence also general k formw = ), frdx;.

Now we study how to differentiate a k form.

Definition 10.1.9. The differentiation map d : A*(R") — A**1(R") is defined recursively by
the following. Let f € A°(R") be a 0 form (a smooth function f(xy,--- ,X,)), then d maps it
to a one form by

Ifw =), f1(x)dx; is a k-form, then we define

do = de, Adxp = ZZ%dx] Adxi, A+ Adxi,.

I j=1
Example 10.1.10. Let € A'(R? \ {0}) be a 1 form defined by

_ —ydx + xdy
X242

y X
dw=d(—x2+y2)/\dx+d(x2+y2)/\dy
X

d y ad
S d d —\)d d
8y(x2+y2) YA x+8x(x2+y2) X Ady

(x2 + y2) =2y (x% + y?) — 2x2
= dx Ndy +
2+ ) T ey

Then

dx Ndy = 0.

Proposition 10.1.11. Let U C R” be an open subset, let w € A*(U) and n € A'(U). Let f be
a smooth function. Then

1. Whenk = [ wehave d(w + n) = dw + dn.

2. d(fw)=df nw+ fdo.

3. d(wAn) =do An+ (=DFo Adn.
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4. d(dw) = 0. Notationally d? = 0.

Proof. (1),(2) are left as exercise. For (3), since d commutes with summation, it suffices to
consider the case w = fdx; and n = gdxy. Then

dlwAn) =d(fgdx; ndxy) =d(fg) Ndx; ANdxy
= (gdf + fdg) Ndxy ANdxy = gdf Ndx; ANdxy + fdg Adx; Adxy
= (df ndxp) A(gdxy) + (=D (fdxp) A (dg A dxy)
=dw A+ (—D)*0 A dny.

To prove (4), again suppose w = fdx;, we have

do = Z%d}f}' /\dX[

X
j=1""

and

d(da))—zn:zn: */ dx; Ndx; Ndx —Z */ — *s dx; Ndx; ANdx; =0
B im1 =1 8x,~8x,~ ' / = i<j 8x,~8xj ijax,- ' / r=

SinCGDijfZDjl‘f. ]

10.2 Pullback

Definition 10.2.1. Let U € R™ be open and g : U — R” be smooth. If w € A*(R"), we define
g*w € A¥(U), the pullback of @ by g, as follows: The pullback of the function is composition:

gf=/fog

And to pull back a basis 1 form, if g(u) = x, then set

And finally, let the pullback commutes with wedge products:
g* (a,’x,-l A A dx,-k) =dgi, N---ANdg;, which we can abbreviate as dg;.

Lastly, the pullback of a sum is the sum of the pullbacks:

g" <Z fza’Xz) = (frogdgr =) (frogdgi A Adg.
1 1 1
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In other words, by pulling back we have changed the domain of the differential form. Before,
w € A¥(R™) eats vectors in R”, and now it eats vectors in R”.

UcR" —% 5 R
oy, f,(u)dm lw(x)=z, f10dx;
A*(RF)
Example 10.2.2. If ® = xdx + ydy and g(u,v) = (ucoswv,usinv), which is the transition
map from cartesian coordinate to polar coordinate. Then

g*w = (ucosv)(cosvdu — u sinvdv) + (u sinv)(sinvdu + u cos vdv)

= u (cos®> v + sin® v) du + u*(—cos v sinv + cos v sinv)dv = udu.
And
g*(dx Nndy) = g*dx Ag"dy = (cosvdu — u sinvdv) A (sinvdu + u cos vdv)
=u (0052 v + sin? v) du A dv = udu A dv.

Therefore, we have
g* (e_(x2+y2)dx A dy) =ue ™ du A dv.

Notice that this is the change of variable that we used when we evaluate ([, e=®*+7)dxdy.
Example 10.2.3. Let g : R? — R3 be given by g(u, v) = (4 cos v, u sinv, v). Then

g*dx = cosvdu — u sinvdv
g*dy = sinvdu + u cosvdv
g*dz = dv.

Then we have
g*(dx Ndy) = udu N dv

g*(dx Ndz) = cosvdu A dv
g*(dy ndz) = sinvdu A dv.

Hence if
w = (x2+y2)dx/\dy—|—xdx/\dz+ydy/\dz

then
g*w = u*(udu A dv) + (ucosv)(cos vdu A dv) + (u sinv)(sinvdu A dv)

=u(u2+ l)du/\dv.
By the calculation above the following Proposition becomes obvious:

Proposition 10.2.4. We have

iy . dm
0u ;| ou
* _— M . : . RS .
g (dxil/\---/\dxik)— Z : .o |duj Ao Aduj,.
1<ji<w<jg<m| 98y 9

3u_,-] 3u_,-k
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Andifk =ninR"”,and g : U C R” — R” then we have

(g1, . &n)
Oy, -+, up)

Proof. Omitted. 0

g (dxy AN+ ANdxy) = duy A - Adu,,.
Proposition 10.2.5. Let U € R” be open and g : U — R” be smooth. If € A¥(R") then
g (dw) =d (g w).

