(ec 1. CI»PS Tk Fields
EXf‘,:—rpM—”M e%PPV = ¥, D
Yo B o geodesic with fylod)=p, Yy (o)=v.

TQY\
? d (exPe), = Tv (TP\"I) - T,if’l
(4
" \ LMY "{"
/_/—

Guass lamma:  AexPp) s an (sometny in the rodial Aredion:
AeRp), (v), Alexfdy(w) = Lv,w>,

(et v,we TV . What gloowt d\(UPP)\,(‘A U This is given by Jacobi
fields.  TJacobi field connect geodesics with curvatwre.

Def™. Lt ¥:[o4] > M be & geodesic in M. A veckor field T along
¥ is colled a Dacobi field ‘(-Y-
'@ + R(Y®,TW) Y =0. )

where
' = Vi V gy T

Reik. Since VY|, needs ' 4o be defined w1 o nbh of p, Vg TG s

an abuse of nofwtion Since T S only deficed along . Achually, what we

mean

] - D T - —D— —
T'W=ZgE T woek 0N

Ceordinate expression of (%)
et (@) be aw ON las's at one point of Cwrve Y. Poxolle) transport
51\1(5 an ON {rame o|°ﬂ9 Y. (et



n
SW = 2_ Twe,
=

Now o Pa(a\lt\
" u .
Vi 1) = Z| i'f‘m Vi [Vb,.mzr‘a—)] €;(t)
n 3\'.
= Z_ ‘5\1? e;
‘=)
A“A A 20
gy = 2 43
Now,

RO¥W, W) y'w) = Z‘ T R(¥w, e) ¥

= 2T ZLRAW eV e v ey
b=‘

=t

= 227w LRUW,edrm.Lve;

LI |

Thus (¥) s eflukvo\lxwt ‘o

z ) . ]
iﬁ; + AT = 0. RUEERLE

TWs i5s a i ordes ODE (Qivewr). “Thus T(1) & wuiue_ly Actermined
by 30, T'0). The solaon space s @ An-dim vectr Space.
Thee o Du bv.ear\\’ fndepedent JTacobi frelds a/orlj T sie (%)

R QIVICM‘ ten T

A Tcivial Solwkion :
J(H)= YO I =t ¥
TWs is ndeed o Solution i we pluy Hus tnto (.



When M™ heas Constaut seckional Curvature K, +hew

RxM)2 = K ({xiz>Y - LY, 25> K) (**)
pf. lam 4, .96

LROWE> = K (LrwX V20— <IwWDn,z>)
=K (R — LW K) , 25

Therefore
RUDOW = K (w7 — LWy X)

Go Halg s Qll“ival,enf to (%) .

Now ogsumt T L ¥'(D), amd [Yi6)] =1. Thena by above

R(¥W, T) ¥’ = KT -
Theefore

T'H+KI®=0.

Rssume  J(0)=0, To)=w. Tuew (¢t ) be Hye paredlel transport of w
Mm} Y. We have

Sl @) i) K >0

TH:)':. ‘tW‘.‘E) K =0
%%‘FR—) wit) <o |



Lec 2.
The Jacobi field oxe vacintion field of qeodesics :

TeM b 723

P@ Yoiey -F(-h%) 5 a 9eodes.‘c

for eack fived <

exfp

Prop. (et ¥: [0a1 =M be & 9mxes;c, T o Tacobi field along ¥ <+
Je)=0, Thoy=w. Denott p=1l0), VIS) & cure in TpM with
V=¥, vly=w. Ut {:load*(-€£)—>M be o Sgodgs\‘c_ Vatiation
Refined on

F(£9)= extv(9).

Then N
&) = W(’c,o) = (d\ e*P(,).b,l*"").
Rmk. £ means fixindy SE(£.8) awd o+ t
/LS_J;/ ¢ Vary and similocly for £els). Thew

'b‘( L’t.o) - _F (9) Q_\)R\\M}s‘hed a't 5=0,

\7(. Show Hhat o las satisfies tue Tacob eq_wk:an

Vo Ve ob A vw
V3 ErBBET w

Obsesvation -
. Vag_\ -a.g.-t' since £) s a 6@MS‘C Lor e S€(=2,8).
- nvie [F,Z)=0 0 T([0ad%(-€,5)), s

{:#[l, aSJ [,at ﬁ;{j—o
Therefore -



% ot

Therefote 3“'/95 € & Jacob: Lield. Now wawt +o show
T = dexPp) o tw
d J=0, JTlo)=w. Lt p=¥), V= o). Then
o, tv= i) .
ot fts)= exfetvls) , whae ve)=visw. Then £les) s a
qeodesic vosiation. By resut obove Hlas 15 o Jacob: feld . Now

of
% (t,0) = (o\ex?P\w tw

(C»\Cf'u -'Hﬁs) . -T\\(V\ %Eg' (ol°)=o . Now
-H':;Z 75 9acbasg . See do G(’;T:
& - 2& Pfaé 2.4. aF
Va x| F Va o ( o
ot (0,09 E-18

_d
- d’i\gxf?'w = %\Nf)’ K'(o) -:-v)
t=0

(00) 1=

= %(V(S))(o,o) =w = J(0).

So \av, \m'\(iu(_v\css oF Teocobr fields (S&Me rnitia( condﬂ—ion), we have

Jwo = %{;- o) = (dexp, >w tw. 0

P"\’. o J@)= (dex"p)tu tw 3 Ahe Jacb: field A[onj geodesic )'(1-)) Wih
V=g, Flor=v. Assamg |w[=), lvi=] . Then
1Tl = &% — "—;‘(R(v.w)\l, wd e+ 0¥



P‘F TN"“ i)tfavw' at t=0. 1Jwl=o0.

Since covariaut derivative s eompuﬁb[e Wl Metac,

{3, TS| = 2T, TwW>| _ =o. (3=0).
t=o -°

G swy" | = adw, Twy + alT'w, T I-L—-,o

+=0
= Q]\.le = .
LT, Tty ”’It:— 2{T"W), T + 6L T"W), T'l+)>'t=o

= §43"0, 7w, _,

=0 (T"C0r=0 by Taceby Sg).
F?v\au?,

)
<Iw), 705" = k3w, 7™ )
= 847"w), Ty +ad3"w), 70D + 64Te), T

3w, 760 lewo = 8T"w), T |y
Offecentiote Tacobi En:
M)+ (Z,R(FH, Te) ¥ ) + RUFE, TH) ¥’ =0
> T"™0) = -R (v,w)v
Theas
T, DM | L, =25 LRWIWI Vi Q



Lec >.

Def*. Ut ¥: [oel>M be a 8co¢lesia The point i) is Comjugate

+to (o) 0\\01\5 ¥ F there © a Jocob: -\:\'QH R) 0\\01\3 Y , wnot ?AQW'\'akal\y
2e%0, it T =T (%o)=0,

. TW®

The masamum numlboet of  sach \\‘newh,

X:lo) b/(-t‘)
Ta\t)\zpcvdz.wt Jacoki field s called +Hae

M-A\H\)Qlicﬂ'z ﬂ\ e cp'\duad'& Iboiv\‘t \‘(ta).

Rmk. Tocob: Lield JTHY s uw\t«tue\u( defecmined by Tlo) aud Y. So
T«E dimM =10, Xuaew I/MQM\\1 T»Aqaehkud Jocok: field s € am. Siwee

wl wont J(©)=0, <0 m.*\-\'Ieb((i-\'% €0 B':‘. D-H.)g.{-x'({_> 3 o Jacobor
Lol sk JUHFo V4o, Thas M.A\-\-Ipﬁrlti‘c\k < N1

Ex. o K" has no conjuanke poit: Q=0 in R, so Tacoki ejustion

Tmlies J'ty=o0. So TW)

G [neac ta € . Thas J(4:) ¥0 V.00

¢ S". TIn s cuse T = b)) W), wheee WLE) pamlle] | ¥, wH=o
—P=Ytm) € S” conjupmke fo PENE S with multiplicity w-t

D™, The set of (i conjugate poitS 4o Hue point pEM foe all

6@&0.% Stacking of p Ts colled eonjugote locus of P This 3 denoted

Ex: o peR”, Cc|>>=</>

(A’C“\w\“v +ue when SCL—,-»‘onal Cupvatuce KSD\.
- peS", C(p=1-Y.



Pop. et ¥: Cosa}—=M be o 3eoo\es\‘cs, Yoy=p. Then XH:.;)‘-"L Conjugate to
¢ Mmr\s‘{ & Vo=t (o) S & critical (ot of exPy , te. Weey), Singular.
Mofeoues, m..\l-l-:'oﬂic:-k[ of cl = dim Ker(dv‘f’p\ Yo -

PF. Sthee J0)=0, D'G)=w, we hove chown Hut
TW) = (dexf,) 4 (tw)
whese v=§%0). T(tad=0 Tmplie (dexp )y, (tw) =o.
Vinessly indep w &> T()=W dishiact &> Linessly indep T(1) st Tlad=0.
Thas  mutk(py = dim Ker (dexby)y, . ul

P""fc LY 3 be a Jacobi -C-e,ld a‘onﬂ o SeoJCSt‘C X" Co,a =M —Then
LT, YB> = LTy, ¥)>t + LTy, ¥'(0))

f. )
P j_f(j-“_}, X’(‘t‘)> - < .D%) $I>+<j, g—fx > = <1‘?T’5"—)']{’>

Similar Iy
2

j‘;—» (e, Yy = LT, oD,

= — (R(pw T Y8y, ¥'er) = 0
(antisyemetey of Rigwann cotvature) .
S0 £3,¥'> © lneac . Check +he vest. ul

Cor, T T)=7(D=0, +hen (T, Y'AD =0.
Coc. ~Thwe Space o‘- Jacdo fidd with T()=0 awd LT, WD =0 has

am $n,

5. Wik J(0)=0, we hawe dim=n. T, YO =0 S one less, 1



P“°P° (24 (:000a] =M le =« Sudcs«‘c. Lt Vi€ TyyM ad Vo€ TxoyM.
T YW s net 0“}“301‘(4"’ Yto) alonj X, dhen ) Toucokl Leld T

Wity Je)=v,, T(a)=vq [ d-condition’],

of. Woniquenass s Swppose 3, T Salisties d-tomdition, tew T=Jo a
Tocobs Bield  Lith (=32 (§10)) =( 31— Jo)¥e)) =0. Bt ¥lo) not
Gujugete o fa> > 0oL T 5i=30..

Exdlence: &

’J‘-’-’ iﬁ' Jocobl Lields olong Y&) with 7[°)=°1.
Thew 34~ T =n. gk B0 F— TyamM be the mep D)=,
B is lnear between v.d> Wi Same dim . B & injedtivt $ace ¥(o)
% fot Conjulote to YLD . Thus B B swiiectve. Thes I Jatob
fr\d 5:u sk TJu(e)=Va eTx\o.\M, omd 5(0)=0. Now Consider

’3 = iU Jocol Lields along () with 7(09:013

Jefine B orelogously Gmd apQly S pefemedt et T, sk, Tulod=y )
Jo0)=0. Thew

J= i—\- BRI\
U Y desifd ook freld . a

C

Cor, C?.\\"\\ o Cosmo, ?.(0)_



L,Qc, 4, Clmz‘) b, ITsometric Tmmerstons

M s T
(mmersion
If M % Riemamian, it Tndwes a Riemomnion medcic
Vi Ve € TpF’\— , WY = <(d'?)‘,\l. 9 (d‘?‘)‘,v.,_>
Since -(' Vs fmwaelgion, +\We metne on ﬁ ftd (.\os'.i-:oa a@‘ww*e_
I
8% = dn-
£ 75 called gy Tometic jmmefsion .
Relokion lbetween catvatwres of M" ond MMM 9

Puswer 1 17" Fan~damede) Foem.

Irdwceh Rigegnnion (onnection:

= ({7-3 D)
6;,;7;.‘,@\\'%\ 3.& : extevsons of

on | www on M [ check: Ue“‘dQ'F"edJ

— — [= =N\T
DE". Lk RLumd= Fod (T 9) € ()”
whee we wet Mg (ke fication Teﬁ"' _‘_9"\@(-‘-9“);'
This 5 called Awe 2™ - fuudamectal form .

Pop. Bluwd & S\1w\me-\-n‘c, trecefore % o Symmettic tensor . B:FI-PH’TP.V"Q“-;.H_

Pfe B(H,w)= FBv) . S tewsetial in V variable.
Bvu) =Blwa)= W =W -5V + RV

= [7,\'_01 —EVIW3 = EG);:) - E;';JT T 0

ovaluedt ot o pownt
on snbm.uiFold M.