Proof. It k = 0, then

"9
=g (Z af; dxi) = g (df).

i=1
Since d and pullback are linear, it suffices to prove the result for ® = fdx;. We have

g* (d (fdxp)) = g" (df ndx;) =g"(df) ng"(dx;) = g"(df) ndgr
=d (g f)rndg =d (& f)dgr) =d (g (fdx)).

Now we define the integral of an n form:

Definition 10.2.6. Given an n form v = f(X)dx; A --- A dx, on aregion Q C R”, then define

fiom

It is very important that the » form « must be written as a function multiple of the standard
nformdx; A---Adx,.

In the special case of det(Dg) > 0, we have the following restatement of the change of
variable theorem:

Proposition 10.2.7. Let Q2 € R” be a region and g : 2 — R” be smooth and injective, with
det(Dg) > 0 (we say g is orientation preserving). Then for any n form w = f(X)dx; A---Adx,

on g(£2) we have
/ w = / gw.
(%) Q
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10.3 Manifold in R”, Orientation

Definition 10.3.1. An orientation on R¥ is a choice of 4+ or — for each ordered bases of R¥.
Two bases {vy,---,Vi} and {uy,--- ,ux} give the same orientation if the linear map 7' taking
one basis to another has positive determinant (det 7" > 0).

Example 10.3.2. Consider the standard orientation {e;, e} in R?. Now consider the basis v; =
(2,2),v, = (2,—1) in R2. Then the corresponding matrix sending the standard basis to vy, v, is

2 2
2 —1|
which has negative determinant. Hence they give different orientation of R2. This is consistent

with the right-hand rule, since e; x e, is pointing outward whereas v; X v, points inward.

Definition 10.3.3. A subset M C R” is called a k-dimensional manifold with boundary if for
each pint p € M, there is an open set W C R”, an open set U C R*, and a homemorphism
g : U — R” such that

e g(U)=WnNM;

e U is an open subset of either R* or of ]R’fF ={ueRF:u >0

RE

An orientation on a manifold M is a continuous assignment of an orientation to all the tangent
spaces Tp, M . Since T, M is a k-dimensional vector space, whose orientation is determined by the
definition in the very beginning. Usually, we use the standard orientation on R*, given by the
standard basis, which we call positive. Given an orientation on M, there is an induced orientation
on the boundary of M, denoted by M, which is a k — 1-dimensional manifold. The induced
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orientation is defined by the following: Let p € dM. Given a basis vq,--- ,vk_1 € T,0M, this
basis defines an orientation for dM. We say they define a positive orientation (basis) for 7,0M
if and only if with n the outward pointing normal (pointing away from M), the ordered basis
{n, vy,---, vi_1} defined a positive basis for 7, M.

14! TPM

AN /i

Example 10.3.4. In this example we consider the orientation of BR’_L The positive orientation
of Tp]Rﬁ is given by the standard basis {e;,--- , ex}. Then the outward pointing normal of E)R’fF
away from R’j_ is given by —ey. At the same time, B = {eq,--- , ex_1} clearly consitutes a basis
for 8Rﬁ. The orientation of B coincides with the orientation of R¥~1. Moreover, it coincides
with the boundary orientation if and only if

B/ - {_ekvelv'“ 9ek—1}
is a positive basis for Tka = {eq,--- ,er}. We see that
det(—eg. e, ex—1) = (—1)* det(—er. e, -~ . ).

Hence we conclude that
IRE = (—1)*RF.

10.4 Stokes’ Theorem

Theorem 10.4.1. Let M be a compact, oriented k-dimensional manifold with boundary, and
OM is provided with the boundary orientation (defined in the last section). Let € AK=1(M).

Then
/ D) :/ do.
M M

Remark 10.4.2. Notice that if M is a compact k-manifold (with no boundary), then dM = @ and
by Stokes’s Theorem [, dw = 0. To see this, suppose M is a manifold without boundary, then
we can slice M into two pieces, M = M, U M,, which shares common boundary, 0M; = dM,.
But then they have the opposite boundary orientation.
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Hence by Stokes’s theorem,

/da)z do + dw=/ a)+/ w=0.
M M1 M2 3M1 3M2

Proof of the Stokes’ Theorem. Since M is a manifold, there exists g; : U; 2 R¥ — M where
i = 1,---,n such that together, g; (U;) covers the entire M. By using the partition of unity, we
know there exists p1, -, p, such that Supp p; € U;. Moreover,

n
®= piw=0w+ -+ o
i=1

Moreover, since M is oriented, we can take each g; to be orientation preserving. Since both
sides of the equation of Stokes’s thconeorem are linearly in @, we reduce the proof to the case
that w is zero outside of a compact subset of a single orientation preserving coordinate chart,
g: U — R”, where U is open either in R¥ or ]R’_j. Then we have

Then there are two cases given below. We need to check both of them.

W
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Either way, consider the pullback of w by g, which is a k — 1 form, which we can write as

k
go =) fi()dx; A

i=1

where CT)E indicates that dx; is omitted. Since [, dw = [, d (g*w), we would like to consider

d(g*w).

kaf, _
d (g* o) :Za—;dxiAdxlA---Adxi A

If we are in the first case, i.e. U is open in R¥, then w
prove [;,dw = [, d (g*w) = 0. Since @ = 0 outside of U, we can choose a rectangle
R = [ay,bq] x --+ X [ag, b] containing U. Hence we may integrate over this rectangle and

we will get [, d(g*w) = [, d(g*w). We have

. (it O
/(;d(g CL)):‘/I;Z((—I) 1a—%)dx1/\---/\dx,~/\

_Z( 1)~ 1/ i ~dxydx; - dxy

_Z< 1)’1/”" [(gf

The last equality follows from the fact that f; = 0 everywhere on the boundary of R. This proves

the first case.

Now we consider the other case, where U is open in Rﬁ.

/\d)Cj/\

Z(( 1)l1 ) X1 A Adxg A

--/\dxk
)dxl...jx\i...
v biy o xg) — filxg, ...

--/\dxk

--/\dxk

--/\dxk.

dxk

b

= 0 on dM, so we need to

ala ..,xk)]dXI ”'g—)a

Once again, we extend U to a

dxy
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rectangle R = [ay,by] X -+ X [ag—1, bx—1] X [0, bg] containing U. Now we have

k
/Mda)zf d(g*a))=AZ((—l)i_1§—£)dx1A---Adxi/\---/\dxk

—Z( 1)~ 1/ fldxldxz ~dxy

_Z( 1)~ 1/bk /bl ([ aﬁdx,)dxl---cjx\i...dxk

by by
= Z(—l)H/ / [f5 (X1, o Diy s X)) — fi (X1 e @iy ooy X)) d X1 -

brx—1 by
= (1 / o [ Gt b = fer e O)]dxy -+ doxiy

k—1 aj

= (-DF /aR (X1, ., 0)dxy - dxg_s

=/ g"w =/ w.
UNdRA. oM

cdx; -

. dxk

Notice that in the last step, we have turned an integration over the boundary dR in R¥~! of the
rectangle into an integration of the boundary 8R’i. By the previous discussion we notice that they
are off by exactly (—1)* since 8R’j_ = (—1)*R*=1. This completes the proof of the theorem. [J

Now, we discuss how can we recover all the results that we talked about before from Stokes’

theorem.

e Fundamental Theorem of Calculus: Let w = f(x), and we obtain from Stokes’ theorem

b
dow = / £/()dx = /a W= £~ f@.

la,b]

Notice that d[a, b] has only two points a,b. Hence the integral degenerates into a sum.
Since the normal at a of the line segment [a, b] is opposite to the direction we are moving
along the line segment from a to b, we assign a — to f(a). Since the normal at b of the
line segment [a, b] is the same as the direction we are moving along the line segment from

a to b, we assign a + to f(b).

e Fundamental Theorem of Line integral: Let @ = f(x), a smooth function f : R® — R.

define our curve C = x(s) = (x1(s), x2(s), x3(s)). parametrized by arclength. Then

/d /Zax, ,_/Z—x (s)ds—/CVf-Tds
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where T = (x](s),x5(s),x5(s)) is the unit tangent vector along C, since the curve is
parametrized by arclength (arclength parametrization gives unit speed curve). On the other
hand we have

/3 S0 = [xb) ~ f(x(a))

The orientation will induce a minus sign in front of f(x(a)), similar to the Fundamental
Theorem of Calculus. Combine them together, we get the desired result, which is equiva-
lent to what we have before.

e Green’s Theorem: Just let w = Pdx + Qdy. The result immediately follows.

e Divergence Theorem: We first introduce what dS means. The area element dS eats two
vectors v, w, and splits out the the area of the parallelogram with v, w being its two sides.
Hence dS(v,w) = |v x w|. If we multiply dS by the normal vector n to the plane con-
taining v, w, then we get a vector dS(v, w) = ndS(v, w) = v x w. Then this suggests the
definition of area element to be

dS = (dy ndz,dz Ndx,dx A dy).
Then

dy(v) dz(v)
dy(w) dz(w)

Vy U
w, W

dy Ndz(v,w) = ‘ = VyW; — VWy.