Onas Sotws J‘ qre - fadowmentel form . rle-[;M-\-
I’l T X T —= 1R

I‘l (vw) = <B(V:W), ')7

The ¥ & (9,2) — tesor.

Detine

Lk Niye-sNan be on ON bass of Tor™.  Then

D)= Y Ty (v, w) N,

=1

let Sp: TeM— TeM, sx.

<Sy’(\l)) Wy = I7(V:W>-

ProP. For PsM, "¢ (Tpr")“' fixed, Wt N be a local &xtension of N noreal

4o M. ~Then

Sq == (N)T .
(T\\Lg s dfferool of Guoss MOP whea MUy R™M)

Pg. VVGTfM,

(Sp(v3, w> = Ty (v ) = Blu), 9>
=<6;':”Vu"“/‘1>
=L V5w N
= VEW,NS>—Lw,TND
= —(TN)T, WD

Mesn Curvotrwse oF M in p—/\“*m Y

R= Z(‘ffIN‘.) N: .

H=0 3 celled o minimal Suomanifld .



Thm ( Causs Eﬁua'h’aw). L pe Tp“, V,\HGTPM ortonormal. Thewn
Kvuw) = Khw) + <BuvY, Blw,w)D - [B(uw|?

Hﬂa\~1 to S" R™ . (Tn 4his case CGuese mop is Td).
Ths Spl)= V. Thes Ty (vu)= -Lywd - Tha
Blud = —dvwd N
Therefore
Ken (v =1 = Kgn =1

Rk VR Cp)  only Aepends om velue of X ok point p awd
velug OQ ? [EPECN A § 0% ?- Buwt o chwoose Y E’,‘]";M
st §'= %X ot p. Thew

- - - - oo
Byt +vwe |ater only de@ewk on e value °‘S Y o Xl since YEM,
Iy = W\g. So VT deperds on Xcpd awd valve of Y oon St

Cuvves of X.



(ec 5.

Gumss Qumkion'- W MM MM be am Somelic immersion,  xye ToM
ocdhonormal vectors.  Twew
Kerg)= KO + B0, Bigydy =1 B

Pl KGxv) =Ry
= <V\(V,<X-'V><VY>( + V)X Y> “<6~?‘7§< X—aii? * “'\;D'(.‘?'Ji ) Y>
Now
P Ox X = Oy (Oux + BxX)) ,
_ ~ where € 0N basss
T T (X + T <Blx, €0 ) oF TemM.
= Vo Ve X+ BLY, %) 21 Y (Blixd e
+T By e Ty e;
Thas
<5~($><X"(> = <V-.(V;<X,Y> + Z;\<%“'X)'e"7<6‘f’ci'ﬁl7
= KV VX YD = BIx, BLY, O .
Do oter ttfms Q:w':lcsfl\{. 0

Ckou? 2, Cgmf\e_’fc Monifelds .
Owesrion . (niven Prae M, Cean we fird o 5eadesk Com\ec-h'nj Heom ?
Anscec o No T M™ T not complete a5 mettic space!

| R\ {0Y
—;— —'1— Sq,.dcs:cs v |rzz\io’; s*ra;j\d— linegs svace
| 45 has 4he same@ flot metcic as -3

De‘.w. N Riem, Marifeld T 3@.10,5\'»(!7 ComP\Q\'C, ‘\‘1{ Lo all ec—M , te expp
is Acﬁ\'“ld Lo all Ve Te”. ce., av“) ljev&QS(c KH’) stards -S-fovv\ P S dl—‘-&\ed
£o¢ a\ <e.



€9. R S". Complete .

t d’l.
i.'x. \H":i(x,'nﬂpo—ﬁ , As®= dx—;-,’- ] cown\olc.fe,

AiWnough Some §eoBests it te boundary, it takes Tnfiuitely long
reach -+ \oowolawl.

gyt | H™
Dut TR we c\nav\?e. e wmetfic to ds°= Yy m I m

Awen 3\t § '\'wcom‘)ldti dalkes f.‘.\.:'li Hed 4o feach b.w.ala.nI:

|
d(teror, o) = S JLT dy< <.

Thm (Ho?(—R{nov’, lq7.>|). Lt M be a connecked Riem. Mmﬂfﬁ”, PﬁM)
TFAE:

(n) exp, f defined for all of ToM .
) The closed awd bewnded sef's Tf M are Compnc-l' ( Rene —Borel ‘m‘)e,d))
) M B compleie 65 o Metc Space.
(D M 3 Sc_oMsica\L’ (pmflel'l_.
Tn 0ddukion, M\( Sokemest alove Km?lees
(F> JoqeM, 2 geo ¥ g pig, s LOH=Acp)D .

P (9D (f): Next Hime.
@3 & Wt ASM dosed aud bonnded. Thon ACBAE) fic same big
%1 (£), exPp 15 Sucjective, Thus BepdC ey B o) vhere Bk

compack. Thus A %5 o closed subsel in comnpact exPo Bplo) + hewce
Oom‘)a.c\'-

(p)D &) Proved ™ m\\,sis.
(=D d o Caxto.



lecb.
Hopf - Rinow
() 0 (ob B (P be & nool boll of p. TE GERBglpd , dove. So assume
1€ B (pd- BB;(‘,) B Corpack ,  So dnesl Lflrs Xo € )BJ(p) st
] A(g,%) = Mg, dB5D)
veToM ,l:'r—ls&. 20tV = X ek Y : exfy iy,
where Yit) defined YLeR by (o). Dewcte clte.ep-p.
Claim. ¥Cp)= q.
We show +ws by cov\-Hv\'«?f\l Method: Suffices
to Show .
YD = -5 Vs elo & o
Let A=35€Cop): (5 holds §.
A \s closad since 5"“‘{“"‘3 fs cowtimous , preim of eqs.- D€A.