Then one can check that dS(v, w) = v x w by similar procedure. Let F = (Fx, F), F;)
be a vector field. Then we consider the differential 2 form

w=F-dS = Fydy ndz + Fydz Ndx + F,dx Ady.

Then

F, F F,
do = 0 —|—ay+a dx Ndy ndz = (V-F)dx ndy ndz.
0x dy 0z

Hence let M be a region in R3. Stokes’ theorem says

/da)zfv-FdV:/ a)=/ F-dS.
M M M M

e Stokes’ Theorem in 3D: Let F = (Fy, Fy, F;) be a vector field. let M be a surface, its
boundary OM = C = (x(t), y(t),z(t))) will be a curve. Then define the curve element

dr = (x'(¢),y'(t),z'(t))dt = (dx,dy,dz).
Now, consider the 1 form

w = Fydx + F,dy + F,d:.
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Then we have

Fx Fx F
dwza—dy/\dx—i-a—dz/\dx-i-a—ydx/\dy
dy 0z ax

oF oF, oF,
+ —2dzAdy + —dx ndz + dy Ndz
0z ax dy
doF, OF, JoF, OF; oF, OF;
= ——)dy nd — ——)dx Ad - dz nd
(8y Bz)y/\ Z+(8x By) A y+(82 8x) ZAax
= (VxF)-dS.

Then by generalized Stokes’ theorem we have

[dw:/ VxF-dS:/ w:/F-dr.
M M M C

This completes our grand unifield tour of integration in R”. In the remaining part of this
notes, we will study a highly developed theory of abstract integration, the Lebesgue theory.



Chapter 11

Lebesgue Theory

The only teaching that a professor can give, in my opinion, is that of thinking
in front of his students.

-Henri Lebesgue

We will give a brief Introduction to Lebesgue’s theory of integration. Many results are only
briefly mentioned, whose proof will only be sketched, or sometimes omitted.
We first introduce some notation. Let A, B be two sets, then

A—B ={x e A| x ¢ B}.

This does not mean that B C A. However, if this is the case, we usually use A \ B. The emptyset
is denoted by 0 and A and B are said to be disjointif A N B = 0.

Definition 11.0.1. A family of sets R is called aringif A € Rand B € R implies AU B € R
and A — B € R. Notice that this implies AU B = A — (A — B) € R. We call R ao-ring if it is
aring and whenever A, € R then

o0

LJAAiG R.

n=1

Notice that this implies

oo

o0
(1 4n =41 - J (41— 4,) €R.
n=1

n=1

Definition 11.0.2. A set function ¢ : R — R U {Zo00} sends every A € R to a number ¢ (A).
We say ¢ is additive if A N B = 0 implies

$(AU B) = $(A4) + ¢(B).
And we say ¢ is countably additive if 4; N A; = 0 foralli # j implies

¢’(LJ<An) ::§::¢(An)~
n=1 n=1

199
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Notice thatif ¢ (A4 ;) = oo for some j then the RHS will be meaningless. Therefore, we shall
always assume the range of ¢ does not contain ==0c. Notice that the LHS is independent of the
order of A,. Hence RHS converges absolutely if it converges at all.

Proposition 11.0.3. Let ¢ be additive. Then the following are easily proved:

. ¢(0) =0.

2. LetA; N Aj =0fori # j. Then¢p (A1 U---UA,) =¢ (A1) +---+ ¢ (4,).
P (AU Ay) + ¢ (A1 N Az) = ¢ (A1) + ¢ (A).

4. If ¢(A) > 9forall Aand A; C A,, then p(A;) < p(A>).

—_—

W

5.1f BC Aand |¢p(B)| < oo, then p(A — B) = ¢p(A) — p(B).
Proof. For (3), notice that

¢ (A1 — A2) U (A1 N Ax) U (A — Ay)) + ¢(A;1 N Ay)
=¢(A1 — A2) + ¢(A1 N Az) + ¢ (A2 — A1) + ¢(A1 N A2)
= ¢(A1) + ¢(A2).

O
Theorem 11.0.4. Suppose ¢ is countably additive on a ring R and A, € R with A; C A, C

Az---, A€ R, and
o0
A= UAn.

n=1

Then as n — oo we have ¢p(A,) — ¢(A).

Proof. Let By = A; and
B,=4,—A,-1 (n=2,3,...).

Then B,, are pairwise disjoint, and 4, = U,Cf;l Bj.. Hence we have
n
¢ (A) =Y ¢ (Bi).
i=1
Taking the limit we have
o0
$(A) =D ¢ (Bi).
i=1
l

Now that we have some basic ideas on sets, rings, and set functions on rings, our next goal is
to construct the so called Lebesgue measure.
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Definition 11.0.5. Let R” denote the p-dimensional Euclidean space. By an interval in R? we
mean the set of points X = (xy,--- , x,) such that

ai < (Qxi(<)<b; i=1,..,p.

Notice that we do not rule out the possibility that the the interval is open or clopen. The emptyset,
in particular, are includes among the intervals.

If A is the union of a finite number of intervals, A4 is said to be an elementary set. If / is an
interval, we define

14
m(1) =[] —a).
i=1

IfA=1,U-.-U I, and if these intervals are pairwise disjoint, then we set
m(A) =m(l)+---+m(l,).
Let & denote the family of elementary subsets of R?.

Notice that m (/) gives the p-dimensional volumes of the rectangle / respectively. If A4 is
a union of rectangles, then m(A) also gives the volume of A. Then, for any arbitrary set £ in
R?, we can approximate it with rectangles, and we can define m(FE) to be the volumes of these
rectangle approximation. Then as our approximation gets more accurate by taking the limit, this
will give the volume of £. We make this argument formal:

Definition 11.0.6. A nonnegative additive set function ¢ : & — R is said to be regular if to
every A € & and to every € > 0 there exists sets F, G € & such that F is closed, G is open,
FCACGand

H(G)—€ < Pp(A) < P(F) + €.

Definition 11.0.7. Let i be additive, regular, nonnegative, and finite on &. Consider countable
coverings of any set £ C R? by open elementary sets A, (we can always do this, see HW7 Q1):

o0
Ec |4
n=1

Define o
i (E) =inf } _ pt(Ay)
n=1

where inf is taken over all countavle coverings of E by open elementary sets. We call w*(E) the
outer measure of E corresponding to j.

It is clear that u*(E) > 0 for all E. And if E; C E; then u*(E;) < u*(E,). This

seems to be a reasonable extension of the volume measure on the general subset of R”. Now we
investigate some properties of the outer measure, which is quite intuitive:

Theorem 11.0.8. Ler u, u* be defined above.
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1. Forevery A € & we have u*(A) = pn(A).

2. IfE = Uy, En, then n*(E) <> 02, wW*(En).

Proof. For (a), sinc u is regular, A is contained in an open elementary set G such that u(G) <
u(A) + €. Since G is an open covering of A by elementary set we have u*(A4) < u(G). Since
€ is arbitrary, this gives

p*(A) = p(A).
The definition of u* shows that there is a sequence A4, of open elementary sets whose union
contains A such that

o0
> (An) < 1A + e
n=1
Again by regularity, there us a closed elementary set F contained in A such that u(F) > u(A)—
€. Since F is compact, we have
FCAU---UApy
for some N. Hence

N
A S p(F)+e<p(A U UAy) +€ =) 1(Ay) +€ < u*(A4) + 2.
1

This proves the claim.
For (b), suppose E = | J E, and assume pu*(E,) < oo for all n. Given € > 0, there are
covering Ak, k = 1,2, 3, ... of E, by open elementary sets such that

3 1 (Ank) < BT (En) +27".

k=1
Then
o0 o0 o0
WHE) DD i An) £ p* (Ea) +e.
n=1k=1 n=1
And the claim follows. O]

Definition 11.0.9. For A, B € R?, we define the symmetric difference
S(A,B) =(A—B)U (B —A).
And let
d(A, B) = u*(S(4, B)).

We write A, — A if
lim d (A, A,) = 0.

n—>o0

Then we further make the following definition:

o If there is a sequence A, of elementary set such that A, — A, we say A is finitely u-
measurable and write A € 9 g ().
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e If A is the union of a countable collection of finitely p-measurable sets, we say A is u-
measurable and write A € 9(w).

Figure 11.1: The symmetric difference of two sets A, B are shaded blue. If u* represents the
volume of these two sets, then we can see that as the symmetric difference goes to zero, A, B are
becoming "identical".

In fact, the d defined above is close to a metric. It can be shown that (pg. 306 in the textbook)
that d satisfies the following properties:

e d(A, B) =d(B, A);
e d(A, A) = 0 (But note that d(A, B) = 0 does not imply A = B);
e d(A,B) <d(A,C)+ d(C, B). Namely, d satisfies the triangle inequality.