‘35(9)

: Claiml : Suppose ¥ (4o) =Xo. Thew tae .
P\:. (’—t°= o\C(’»‘L)-— dqbf((te)). 51 A-imei.m :A(?;KH.,))Z 0;(?:@-0(((,1{&.9
: 2 (-t
let ¢ be aml Cukve, Conv\ed—iv\j P9 - Twen
L) 2 tot 04, Bttod)
Take ©f:  P= dcprg) 7 to +d(§ T,
. Thes ¢ &7 = =. /)
Now Show if So€R, and to€55 SP ) Hatm 4,444 €A for seme +4>0.
: we hae d(X(5),9) = P-%. Chorse nermal ball o ¥(50) wiflh (ol to, choose
%6 ¢x Ak, )= NRBu (¥, Q).
{ CloaomX- K= Y (S++4d) . Thon we ovie done.
of. A-ineg - deprddz d(f,t)—d(x;,@
D, )= g A ) foles exetly ph of Claim T
PP\ in A-Tnetl-.



d(3.xd) 7 Alpra) — dlxs, 9D
=f- A (% ;1)
£ = (p-s-ts)
Satty = L.(¥leoysa) + L8 | gonte)

"

1]

Bt
Sette = dlps ¥ed + 4B, %5) Z Alpr%s)
Thus YUY 5 o cuxve ""’“8“"3 Mstewee : L(YuY')= ALP,xJ\_
© S0 YUY must be O Smootha yOAe,&‘c_ LtmouX cornel, (1
Finoly: Exexcdt: Tf TéA, twew [oTI<A.
(wie Ad ad N -Tnt5d
TThesefore we conclude dwok o P) A

Cor. I‘Y M s Compady, Ao M CoM“)‘d’C.
pl- Compasy mettic SpoL ? me\alde. u

Cor. A clodd Submawfild o congete RU. I amglete T e Tnduce)

meXeic .

(Rw). NEM M an obove, e N CON'?\Q‘\'Q,.
Hint AN 2 AH B

. N o 4
N=g z_
Q doepy > CR=M.

J o Am (x9D

q2b a3t
Thm (Cackon ~ Hodmarh), (gf M™ ot & complete, Simply conflecked RM, with

Kip:s) £0 for ol peM, s ToM. Thtn ™M™ & diffeomorpiwe o R, Tn
focr expe: MM & o aﬁg‘wofgbﬁsm.



Cor. S'L, %R Mas no metde with X €0.

P(. -“A@’ oA $§-t\‘1 connecked bud nov 1R7. (|

I £ ARoMm R« dfere-ade covering Map pod M simply conmected, nom
f B a Www‘fMSM.

D", f:M—>M B & covednd mop £ 35 ot aed onbo, b WpeM, 3
Ln\o\ni% P <M, sk
) = L

Vhere €ach Wp © (X open . St Tl © & home,

VN Swﬂ)s&_ F\N\ el connecten RM, M Covvs‘)l?.‘"!, ol T MM
& local Tsomety. —Thew M S alve comdett, owd K B a Covc({‘vﬂ Mop.



week U Lechace:

Hadamard Theorem

/’fV/f //‘77%14/ %/m : /‘7‘( K 27 ér7///f/ ﬂ%@ﬂt7 Ler
/V//Mj p ho Lrnneded 7 a i frnimnl M ® @c/p 2

4 /

oufo. f = M/;f,,m;

]ﬁ(/w 25 nol 73//116_ /7—[%—)/;},/{0}
gy; /K‘ ;/02 ﬂé) (B

g s mmrwd el lecd of up, o

ﬂ@,ﬂww/,

Thm ( Cantan — Hedmard  Heor o)
(44 (el
[t M* Lo a /w?/éé Sogly  Lotn JE/sen
wld witl  xlp, 7) £ 0 o dlpen. 7Ly
How 1" % //5/%7 7Y S fact
Ly B oA A

f Showw M/ 2r 4 LlovEnt s '

4 [
Mm: f«ﬁwu M wd B 2 Lognedd [ren M//:

M/MMMW:/?/)M o bod ek
Thew #) % Aw?/% wid T @ héwwym/y

43X Lecture 19 955 1 T



ﬂw%; Lol %WM‘] ety 7&9«/ % 7@«/ ,

O Show #1 77 /'@//(Z,
B Jhow [ st oty
@ 7 = 4 &PVM/’V po k.

O Shew M ;«67,/45; Sr T % a fad
Z//W%a? 7p st f'/[/w] 29 avl //147?
Show 47 m/f?ce//&x// /f@,,é; %;%/ 2
//%W/%y M 1 M{'

Y % /%W//y M/ff//.
@7,5 pafo ﬁ‘xé?/;yé/;. /éf/ /‘//
Given ooy §L47. Sime H 1 lompled e
27 4 M/mm%/ ny maf M{/A’;Maf /b f

ézf/,le%/w/

/s //o//// 2/// T\N//?
. 0 (F)

7/,/4//-;}/ g — %/Q//V/// 7 / ,./ ///,-4

43X Lecture 19 [95E 2 T



nr)=y 7 = 7/%@/', W@/&’/%f/_

@fwahw%ym Yxelr) Qf‘i/z/laﬂz
mey/ h&%/wéwa/ /,L/ Lhew Bleg) = &xkﬁ Lovered

begegin) At g Blge) — Blie) 4 adfh
2 Bl é]A/Z(;, ) =4 /f,f?z’ |

o~ 5 Zy‘é//”’/x
T /:/2 7 %

7 //3(;, 4) — Kl z) ﬂﬁﬁ_/tn//—/
A 72
s @ Geuttidde [

/}W/ 6% //4/;&%// Z//m; ///%M /4’4 /4 .éﬁ/ ﬂ%
chp) % [ Howaronks, PUT #3) “f, % 4 Lo/
ﬁ////w ﬁ%m/ //7 wit /MZ/ fuck /ﬂ@#vf Sv &7’
S a Lol z;maf/ by s lewma | (ho; Lf

/

/ [ fart 74% o 4e /w/am //ezue 7 o

43X Lecture 19 955 3 T



7 [tosn y
/"”7 i /3/ % wn o MM7 W%
it M/ 5 o A ’
RS 0

43X Lecture 19 955 4 T



Lec ¢ Clnwg R, Spaws ﬂg ConStamt (Suna\) Cusvoture

Then, I§ M" 2 & ame\&e QM. | constant secHonal curvobwe K

Me waiversal Coves }7\ (otn wveﬂls N\dﬁc) % \Sométe to

W (k=) IR™ (K=o S" k=13,

Recall: (M1 9Y) gzxs, A>0. Then ue Sechonal cwcwtuce o) § &
s'iveh b\1

\

K3 = x K5

Theredove fos spoct. wH tonstant purwbe , K can always be scaled -

Model Spoue (R IRS, SY)  hay Mmool iSomekx’:

dis ( Teom(M)) € it dim( O () = N+ 'L‘(_"\?_‘_‘). - (n»;l) .

Th Mode) Spose,, eg‘.m\ih % acleved.