This allows us to make one more observation of finitely w-measurable sets: Their values on p*
is finite. Suppose that A, — A. Then there must exist some N such that d(Ax, A) < 1. And
suppose w*(Ay) = u(An) < M since elementary sets have finite volume. Then,

pn(A) = u*(S(A, Ax) U (AN Ay))

< pH(S(4, An)) U n* (AN Ay)

<d(A,AyN) + n(Any) <M + 1 < oo.
Finally, it can be shown that

| (A) — u*(B)| < d(A, B).

Next, we claim that every regular set function on & can be extended to a countably additive
set function on a o-ring which contains &. The proof is a bit technical, and for the sake of not
distracting the readers from the main thread, we refer the proof of the following theorem to the
book (pg. 307):

Theorem 11.0.10. 9t(w) is a o-ring, and u* is countably additive on 9N(1L).

Now we replace u*(A) by u(A) if A € 9M(wu). Thus w, originally only defined on &, is
extended to a countably additive set function on the o-ring M (u). This extended set function is
called a measure. The special case u = m is called the Lebesgue measure on R”.
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11.1 Measurable Functions and Simple Functions

In this section we establish some preparatory work to define the Lebesgue intergal.

Definition 11.1.1. Let X be a set. X is said to be a measure space if there exists a o-ring 9t of
subsets of X (called measurable sets) and a nonnegative countably additive set function u (called
a measure) defined on 1.

Definition 11.1.2. Let X be a measurable space and f : X — R U {f00}. Then the function f
is said to be measurable if the set

7@, +00)) = {x| f(x) > a}
is measurable for every real a.

We note that countable intersection of measurable sets is measurable, and complement of a
measurable set is measurable.

Theorem 11.1.3. The following are equivalent:
1. {x| f(x) > a} is measurable for every real a;
2. {x| f(x) > a} is measurable for every real a;
3. {x| f(x) < a} is measurable for every real a;
4. {x| f(x) < a} is measurable for every real a.

Proof. The relations

x| fo) zab =2 x| f(x) >a—}
xlflx)<ap=X—{x]f(x) = a}
{x|f(x>sa}—mz‘;1{x | fO) <a+g)
[ fx)>a} =X —{x| f(x) =aj}
shows successively that 1 implies 2, 2 implies 3, 3 implies 4, and 4 implies 1. [

Theorem 11.1.4. If f is measurable, then | f | is measurable.

Proof. {x|[f(x) [<a} ={x|f(x) <ajnix| f(x)>—aj. 0

Theorem 11.1.5. Let f, be a sequence of measurable functions, for x € X, put g(x) =
sup fn(x), and h(x) = limsup,_,, f.(x). Then both g and h are measurable. The same is
true for inf and lim inf.

Proof. We have {x | g(x) > a} = J,2, {x | fu(x) > a}, which proves the first claim. And
h(x) = infgm(x)  where gu(x) = sup fu(x) (n = m).

This proves the second claim. ]



11.1. MEASURABLE FUNCTIONS AND SIMPLE FUNCTIONS 205

Corollary 11.1.6. If f, g are measurable, then max( f, g) and min( f, g) are measurable. If
fT =max(£,0), f~ =—min(f,0),

it follows then that f+ and f~ are measurable.
Finally, the limit of a convergent sequence of measurable functions is measurable.

Theorem 11.1.7. Let f, g be measurable real-valued functions on X. Let F be real and conti-
nous function on R? and put

h(x) = F(f(x),g(x))

Then h is measurable. In particular, f + g and fg are measurable.
Proof. see textbook pg. 312. [

To summarize, all ordinary operations of analysis, including limit operations, when applied
to measurable functions, lead to measurable functions. In other words, all functions that are
ordinarily met with are measurable.

Definition 11.1.8. Let s be a real-valued function on X. If the range of s is finite, then we say
that s is a simple function.
Let £ € X, and put
|1 (x€E)
Xe() = { 0 (x¢E).

x g 1s called the characteristic function on E. Then it is clear that every simple function is a finite
linear combination of characteristic functions:

n
s = E CiXE; -
i=1

Now come the key theorem, which says that every function can be approximated by simple
functions.

Theorem 11.1.9. Let f : X — R. There exists a sequence s, of simple functions such that
sn(x) = f(x)asn — oo, for every x € X. If f is measurable, s, may be chosen to be a
sequence of measurable functions. If f > 0, s, can be chosen to be a monotonically increasing
sequence.

Proof. If f > 0, define

i—1
2}’1

forn =1,2,3,...andi = 1,2,...,n2". Put

En,-=§x| sf<x><2in}, Fy={x| f(x) = n}

In the general case, let f = f* — f~. and apply the preceding construction to f+ and to f .
The sequence s, converges uniformly to f is f is bounded, since || f — fy]loo < 27". O
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Figure 11.2: Simple function approximation illustration.

11.2 Lebesgue Integration

Definition 11.2.1. Suppose 91 is the o-ring of measurable sets, and u is the measure, and sup-
pose

s(x) = zn:c,-)(Ei(x) (xeX,c; >0)

i=1

1s measurable with E € 9)1. We define

Ig(s) = ZC:‘/L(E NE;).

i=1

If f is measurable and nonnegative, then define

/ fdu = sup I (s).
E

where the sup is taken over all measurable simple function s such that 0 < s < f. The LHS is
called the Lebesgue integral of f, with respect to the measure p, over the set E. It should be
noted that the integral may diverge.

It can be easily seen that

f sdu = Ig(s).
E

Now, let f be measurable, we consider two integrals defined above:

/Ef+du, /Ef‘du-
[ rau= [ rrau=[ s

If both integrals on the RHS are finoite, then the LHS is finite, and we say f is integral on E
in the Lebesgue sense, with respect to i, and we write f € Z(u) on E. If u = m, the usual
notationis f € Z on E.

Note that if the RHS is infinite, then |’ g Jdu is defined, but is not integrable in the Lebesgue
sense. We stipulate that f is integrable only if its integral over E is finite.

And then we define
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A N

Figure 11.3: Lebesgue integration illustration

Notice the difference and yet the similarities between Riemann and Lebesgue integral. In
both cases, we try to approximate the area under curves by rectangles. In the Riemann case, we
divide the domain into small intervals Ax = (x;, x;41), and assign each interval the value f(x;)
of the function on the left endpoint, and then we sum up the area of these rectangles: ) f(x;)Ax
and then take the sup. In Lebesgue case, we are actually dividing the range of the function into
small pieces Ac = (c;, c;+1), and we look for the volume of the preimage w( f~!(Ac)) of this
small piece. And then we assign this volume the value ¢; of the function at the lower end point.
Then we get the sum

Zciﬂ(f_l(AC))-
i=1

i.e. we approximate f by simple functions, calculate its area. Then we take the limit and get
finer approximation.

Proposition 11.2.2. Properties of Lebesgue integral:
(a) If f is measurable and bounded on E and if u(E) < oo, then f € £ () on E.
(b) Ifa < f(x) <bforx € E,and u(E) < oo, then

an(E) < [ fau < bu(E).
() If f,g e L(u)on E,and f(x) < g(x) for x € E, then

/E fdu < /E gdy.

(d) If f € Z(n)on E,thencf € Z(u) on E for every finite constant ¢, and

/chd/L:c/Efd,u.

(e) If w(E) = 0 and f is measurable, then [ fdu = 0.
HIffeL(pnonE, AeIM, and A C E, then f € £ () on A.



208 CHAPTER 11. LEBESGUE THEORY

Theorem 11.2.3. Suppose f is measurable and nonnegative on X. For A € M, we use the
shorthand notation

o) = [ sap.
Then ¢ is countably additive on 9. The same conclusion holds if f € £ (u) on X.

Proof. To prove the first claim, we have to show that
o0
P(A) =D ¢ (4n)
n=1

if A, e M, with 4, N A; =0fori # jand A = J 4,.
If f is a characteristic function, then since u is countably additive by assumption and

/ xedp = p(ANE),
A
we see that the claim holds. If f is simple, then it is a finite linear combination of characteristic

functions, hence the claim also holds.
In general, for every measurable simple function s such that 0 < s < f,

Lsdu=§[lnsdu§§¢(An)=§:/Anfdu-

Theredore, taking the sup of all such simple functions gives

P(A) <D ¢ (An).

We assume the RHS is finite, otherwise the claim trivially holds. Given € > 0, we can choose a
measurable function s such that 0 < s < f and

/sd,uz fdu —e, /sd,uz fdu —e.
Aq A A> A>
Hence

¢(AIUA2)2/

sdu =/ sdu+/ sdit = ¢ (A1) + ¢ (As) — 2.
A1UA> Al A>

Since € is arbitrary, we have

$(A1 U Az) > ¢(A1) + ¢(A2).

Then by induction,
(AU~ UAy) = ¢ (A1) +---+ ¢ (A4n)
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for every n. Since A D Ay U---U A,, we have

$(A) =Y ¢ (Ay)
n=1

for every n. Taking the limit we see

o0

P(A) =D ¢ (Ay).

n=1

This proves the first claim. The last claim follows immediately if we write f = f+ — f~, and
apply the first claim to f+ and f~. O

Corollary 11.2.4. If A, B € M, B C A, and ju(A — B) = 0, then

/A fdy = [B fdy.