Teom (IR = W' XK O
Teom (") = OCn),

lHn Y emodels:
® Wb\k\% PWQ . ‘\_\"‘g i(xn.--,Xu)elgw . x“>o ‘g

g= (dxd +wdnn )/t
® ?o'iv\(;au DOk -

K= i(*n'-')XOelR“ . %?*"'*-X}ﬁl ?5 .

= 4oy
Y QA

Q: T §: (MH>EP o difreomorphism presening sectoml cuswdure, ;&
§ am Tsomcbra 2

Tws Cow\?\e*d\l fds hea M, M have Congtndt Sechiona) cwrvpdive, Avw, o\iﬂ'@
PRSEAIZS Xue covelonet cuwvpbme, ok wok  Boweitic.



‘5.3. In dim Q:

dilation
isometric isometric

C D)

Figure 1. A diffeomorphism which preserves curvature
but is not an isometry.

lem. Tsomerwy % wriguchy deterined by ¥ Valug oud difteroddl b o podet
More Qfef"*"’, led £,5% :M=>N be two (local) Tsomekv\ <f. ReeM
with S =Ly, M)y =50, M Hi=ha



Lee (o,

Boes (uvokwre Xomsor dekpmming watkic 2 A Yes | wnder cuibble Wo -
M™% R%, peM, pemi.  T: TM—=2TM » finear TBomelty.

Lt RBpiv) be & normal nbhd v} P

D‘-{."‘. ?; B(?,r) —9@;(;,"3 L\1 7: er’F oTo exe‘;\.
ToM L>'\},F\

e‘?&‘ r T GX?P-
BCped - > B

e S“ﬂrdwh’ sl B(E,r) @ anormal bl T 7 s o drdfeo.

Fec 1€ B(Pp®), ! normal qeodesic P Cotd> Blptd st Yiod=p , Ylo)=4.
let % ot panlie! Yowsport from Yod to T, Simlowly Soc D .
Delmt Iy TgM = TgM, 3= @q).

Te= GoTo (R

Th (Ot ool version) Suppote for oMl 4 BLPT), we howe
RO U, = <R (Te 00, It(\g\) Ty, T
for ol g, 0,V € Tql. Then P o Tomdiny aed dg= Ty (dyp =T

‘,&_ VaeBlp, (o (:To L] be the nofwal geol <A Ylor=p, Y() =g,
Yve TM. Let T be e Towds £ad alowgy Y sk To)=0, JW)=v.

Lr I=T(TW). TFld=o, \’—5(9.)\:\—5(&5\ 'SL-t\TT/I v
Swxe Y B an (h‘\l\z-\—(% 51 &2*. .}1’“? X %

i Clatmn: SW) ® oo 0 Tocels Fald. Tt v e

?Q 0'\ Claima = X @isoo) @w x‘o(&’ o basis o oM FVII:]\\TL]\
H K q-

P Mok S ON. pud Y e®) be yne poroliel fowsport



D Yo oy B, ve, &lb=fded. Wak

T =5 y0eu

=\
‘ﬂnuqf\are', R
Fie)e 2 Bl et)

¥=\

REETYT = 20 Rlew, 0 e =2 B0 CREn D eneir ey

Toacob: Qq,:

W Ers T, (e)), which B again am ON baxy, for Ty sSommerny.
. Then n
Ter= Z ht g0
P>l1 h'ﬂo’fb\es‘\s:
(R(ew€)en, 0> = SR, 27)en, 8> -

T OO Telits Tawe ejwtien & T w

Clain: dpg(TUD =T = Te(D.  Hotw s ingly 894=T,. Then
Q win be o Bomeryy by et 6‘— By

4 Clorr: Since IO)=0, J0)=0, wig heme
: ) = (dexe) g (£ 1)) .
Ter= 0P ), 71, (4 T) -
e T = Le(Tw)), Ted= T(IeN.
T =(00P5) 710y (LT 15 = (0e05) 50> (L T5D)

= (A {XPF) 1Y) (TUAT'e) .
= (‘)*QKP\S ) LF1e) L2 (dexee) gy (I )
= d‘( 4 (I, n Q.



Cor (Space df Cstond Cusvotuse hon Ity o Tometnyd.

TH MY R s Some awnstont Curvodur (D Some Riem cos . tmmwe) (ot pe M,
P, (@) €TeM , (@)e T ON- o1es, Hm 2 evhd V o} Moo,
Ved Mo §, and ow Tsometey £: V>V s &=, M(,mD:Q—;.

Thene T§ M7 2 o Comglete RM. ] comstant seckional curustuae K
e wiversal Coves W (oih tovaing metfic) i Tsometre to
W (k=) R (K=0) 8" (=13,
ﬁ. W = N0, Fof HT(R™Y) , ML wotmal wbwd 5 e wlholg manitold-
By Coctom Mwn, 3 locally Romerty  IHU(R™) —HR. See (1HR")
B compltie, Mus £ B a cme&Map e B B g:wﬂ connected,
£3 c Affeo. Bomee £ R aw '{sw\e\g.

Dev‘; ﬁpm(.m: Comv(t’fl, RN. wl ceonsfant septiona) cuavalbwd

Prop. TH W s & Spu formn Wl cucvature K ) fhtn
YR k=1
e is’-—:mr;c lK': R K=0
Hlmey  K=-
M) sty otally discontioonsly Cie, UxeM, au™5x ok Vyewmm), vae,
TUAU=8) on M. So TMIC Tsom(F)  Tatn
w B = {mm)
is A Covefing map.
Notogon: T3om(ME) , isometty o o o spae form ol dimzn, cwrv=K.
Detwrmint  Tsom (M) .



lec 0. Vacokion & Zaeog,.

Def”.
c:[0,))>M & plecenise c(:&nxmﬂab\c ewve . A yacipdion o* C B o Covhinond
™map £: (-€,€) xlo,a}—=n st
D Feore) = el £ ce

() Tz xS a  subdivision o a L /_\/

D=tot, ¢ Lt =

* f-eeyxfoad)c M
sk. 'F' L)%t 1K) ) &“Wk&a\,\t

A voriedion Yro‘)br{% £(s0)= cl9, -P(S,A)’-‘ t(ed ‘f" se (-€.2),

Then we write  {(5,6) = {:s(’c\ with {o W =clt). =
V)= %‘-;(Olf) fyy.

% Colled o yariodion Cield J‘ £.

ce

Rmk. N ook vowiation ¥
fetr= exf . Svd

Then £ R fopex W vl =vis)= 0.

a
L(§s0)) = go \%‘%B’*)\ dt = L\)
EV\Q\‘M Qunckion:
®
g = g l %{;‘9"7)|2dt,

0

CM‘N\- SC\M«-’M’&s 'mt%u :

(e eI e0)(35),
P =2, 3= %l gie .
L&Y 4 o B0,

igruaﬂihz ‘.‘“ \%’i{\ B Onshaut.



For {ixed Constont S‘)u)\ Cusve, N\i.vﬁwﬁ'hiv\ L & 4w same o "“‘;“."‘”;X"‘"‘J €.

b let prge M, Y:[o,a]>M & wminimol qoodesic Jehwid £1 ) Hatn for all
¢:To,aJ =M Eoww«Q Pia,

Bl < Ele)
Tqunlity holds W e B a minimiyid seodesic

K. S ¥ B a qgoderic, Y| 3 Constut. Then by Camlay Schuoy,
AN = L)* <L ¢ aElo).
T egualiny olds, +en

L) = a B

So l'@®| B comstent. Aoo, LLY)=Lle). Se ¢ 3 o mmm %@Aayc.
a
Prop (A% Voctokon Formmala) . Let ¢ 2 (0,03—>M be diffoctrdnble (pow. dff Hugw
adddem wg) cuve, P: (-£,8)x D8] >M  a dYeredelie yaciaim & C .
Y E % te omergy Bunction & £ FLsd: [T 1Z e\t ac. Then

[}

Q
+e'loy =- g V), Ty €8S dt + Lvety, >
]

o .

R o= (& LS e
_\-‘MLS

[
TR L S SPNEIES 3 AW

U

251 2t

QaQ
SIRTSC R G RIS
s=0

a a
= V), C'(t)>,° - So <V“‘)' Ve ey cte)D At Q

1 K; <V%?-{'- 1*-) ot



Lec 12,

c: 00,073 >M K stoota wive, NM@) o volinkion freid v

Enw&, M’” E: i(MNCS'g —2 R . T ced
[
E(= g | ¢’er\* At
1 Voncotion Qevamud -

Te'oy=- S‘ VW), Ty €S dt + vy, ¢

ecd ?{u(,uﬁse SWMoothA | odd wp:

Te'oy=- S V), Vo C®S dt + ey, cw>>|°

(-]

_Z<Vcn dify- de > fy

?foP A rleewe Smooth cwcuz c¢c:la)>m B a 5@A¢mg .-R‘ for om prper
Vosiakion £ & ¢, we hoave T(c) =0 . (., Seodesics oxe crincal poirds
6{ +he baes iy Lot alk preper Nogabon ([ goopls + v(e)=Via)=0)
€ :ﬂﬂg-—?l& -Q-p,g=iall preceize Smeoth curve oom\edfua P,g&_

ce

. (3D by ad , quderk 3 dweys smooth. Then

Lelioy = - g VW), V€S> dt + ey, ¢

=0 .
D) %E(o) 20 Mg B'00) o for Al  yoglition feely V. Thas pt‘ck
VIE) = 4&) V4, L)
where §:Lo@] SR & sk.
(48]

GUNS0 whew i VAVAVAEEER VN

Ju) =0 0 ¢ T --..- % a




Theselwe '5‘ WE pled Tn VL defived oloove

Te'oy =- S V), T €®S dt + vy, cdd °

(-]

-Z<V“3 Sy~ b D>

=

a
= —S' Sct) <VC'£t) (2] ) Vcl(ﬂ C'L't)> at
(]

Since §>0 0N eath pite (t:,tm), %o [Vore c'®)|®=0 on esdr piece.
So Ve 'O =0 o0 C-b:,-£;+,) Vi, Thwd on eadwn Y:ua C 3a Sm&a.s:c,

Thes We Know now

T e'oy = —Z<V(” 4({ )~ (t’)>

Now chose VH) =k.
VD = gt €Y Y- T5 A" (¢7)
\ t: y oud Vo= \—/LoO‘O Tuen
Te'oy = —-Z l—‘-(t )~ ‘\“(t') =0
Hence
iy~ de e =0
foralt Qo ceC'. Sincl Verus'tHr=0 V=, So c€C” ad Ja e
57 Uangul s & %p.eA a
N> Sufuation N completely derermindd by (o), ¥o> |
Pﬁ? (2~ Uosiokion Tomula ). b ¥:[o, 63 =>MN be & SeoAts\c ad §: e £)x[o,a1om
O smactn Vartaton. (gt £ be e enesgy funcrion, daen

2 &
ﬁf;lo) =—S vy, ‘&?*R(“‘ VY'S de

L
2

?‘G I} (0,0)
+<V§_§§,V(ﬂ>\ + vy, dk(t)>\

(0,9)



Todien howe
?Q 6" ovs ""°"' * e 177 vesiokion foowula, we ?.F > I .
2 d Es v., of + 2f
‘JS )= _((35/ %££3t>A +<

ot €%0)
e
“{%(sv - L" <V%€ 2S5 V@_{ a{:>+ <>s; _iv.& t> de
2 va )
G R DIETE-R DR
(5=9) _

- J<3s,%as;+ﬁ(;t, (%%>ol-b + ...
ot ...
_J <357 2 gg -l—Q(?t, ‘a-at> dt

%%) &1

9SS, ot
= whot we woart (eunl ot =0 ).



Lec \4.

2% Variotion Tormude =

a " ‘
‘E. E'o)= - S v, %*R(Y’, Y/ at + <va'jb§$ ’\/'(-n? |( "
[ v

+ O, VDS
Cor propes Varintion , V(O =V(a) =0 ,

o

AW“CDZGW\ CA» 2“°\ Variokion Tormule

L0 & DIV,P / /
S E L0)=-S v, Fa+RUY, VY at

we don't divide O\ :
Ricotvr= Z;:, K(e;:»v)
" l @Dz ON.B.
Th (Bornet - Myers Do Lk M™ e a complete RM. Suppose Fic,(v) > (n-DH> 0
Then M 15 composr mad diamm (MY € /(A = diamSy | where ST I 4 N- dim

Simply Connected momifoly wih Constamt Sectional curvotwe H .