Proof. This follows from A = B U (A — B), the previous theorem, and the previous proposition
(e). This shows that the set of measure zero are negligible in integration. [
Example 11.2.5. The Dirichlet function & : [0, 1] — R defined by

1 e [0,1] N

0 xel0,1]-Q.

Notice that rationals have measure zero on [0, 1]. Since a point has measure zero, (Q is countable
on [0, 1], and p is countably additive, we have

w@Q = pu (U {qn}) =Y nlah) =) 0=0.

Therefore,

Pdu = 0.
[0,1]

If a property P holds for evert x € E — A, and if u(A) = 0, we says that P holds almost
everywhere on E.

Theorem 11.2.6. If f € Z(u) on E, then | f| € £ () on E, and

/Efdu S/EIfldu-

Proof. Write E = AU B, where f(x) > 0on A and f(x) < 0on B. Then

— . + _
[t = [ 1p1aus [ 1rian= [ rraus [ ran < e
Hence | f| € Z(w). Since f < |f|and —f < |f|, we have

/fduff \fldp. —/ fdusf \fldp.
E E E E
And the claim follows. O
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The rest of this section is dedicated to show that Lebesgue integral behaves well under limit
operations, which shows its advantage compared with the usual Riemann integral.

Theorem 11.2.7 (Lebesgue’s Monotone Convergence Theorem). Suppose E € 9. Let f, be a
sequence of measurable functions such that

0=< filx) < falx) <--+ (x €E)

and let f denote the limit of f, asn — oco. Then

‘meeﬁfw (n = o).

Proof. Clearly as n — oo we have

/fﬂu%a
E

for some o, and since [ f, < [ f we have

oef/Efdu.

Now we want to show the reverse inequality. Choose 0 < ¢ < 1 amd let s be a simple measurable
function such that 0 < s < f and put

E,={x]| fulx) >cs(x)} (m=1,2,3,...).

Notice that this set is nonempty, since cs < f and f, — f, there exists N such that fy(x) > cs
for some x. Clearly

EiCE,CE3;C:-- E:UEn

n=1

For every n we have

/ fndu > fndp > c/ sd.
E Ey, E,

Let n — oco. Since integral is a countably additive set function and we have [ E, sdp — | g sdpu.

Thus
o > c/ sdu.
E
As ¢ — 1 we have
o > / sdu.
E
Thus we have
az/ fdu
E

since integral is defined to be a sup. ]
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Theorem 11.2.8. Suppose [ = f1 + fo with f1, f» € L () on E. Then f € £(u) on E and

[ tan= [ fau+ [ .
E E E
Proof. Omitted, see pg. 319-320. [

Theorem 11.2.9. Let E € 9 and f, is a sequence of nonnegative measurable functions and

f) =) falx) (x€E).

Then
o0
fdp = / Jndp.
Jorm=%],
Proof. The partial sum is a monotonically increasing sequence. O

Theorem 11.2.10 (Fatou’s Theorem). Suppose E € ON. If [, is a sequence of nonnegative
measurable functions and

f(x) = liminf £,(x) (x € E),
then

/ fdu < liminf/ fndit.
E n—o0 E

Proof. Put
gn(x) =inf fi(x) (@ = n).

Then g, is measurable on £ and

0<gi1(x) < g2(x) <---
gn(x) = fu(x),
Zn(x) — f(x) (n — 00).

/gndu—>/ fdp.

E E
/gndMS/ Sndp
E E

= liminf/gndu < liminf/ Jndi
n—o0o n—oo

Hence

And we have

= lim /gnd,u §liminf/fnd,u.
n—o0 n—o00

This proves the claim. ]
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Theorem 11.2.11 (Lebesgue’s Dominated Convergence Theorem). Suppose E € . If f, is
a sequence of nonnegative measurable functions such that f, — f. If there exists a function
g € Z(n) on E such that

|/n()=g(x) (n=1273,....x € E),
then
lim fndu:/ fdu.
E E

n—>oo

Proof. Since f, + g > 0, Fatou’s theorem implies

f(f +g)du < liminf/ (fn+g)du i/ fdu < liminf/ fudit.
E n—o0 E E n—00 E

Also g — f, > 0, hence
[Le=od <timint [ e~ = [ i< imint|~ [ .
E n—oo JE E n—oo E

which is the same as

fdu > limsup/ fnd.
E E

n—-oo

The existence of lim [ f,du implies

limsup/ fndp = liminf/ fndpu.
E n—0o0 E

n—o0

This completes the proof. ]
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