Cor. If M" has Ric Zn-DH>0, Hhen T, (M) is fiuke.

pF. et A" be its wnivessal coves equipgped with Yhe covering maetric , (e, Yhe
Covefing T N—=>M % made 4o be o locol (Sometey, “Thws Ry 2 (-DH>0.
Apply Boanek - Myers Then A i compack =y TM) B fiudde

a
+opoloa.1

Cor. T“ has no wetsic with RicZ0.

pf. WEM=T" wwih 5 ifinte.

st of BN, o‘,ﬁm\ W At Rellowing gense :
o If we weaken e o

on to k-;o) clatm o{: ®M. 15 not +me.
Coutts Teample © B=2>+uw': \
w il 37 N\ Mosimal roreter sphert “Thm
st‘eﬂs)

O The ethimate of BM. T acmaued by S diamM = % iff M meg“ .



?? of Bonnet - Myess Thm ,

Only need to Shows  diowaM <wldR | Aot Vopf - Rinow implies M % compact.
We'll show: YpgeM, 3 A curve from p +20 & with levgn € /A

let pgeM, ¥:Toid>M 0 mininal geod from p 40 G ( Hopf-Rinon ). WTS:

L) ¢ R Y p-geM.

Codonlicion: T8 1k, Hian 3 pgeM, ¥ win ok ok (pt), a4 LOD .
Since X & minwol, E"(0)20 for oY ploper Veckof feld V&) along Y.

Lk en= YO/ , which s usit.  €xtend 4lis 4o (€)1..-,@n) be a ON. B,
ot TM= TeH. et (el -»ent)) be He pomlel +ansport of (e,5--,80)
odoﬂj ¥, whith 5 o« ON. frowae along Y. "“‘";T*m
F1g Vi = Sin(m) (1)
Then

\
L-‘,_E;”(o) = - K <Si‘n(1r+\ e, —-rr"s.'n(ﬂt)E; + L_(:().Ls;n (me) R(e,,,e,;)e,,> at

o

=- r Soawt i—n"smb*)* LUy Koew, €; X dt .

o

'l'kus

-

n

(
3 2L Elo) = —S SinTt i—(n-\)w‘sm () + L&Y R:c(em)g dt
0

(=

< —(n-) SI sinme) i_vz_‘_ (Ir')ng dt =o_
A =
But ‘01 osumption
n-\
‘f Z. E:’(o) >0

which (s Hae desited contradickion. O



The (Weinsgein), [t € be aw TSOM{T‘a o} & CONPad orcested RM. M™ T4
M has K50 and § pieseives A onetodion i noeven amd fevesse i i n odd.
Then £ hog & fixed peint * 3p st fp=p-

Rek : Theorem 2maivy, teag whew £ is & conformal diffeororplism.
Coperd @2 hwt i £3 & Affeo ? w3 Hogf Conjectvre.

lm. Lt RO Seppose det A = (-D". Twem ab (st one @ifenvalue of
As 2 (ce, Aveo sx. A=v).

P?. n=even, Han Al & odd. Thus we howl odd # 4 real 2igenvalue
(c'ome\eu 2vohafs cone T \w‘.cs). Since At O, T \ o evalwe of A,
A=), Thus at lest 1 Utje,\,\,o\\ue R\ , otherwse det A= —I-

n=odX SL Gimilaf,



lec 15 .

any compact manifold (S Complete
Thm (Weinstein), (ot £ be aw Bometry of & compack oriemted RM. M" 1§
M Yas k50 and § preseives W oriewhdion T n even awd feveSe it if n odd.
Then £ s & fixed poivt © T st fpd=p.

of. By controichon. Suppose 4(%,f¢)) 70 Y 3eM. Since M 3 Compact,
2 peM st dlpfp)< A, 1(9) YFeM avd dlphpd >0, Lot ¥ ke
& minimel qeodesic Comnecking o ol iy, Vi (003 2M.
ld A: TeM2TeM be A= P dby  where P & 4he pocoltel tomspert
Ltom T{’(ﬂv\ te ToM alons b, Tun A S om ISoMQk\S.

A

Claim = 3 (') = (fo3Dted =y/(0).
P€ By A-inegn and ¥ minimizieg -

A fiph) € Alp!, £ + ALEpy Fip')
Alo!, fp) + dlp, ph)
; hp. Fp¥) -
Thws Aly's fpo) = ACp Apd) since A (P fpd) B mininal. Thesefore
dCg's Fp) = A Fipd) +A k), £pr) .
A-Tnefn 5 %Yn S & B Agﬁe,,m S YU & a geodesic . Thi

| proves e claim. 0

n

Now we can werrict A 40 <¥'()>t ¢ TPM' Then Ae OCn-1D.  debA=(D"
3‘1 linesx olaglof (maa lask +img : A€ TeM st 21V0> and AD=e,
lek e(e) ke +ue posmltel branspect  along 9.

let B o A qeodssic of. Blod=p, Blod=e. Twew
(F®)0) = (£-B)'0> = M Ho) = Af(ed = PToR@) = 0™ ed = a(0d.



et hst) = @xPyey (Sel)) . Then

M

%\ L e

Py e 2™ varidhion fotra :

¢
\ N
= By = — g <ew), e"mr+ R, e)Y' >4t

o

(o,L)
(0,0)

Q
+ ey, et lo + ¥ty , Vi, 57 |

Q
== S Kley'yat €0
o

Since g cwvodwie Ts poshive. TS Shows Hhed Hagre €x3ts o cuve ¢ in
e vaciokion, <.

Ly ¢ LB < € EW) = L.
This 1 HaL ALSeed controdickion |

Cor (Synae's Twmd.  lat M hhe o compadt with K>o0.
() I{ M" 1S oriewtade amd N even ;| then M s s:'vv\‘)\\1 connected .

(2) ™ n T 0dd, few M" TS ofiestalie

Cof of Spuae's T = RF < 1RP* e no merie with K.>o.
p. T ORE x IRPY) 2 2,x2Z, .

\'\Ofg Coniechaie; S*%S* hos no metric with k=o.

PF oF S%m&e‘s Then . P-206 ,.E Ao Cosmo. n



Lec 16.
u\a? 19, Index Levva % Roauch COM‘)M\'SOA.

Def". Griven Y: Do, L3>M o notmal geodeste (111=1D. Thew define e
ndex form .g IR
L
I, (v,wd= S, [{vier ,wesy - < RUYy MWHW>T de G

where VW o \:iecewu‘sc, Aﬂﬁmr\-lab\e vettor {ield alonj N,

Rmk: Note Hok He 157 dan I (1) &
<viwi = KV ,wS = v WD,
Thws we have ¥ue following & obseradions :
O When V T propes , taen T(VV)= ZE(0).
0 Whew J & a Jacwk: fald, I(TW) =<3",w>|f , onl7 de‘mk on e bouro‘ara value .
In vm—\iwlm, $Isa propes I acobi freld, I(T3)=0, when J)=0, We have
IG) = LT, =L Gy,

Now read (%) as it -
o If vy, T(WWIZ0 (V=fwo'wr ),

Rosic Index lawma. Ascume ¥ has wo conjuastt poit - Thew T(ENETVIV) Lor all
Jacobr Ged T andk V Gy pieassde diffeudiable vector Reld along ¥ s5. TLVet),
VLYW, Tey=Ved =0 , I =V(L). Moresver, T(3.D=TwWd ft Vv=7.

(2., Jocol feld Minirdzes index .

C Comceguuty. for vy proger V ok VL) IWNDZ0 £ ¥ hos no Gny. gt

Twveese dagecdrion: WX J be fg Wi Jocols: field a\omsx{ s}. Jld=o, JWy=wv(L).
Then V-3 6 poopec omk Mws  T(V-T,V-T) 20, So
TV =223 + T(33) 20.



Now by Rk akove :
IHs) =<7, VoW =35>0 = (3N,
%o
IWV) Z2T(3.

Cor. Whem ¥ hog ne 0"‘5\-@*2 P\- , Y is minimal armong all l\eaxbsf Curves . Pud ff Y has
K Conjupbe. poict nSIAL, aon Y is mot winindl . PraciRly, of Y(t) B e frst
ke poiet 4 Y Mlong . T
0) TWV) 70 Hor all pondtiviol vedme feld V s+ V(=0 , VW) =0, t<t,
(D Vgoty § locally I Pigindy 0mond) ol curves, with same euhpoint,
for TOM=TE") 70 by fmk).
() Yo, 15 not wuiwial for rt,

\b‘?. (a) 3\1 Ay lgvma, IWNN)Z0. Since on\-l Tocolr freld on ¥Ylige,iq with
IWzo is T=20, gud VT, +thew T(UN)>0 ( VVI=T(ID off V=T by
:ﬂ)\QX Wﬁ> ]

(o) & 970 be small amd (o

—& 'bé[o, é""sj
V=

T2 te[to-§,tu+y)

0 te[1043,0)
whese. J1 S 6 Jacebi &8 sk T (4,)=0/6)=0. Tz & Tocob freld s+
FRlts8)=T1(t-8) ok Tp(ted)=0. TThew

:(V'V)‘Yltb-b'.eoa-b'] < 363 ’T‘\)\“[h-s'%"'x]

Thas
L-:.E"(o) = l(v’v)‘ﬂtme‘) < TEL3SO \Ylfw*’) =0.

"ﬂﬂe\'e{m, Ylpoy & not minimal.



Ae‘,‘:cn*?an : Loc] Hessian COWPJ"S"W .

vei". let e My . Hess{ © a STMMtl'ﬂ‘c. 2 ~temsor
Hess £ CX ) =< e %wk% , Y>
FXVE - (w8
Fix pe M. The distmce Qunckion P(x) =d(p,»D -

PCO © Smect on M\gp, cotlooss f o}



Lee 7.

Recall -
Def". Griven ¥: Do, L3 >M & normal seo&e.s?c CHi=1). Twew define 4he

ndex form of i
L
I,(v,w)= So [(v'm W) = L ROV YWD de )

where VW oe \sie_cc»uise, Aiﬁem«*’mb\c vector field alﬂj Y.

Rosic Index lawma. Ascume ¥ has wo conjuaatt poit - Thew I(EDE TV Hor all
Jocoby Ke\d T ank V Oy piesesale difeutioble veckor feld along ¥ 4. TLVe),
VLY@, Te)=Ve)=0 , T =V(L). Moresvef, T(3.D=T D} Vv=7T.

(2., Jocol: field Minirmdzes index .

e, W (e)tn e on DN, losis 4 oYt . T pourallel -\-(w\s‘)or\;.{-ogd-
(@D an ON. losis & (X)) . (e T be e Jacoks felds with J; (©)=o,
Ji) = ei() [ xetece md A gueness o Jeea\l fiadd sinte v(L) pot tonfugodte. 4o
BCo) Gb"‘s ‘(3 . Then :Y'.(-\')\S e \FACM'\\‘ (MM?MM Lor 05t< ) [ Otherwise
2.63:20 ot Some to<f amd Ci's not ol 220, v have +s o Conjugpte Po?'d‘l
Write n-t

V= 2 BT for 490,

o=
Then
n—
TO= D 6Ty for 170 G
<=

Sinee explession on R4S d %) B o Joeobl fiell  with sane IMW\1 onditon

0s 3¢ [2 amd U of Tocobi ferd ],  Now

Ne| ne|
V@ = 37 fly Ty + ) S Tim
Sk S



“Then

]
TvV) = (AR +24ARS - (RULVY Y, NS dt ®
Shat up uh calewlate <) i
L L e
[ewse = 2nbawss e
o o ©
S RIRG N NPT S [ s
- 55 b “-Ji’>\ %) °<—&'—‘Y"> E%) dt c,5§o<?"&>(ccﬁ+ccc';>dt
(/]

C,'b

’ L
LS RWED LTS (0 - Z»' ( {RUY, 3OV, T > 6 de

L
B % So LT, £ +<l—‘-h'5‘£’ ,Q’JQ &
0 )
= <T®+ [ Ratvyv,vdee — <R hs g
[} ]
L
-2, | (3, 3566 4t
) o ¢ ] :
L Caim: L30T = 4T, TO

of. %[(‘)}','S‘-P ~LTy TS =0 by produsk fule 0 Tencob: Equackion .

Since both tesms o e s o =0, e get due claim. "
] L
= I35+ S ROV, VDo — a§ <BAS dt
[} o)
Pv*\""g eva'\‘-\hinﬁ n @, we get
L ¢
Tn= T + (T Im = [ <Ak &t + TG
0 °

=2 T(W) 2 IGY). AW age\y HA=0& § all constat < V=7, o



H ¥ B o normal Minimal jwtwc comecking p.6 | Y(t,)=4 , ‘%

then Tlpo, 4pegq 5 Mot mimimal Y £50

Cat (p) = i 9

T & called tue cuk locus of P
Ndag@,ﬁ ool Mmenmsu® 2UO
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